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TO  THE  RIGHT  HONOURABLE 

JOHN  JOSHUA  PROBY, 

EARL  OT  CARYSFORT; 

KNIGHT  OF  THE  MOST  ILLUSTRIOUS  ORDER  OF  ST.  PATHICK9 

4^»     SfCm     SfC. 

MY  LORD, 

Although  the  promotion  of  the  arts  and  sciences  has 
been  ever  deemed  the  proper  province  of  the  great 
and  noble,  yet  it  has  not  always  been  the  good  for- 
tune of  those  who  employ  their  time  and  exertions 
in  the  dissemination  of  knowledge,  to  meet  with  a 
patron  who  is  at  once  distinguished  by  his  rank,  his 
talents,  and  his  zeal  in  the  encouragement  of  useful 
performances.  I  cannot,  therefore,  but  deem  it  a 
high  honour,  and  a  source  of  considerable  gratifica- 
tion, that  I  am  permitted  to  present  a  Treatise  of 
Mechanics  to  the  public,  under  your  lordship's  pro- 
tection :^  and  I  have  been  doubly  solicitous  that  the 
work  which  you  have  thus  been  pleased  to  encou- 
rage, may  not  be  found  altogether  unworthy  the  ap- 
probation of  such  a  patron. 

When  I  reflect  upon  your  lordship's  eminent  and 
accurate  acquaintance  with  many  of  the  subjects  dis- 
cussed in  the  following  sheets,  my  diffidence  might 
be  justly  alarmed ;  but  I  throw  myself  upon  the  can- 
dour  and  kindness  I  have  so  often  experienced :  and 
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though  I  am  not  vain  enough  to  imagine  that  my 
undertaking  will  be  found  free  from  faults  and  errors, 
or  that  these  can  escape  your  notice ;  yet  I  have  the 
satisfaction  to  know,  notwithstanding,  that  whatever 
will  stand  the  test  of  a  correct  and  solid  judgment, 
or  may  be  found  calculated  to  enlarge  the  stock  of 
human  knowledge,  or  more  widely  to  diffuse  an  ac- 
quaintance with  the  principles  of  a  branch  of  science 
of  acknowledged  utility,  will  not  fail  to  receive  your 
lordship's  commendation  and  support. 

Allow  me,  my  lord,  publicly  to  thank  you  for  the 
numerous  favours  you  have  conferred  upon  me  in 
different  periods  of  my  life,  and  to  subscribe  myself, 
with  unfeigned  respect,  and  the  sincerest  gratitude. 

My  lord. 

Your  lordship's  most  obliged 

and  most  obedient  Servant, 


OuNTHus  G.  Gregory. 


MECHANICS. 

BOOK  I. 


STATICS. 

Introductory  Definitions  and  Remarks. 

!•  jVIbchanics,  the  subject  of  this  work^  is  a  mixed  mathe- 
matical science,  H^hich  treats  of  forces  or  powers,  and  their 
effects  upon  bodies,  either  with  or  without  tue  intervention  of 
machines. 

The  theory  of  Mechanics,  next  to  that  of  Geometry,  is  justly 
reckoned  the  most  certain;  for  next  to  that  it  proposes  the 
fewest  properties  of  matter  as  objects  of  contemplation.  G^ 
nerally  spealdng,  this  science  proposes  for  consideration,  timey 
force,  or  power,  and  the  following  properties  of  bodies :  viz. 
extension,  figure,  impenetrability,  mass,  mobility,  and  inertia^ 
The  application  of  this  science  to  the  various  practical  purposes 
in  human  life,  leads  to  many  other  branches  of  enquiry ;  such  as, 
the  nature  of  machinery,  the  advantages,  and  disadvantages,  of 
different  materials,  the  effects  of  friction,  8cc.  Each  of  which 
will  be  brought  under  discussion,  after  the  several  parts  of  the 
theory  are  laid  down. 

2.  Matter  is  a  term  by  which  wc  denote  that  substance  of 
which  every  thing  our  senses  perceive  is  imagined  to  be  com- 
posed. So  far  as  relates  to  Mechanics,  its  essence  may  be  re- 
garded as  consisting  in  extension,  impenetrability^  and  inertness. 

3.  Body  is  such  a  collected  quantity  uf  matter  as  is  J  pal- 
pable, or  obvious  to  some  of  the  senses.  We  say  that  a  body 
is  solid,  when  it  is  composed  of  particles,  or  moleculse,  so 
adhering  the  one  to  the  other  that  they  cannot  be  separated 
without  effort:  such  are  metals,  stone,  wood,  8cc.     Tlie  term 

fiuid  we  apply  to  such  substances  as  are  composed  of  particles 
adhering  very  slightly,  and  which,  yielding  to  any  small  effort, 
are  easily  moved  among  each  other :  such  are  water,  wine, 
air,  8cc. 

All  bodies,  it  is  manifest,  are  extended,  and  therefore  are 
found  existing  under  figure,  or  shape,  which  is  the  boundary 
of  extension.  It  appears  also  essential  to  matter,  that  it  pre- 
vents all  other  substances  oft/ie  same  kind  from  occupying  its 
place ;  and  that  it  requires  the  exertion  of  something  ab  extra 
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to  remove  it  from  its  situation,  or  to  change  its  state.  The 
former  of  these  properties  is  c^Med' Soliditi/f  or  Impenetrabi" 
lity:  the  latter,  inertness  or  inertia;  of  which  we  shall  have 
occasion  to  say  more.  OB.) 

4.  All  bodies  are  divisible  eidi£r  ia  reality  or  in  imagination. 
By  art  they  may  be  divided  into  parts  of  surprising  minute- 
ness; as  by  the  operations  of  grinding,  hammering,  wiredraw- 
ing, &c.  In  some  chemical  solutions  this  may  be  carried  far- 
ther still.  And  the  constituent  particles  of  the  solids  and  fluids 
of  the  myriads  of  animalculte  which  are  discovered  by  the 
microscope,  must  be  small  beyond  conception  :  so  that  we  can 
scarcely  help  imagining  the  capacity  of  divisibility  to  be  with- 
out limit.  What,  however  are  called  mathematical  demon- 
strations of  the  infinite  divisibility  of  matter,  fiiil  in  their  object : 
diey  merely  prove  die  infinite  divisibility  of  extension,  in  a  geo- 
metrical sense.  It  is  probable  that,  with  respect  to  matter,  the 
actual  division  may  admit  of  being  carried  to  a  different  extent 
in  different  bodies :  but  the  inquiry  is  of  little,  if  any,  conse- 
quence to  the  mechanician,  lliose  who  wish  to  peruse  a  co- 
pious dissertation  on  this  topic  are  referred  to  Keifs  Introduct, 
ad  Fcr.  Physic.  Lect.  3,  4,  and  5. 

5.  Spacej  is  commonly  defined  as  the  order  of  things  which 
coexist :  in  this  sense  it  is  a  mere  abstract  idea,  arising  from 
our  notion  of  the  actual  or  possible  situation  of  things  amongst 
themselves.  We  rather  choose  to  call  space  an  extension  con- 
sidered as  without  bounds,  immoveable  but  penetrable  by  mat- 
ter :  this  may  be  regarded  as  absolute  space, 

6.  Relative  space  is  that  variable  dimension  or  measure  of 
absolute  space  which  our  senses  define  by  its  relation  to  bodies 
within  it. 

7.  Place,  or  absolute  place,  is  that  part  of  infinite  space  which 
a  body  possesses.  Relative  place  is  the  space  a  body  occupies 
considered  with  relation  to  other  objects. 

8.  Mobility  is  a  property  of  body,  by  which  it  is  capable  of 
being  transferred  from  one  place  to  another,  or  of  existing  in 
different  parts  of  space. 

9.  All  bodies  are  porous:  whence,  together  with  the  ex- 
treme minuteness  of  their  particles,  it  happens,  that  fluids  will 
insinuate  themselves  into  all  bodies  ;  that  sometimes  a  mixture 
of  two  fluids  will  be  less  in  bulk  than  when  they  are  separate ; 
and  that  the  same  bulk  may  contain  different  quantities  of  mat- 
ter, or  masses* 

10.  Density,  strictly  speaking,  denotes  vicinity  or  closeness  of 
particles.  But  in  mechanical  science  it  is  used  as  a  term  of  com- 
parison expressing  the  proportion  of  the  number  of  equal  mole- 
culie,  or  the  quantity  of  matter  in  one  body,  to  the  number  of 
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equal  mdecolas  in  the  same  bulk  of  another  body:  density^ 
therefore,  is  directly  as  the  quantity  of  matter,  and  inversely  a^ 
the  magnitude  of  the  body. 

Since  it  may  be  shewn  experimentally  that  the  quantity  of 
matter  in  different  bodies  is  proportional  to  their  weieht,  it  will 
ifaenGe  follow  that  the  density  of  any  body  is  directly  as  its  weighty 
and  inversely  as  its  magnitude  :  or,  die  inverse  ratio  of  the  mag* 
nitude  of  two  bodies,  having  experimentally  equal  weights  (m 
the  same  place)  constitutes  &e  ratio  of  their  densities. 

11.  Mction  is  a  simple  idea,  and  therefore  admits  not  of  d^ 
finitioB;  when  we  say  that  it  is  a  continual  and  successive 
change  of  place,  we  describe  it  in  a  periphrasis,  by  its  sensible 
effectSw  Or,  by  another  circumlocution,  motion  may  be  de- 
scribed as  that  state  of  a  body  which  is  not  consistent  ^vith  its 
continuance  in  the  same  place ;  or  in  which  it  is  not,  in  two  suc- 
cessive instants  of  duration,  at  the  same  distance  from  divers 
fixed  points  in  space :  this  state  is  opposed  to  that  of  rest. 

TlitiB,  conceiving  in  space  three  planes  in  known  and  fixed 
positions,  not  parallel  to  each  other;  if  from  any  material  point 
perpendiculars  are  demitted  on  these  three  planes,  we  say  the 
point  is  in  motion  when  it  does  not  constantly  retain  these  dis- 
tances, but  when  in  any  two  successive  instants,  one  of  these  per- 
pendiculars changes  its  magnitude. 

12.  The  motian  of  bodies  is  considered  either  as  absolute  or 
relative.  A  body  is  said  to  be  in  absolute  motion  while  it  is 
actlifllliy  passing  from  one  point  in  fixed  space  to  another  ;  and 
to  be  in  re/a^it^enio/ton  while  its  position  is  varying  with  respect 
to  odiOT  bodies* 

It  is  obvious  that  these  two  kinds  of  motion  can  only  coiiv- 
cide  when  the  bodies,  to  which  the  reference  is  m^de,  are 
fixed :  in  other  cases  a  body  in  relative  motion  may  or  may 
not  be  in  absolute  motion.  The  determination  of  the  absolute 
motions,  by  meafis  of  observations  on  the  relative  motions,,  is 
always  a  matter  of  great  difficulty,  nay,  is  generally  absolutely 
impossible.  Thus,  when  a  ball  is  discharged  from  a  piece  of 
ordnance,  it  is  possible,  by  means  af  the  ballistic  pendulum,  and 
other  contrivances  of  ingenious  men,  to  ascertain  its  relative 
motion,  that  is,  its  motion  with  respect  to  that  place  on  the 
earth's  surface  from  which  it  is  projected ;  but  in  order  to  de- 
tertnine  its  abnolnte  motion,  the  diurnal  and  annual  motions  of 
the  earth  about  the  sun,  and  probably  the  motion  of  that  lumi- 
nary about  the  centre  of  sonde  more  extensive  system,  must  be 
taken  into  the  account;  so  that  on  the  whole  this  apparently 
simple  efiduiry  becomes  sufficiently  complex  to  baffle  the 
proadcttt  cwnts  of  human  intelligence. 
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.    Id.  The  cousideration  of  motion  necessarily  involves  that  of 
tune ;  for  no  motion  can  be  instantaneous. 

14.  Absolute  tme  18  a  portion  of  duration  whose  quantity  is 
only  known  by  a  com{>arison  with  another  portion ;  and  conse- 
quently the  relation  between  any  two  parts  of  absolute  time  is 
not  to  be  discovered.  Relative  time  is  a  part  of  duration  which 
elapses  during  any  motion  of  body,  or  any  succession  of  external 
appearances. 

There  is  a  striking  analogy  between  the  affections  of  space 
and  time :  hence  it  is,  that  time  may  be  represented  by  lines 
and  measured  by  motions.  Hence  also,  we  say  that  an  instant 
is  the  boundary  between  any  two  contiguous  portions  of  time, 
as  a  point  is  the  boundary  of  any  contiguous  bnes.  A  moment 
is  any  small  portion  of  time.  To  render  time  susceptible  of 
mathematical  discussion,  it  must  be  conceived  as  measureable ; 
and  to  this  end  it  is  necessary  to  recur  to  some  event  which  we 
imagine  uniformly  requires  equal  times  for  its  accomplishment. 
We  are  furnished  with  such  an  event  in  the  complete  rotation  of 
the  earth  upon  its  axis,  which  marks  out  a  natural  day  as  an  apt 
and  obvious  unit  of  time,  lliis-  is  divided  into  ^4  equal  parts 
called  hours,  each  of  these  into  60  equal  parts  called  minutes, 
and  each  of  these  again  into  60  equal  parts  called  seconds.  A 
second  is  the  unit  of  time  generally  employed  in  mechanical  dis- 
quisitions. 

15.  Velocity y  or  celerity y  is  that  affection  of  motion  which 
determines  its  quantity  :  it  is  the  name  expressing  the  relation 
between  the  space  described  by  a  moving  body  and  the  time 
which  elapses  during  its  description  ;  and  it  is  measured  by  the 
apace  uniformly  described  in  a  given  time. 

A  body  is  saiclto  move  with  a  uniform^  accelerated^  or  retarded 
velocity,  according  as  its  rate  of  motion  continues  the  same,  in- 
creases or  decreases :  when  the  increase  or  decrease  of  velocity 
is  .the  same  in  any  equal  times,  the  acceleration  or  retardation 
is  said  to  be  uniform  :  and  when  this  increase  or  decrease  of 
velocity  itself  increases  or  decreases  in  any  equal  times,  the  ac- 
celeration or  retardation  increases  or  decreases  in  the  same 
ratio.  These  circumstances  will  be  brought  more  fully  into 
consideration  as  we  proceed. 

16.  The  direction  of  a  motion\s\he  position  of  the  line  along 
which  it  is  performed :  thus  if  a  body  move  from  a  point  a  to 
another  point  B  along  the  straight  line  which  joins  these  points, 
AB  is  called  the  direction  of  the  body  :  if  the  body  move  from 
B  to  A  along  the  same  right  line,  ba  is  its  direction.  If  a' 
body  move  along  a  curve  line,  its  direction  is  continually  chang- 
ii^ ;  it  may,  however,  in  any  given  point  be  regarded  as  coin- 
ciding with  the  tangent  to  the  curve  at  that  point. 
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17.  Force  or  power,  in  a  mechanical  sense,  is  that  which 
causes  a  change  m  tlie  state  of  a  body,  whether  tliat  state  be 
rest  or  motion. 

We  speak  here  of  proximate  causes,  for  it  is  not  the  business 
of  mechanics  to  search  into  the  essential  and  hidden  causes  of 
motion.  The  enquiry  whether  they  are  material  or  spiritual 
may  exercise  the  talents  of  ingenious  speculatists,  and  may,  per- 
haps, be  of  some  importance  in  a  moral  point  of  view ;  but 
certainly  forms  no  part  of  the  principles  of  mechanical  science. 
The  muscular  power  of  animals,  as  likewise  pressure,  impact, 
gravity,  electricity.  See,  are  by  us  looked  upon  as  forces,  or 
sources  of  motion ;  for  it  is  an  incontrovertible  fact  that  bodies 
exposed  to  the  free  action  of  either  of  these  are  put  intojno* 
tion,  or  have  the  state  of  their  motion  changed.  All  forces, 
however  various,  are  measured  by  the  effects  they  produce  in 
like  circumstances ;  whether  the  effects  be  creating,'  accelerat- 
ing, retarding,  or  deflecting  motions:  the  effect  of  some  ee- 
neral  and  commonly  observed  force  is  taken  for  unity ;  and  with 
this  any  others  may  be  compared,  and  their  proportions  repre- 
sented by  numbers  or  by  lines :  in  this  point  of  view  they  are 
considered  by  the  mathematician ;  all  else  falls  within  the  pro-: 
vince  of  the  .universal  philosopher  or  the  metaphysician.  When 
we  say  that  a  force  is  represented  by  a  right  Ime  ab,  it  is  to  be 
understood  that  it  would  cause  a  material  point  situated  at  rest  in 
A,  to  run  over  the  line  ab  (which  we  name  the  direction  of  tht 
power)  so  as  to  arrive  at  b,  at  the  end  of  a  given  time ;  while 
another  power  would  cause  the  same  point  to  have  moved  ft 
greater  or  less  distance  from  a  in  the  same  time. 

18.  Among  other  forces  it  has  been  customary  to  speak  of 
the  vis  inertia,  or  inert  force  of  matter;  applying  the  term  t6 
that  property  of  bodies  by  which  they  tend  to  retain  their  present 
state  (3.),  or  are  indifferent  to  motion  or  rest.  But  while  we  admit 
that  much  of  the  language  which  relates  to  powers,  forces,  ac* 
tions,  8cc.,  is  metaphorical,  we  must  object  to  such  use  of  it  in 
the  present  case ;  this  property  being  improperly  called  a  force : 
1st.  Because  were  it  actually  such  it  must  be  of  some  definite 
quantity  in  a  given  body,  and  tlierefore  an  impressed  force  less 
than  that  would  not  move  the  body ;  whereas  any  impressed  force, 
however  small,  will  move  any  body  however  great.  2dly.  Be- 
catise  it  seems  to  indicate  an  active  power  resident  in  matter ; 
or  rather,  it  implies  an  absolute  contradiction,  namely,  that  a  body 
should  be  both  active  and  inactive  at  the  same  time.  It  is  de- 
sirable, therefore,  that  only  the  term  inertia,  or  inertness,  should 
be  retained :  for  this  term  will  imply,  as  it  ought  to  do,  that 
matter  is  a  merely  passive  thing.  A  fact  which  needs  no  lar 
boured  proof :  for  this  inertia  presents  itself  immediately  in  all 
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our  observatiohs  and  experiments  upon  matter,  and  is  insepara- 
ble from  it,  even  in  idea.  When  we  consider  any  of  the  active 
powers  of  nature,  as  they  are  called,  such  as  gravitation,  mag- 
netism, electricity,  or  the  attractions  and  repulsions  which  take 
place  in  the  cohesions  and  separations  of  the  small  particles  of 
natural  bodies,  and  endeavour  to  resolve  them  into  some  h^her 
and  simpler  principles,  the  inertia  is  always  the  common  basis 
upon  which  we  endeavour  to  erect  our  solutions.  For  the  ac- 
tive party  which  is  supposed  to  generate  the  gravitation,  mag- 
petism,  &c.  in  the  passive  one,  must  have  a  motion,  and  inertia, 
whereby  it  continues  in  that  motion,  else  it  could  have  no 
power ;  and  by  parity  of  reason,  the  passive  party  must  be  in- 
ert also,  eke  it  could  not  re-act  against  the  active  party,  nor 
impress  motion  on  a  foreign  body.  And  this  by  the  way,  if  the 
leader  will  pardon  one  slight  digression,  suggests  a  brief  but  co- 
gent argument  for  the  immateriality  of  the  Supreme  Being, 
ror,  as  the  acute  Hartley  observes,  **  let  us  proceed  as  far  as 
*^  we  please  in  a  series  of  successive  solutions,  we  shall  always 
^  find  an  inertia  inherent  in  matter,  and  a  motion  derived  to  it 
^^  from  some  foreign  cause.  If  this  cause  be  supposed  matter 
**  always,  we  shall  be  carried  on  to  an  infinite  series  of  solutioDs, 
^  in  each  of  which  the  same  precise  difficulty  will  recur,  vritfa- 
^'  out  our  at  all  approaching  to  the  removal  of  it.  Whence, 
^  according  to  the  mathematical  doctrine  of  ultimate  ratios, 
"  not  even  an  infinite  series,  were  that  possible  in  this  case, 
^  could  remove  it.  We  must,  therefiore,  stop  somewhere,  and 
^  suppose  the  requisite  motion  to  be  imparted  to  the  supposed 
''  subtle  matter,  by  something  which  is  not  matter ;  i.  e,  since 
^  God  is  the  ultimate  author  of  all  motion,  we  must  suppose 
''  him  to  be  immaterial." 

19.  Equilibrium  may  be  defined  generally,  as  an  equality  of 
weights,  powers,  or  forces,  of  any  sort.  Bodies  at  rest  are  in  a 
atate  of  equilibrium,  when  they  are  solicited  by  various  forces 
in  different  directions  in  such  a  manner  as  to  be  completely  ba- 
lanced, and  have  no  tendency  to  move  in  any  direction.  Bodies 
in  motion  are  in  a  state  of  equiUbrium,  when  the  resistance  to 
motion  and  the  power  producing  it  are  so  adjusted^  that  the  re- 
sult shall  be  uniform  motion.  An  accurate  knowledge  of  both 
kinds  of  equilibrium  is  indispensably  necessary,  in  order  that  the 
theory  may  be  applied  to  good  practical  purposes* 

The  equilibrium  of  bodies  at  rest  is  sometimes  characterised 
in  two  diffierent'ways;  equilibrium  of  rotation^  and  equilibrium 
of  translation:  the  former  denoting  that  the  tendency  to  a  rota- 
tory motion  is  counteracted;  the  latter,  that  the  tendency  to  a 
raralinear  motion  is  prevented ;  and  rest  in  both  cases  ensured. 

90.   We  may  now   define  aomewhat  more  distinctly  the 
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Science  of  Mechanics :  it  comprises  the  doctrine  of  the  rest, 
th^  equilibrium,  and  the  motion  of  bodies.  Tt  may  be  divided 
into  MechanicSy  properiy  so  called^  and  Hydraulics :  the  first 
comprises  Statics,  which  has  for  its  object  the  balanced  rest  of 
solid  bodies ;  and  Dynamics,  which  considers  the  motion  of  solid 
bodies  and  their  force  during  motion:  the  latter  comprises 
Hydrostatics,  which  relates  to  the  resting  equilibrium  of  liquids 
or  non-elastic  fluid  bodies ;  and  Hydrodynamics,  which  treats 
of  such  bodies  in  motion.  To  these  must  likewise  be  added 
Pneumatics,  which  comprehends  the  doctrine  of  the  weight, 
pressurey  and  effects  of  elastic  fluids,  as  air,  &c.  Accordnig 
to  this  ctirision  we  shall  arrange  the  subjects  of  our  first  five 
books. 
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CHAPTER  I. 

Axioms y  or  Laws  of  Motion  and  Rest. 

il.ls  order  that  the  doctrine  of  Mechanics  may  be  brought 
within  the  boundaries  of  mathematical  investigation,  it  is  ne- 
cessary not  only  that  the  quantities  it  proposes  for  discussion 
should  be  measurable  either  in  themselves  or  in  their  effects ; 
but  also  that  some  general  principles  should  be  exhibited,  the 
truth  of  which  should  be  incontrovertible,  and  to  which  the 
student  may  at  all  times  appeal  in  the  course  of  his  researches. 
Such  general  principles  were  first  distinctly  proposed  by  Sir 
Isaac  Newton  in  his  Principia ;  they  have  since  his  time  been 
received  as  Mechanical  Axioms,  or,  as  they  are  commonly 
called.  Laws  of  Motion.  They  are,  in  reality,  intermediate 
propositions  between  geometry  and  philosophy,  through  which 
mechanics  becomes  a  mathematical  branch  of  physics,  and  are. 
'     as  follows : 

/.  Every  body  continues  in  its  state  of  rest,  or  of  uniform 
motion  in  a  right  lifie,  until  a  change  is  effected  by  the  agency 
of  some  mechanical  force. 

II.  Any  change  effected  in  the  quiescence  or  motion  of  a  body 
is  in  the  direction  of  the  force  impressed,  and  is  proportional  to 
it  in  quantity, 

III.  Reaction  is  always  equal  and  contrary  to  action ;  or, 
the  mutual  actions  of  two  bodies  upon  each  other  are  always 
equaly  and  directed  to  contrary  parts. 

f  ,.  Of  these  axioms,  the  first  has  respect  to  the  continuance  of 
fibdies  in  a  state  of  repose  or  of  motion,  without  any  altera'^ 
Hon,  except  so  far  as  subsequent  causes  operate ;  the  second 
assigns  the  quantity  and  nature  of  such  alterations ;  and  the 
diird  has  respect  to  the  mutual  circumstances  of  the  patient, 
which  suffers  alteration  from  any  cause,  and  of  the  agent  pro- 
ducing the  alteration.  So  that  these  principles,  when  establish- 
ed, have  a  manifest  tendency  to  facilitate  the  study  of  the 
science  in  which  they  are  proposed,  not  as  self-evident  truths, 
but  as  truths  which  result  by  legitimate  induction  from  the 
testimony  of  our  senses. 

22.  The  evidences  from  which  our  assent  to  these  axioms  is 
derived,  are  generally  stated  as  threefold.  1 .  From  the  constant 
observation  of  our  senses,  which  tend  to  suggest  the  truth  of 
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them  in  the  ordinary  motion  of  bodies,  as  far  as  the  experience 
of  mankind  extends.  2.  From  experiments,  properly  so  called. 
3.  From  arguments  ^ /H)5^mort.  But  besides  these  it  has  been 
suggested  tibat  they  are,  in  fact,  laws  of  human  thought  resulting 
from  the  nature  of  things  independent  of  experience.  That 
the  student  may,  without  hesitation,  yield  his  assent  to  these 
principles,  it  is  thought  expedient  to  state  briefly  the  nature  of 
the  different  kinds  of  evidence  thus  afforded. 

23.  I.  From  constant  observation.  Here  with  respect  to  the 
first  axiom>  that  a  body  at  rest  cannot  put  itself  into  motion,  is 
supposed  to  be  known  from  universal  experience :  but  that  a  body 
in  motion  would  continue  to  move  uniformly  in  a  rectilinear 
path,  though  equally  true,  seems  less  apparent.  Since,  how- 
ever, motion  is  continued  the  longer,  in  proportion  as  obstruc- 
tions become  less,  as  a  vibrating  pendulum  moves  longer  in  air 
than  in  water,  longer  yet  in  an  exhausted  receiver,  it  may  be 
reasonably  inferred  that,  if  all  obstacles  gould  be  removed,  motion 
once  communicated  to  any  body  would  never  cease.  The 
principle  may  be  fartlier  confirmed  by  a  reference  to  common 
occurrences.  I1ius,  when  a  stone  is  whirled  round  in  a  sling, 
on  being  set  at  liberty,  it  will  continue  to  move  with  the  force 
it  has  acquired.  Again,  when  a  vessel,  containing  a  quantity 
of  water,  is  moved  along  upon  an  horizontal  plane,  the  water 
obeying  its  tendency  to  rest,  will  at  first  rise  up  in  a  direction 
contrary  to  that  in  which  the  moving  force  acts :  when  the 
motion  of  the  vessel  is  communicated  to  the  water,  it  will  per- 
severe in  this  state ;  and  if  the  vessel  be  suddenly  stopped,  the 
water  by  its  inertia  opposing  the  change  from  motion  to  rest,  it 
will  rise  up  on  the  opposite  side  of  the  vessel.  In  like  manner, 
if  a  horse,  which  was  standing  still,  suddenly  start  forward,  the 
rider  will  be  in  danger  of  being  thrown  backwards:  if  the 
horse  when  in  motion  stop  suddenly,  the  rider  will  be  thrown 
forwards.  In  all  these  and  numerous  other  instances  which 
might  be  adduced  there  is  strong  evidence  that  matter  has  a 
tendency  to  continue  in  its  present  state ;  and  this  is  what  the 
first  axiom  asserts. 

As  to  the  second,  the  inferences  from  experience  are  equally 
powerful.  Tlius  a  ball  moving  with  a  double  or  triple  velocity, 
generates  in  another,  by  impulse,  a  double  or  triple  velocity, 
and  the  ball  loses  the  same  proportions  of  its  own  velocity. 
Two  bodies  meeting  with  equal  quantities  of  motion  mutually 
stop  each  other.  Two  forces,  which,  by  acting  similarly  dur- 
ing equal  times,  produce  equal  velocities  in  some  third  body, 
are  found,  by  acting  together  during  the  same  length  of  time 
to  produce  a  double  velocity.  If  a  new  force  be  impressed 
upon  a  body  in  motion,  in  the  direction  in  which  it  moves,  its 


10  STATICS.  [BookL 

motion  is  increased  proportionally  to  the  new  force  impressed  : 
if  this  fierce  act  in  a  direction  contrary  to  that  in  which  the 
body  moves,  it  is  found  to  lose  a  proportional  part  of  its  mo* 
tion:  if  the  direction  of  this  force  be  oblique  to  die  direction  of 
the  moving  body,  it  gives  it  a  new  direction  compounded  of 
both.  A  force  which  we  know  to  act  equably  produces  equal 
increments  of  velocity  in  equal  times.  In  all  these  examples 
we  may  trace  a  strict  conformity  to  the  axiom. 

The  third  principle  is  likewise  observable  in  all  the  motions 
of  nature,  obtaining  indeed  throughout  the  whole  solar  system 
wilh  the  utmost  precision :  all  which  will  be  obvious  eqough 
when  it  is  weM  understood  what  this  axiom  affirms.  In  the 
communication  of  pressure  upon  any  inmioveable  plane,  whe- 
ther arising  from  the  protrusion,  gravity,  or  impact  of  a  body, 
the  meaning  of  this  pnnciple  is,  that  the  resistance  of  the  plane, 
and  an  opposite  force  equal  to  that  producing  the  pressure,  have 
precisely  the  same  effect,  as  either  of  them  only  destroys  the  force 
of  protrusion,  gravity,  or  impact.  In  the  communication  of  mo- 
tion by  visible  impact  the  axiom  asserts  that  the  quantities  of 
motion  lost  and  gained  are  e(][ual  when  estimated  in  opposite 
directions.  In  the  commumcation  of  motion  by  unknown 
means,  as  magnetism,  electricity,  8cc.,  it  affirms  that  the  body 
attracting  or  repelling  moves  in  an  opposite  direction  to  that  of 
the  body  attracted  or  repelled,  and  with  an  equal  quantity  of 
motion.  Thus,  to  propose  an  instance  in  the  case  of  attrac* 
tions :  When  a  loadstone 'and  a  piece  of  iron,  equal  in  weight, 
float  in  water  upon  equal  and  similar  pieces  of  cork,  they  are 
found  to  approach  each  other  with  equal  velocities;  and  when 
thqr  meet,  or  are  kept  asunder  by  any  obstacle)  they  sustain  each 
other  by  equal  and  opposite  pressures.  Again,  when  a  force  of 
any  kind  is  counterpoised,  whether  by  the  exertion  of  animal 
strength,  the  pressure  of  a  fluid,  the  force  of  a  spring,  &c.,  each 
of  these  opposed  forces  will  be  equal  to  some  given  weight, 
which  if  it  be  substituted,  so  as  to  act  instead  of  the  force, 
will  preserve  the  equilibrium  unaltered.  Even  an  immoveable 
obstacle  exerts  a  definite  force  equal  and  contrary  to  that  which 
18  applied  in  any  manner  or  degree  to  alter  its  position:  M  if 
such  obstacle  be  taken  away,  a  force  equal  and  contrary  to  that 
by  which  it  was  before  urged  must  be  substituted  in  its  place  to 
keep  the  whole  at  rest. 

24.  II.  Evidence  from  experiments.  Common  experience, 
however,  it  must  be  admitted,  is  not  entirely  sufficient  to  esta^ 
blish  the  truth  of  Uiese  general  principles ;  for,  as  we  have  al- 
ready remari^ed  (12.),  we  know  not  what  is  the  actual  motion 
of  a  body,  or  when  it  is  absolutely  at  rest ;  so  that  those  obser- 
▼ationa  which  have  been  adduced  as  made  upon  bodies  appa-' 
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lently  at  rest,  or  in  rectilinear  motion,  do  not  satis  Tsctorily  de- 
termtnc  the  pciDt  they  nre  intended  to  establish.    Recourse  must 
therefore,  be  had  to  experiments  of  a  more  r«tiued  atid  artifici^ 
complexion,  and  such  uiay  readily   be   found.     Although  wa  I 
oaaaot  appreciate  the  absolute  motions  of  bodies,  we  can  ob«  ' 
serve  and  accurately  measure  their  relative  motions.     For  in- 
■tuice,  if  it  ran  be  sliewn  ex  pen  mentally,  that  bodies  shew  equal 
tendeDcies  to  resist  the  augmentation  and  the  diminution  of  tlieir 
lelative  motions,  they,  of  consequence,  would  exhibit  equal 
tendencies  to  resist  such  augmenlation  or  diminution  in  their  ab^  , 
K^e  motions :  and  numerous  experiments,  it  is  evident,  might  -I 
he  conducted  which  show  this  very  clearly.    And  iu  like  maia*  ' 
1^  experiments  might  be  contrived  tending  to  establish  the   < 
tiaBt  axioms :  and  it  would  undoubtedly  be  found  that  iu  prcha    I 
portioH  as  all  impediments  were  removed,  die  more  perfectl;^  < 
would  the  experiments  coincide  with  what  these  axioms  migU  I 
Indtia  to  expect.    Manyexperimentsmight  easily  be  propose^!  j 
kut  our  business  here  is  not  to  exhibit  (hem,  but  to  suggest  (Im  1 
ffgument  which  Hows  from  them.  | 

^.  \\i.  From  are;umfnte H  posteriori.    The  conviction  widi  | 
whicK  we  are  furnished  in  this  maimer  is  very  cogent:  for,  i 
Mr.  Atwood  remarks,  "  Let  a  proposition  be  assumed  as  true   \ 

*  even  without  evidence  of  any  kind,  if  by  strict  and  logical 
<•  leaaoning,  various  conclusions  we  deduced,  which  upon  exa- 
mination are  found  consistent  among  themselves,  and  with 
experience,  this  will  be  a  presumptrve  proof  in  favour  of  Uie 
pnnciple  assumed;  and  our  assent  to  it  will  be  the  more 
Strongly  enforced  in  proportion  as  the  conclusions  inferred  1 
and  the  comparison  of  them  with  experience  have  been  morS  | 
extensive.     From  the  Newtonian  axioms  assumed  as  true,  « 

"  system  has  been  adduced  and  compared  with  phenomena  in 
''  numberless  cases :  it  has  been  applied  to  the  motion  of  the 
"  planets  and  comets,  to  that  of  bodies  on  the  earth's  surface ; 

even  to  the  motion  of  those  minuto  particles  which  compos* 
**  both  solid  and  Duid  substances.   A  perfect  iigreement  betweea  1 
"  these  consequences  of  the  axioms  and  matter  of  fact  has  been  'J 

the  result,  «o  one  instance  excepted.  These  and  other  similar  1 
**  arguments,  upon  the  whole  amounting  to  evidence  scarcely  I 
"  inferior  to  mathematical  demonstration,  are  the  grounds  oa  I 
"  which   the  laws  of  motion   are   received  as  axioms,   frank 

*  which  the  various  theorems  concerning  the  effects  of  forces 

*  are  systematically  demonstrated,"  Treatise  on  Motion.  Page 
MO. 

26.  IV.  Lest  the  combined  effects  of  the  preceding  argu- 
ments should  after  all  be  insufhcient,  let  us  enquire  whether  the 
buth  of  these  general  principles  cannot  be  mudc  evident,  Irom 
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the  laws  of  human  judgment*  independent  of  all  experiment? 
Now  with  respect  to  the  first  axiom,  let  it  be  recollected  that 
we  know  nothing  of  forces  of  any  kind  but  from  their  effects, 
and  that  we  constantly  infer  the  agency  of  a  force  from  its 
changing  the  state  (as  to  motion  or  rest)  of  bodies  on  which  it 
acts.  When  we  witness  a  change  of  motion  we  ascribe  it  to 
some  force ;  and  when  the^e  is  no  change  of  motion  we  conclude 
there  is  no  changing  force.  On  the  other  hand,  when  we  suppose 
the  action  of  a  changing  force  we  suppose  a  change  of  motion : 
and  when  we  do  not  think  of  a  changing  force,  it  is  because 
no  change  of  motion  suggests  such  change.  We  suppose  both 
Test  and  motion  to  be  states  or  conditions  of  a  body,  from  the 
one  of  which  it  is  no  more  likely  to  be  converted  into  the  other 
without  causty  than  it  is  to  change  spontaneously  from  a  cubical 
to  a  pyramidal  or  globular,  or  any  other  form.  If  this  be  ad- 
mitted, as  we  trust  it  will,  it  follows  that  a  body  must  continue 
in  its  existing  state  of  rest  or  uniform  motion,  until  that  state 
is  changed  by  some  mechanical  Jorce.  The  matter  has  been 
stated  a  little  differently,  thus :  '^  Suppose  a  body  in  motion, 
*^  and  that  the  instantaneous  action  of  the  moving  force  is  ade- 
^  quate  to  make  the  body  describe  a  certain  space ;  then,  since 
^  after  the  first  instant  the  moving  force  ceases,  and  the  motion 
'^  still  continues,  it  must  be  uniform,  because  the  body  cannot 
'^  of  itself  either  accelerate  or  retard  it ;  the  motion  will  more- 
^'  over  be  rectilinear,  for  there  is  no  reason  why  the  body  should 
^'  deviate  to  the  right  ratSer  than  to  the  left ;  and  hence,  in  this 
'^  case,  where  the  body  is  capable  of  moving,  during  a  certain 
^*  time  and  independently  of  the  moving  cause,  the  motion  will 
^*  be  uniform  and  rectilinear.  A  body  which  can  move  itself 
*^  uniformly,  and  in  a  straight  line  during  a  certain  time,  will 
^  perpetually  move  after  the  same  manner : — for,  suppose  a 
'^  body  capable  of  describing  uniformly  a  straight  line,  of  which 
**  the  two  extremities  are  a  and  b  (PI.  I.  fig.  1.);  between  A 
^^  and  B  take  two  points  c  and  d,  then  the  body  at  d  is  pre* 
'^  cisely  in  the  same  state  as  when  at  c,  excepting  that  it  is  in 
'^  a  different  place.  Tlierefore  the  same  ought  to  happen  to  the 
**  body  as  when  at  c :  but,  by  hypothesis,  when  at  c  it  can 
*^  move  itself  uniformly  to  b  ;  therefore  when  at  d  it  will  be 
'^  liable  to  move  itself  uniformly  to  a  point  o,  taking  D6=cb; 
**  and  so  on  for  ever.''  Monthly  Rev.  N.  S.  vol.  xxviii.  page 
S16. 

Again,  with  respect  to  the  second  axiom,  it  may  almost  be 
considered  as  an  identical  proposition,  considering  force  as  we 
do  (17.),  merely  as  the  cause  of  motion,  or  of  a  change  in  mo- 
doa:  the  law  is  in  fact  eamvalent  to  ^ying  that  **  we  take  the 
'^  changes  of  motion  as  me  measures  of  Uie  changing  forces, 
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^  and  the  direction  of  the  change  for  the  Indication  of  the  di- 
**  rection  of  the  forces.^ 

The  third  axiom  is  indeed  a  universal  fiact :  but  we  conceive 
it  is  likewise  a  necessary  truth.  To  assert  the  contrary  is,  we 
think,  to  maintain  an  absurdity:  for  if  action  and  reaction  are 
not  equal,  the  greater  either  acts  against  nothing  and  is  there- 
fore not  action  (contrary  to  hypothesis),  or  exists  without  a 
cause,  which  if  once  admitted,  we  know  not  what  can  be  denied. 

27.  These  axioms  relate  immediately  to  the  actions  of  par- 
ticles of  matter  upon  each  other,  in  free  space :  or  to  those  cases 
in  which  the  whole  mass  may  be  conceived  as  collected  into  a 
point. 

When  bodies  move  on  fixed  axes,  the  energy  of  the  moving 
force  and  resistance  of  the  body  moved  will  depend  on  the  di^ 
tance  from  the  axis  :  in  these  cases  the  inertia  of  the  parts  of 
the  system,  by  which  they  oppose  motion,  being  calculated, 
and  a  mass  of  equivalent  inertia  being  substituted  for  the  given 
system;  the  quantity  of  the  moving  force  when  moving  with 
^e  same  velocity  as  the  matter  moved,  is  likewise  computed. 
The  moving  force  and  mass  being  thus  ascertained,  the  resulting 
motions  may  be  calculated,  and  it  vnll  thence  appear,  that  in 
rotatory  motions  on  fixed  axes,  or  on  moveable  axes  in  free  spaced 
as  well  as  in  direct  rectilinear  motions,  action  is  always  equal 
to  reaction.  But  this  is  merely  hinted  by  the  way ;  it  will  be 
developed  more  fully  when  we  come  to  Dynamjos*  (Book  ii. 
cfa.  4.) 
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CHAPTER  11. 

On  Statical  Equilibrium^   and  the  Composition  ani 

Resolution  of  Forces. 

28.  Cquilibridm,  according  to  our  definition  (19Jv  ^^  of  tw<^ 
kkidsi  the  one  relnting  to  bodies  at  rest^  the  other  relating  to 
bodies  in  uniform  motion :  the  former  m^y  be  properly  cwed 
Statical  equilibrium^  and  may,  therefore,  Mrhenever  referred  to 
in  our  first  book  (whose  object  is  Statics)  be  characterised  by 
die  term  equilibrium  alone ;  the  latter  may  be  called  Dynandc^ 
tquilibriumy  and  will  be  brought  under  consideration  m  iUbie- 
f  uent  parts  of  the  work. 

i9-  Def.  When  two  or  more  forces  act  upon  a  body,  or 
upon  a  material  point,  at  the  same  time,  the  aggregate  effect 
produced  by  their  simultaneous  action,  or  a  force  of  a  certain 
magnitude  and  direction  equivalent  to  their  joint  energy,  is 
called  the  Resultant,  or  the  Equivalent ;  and  the  several  forces 
of  which  this-is  compounded  are  called  Components  or  Com- 
posants. 

30.  Def.  The  problem  of  the  Composition  of  Forces,  is  that 
in  which  it  is  proposed  to  find  the  resultant  of  any  given  system 
of  forces :  and  the  Resolution  of  Forces,  which  is  the  converse 
problem,  proposes  to  trace  out  the  composants,  which  by  their 
united  energy  mi^ht  produce,  or  did  produce,  a  given  resultant. 

Thus,  supposing  two  forces  c,  c\  whose  magnitudes  and 
directions  are  represented  (17.)  by  cp,  c'p,  to  act  at  the  same 
time  upon  a  material  point  ?  (PI.  I.  fig.  2.);  by  the  first  of 
these  problems  we  determine  the  magnitude  and  direction  of 
the  equivalent  kp  to  these  two  forces;  and  by  the  latter  we  en- 
quire the  two  forces  cp,  c'p>  or  various  pairs  of  forces,  of 
vvhich  the  resultant  is  rp.  It  may  be  proper  to  remark  here 
that  the  Composition  and  Resolution  of  forces,  and  the  similar 
Composition  and  Resolution  of  motions,  are  completely  distinct 
objects  of  enquiry:  the  former  is  entirely  a  physical  question, 
the  latter  a  problem  purely  mathematical.  Sk>me  authors  have 
inferred  from  their  demonstrations  of  the  latter  problem,  the 
truth  of  the  former :  but  this  cannot  well  be  admissible,  because 
wherever  statical  equilibrium  obtains  there  can  be  no  motion, 
and  of  course  the  principle  on  which  the  inference  is  grounded 
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is  foreign  to  the  nature  of  the  thing  to  be  proved.  It  seems 
most  consistent  with  scientific  precision,  to  establish  subjects 
90  very  distinct,  each  on  its  own  proper  basis :  and  tfaougp  the 
attempting  to  accomplish  this  may  sometimes  give  an  appeaP' 
ance  of  tautology,  it  is  still  thought  better  than  to  aim  at  con- 
ciseness by  the  sacrifice  of  accuracy. 

SI.  Def.  7%6  mo77i€fi^o/'aybrce or  power,  is  a  term  by  whicb 
we  shall  denote  the  product  of  its  magnitude  into  the  nearest 
distance  of  its  direction  (17.)  from  any  fixed  point 

Thus,  in  fig.  2.  PI.  I.  if  the  directions  of  the  two  powers 
c,  c',  are  at  die  respective  perpendicular  distances,  d,  d\  from 
a  point  s  taken  arbitrarily,  then  will  the  products  cd,  dd'  re- 
present what  we  call  the  moments  of  those  powers.  They  ex- 
press the  energies  of  those  powers,  and  differ  only  in  the  maoner 
of  application  from  momenta  in  Dynamics, 

32.  In  every  system  of  an  invariable  form  we  may  take  for 

Kints  of  application  of  powers,  any  points  whatever  in  the 
es  of  their  respective  directions.  ' 

For  the  distances  of  the  several  points  of  the  system  remain- 
Big  constantly  the  same,  no  one  of  the  points  in  the  direction 
of  any  power  can  move  without  drawing  into  its  motion  all  the 
points  m  the  same  line,  nor,  of  consequence, '  without  causing 
such  motion  as  would  be  produced  if  the  power  were  applied 
immediately  at  that  individual  point. 

Hiis  proposition  may  be  illustrated  by  a  simple  and  obvious 
example.  If  the  body  ab  (fig.  5.  PI.  II.)  be  acted  upon  by  a 
force  pushing  against  it  by  means  of  an  inflexible  bar  oq,  the 
effect  upon  the  body  will  be  just  the  same  whether  the  force  be 
exerted  on  the  lever  at  o,  g,  or  q  :  and  if,  on  the  contrary,  the 
body  were  acted  upon  by  a  force  dramng  it  by  means  of  an  io- 
extensible  cord  p  B  c,  the  tendency  to  move  the  body  would  be 
just  the  same,  whether  the  cord  were  pulled  at  p,  B,  or  c. 
Here  we  exclude  the  consideration  of  gravity  from  the  bar  a^ 
the  cord. 

S3.  Hence,  if  an  obstacle  be  employed  to  destroy  any  force, 
it  is  sufficient  if  such  obstacle  be  applied  at  any  point  whatever 
in  the  direction  of  this  force,  provided  the  point  be  one  of 
those  in  a  system  of  unchanging  form :  so  that  we  may  in  all 
such  cases,  without  danger  of  error,. conceive  that  the  power  is 
immediately  applied  to  the  obstacle. 

34.  1.  Two  forces  acting  in  the  same  right  line,  and  directed 
the  same  way,  are  equivalent  to  one  force  equal  to  their  sum. 

2.  Two  equal  forces  acting  in  the  same  nght  line,  but  in  op- 
posite directions,  destroy  each  other. 

S.  Several  forces  acting  in  opposite  directions  in  the  same 
right  line  arc  equivalent  to  one  only,  namely,  to  the  excess  of 
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die  sum  of  the  forces  acting  in  one  direction  above  the  sum  of 
tlie  forces  acting  in  the  contrary  direction. 

These  are  obvious  truths  necessarily  resulting  from  the  defi^ 
ration  of  force  (17.)>  ^^^  Newton's  third  axiom  (21.)* 

05.  Since,  then,  a  system  is  in  a  state  of  equilibrium  when  it 
is  subject  to  the  joint  action  of  two  equal  forces  exerted  in  op- 
posite directions ;  a  system  subjected  to  the  united  energy  of 
various  forces  is  in  equilibrio,  when  any  one  of  the  forces  is 
equal  and  opposite  to  the  resultant  of  all  the  rest :  and^  of  con- 
sequencci  the  general  problem  of  the  equilibrium  between 
various  powers,  is  reduced  to  that  of  the  Composition  of  Forces 
(SO.)*  We  shall^  therefore^  now  proceed  to  the  solution  of  this 
problem,  and,  for  the  sake  of  perspicuity,  shall  consider  it  under 
four  separate  heads,  according  to  diose  divisions  which  the  order 
of  nature  seems  to  present,  viz. 

1 .  Of  forces  disposed  in  one  plane,  and  concurring  in  the 
same  point. 

2.  Of  forces  directed  to  one  point,  but  not  confined  to  one 
plane. 

3.  Of  forces  situated  in  one  plane,  but  applied  to  different 
points  of  a  body. 

4.  Of  forces  not  confined  to  one  plane,  directed  to  various 
points  of  a  body. 

I.  Of  Forcbs  disposed  in  one  Plane,  and  concur* 

RINO   IN   THE   SAME   PoiNT. 

36.  Prop.  The  equivalent  of  990€ral  forces  situated  in  one 
plane  is  in  the  same  plane. 

For  if  we  suppose  the  equivalent  to  be  out  of  the  plane  of 
the  forces,  on  either  side,  we  may  always  find  a  line  on  the 
other  side  of  the  plane  situated  in  a  perfectly  similar  manner ; 
and  since  there  can  be  no  reason  why  the  resultant  should  be  in 
one  of  these  directions  rather  than  in  the  other;  it  is  therefore 
in  neither  of  them,  unless  we  admit  the  absurd  consequence 
that  it  is  in  both,  that  is,  unless  we  admit  that  the  same  forces, 
acting  in  like  manner,  can  produce  two  distinct  effects. 

CoR.  The  resultant  of  two  equal  forces  must  be  in  their 
plane ;  and  it  must  be  in  a  line  which  bisects  the  angle  of  their 
direction,  since  there  is  no  reason  why  it  should  tend  more  to 
one  side  than  to  another. 

37.  Prop.  If  to  a  material poitU  already  kept  in  equilibria 
by  a  system  of  forces,  another  system  is  applied  also  in  ^uil^ 
brio,  this  will  not  destroy  the  preexisting  equilibrium.  jEliis 
is  manifest. 
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Con.  Hence,  if  the  three  force*  c,  c',   o  (Pi.  1.  fig.  5.),  i 
are  in  a  sUte  i>(  equilibrium,  nnd  if  each  of  the  forcei  were  I 
doubled,  or    triplei),  or  ({iinilrupled,  or  if  tliey  were  halved, 
^mrteretl,  &c.  or  changed  in  uuy  proportion,  the  equilibrium 
would  remain,  so   loug  as  tliey  contiuiied  to  act  in  the  same 
directions,  cr,  c'p,  up. 

Cob.  2.  Hence  aUu,  since  the  resullant  u  ia  alwavs  eqiial  and 
opjwsite  to  one  of  the  forces  (aa  o),  it  follows  thut  when  the  I 
magnitudes  of  equilibrated  forces  concurritig  in  a  point  nie  made 
to  vary  in  any  ratio,  the  resultant  retains  its  position,  but  chnngei 
its  magnitude  in  the  same  ratio. 

St.  Prop.  If  three  equal  forces  are  inclined  to  one  another  J 
M  armies  each  of  1 80  degrees,  any  me  of  them  will  balance  the  I 
ynnt  action  of  the  other  two.  J 

11111  is  liLewise  incontrovertible;  for  neither  of  the  forcM  1 

a  pre%-uit. 

S9.  Prop.  Two  equal  forces  inclined  in  an  angle  of  X20  ^^ 
jrees,  have  for  their  equivalent  a  third  which  has  the  direction  ] 
tnd  proportion  if  the  diagonal  of  the  rhombus  constructed  oq  ' 
felines  which  represent  the  forces.  | 

For,  if  c,  c',  are  the  forces  (fig.  3.)  acltng  on  the  point  p,  the 
force  o  whose  measure  is  0P=CP~c'i>,  and  b  situated  so  that  j 
Ae  angles  cfo  and  c'?o  are,  each  equal  to  cpc',  will  (38.)  1 
ettsiire  the  eqnilibrium.  But  kf,  the  measure  of  the  equivalent  .1 
>,  is  equal  and  opposite  to  op  (35.):  therefore  cp  =  Pli=c'p;  ' 
•nd  because  auglc  cf«=60°=i;'pr,  cr^cp  and  c's=c'p.  4 
Consequently  CFc'r  is  a  rhombus,  and  rp  the  representative  of  j 
^  equivalent  of  llic  forces-c,  c',  is  its  diagonal,     o.  e.  D.  r 

COH.  If  half  the  angle  cpc'  be  denoted  by  a,  we  sliall  hav«  j 
>=t>Cco8«  =  C  cos  n,  whence  the  equivalent  M=:2c  cos  a 

40.  Prop,  /Inu  two  equal  forces  havefor  their  equivalent  tkt 
Hagonal  of  the  rhombus  constructed  on  the  right  lines  which  rf. 
fresenl  tnem  in  magnitude  and  direction. 

For,  I.  If  this  proposition  be  true  witli  regaid  to  any  two 
(qual  forces  r,  c',  acting  in  the  directions  cp,  c'p  (PI.  I.  fig.  4.}^  1 
tod  forming  willi  their  resultant  *.,  the  angles  Cpr,  c'pb,  each  for 
fxample  equal  to  a,  it  is  true  likewise  for  two  other  equal  forcet 
(,  c',  acting  according  to  the  directions  fp,  r>,  which  bisect 
thow  angles.  In  this  case  c  may  be  considered  (36  cor.)  as  the 
RMlltant  of  two  equal  forces  x  and  y,  acting  in  the  directiooi 
cr,  BP ;  and  in  like  manner  c'  may  be  coiisidui  ed  as  the  resultant 
of  two  other  equal  forces  x'  aud^',  acting  in  iht:  directions  c'P, 
BF :  so  that,  in  lieu  of  the  two  equal  forces  c,  e',  we  ma^  coi» 
^der  four  e<)uul  but  unknown  forces  x, x*,y,  y,  acting  in  the 
lfirect)oii>  jujt  assigned  lliuu-     Tht;  two  ftrat  of  these,  x,  Jf*^ 

VQfc.  I.  e 
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acting  in  Ae  directions  cp,  c^,  have,  by  hypothesis,  the  diagonal 
of  the  rhombus  for  their  resultant;  that  is,  they  are  equivalent  to 
M  force  expressed  by  dx  cos  a  acting  in  rp  :  therefore  the  re- 
sidtant';?  of  c  and  c'  will  be  equal  to  2y+2x  cos  a.  But  xcry, 
therefore  m£jr(l +cos  a)..  Now,  the  angles  cpr,  cfc', 
being  each  equal  to  half  cpc',  are  equal  to  each  other ;  and  z 
being  the  resultant  of  two  equal  component;]  acting  in  cp  and 
CF,  while  c  is  the  resultant  of  two  others  acting  in  cp  and  rp. 


c« 


we  have  (37,  cor,  2.)  z :  c : :  c  :  x  =  — *    Substituting  this  value 
of  X  for  it  in  the  preceding  equation',  we  obtain  z  =  —  (I  + 


cosa)  ire  v«^  2  \/  1  -I-  cos  a  =  c  v^  2  x  (1  +cos  a.)   But  it  is 

/I  +  COSa  r.  TT  »      r\»      •  ^ 

known  that  cos  ^  a  =  v  — % —  .    (See  Hutton  s  Dictionary j 

art.  Sine,  or  Camot  de  Geametrle  de  Position^  p.  1 54.);  whence, 
by  reduction  z  =^2c  cos  -{a,  Consequeully  the  proposition,  if 
true  for  a,  is  true  for  ja. 

$•  In  exactly  the  same  mannc^r  may  the  proposition  be  proved 
true  with  respect  to  the  half  of  -j^,  or  j^,  ancl  in  succession  for 
T^yrr^'  TT^'  ^^**  'ri^At  is,  since  it  is  true  (S8.)  when  the 
angle  cpc'  is  measured  by  -|-  of  the  circumference,  it  is  like- 
wise true  when  the  angle  between  the  equal  components  is 
measured  by  ^,  ^'^,  ^V,  ^^,  8cc.  of  die  circumference,  where  the 
series  may  be  continued,  sute  limite, 

3.  If  the  proposition  be  demouiitiated  for  the  diree  angles  a, 
b,  and  a-^b,  it  will  be  true  for  the  angle  ai-b;  that  is,  if  wq 
take  two  equal  components  c  and  ci  making  with  tEeir  resultant 
X,  angles  =  a  -|-  &,  we  shall  have  x  =  'dc  cos  (a  -f  b.)  Thus, 
if  in  PI.  I.  fig.  £.  (he  angles  CFR,  c'pR,  are  each  equal  to  a, 
and  cPc,  cpd,  c'pc%  c'prf',  each  equal  to  b  :  c<  ncelving  two 
forces  dp,  (/'p,  each  equal  to  c,  their  resultant  will,  by  hvp.  be 
=:  2c  cos  (a  —  6),  because  dpR  =  a  -  6 ;  and  this  quantity  sub- 
tracted from  the  resultant  o^  c,  c*,  d,  d*,  will  give  x.  But  c  and 
d  have  their  resultant  c,  acting  in  cp,  and  =  2c  cos  b ;  the 
same  thing  holding  widi  respect  to  r'and  d',  we  have  two  forces 
equal  to  c,  and  equivalent  to  one  vihich  is  ^c  cos  a  or  ^r  cos  a, 
cos  b:  >ft hence  x  s=  4c  cos  a  cos  b  —  2c  cos  (a— i).  But  cos 
a  cos  b  =s  +.  cos  (tf  +  A)  +  I  cos  (a -6).  (See  Crakelt-s 
Mauduitt,  p.  30.  Pantologia^  art.  Trigonometry,  or  Hut- 
ton's  Coursey  Vol.  iii.  cb.  3.)  Which  value  of  cos  d.  cos  bi 
substituted  for  it  in  the  preceding  equation  gives  x  ae  2c:  cos 
(a  +  b).  So  that  the  proposition  when  true  for  a,  &,  and  a— 6, 
is  true  for  a  +  &• 

4.  Xiet  b  be  taken  as  ;»inall  as  we  please  in  the  series  i,  ^, 
tV>  Ti9  ^^*  ^cl  let  -a  be  the  preceding  term  m  the  series,  then 
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Cyi,  a^h,  a  +  &f  ^e  ^&»  bf  b,  and  3b  nspecAvdjy  in  e^oh. 
of  which  the  proposition  holds  ragain^  if  a  =s  3b ^  a  f  A!=4&; 
if  a  =  469  a  +  0  ^  5b,  tuc.  So  that  the  theorem  is  demon- 
strated for  all  angles  in  the  series  6,  26,  3b,  4b,  5b,  8cc.  io 
which  b  may  be  taken  of  a  magnitude  less  than  any  one  which 
can  be  assigned.  Consequently  the  theorem  is  true  with  respect 
to  any  rhombus  whatever:  for  let  any  rhombus  be  proposed 
which  ii  is  affirmed  is  an  exception  to  this  proof;  we  can,  it  is 
obvious,  by  choosing  b  lower  tlian  any  assigned  number,  and 
taking  a  suitable  multiple  of  it,  approach  nearer  the  excepted 
angle  than  b^  any  assignable  difference,  that  is,  we  show  that 
our  theorem  is  applicable  to  the  angle  itself,    a.  B.  D. 

41.  Prop.  Any  txvo  forces  having  the  ratio  of  the  sides  of  a 
rectangle,  and  whose  directions  coincide  with  those  tides^  furve 
for  their  equivalent  the  diagonal  of  that  rectangle. 

Let  the  two  forces  c,  C  (pi.  I.  fig.  6},  act  in  the  directions 
CPj.C#^  which  comprise  the  right  angle  p:  complete  the  pa« 
iraHelogram  cpc'r,  and  draw  its  diagonals;  parallel  to  cc^ 
draw  cc^  terminated  by  cc,  'dc\  which  are  drawn  parallel  to 
the.  resulting  diagonal.  Concdve  c  and  d  to  be  two  equal 
forces  acting  in  die  equal  lines  it,  d?,  opposite  to  each  other, 
and  consequently  annuiilating  each  others  effects ;  then  cpdc 
and  C^FDC  being  rhombi,  the  force  cp  is  the  equivalent  of.  rp,. 
DP,'  and  c'p  that  of  d^,  dp,  by  the  precedinu^  prop.  Therefpre 
die  components  cp,  c'p,  are  die  samfe  in  effect  as  the  opposite 
ones  €?,  c'v,  together  with  dp,  dp;  that  b,  die  equivalent 
sought  is  2i)P  or  rp,  the  diagonal  of  the  paraUeI<^ram« 
as.  D*  • 

CoR.  Since  rp  :  rad  : :  cp  :  cos  cpr  : :  c'p  :  cos  c^pr^  we 
have  the  resultant  eaual  to  either  component  divided  by  the 
cosine  of  the  angle  which  it  makes  with  the  resultant. 

42.  Prop.  Any  two  forces  whatever  haoe  their  equivalent  exf' 
pressed  in  magnitude  and  direction  by  the  diagonal  rp  of  the 
parallelogram  constructed  on  the  lines  cp,  c'p,  which  represent 
theseforces. 

Having  completed  the  parallelogram  cpc^r  (fig.  7.  pi.  Lj 
on  die  given  sides,  draw  cc'  perpendicular,  and  cc,  dc*, 
parallel  to  the  diagonal,  demit  also  cd,  c'd',  perpendicular  tb 
the  diagonal :  then  will  ccpd,  c'c'pd',  be  rectingles,  iind  the 
triangles  crd  c'pd',  equal  in  all  respects;  consequently 
cc  =::  DP,  rd  =  d'p,  and  cp  =  c'p.  The  addition  of  the  equal 
forces  c,c',  acting  in  the  opposite  directions  cp,  c'p,  will  make 
no  difference  as  to  the  state  of  the  system  :  and  since  the  com- 
ponents VPf  CP,  have  ci\  for  their  resultant,  and  the  compo- 
nents d'p^  c>>  the  resultant  c'p  (by  the  preceding  prop.),  we  may 
...  .J...   ■*  "^  " 
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siifltead  of  tbd  origioal  forces  CP,  g^f^  tubstitate  die  forces  €¥, 
d9f  Off  D^i  of  which  the  two  former  destroy  each  other^s 
eflfectSy  and  the  latter  dp^  d'p,  are  mamfestly  equal  to  mP; 
that  Ut  the  resultant  of  the  two  forces  cp,  c'p,  is  equal  to  dus 
diagonal  &p  of  the  parallelogranu    o*  B.  d* 

45.  Thus  have  we,  by  a  series  of  connected  propositions^  dei- 
monstrated  that  which  is  justly  reckoned  the  most  important  in 
the  theory  of  Statics,  and  which  is  now  commonly  spoken  of 
under  the  title  of  die  Parallelogram  of  Forces.  The  demoostr** 
tion  here  given  is  commenced  upon  the  same  principle  (38.)  as 
diat  proposed  by  D'Akmhert  m  the  Memoirs  of  the  French 
Academy  for  1769:  it  was  somewhat  simplified  by  FranccBuria 
Ills  Mechanic* ;  but  what  is  here  offered,  at  the  same  Um^  that 
It  is  more  concise  than  the  demonstration  of  Franc<9ur,  is  freed^ 
h  is  hoped,  from  some  objectionable  positions  into  which  diat 
author  has  certainly  fallen*  This  demonstration  would  mani- 
festly be  the  same  in  every  step,  supposing  die  forces  to  act  in 
the  direcdons  pc,  pc'  :  so  that  the  proof  is  general  for  the  com- 
position of  any  systems  of  forces  whether  pressing,  or  impulsive, 
or  attracting4  or  repelling,  Sec.  Professor  Rohison,  by  inge^ 
tiiously  blending  the  Demonstrations  of  Bemouilli,  D'Alema 
bert,  knd  Frisi,  deduces  the  same  couclusion  by  a  series  of  pro- 
poitttibus  commencing  with  the  case  of  two  equal  forces  acting 
nt  right  angles*  See  art.  Dtnamics.  Supp.  Ency.  Briton. 
^  demonstration  passing  from  parallel  forces  to  oblique  m^y  be 

Cn  in  Pointofs  Statics.  The  demonstrations  by  I^place  am) 
grange,  though  confessedly  cMrious,  depend  upon  principles 
too  abstruse  to  be  admitted,  widiout  impropriety,  into  this  work, 
llaplace'i  demonstration  has  been  somewhat  simplified  by  Mr. 
Knight,  in  Leyboum^s  Mathematical  RepositoiTt  No.  9*  N.  S» 
In  order  to  facilitate  the  application  of  the  Parallelogram  of 
Forces,  it  will  be  proper  to  specify  the  most  useful  propositions 
and  corollaries  which  immediately  flow  from  it. 

4>i.  Cor.  1.  If  two  component  forces  are  represerded  by  th^ 
two  tides  of  a  triaugle,  ike  resultant  wiU  be  represented  fy  the 
double  of  ike  line  drawn  from  the  point  where  the  forces  act^  to 
He  fniddle  of  the  third  side  of  the  triangle. 

Thus,  in  figs.  3,  6,  the  resultant  prs=9pd;  because  the 
diagonals  of  the  parallelogram  cpc'r  bisect  each  other. 

45.  CoR.  2.  Jf  the  angle  at  which  two  given  forces  act  be 
diminish^,  their  res%iUani  will  be  inereaseSi  and  vice  versa. 

For  in  the  triangle  cpc^  in  which  the  tine  pd  bisects  the 
base»  it  is  kn^wn  that  cp^  -f  c/p^  =  3dp^  -f  9od^  (Hntton'e 
Coon.  th.  Sd.)  WlMoce  Sdp^  c=  cp^  -f  c^p*-  2cd%  or  4pf(^ 
^  f^*  x::  26H  -f  Sdpt  ^  c'c*.  Bm  cp,  and  c'p  remnaii- 
nig  COQttaaity  the  side  co^  wili  be  gwtar  or  less  as  the  angle 
CMfisi  and  since  die  square  of  c</ 19  aubtracdye  in  the  above 
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Value  of  KP*,  ths  latter  will  increase  as  the  former  decreuei, 
and  vice  versa. 

45.  CoH.  3.  Two  given  farces  produce  the  greuieit  effict  JvheH  1 
tbey  act  in  the  same  direction,  and  the  least  tvhen  ihet/  eel  HI  1 
tppoult  directioHS. 

For,  in  (he  former  case  ihe  diagonal  of  Uie  parallelograni  be- 
coaies  ei|ual  (o  thn  sum  of  its  sides,  and  in  tlie  laHer  equal  to 
Ifaeir  difference.  Tlie  same  conclusion  may  also  t>e  deduced 
immediately  from  art.  3-h.  The  conception  of  the  student  may 
be  assisted  by  referring  to  figs.  8  and  9. 

ifi.  Proi'.  If  a  material  point  be  kept  iu  equilihrio  hi/  tkt 
timuUaneousMctioK  of  three  forces,  those  forces  will  he  repre- 
smttd  in  magnitude  and  direction  hi/  the  three  sidvs  of  a  trir  I 
an^respecttvely  parallel  ta  the  directions  of  ihe  forces.  ^  1 

For,  when  a  system  of  forces  siiatains  a  point  in  etjitiiibnC^ 
any  one  of  the  forces,  as  that  represented  by  op  (fig.  10.  pi.  I^ 
ii  equal  and  opposite  to  rp  the  resultant  of  the  others  (35). 
But  the  resultant  of  the  two  forces  represented  bycp  and  c'p, 
is  represented  by  tlie  diagonal  of  the  parallelogram  comlituled 
upon  CP,  c'r,  (42.)  and  consequently  if  pr  be  equal  lo  op, 
ca  will  be  parallel  to  fc'.  Whence,  it  is  obvious  that  the  three 
ndes  of  the  triangle  pcr  are  respectively  etjual  to  the  three 
forces  O,  C,  c',  and  parallel  to  the  directions  Ju  which  they  act. 

41.  Cub.  1.  If  a  body  be  kept  in  equilihrio  ly  thrae  farces, 
and  two  of  them  be  represented  in  magnitude  and  direction  by 
two  sides  of  a  triangle,  the  third  side,  taken  in  order,  will  repre- 
sent the  magnitude  and  direction  of' the  other  force. 

49.  Cor.  2.  Since  the  sides  of  triangles  are  at  the  sines  of 
the  opposite  angles,  it  follows  that  when  three  forces  keep  a  poiiii 
in  eqvilibrio,  each  force  is  proportional  to  the  sine  of  the  angle 
made  bi/  the  directions  of  the  other  lieo.  Thus,  lu  the  forces  r»- 
presenled  in  fig.  10. 

O  :  c  ;  c' :  :  sin  CPc' :  sin  opc'  :  sin  opc  :  :  sin  pcr  :  sin 
GUt :  sin  CPR. 

49.  Cou.S,  If  a  material  point  be  kept  at  rest  hif  three  forces, 
and  lines  be  drawn  at  right  angles  to  the  direct  ious  in  sfkich  they 
act,  and  produced  till  they  form  a  triangle,  the  sides  qfthit  trir 
angle  aiii  be  proportional  to  the  respectiieforces :  or,  i^'/wtfs  be 
drawn  each  making  the  same  giten  angle  trifA  the  lUreciiont  of' 
the  forces,  the  sides  of  the  triangle  formed  by  these  linesviU 
likewise  he  proportional  lo  the  forces. 

For  it  may  easily  be  shewn  that  eacbof  these  triangles  will  be 
■imiW  to  the  triangle  fornifd  by  tbc  directions  of  the  forcei. 

fiO.  Prop.  If,  wlten  three  given  forces  o,  c,  c',  acting  npon 
a  mint  rkeep  it  in  eauilihrio,  right  tines  vo,  Pc,  pc',  be  set 
off  front  p  ^ropoTtionai  to  tk«  uieralfurcu  and  in  their  rt- 
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$pectiv€  directions^  thepdint  p  wiil  be  the  ce/Ure  of  gravUy  rf 
the  triangle  occ\ 

Produce  op  to  k  (6^.  11.  pi.  I.)  making  pr  =3  op,  then  will 
PE  be  equfd  to  the  equivalent  of  the  components  c,  c',  and  con^ 
sequently  it  will  be  the  diagonal  of  the  parallelogram  CPC'a : 
wherefok^  pd,  its  half,  is  bkewise  equal  to  half  OP,  and  foils 
upon  the  middle  of  the  side  cc'  of  the  triangle  occ'.  But  when 
OP  r:  2pd,  cd  being  =  c'd,  p  is  the  centre  of  gravity  of  the 
triangle*    (See  Art.  114.)    q.  e.  d. 

51.  Prop.  To  find  the  resultant  of  any  number  of  forces  act-' 
*"€J3?^'*  a  point,  their  directions  all  lying  in  the  same  plane. 

This  is  done  with  much  facility  by  an  obvious  application  of 
the  parallelogram  of  forces  :  for  since  the  united  action  of  any 
two  forces  upon  a  point  puts  it  in  the  same  state  as  if  their  equi^ 
talent  had  acted  upon  it,  we  may  compound  any  two  of  the 
ifdrcesy  and  substitute  their  resultant  for  them ;  this  compounded 
with  a  thiid  force  will  give  a  new  resultant;  and  this  blended 
with  a  fourth  force,  another ;  and  so  on  as  far  as  necessary, 
^us  suppose  the  resultant  of  the  five  forces  represented  in  mag-* 
ritfude  and  direction  by  pc,  pc',  pc,  ?c\  and  pc''  (fig.  12.  pi.  1.), 
were  required.  First  complete  the  parailelt^grani  cpc'r,  and 
instead  of  the  component  forces  pc,  pc',  make  use  of  the  result- 
ant PR :  then  take  pr,  pc,  as  components,  and  complete  the  p»> 
rallelogram  rpcr',  so  will  pr'  be  the  resultant  of  the  two 
forces  PR,  PC,  or  of  the  three  pc,  pc',  pc  :  again,  take  PR',  Pc',  as 
components,  and  complete  the  parallelogram  pRcr:  next,  take 
the  new  resultant  pr,  and  the  fifth  force  Pc'  as  components,  and 
<:bknplet^  the  parallelogram  pr;V;  so  will  the  new  result- 
ant Pr',  be  the  resultant  of  the  five  original  forces ;  and  of  con- 
sequence (35.)  a  force  equal  and  opposite  to  pr  will  keep  the 
equihbrium  in  the  whole  system. 

52.  CoR.  1.  Since  CR  is  both  equal  and  parallel  to  Pc',  rr' 
e^ual  and  parallel  to  pr,  R^r  to  pc',  &c.  the  resultant  when  ^the 
forces  are  all  m  one  plane  may  be  readily  determined,  by  draw^ 
ing  consecutive  lines,  each  from  the  end  of  the  preceding,  and 
having  the  directions   and  proportions  of  the  several  forces. 

'Thus  draw  from  c  (fig.  12.)  CR  equal  and  parallel  to  pc^, 

rA'  to  PC,  R'r  to  pc',  rr'  to  Pc",  and  pr'  will  be  the  resultant,  a^ 

before.  ' 

■  '68.  Con.^i'if  any  number  of  forces  represented  in  magnitude 

anddirection  by  the  sides  of  a  polygon  taken  in  order,  act  simulta^ 

nei>udy  upon  tM  same  point  of  a  body  at  rest,  they  tvillkeep  it  at  rest. 

•Let   PC,  OR,  rr',  rV,   rr',  a-'p   (fig.   15?.),    represent   thfe 

foi^ea ;  then,  since  the -first  five  of  these  have  p/  for  their  equi- 

i.^iplcnt  j  j2.)i  pifd  t'¥  the  iifth,  fprc^e  is  equal  and  opposite  to  Pr , 

il  vUl>prMatv^tbe.^^MUiriuHi  oflli«t8yatim(^^^ 
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54.  Prop.  A  single  force  may  be  resolved  into  am/ number  of 
forces. 

Since  any  single  force  as  pr  (fig.  10.)  is  the  equivalent,  of 
the  two  forces  pc,  Pc',  which  are  two  contiguous  sides  of  a 
parallelogram  whose  diagonal  is  pr  ;  and  since  it  will  likewii^ 
be  the  resultant  of  any  two  forces  proportional  to,  and  in  the 
direction  of  any  parallelogram  which  has  pr  for  a  diagonal; 
it  follows  that  tlie  single  force  PR  may  be  decomposed  into  as 
many  pairs  of  forces  as  there  can  be  described  paralielograimi 
having  the  same  common  diagonal,  that  is,  into  an  iudelinite 
number  of  such  pairs.  And  since  either,  or  both,  of  these  comr 
poneut  forces  may  again  be  decomposed,  in  like  manner,  into 
two,  and  either  of  these  again  into  two ;  it  is  manifest  that  the 
original  force  may  in  this  way  be  conceived  to  be  resolved  into 
any  number  of  others,  ad  libitum;  and  these  either  in  the  same 
plane,  or  any  others. 

55.  Scholium.  The  preceding  proposition  is  useful  in  what 
is  called  the  Reduction  of  forces^  or  estimating  their  effects  in 
any  given  direction.  Thus,  if  it  were  required  to  estimate  the 
effect  of  the  force  pc  (fig.  7.  pi.  I.)  in  the  direction  of  the 
given  line  pr  :  construct  the  rectangular  parallelogram  PC  CD, 
and  PC  will  manifestly  be  the  equivalent  of  the  two  forces  PC, 
and  PD,  of  which  the  former  is  perpendicular  to  the  given  di- 
rection, and  therefore  neither  promotes  nor  obstructs  the  effect 
of  4be  force  in  that  direction,  so  that  pd  is  the  aggregate  of  force 
in  the  direction  pr.  Of  this  species  df  reduction  many  ex- 
amples will  occur  hereafter. 

S^.  J*EOP.  The  effects  of  forces^  when  estimated  in  given  dir 
rectionSf  are  not  altered  iy  composition  or  resolution. 

Let  die  forces  pc,  pc',  and  their  resultant  pr,  be  estimate 
in  the  proposed  directions  px,  py  (fig.  J  4.  pi.  L).  Draw  the 
various  lines  respectively  parallel  to  Px,  py,  as  in  the  figure; 
Then,  the  force  pc,  when  referred  to  the  given  directions,  will 
furnish  the  components  pd,  p(/;  the  force  cr=pc,  the  com* 
pouents  ce,  c£;  and  the  force  pr  gives  the  components  pf, 
vf.  But  the  forces  pd,  ce,  being  in  opposite  directions  will 
havfe  opposite  signs  (  +  and  —  ),  and  by  reason  of  the  parallels 
DE,  FB,  pf,  and  PD,  rfc,  y E,  it  will  be  pd  —  ce  =  pd  —  DP 
=  PF,  the  effect  of  the  two  forces  pc,  pc',  estimated  upon  py; 
also  pd  4-  CE  =  jfd  ■\-dfssif,  tlie  effect  of  the  same  two 
fcH'ces  estimated  upon  px;  and  these,  it  is  evident,  are  likewise 
the  effects  of  the  resultant  pr,  when  estimated  in  the  same  di- 
rections. '  In  a  similar  manner  the  truth  of  the  proposition  may 
be  shewn,  for  any  nmnber  of  forces,  by  compounding  each  pair, 
and  tracing  their  simultaneous  effects,  m  the  proposed  direc- 
tions,    a  £•  D. 
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Cor.  If  a  sjstem  of  eqoilibnitsd  forces  is  recbced  to  iuiy  one 
directioii^  die  reduced  forces  will  be  in  equiCbrio. 

31.  PfLOP.  To  find  the  resultant  of  a  iustem  offordes  applied 
fo  erne  point  and  acting  in  the  same  puine,  by  the  metJiod  of 
ftttangular  co-ordinates. 

Let  die  three  forces  c,  t%  c^^  (fig*  1 3.  pi.  l.\  solicit  the 
lioiilt  t^  with  energies  proportional  to  pc,  vd^  pc'[,  and  in 
Aose  directions :  through  any  point  A  draw  two  lines  ia!f 
ty,  in  any  directions  respectively  perpendicular  to  each  odier : 
ttfongh  p  draw  pcT  parallel  to  xx  and  pd  parallel  to  tY^,  and 
VM<dve  each  of  the  forces  itito  components  respectively  pa- 
iralldl  to  these  co-ordinates ;  for  instance,  pc  into  pd,  Pa ;  p<f 
into  pd',  pif ;  and  pc"  into  Pd",  V(f:  set  off  ay  and  ax  re* 
ipectively  equal  to  pd  +  pd'  +  pd",  and  pd  +  vd'  +  vd!'^\ 
tbini  complete  die  rectangle  A&XV,.and  its  diagonal  ar  will 
represent  the  magnitude  of  the  restdtant  of  the  system,  and  will 
fee  parallel  to  its  direction.  The  truth  of  which  is  manifest, 
from  the  foregoing  proposition  and  scholium. 

68.  Coft.  In  the  case  of  an  equilibrium  AR  being  opposed 
liy  an  equal  and  contrary  force,  the  resultant  will  be  nothing,  or 
aero :  or  when  the  several  forces  are  reduced  to  the  rectangular 
co-ordinates,  the  sum  of  the  forces  upon  ay'  which  nuiy  be 
€onridered  as  negative,  must  be  equal  to  the  sum  falling  upon 
AT,  and  the  sum  upon  a1',  in  like  qianaer  considered  nega« 
live,  emial  to  those  upon  ax. 

59.  ScHOLtUM.  In  cases  where  accuracy  is  required,  the 
itudent  will  find  it  necessary  to  aim  at  somethius|  furmer  than  a 
gtaphical  solution ;  to  assist  his  progress,  we,  tnerefore,  add  a 
tew  algebraical  formulae  which  may  often  be  advantageously 
Rpplied. 

Let  the  angles  which  the  directions  of  the  component  forces 
c,  c',  c'',  make  respecUvely  with  the  axis  AX  (fig.  15.),  be  a^ 
Siff  and  a";  and  let  the  angle  which  r  the  resultant  makes  with 
AX  be  denoted  by  r.  Then  when  each  of  the  forces  is  re- 
duced  to   rectangular  co-ordinates,  we  shall  have  (41  tor.) 

whence  c  cos  a,  c'  cos  of, 


d'  cos  a'',  are  equal  to  pd,  pd',  vdf\  the  various  components 
of  these  forces  parallel  to  ax;  and,  in  a  similar  manner  may 
lie  obtained  c  sin  a,  q'  sin  a',  c''  sin  a'',  the  components  of  the 
aame  forces  parallel  to  at:  the  former  of  these  acting  in  the 
aame  line,  are  equivalent  to  a  single  force  tsxpressed  by  their  sum 
(using  the  word  sum  in  the  setise  of  the  algebraists],  that  is, 
C  cos  a  +  c'  cos  af  +  p"  cos  a^^  +  &c. :  and  the  latter  arc 
likewise  equivalent  to  a  single  force  expressed  by  their  sum,  or 
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GM  « *f  c'  sinii'  +  c'^eitt  n''  4^  tU.    The  two  MiBipeiiaDte  Of 
Ae  resultant  r  referred  to  the  same  axis,  are  evidentfy  ft  coa  f 
tad  H  aiti  r:  consequently  (16.)  the  fbllowiiig  equations  oMato: 
(J\        Jc  cos  a  +  cf  cos  «'  +  c*'  cos  a''  +  &c.  ^  ft  cos  r 
^**^  •     ^c  MU  a  -^  C'  sin  a'  -f  C  sin  a'^  +  8ic«  ^  ^  ^  r 

If  we  denote  the  sum  of  the  components  in  the  directiou  of 
dMi  aftis  AX  by  s^  and  the  sura  of  those  falling  upon  At  by  y» 
the  preceding  will  be  represented  in  an  abridged  form,  thus: 
(IL)  ••••..  Rcosrisjr,  «  .  .  .  .  ftsinrr:^. 

mien  the  system  is  id  a  state  of  equilibrium,  the  resultant  in 
aero  (68):  thus  our  first  equations  give  for  the  conditions  of 
equilibrium: 

/ftr  \^^^^l^^  C  c  cos  tf  +  c'coB  a'  +  c"cos  a"  +  &c.  2=  a 
^"^•>  iy  =  0  J  ^"^  ic  sin  fl  +  c'sin  a'  +  o" sin  a"  +  8tc.  :ssO. 

In  those  cases  ivhere  the  equilibrium  has  not  place,  it  is  still 
easy  to  find  the  magnitude  and  direction  of  the  resultant :  for, 
adding  together  the  squares  of  the  equations  (IL)  we  shall  have 
ft*  (siu*  r  -f  coh'*  f)  r=  X*  +y%  wherefore,  because 
sin*  r  +  cos*  r  o±  rad*  r::  I,  we  shall  have 

(IV.) R  ==  v^^+y 

Which  is,  ni  fact,  the  well-known  property  of  the  right-angled 
triangle. 
Our  second  equations  likewise  give,  by  a  simple  division, 

(V.)  ...  cos  m  i  .  .  .  sin  r  2=  -. 

Qr,  if  we  divide  the  one  of  ouf  second  equations  by  the  other, 
aaother  equation  will  be  obtained,  by  which  we  may  determine 
the  direcuon  of  the  resultant :  for,  since  sin  -t-  cos  ::  tan,  we 

have  (VI.) tanrrr  i. 

.  * 

When  oviy  one  of  the  equations  (IK.)  obtains,  there  will  not 
he  ao  equilibrium,  but  the  resultant  wi!!  be  parallel  to  one  of 
the  axes:  thus,  if  vix  have  only  4:  r:  0,  this  will  give  R  cos  r:zO. 
of  course  cos  r  =  0,  or  r  =  180*:  that  is,  the  resultant  is  parallel 
to  AY  or  perpendicular  to  ax.  If  only  ^  =  O,  the  resultant 
will,  in  like  matiner,  be  parallel  to  ax. 

60.  We  may  deduce  firom  the  equations  (I.)  in  the  preceding 
article,  two  or  three  curious  consequences;  which  may  likewise 
be  found  of  utility  in  some  subsequent  investigations. 

Let  tts  take  in  the  plane  of  the  forces  c,  c'c'',  any  point  s  at 
pleasure,  and  let  the  capital  s  denote  its  distance  from  p  the 
poiut  acted  upon  by  the  system,  while  the  small  s  represents  the 
angle  formed  by  sp  and  xa  (fig.  15.  pi.  I.).  Now  multipi3'ing 
Che  first  of  the  equations  just  referred  to,  by  s  sin  s,  the  second 
by  s  cos  3,  and  subtracting,  Me  have 
cs(cos  a  ski s  <s#  sin  a  cos  s^  +  c's (cos  a  ms  f^  sma'  cos  s) 
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+  c"s  (CO?  a"  sin  s  /^^«in.a"  cos  «)  +■  8Cc.  =  rs  (cos  fan  s  *w 
sin  r  cos  s).       ,         .  '  * 

But  it  is  knowD  (See  Crakelt*s  Mauduitt,  fia.  48.  HuttoM^s 
Course,  vol.iii.  ch.  3.  Pan/ofogiOyart^TRiGONOUBTRY^  that  cos 
a  sin  s  ^aina  cos  s  :^  sin  {a  r^  s),  and  the  like  of  all  the  oth^r  ex* 
pressions  between  the  parentheses;  whence^  equation  becomes 
OS  sin  {a  fsj  s)  +  c's  sin  (of  r>^  s)  +  u"8  (sin  a'!  ^  s)  +  8tc. 
=  RS  sin  (r  ^  s). 

Here  the  angle  a  'y  S!=;  CPs,  and  r  fs^  s  ^  rps,  rp  being 
the  resultant:  wherefore,  if  upon  PC  the  perpendicular  ss  be 
demitted,  we  shall  have  in  the .  right-angled  triangle  pss,  as 
=  s  sin  (a  ^  s) ;  and  in  like  manner  ss"  =  s  sin  {a'  r^  «)  the 
perpendicular  let  fall  upon  pc',  and  so  on.  If,  therefore,  we 
call  the  perpendiculars  from  s  upon  the  several  directions  of 
c,  c',  c'\  &c.p,  p',  p",  &c.  and  the  perpendicular  upon  the  re- 
sultant f,  the  preceding  equation  will  be  transformed  to  this: 
(VJ  I.)  .  .  .  .  cp  +  cy  +  cy  +  &c.  =  Rf. 

Hence,  if  we  use  the  term  moment  m  the  sense  of  art.  31. 
this  equation  will  furnish  the  following  theorem. 

The  moment  of  the  resultant  of  a  sj/stem  of  forces,  disposed 
in  the  sameplane,  and  directed  to  one  point ,  is  equal  to  the  sum 
of  the  itioments  of  the  components. 

By  the  sum  of  the  moments  is  here  meant  their  aggregate 
when  incorporated  according  to  their  signs,  using  the  affirmative 
sign  for  the  moments  of 'those  powers  which  lie  on  one  side  of 
the  point  s,  the  negative  sign  for  those  which  are  found  on  the 
other  side.  Or  if  the  point  s  be  considered  as  fixed,  and  the 
lines  S3,  8cc.  as  inflexible  rods,  the  action  of  each  of  the 
forces  upon  the  point  M  will  tend  to  make  it  turn  about  s; 
viewing  the  matter  thus,  \\ie  positive  moments  will  be  those  of 
such  forces  as  tend  to  produce  a  rotation  in  one  sense,  and  the 
negative  moments,  of  those  which  tend  to  produce  inotion  in 
the  opposite  sense.  The  previous  deduction  may,  therefore,  be 
staled  thus: 

When  several  forces,  in  the  same  plane  are  applied  to  a 
particle  of  mattery  the  moment  of  the  resultant  is  equal  to  the 
excess  of  the  sum  of  the  moments  of  those  forces  which  tend  to 
produce  a  rotation  in  one  direction,  over  that  of  the  mometds  of 
such  as  tend  to  produce  rotation  in  the  cotttrary  direction. 

It  must  be  observed,  however,  that  the  idea  of  ro^a/ion  in- 
troduced here,  is  merely  called  in  for  the  purpose  of  assisting 
the  student  in  determining  the  signs ;  but  is  no  essential  part  of 
the  principle. 

61.  The  equation  (VH.)  will  in  two  cases  assimiethis  fonn : 

(vn,  2.) . . .  CD  +  cy  +  c'y + &c.  ^  o. 

That  i<,  i.  When  r  =  0  j  or  when  the  syatem  is  in  equili- 
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brio.  2,  Wlieo  f  =  0 ;  that  is^  when  the  point  s  13  taken  on 
the  line  of  direction  of  the  resultant.     Hence  it  appears,  that. 

The  sum  of  the  moments  of  forces  which  tend  to  produce  ro^ 
tation  in  one  direction,  is  equal  to  the  sum  of  the  moments  of 
forces  which  tend  to  produce  rotation  in  a  contrary  direction,  I. 
when  the  forces  are  in  equilibria^;  2.  when  the  moments  are 
taken  with  relation  to  somepoittt  in  the  direction  of  the  resultant, 

62.  To  illustrate  the  use  of  tlie  formula?  for  finding  the  re- 
sultant of  a  system  of  forces,  we  will  now  propose  an  instance: 

Let,  the  forces  c,  cf,  c''  (Jig.  13i  pL  I.)  be,  represented  by  the 
numb^s  3G^  25,  and  20,  ami  p  bang  the  point  acted  upon,  let 
the  angles  made  by  their  directiohs,  be  c?d  zz  30^,  afid 
CPC^r:  28* ;  it  is  proposed  to  Jind  the  magnitude  and  direC" 
tion  of  the  equivalent  of  these  forces. 

If  we  sugpose  the  direction  c^'p  to  make  an  angle  of  20* 
with  the  assumed  Hxis  ax,  then  will  the  angles  wlifch  the  se- 
veral forces  make  with  that  axis,  be  78*,  48*  and  20^.  Where- 
fore, using  a  table  of  natural  sines,  &c.  we  shall  have  c  cos  a  -f- 
c'  cos  ^'  +  c'f  cos  fl"  =i  30  sin  1 2*  +  25  sin  42*  +  20  sin  70°  =: 
(30  X  •207^1 17) +(£0  X  .6691306)  +  (20  x  -9396926)  = 
4l«T59468  =  R  cos  r  r:  x;  and  c  sin  a  +  c'  sin  u'  -f  c"  sin  a"  zz 
y,0  sin  78*»  +  25  sin  48**  +  20  sm  20°  =(3o  X  -978;  476)  + 
(Z5  X  -74:51448)  +  (20  X  -8420201)  =  54-76345  =  R  sin  r 

z:y.     Then  r  =  Vj;*  +  y  =  68-86857  tlie    magnitude    of 

the  resultant;  and  ?^  zz  I'Sl  140203  ==  tail  52°  40^  f  J  the  an- 

— 

gle  which  the  resultant  makes  witl^  ax;  llis  lessened  by  48% 
leaves  4°  40'  ||  =  the  angle  c'fr  between  &^  and  cp.  Or 
when  the  directiiin  of  the  resultant  is  determined,  its  magnitude 
may  be  found  without  the  extraction  of  root^ :  tor,  (V.)  since 

iin  r  zz^  we  have  R  =  -r^  =:  68-80857,  as  before. 

R  Mil  r 

To  shew  that  the  same  result  may  be  obtained  although  the 
position  of  the  co-ordinates  ax,  ay,  be  changed,  suppose 
AX  to  coincide  with  </'i» :  then  c  cos  n  +  C  cos  a'  +  c''  cos  a" 
=  yO  sin  32°  +  25  sin  62*  -f  20  rad  =  57-971269  =  x,  and 
c  sin  a  +  c'  sin  a'  +  c'  sin  a''  =  30  sin  58*  +  25  sin  28''  +  20 

sin  0*  =  37-178233  z=^.     Hence  ^  =  -6413332  =  tan    ri2° 

40'  |g,  which  lessened  by  c^pc'  gives  4^  40  fj  ==  c'pr,  and 
y  -r  sin  32°  40'^^  =  68-86857,  the  resultant:  agreeing  with  the 
former. 

63*  To  be  convinced  qf  the  simplicity  of  this  method  of 
finding  the  magnitude  and  directioA  of  the  resultant,  in  cas^s 
nhere  the  forces  meet  in  a  point  and  are  disposed  in  one  plane, 
it  19  only  necessary  to  compare  it  with  tlie  common  metho<U 
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Now^  if  the  xetialttnt  of  forees  were  determid^  in  the  ummA 
yfrkjf  the  process  wpald  be  this :  Stt][>|K>8e  f  o,  Kf  (figi  16. 
f\*  l.)f  to  represent  the  msgiHtttde  and  dtrectioti  of  two  of  the 
forces :  dien  Utting  fill  ce  and  rp  perpendicolarfj  ttpon  K,  > 
we  shottld  have  rod  :  op  : :  bid  p  :  ob  : :  cos  p  :  pfi ;  and  pt 
(dk  pc^  *f  PS)  •  rad  : :  Rp  (»  or)  :  tan  rpp;  also  rad  :  PP  : : 
eac  RPP :  pr.  Then  taking  pr^  and  PC",  for  the  two  forces 
ift  given  magnitude  and  directions,  four  more  proportions 
would  determine  their  resultant:  and  in  like  manner  four  odiers 
would  be  necessary  for  a  fourth  force,  and  so  on :  whereas,  bj 
Mlopting  the  method  just  explained  there  is  but  little  more 
labour  necessary  to  determine  the  resultant  of  five  or  six  forces 
than  of  two. 

II.  Of  Forces  directed  to  one  Pointy  but  not  confined 

to  one  Plane. 

64.  Prop.  If  ihree  forces  are  reprtsenied  in  wuigniiude  and 
direct  Jon  by  t&  ihree  edges  coni^uous  to  the  same  angle  efa 
parallelopipedy  their  equivalent  will  be  represented  in  magnitwde 
und  direction  by  the  diagonal  drawn  Jrom  thai^  etngle  of  the 
solid. 

Let  the  three  components  soliciting  the  partiele  P  be  repre* 
eented  by  pc,  pc',  pc''  (fig.  17.  pi.  L).  and  let  the  paralielo- 
piped  be  completed.  The  equivalent  of  the  two  forces  c  and 
c'  will  be  pr ;  we  may,  therefore,  substitute  pr  for  those  two 
forces :  but  since  the  plane  in  which  are  the  parallels  c^p,  Rr, 
CRts  the  two  parallel  planes  bd,  cc',  the  lin^s  c'^r,  pr,  in 
which  it  intersects  them  will  be  parallel  (Euc.  XI.  16.);  and 
consequently  c"prR  is  a  parallelogram :  wherefore,  compound* 
ing  the  two  forces  pc^,  pr,  we  have  pr  the  diagonal  of  the 
parallelogram  c'V,  or  of  the  parallelopiped  Bor,  for  the  equi- 
valent of  the  three  forces  Q^c^d'.    q.  e.  o. 

65.  Cor.  Hence,  if' four  forces  act  upon  a  particle  in  dif- 
ferent planes,  and  keep  it  in  equilibrio,  they  are  to  each  otner 

in  magnitude  and  direction  as  the  three  edges  and  the  diagonal 
of  a  parallelopiped^  constructed  upon  lines  respeciix)ely  paraUsl 
to  the  directions  of  the  forces. 

For  a  parallelopiped  may  be  constructed  so  that  its  three 
edges  contiguous  to  any  one  angle,  shall  have  magnitudes  and 
directions  analogous  to  any  three  of  the  four  forces ;  the  dia^ 
gonal  of  this  solid  will,  by  the  prop,  be  the  equivalent  of  those 
diree  forces :  and  since  in  the  case  of  an  equilibrium  the  fourth 
force  <S5«)  must  be  equal  and  opposite  to  the  emivalent  of  die 
other  three,  it  may  be  represented  by  the  diagonal  of  die  solid. 

M.  CoR*  0»  Hencci  likewise^  any  number  of  forces  whatever. 
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ueiing  upm  apartkle  in  different  planes^  may  be  compoumied 
ht  pairs  till  there  remain  either  two  forces  in  the  same  plane^  or 
thne  in  d^ereni  planes,  and  of  these  the  resultant  may  befiund 
nihtr  Ay  art.  42.  or  by  this  proposition. 

67.  Cor.  S.  And  hence,  convenely,  a  single  force  may  be 
mfQlved  into  three  forces^  in  different  planes,  and  each  of  these 
inlD  other  forces  in  the  same  or  other  planes,  each  of  thes^ 
man  into  others ;  the  resolution  admitting  of  being  carried  on, 
iSvifim/ym. 

68.  Prop.  Jf  three  forces  in  any  one  plane  are  in  eauilibrioM 
and  these  are  reduced  to  any  other  plane,  the  reduced  forces  will 
Vkemse  be  in  eguilibrio* 

Xjei  the  three  forces  o,  c,  c'  (fig.  1.  pi.  II.),  represented  bj 
OP,  cp,  c'p,  in  the  plane  occ'  be  in  equilibrio,  and  let  them 
be  reduced  by  perpendiculars  to  the  plane  lm,  then  shall  the 
reduced  forces  op^  cp,  c'p,  be  in  equilibrio.  For  the  lines  oo, 
tp,  cc,  cV,  Kf,  being  all  perpendicular  to  the  same  plane  are 
parallel  to  each  other ;  and  because  cp,  rc%  are  equally  inclin* 
ed  to  tfie  plane  lm,  they  are  equally  inclined  to  the  lines  cp, 
re,  in  that  plane;  hence  cpzqrr:  Rc':rc',  and  by  permuta- 
tion CP  :  Rc' :  :  cp :  r(^ : :  1 : 1 ;  in  like  manner  it  may  be  shewn 
that  cr  is  to p(^  m  a  ratio  of  equality;  and  consequently p(Tc' 
is  a  parallelogram :  thus  also,  since  o  p  =  p  r  ,  op  =or :  whence 
tp  bq|0g  equal  and  opposite  to  the  diagonal  of  tne  parallelo- 
gram  oi  forces  cpc'r,  the  reduced    system  is  in  equilibria. 

a.E.D. 

69.  Prop.  To  find  the  resultant  of  a  system  of  forces  applied 
to  one  point,  but  disposed  in  different  planes;  by  the  method  of 
rectangular  coordinates. 

Here  the  process  will  be  similar  to  that  described  in  art.  57, 
a^  may  be  explained  by  a  reference  to  the  same  figure  (fig. 
IS.  pi.  1.) :  in  which  let  the  three  forces,  c,  c',C^,  directed  to 
the  same  point  but  not  in  the  same  plane,  be  represented  by 
fCi  Pc',  PC",  supposed  not  in  the  same  plane :  through  an 
assumed  point  a  draw  any  two  lines  xx',  yt',  perpendicular 
to  each  other,  and  suppose  another  line  az  drawn  through  ▲ 
perpendicular  to  the  plane  of  the  figure;  these  will  be  ibe  co* 
ordmates  to  wliich  the  forces  are  to  be  referred.  Through  p 
the  point  of  application  of  the  forces,  let  lines  Pi>,  vd,  p|, 
be  drawn  parallel  to  the  respective  co-ordinates :  to  each  of 
these  lines  refer  the  component  forces,*  by  perpendiculars  cd, 
c«f,  c^,  c'd',  dd\  cT,  8ic.  and  the  sums  pd  +  pd'+  pd", 
pd  +  prf'  +  pd",  pf  +  P^  +  ri"y  will  denote  the  equiva- 
lents of  the  three  original  forces,  upon  the  edges  of  the  rec^ 
tangular  parallelopiped ;  >>4ieace  the  diagonal  of  the  parallelo-. 
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piped  whose  sides  are  expressed  by  these  sums  represents  idie 
magnitude  and  direction  of  the  resultant  sou^t. 

70.  ScHOL.  In  this  case  of  many  forces  m  different  planes^- 
the  algebraic  method  of  solution  will  often  be  peculiarly  use- 
ful ;  and  it  will  be  easily  understood,  being  an  obvious,  etten-* 
sion  of  the  formulae  applied  to  forces  in  one** plane.  Tlius,  let 
the  component  forces  which  we  call  •  •  .  c,  c',  c'^,  &c. 
form  with  the  axis  ax  (x)  the  angles     .      .     •     a,  a\  tf,  &c. 

with  the  axis  AY(y) b,  b',  b\  8cc. 

with  the  axis  Az(z)     .     .     »     >     •     .      .      .     c,  c',  c",  &c. 
Each  of  these  foikres  being  decomposed  into  three  others,  of 
Which  the  directions  are  parallel  to  each  axis,  it  has  been  shewn^ 
159.)  that  for  components  parallel  to  these  axes,  we  have 
OfT     ...••..    c  cos  fl,  c' cos  a',  c"  cos  o",  Sic. 

'     y c  cos  b,  c  cos  b\  c"  cos  b''  Sic. 

z .    c  cos  c,  d  cos  c',  c"  cos  r,  8ic. 

These  groups  of  forces  are  each  equivalent  to  a  single  force, 
represented  by  their  sum,  acting  in  the  several  lines  to  which 
the  original  forces  are  reJFerred ;  so  tliat  we  have  for  the  com- 
ponents of  the  resultant  parallel  to  each  axis,  as  below : 
X  =  c  cos  a  f  c'  cos  a  +  cf'  cos  a^  +  &c. 
y  =  c  cos  b  +  d  cos  b'  +  c''  cos  6"  +  Sic 
z=i  c  cos  c  +  c  COS  (/  +  c"  cos  c"  +  8lc. 
Now  denote  by  r,  r\  r'',  &c.  the  unknown  angles  fornied  by 
the  direction  of  the  resultant  and  each  of  the  co-ordinates,  and 
R  cos  r,  R  cos  »',  R  cos  r'',  will  represent  the  equivalents  of 
this  resultant  in  the  several  directions  of  the  axes :  hence,  we 
have 

fR  cos  r  zzx. 
R  cos  r  zzy, 
R  cos  r'  zzz. 
When  the  system  is  in  a  state  of  equilibrium,  we  have  r  rrO,  sp 
that  the  equations  expressing  the  equilibrium  are 

ix  =  c  cos  a  +  c'  cos  a'  +  c"  cos  a!'  +  &c.  =  0; 
(iii.)     .     •       ^j/  =  c  cos  A  -f  c'  cos  b'  +  d'  cos  V'  +  8tc.  =  0. 

(  2  =  C  cos  c  +  c'  cos  if  -f  c"  cos  (f  -{-  8cc.  =:  0. 
If  an  equilibrium  does  not  obtain  in  the  system,  the  magnitude 
and  direction  of  the  resultant  may  be  deduced  from  the  three 
equations  (ii.),  for  by  adding  together  their  squares,  we  have 
R*  (cos  r  +  cos  r'  +  cos  r")  r:  j:*  +  v*  +  ^*.  But  when  r,  r',  8c 
rVsirc  angles  made  by  any  line,  and  three  rectangular  co-ordi- 
nates, it  is  known  that  the  sum  of  their  squares  is  equal  to  unity : 
there  lore,  ■ 

(iv.)     .     .     .     R=:  v^jr*-|-y+a*. 
Or,  refeirmg  to  fig.  17.  pi.  I.  and  conceiving  the  parallelopiped 
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fectangiilar»  and  pc  =  jr,  pc'  =y,  pc"  =  z,  we  have  (Euc.  1. 47.) 
n*  s=  PC*  +  cr*  =s  j;*  +  ^,  and  pr«  =  pr*  -h  tr*  =  x*  +  ^ 
+.  z*9  wheivce^R  is  found,  as  above.  And  with  respect  to  the 
pcmiion  of  the  resultant,  that  is  easily  determined;  for  from  the 
equations  (ii.)  we  deduce 

(f .)      .     .     cos  r  =  -      .      .     cos  r  =  ~    .     .     cqs  r '  =  — • 

When  either  of  the  quantities  in  equation  (ii. )  become  =  0,  the 
cposequences  are  similar  to  those  we  traced  with  respect  to 
forces  disposed  in  one  plane :  thus,  if  the  equations  take  at  once 
this  form, — 

.  x  =  Rcos  r  =:0,^  =  Rcosr',  z  =  R  cosr'': 
it  is  then  manifest  that* cos  r  :r  0,  or  that  r  ir  a  richt  angle ;  or 
that  the  resultant  is  situated  in  a  plane  perpendicular  to  the  axis 
AX.    If  we  have,  at  one  and  the  same  time, 

x  =s cos  r  =  0,y  =  cos  r*  =  0,  z  =  cos  r', 
it  will  be  obvious  that  the  direction  of  the  resultant  is  perpen*- 
dicular  to  ax,  ay,  and  parallel  to  az. 

III.  Of  Forces  situated  in  one  Plane^  but  applied  ta 

different  Points  of  a  Body. 

71-  Prop.  If  two  parallel  forces  act  perpendicularly  upon  a 
right  Kne^  in  the  same  direction,  their  resultant  is  parallel  to 
tkenif  equal  to  their  sum,  acts  in  the  same  direction,  ami  divides 
the  line  of  application  into  two  parts  which  are  reciprocally 
proportional  to  the  components. 

tjet  the  two  forces  c,  c'  acting  in  the  directions  CP,  cV 
(fig.  2.  pi.  II.),  perpendicular  to  pp,  be  those  whose  equivalent 
it  sought.  Conceive  any  two  forces  r,  c',  equal  to  each  other,  to 
act  in  the  opjposite  directions  cP,  Cp',  opposite  to  each  other ; 
and  it  is  obvious  they  will  cause  no  change  in  the  state  of  the 
system  :  dierefore,  if  r  the  resultant  of  c  and  c  act  in  the  direc- 
tion rp,  and  r'  the  resultant  of  c',  c\  in  the  direction  /p',  the 
lines  rP,  /p,  when  produced,  will  intersect  in  a  point  a, 
through  which  Rp,  the  direction  of  the  resultant  of  the  compo-^ 
nents  c,  c\  must  likewise  pass.  Thb  granted,  through  a,  the 
point  of  concourse  of  rp,  r'p,  draw  bd,  Ap,  respectively  per- 
pendicular and  parallel  to  the  directions  of  the  original  forces, 
and  decompose  each  of  the  forces  r,  r^,  into  two  others  acting 
in  the  directions  BA,  pA,  and  da,  j9A.  Now,  since  tlie  cir- 
cumstances of  the  resolution  of  r,  and  r,  are  the  same  in  a  as 
in  p,  p',  the  force  r  acting,  upon  a  will  be  decomposed  into  the 
two,  c  acting  in  ba,  and  c  in/)A  ;  and  die  force  r  acting  uppu 
a  Witt  be  resolved  into  c'  acting  in  da  and  c'  acting  in  pA.  Btit 
the  two  forces  c,  c',  being  equal  and  opposite  ate  annihilated. 
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Ihererorq  n  ih^  equivaleQl  of  cwaA  ^  %ct§  m  a  pi^iilUA  divie^ 
tioa  RA  and  i$  equal  lo  their  $um^  w^ 

Agaia  t<»  detenniiie  the  point  p  in  ff  tbrQugh  which  the 
esiillaat  paipes :  yince  r  is  the  equivalent  of  c,  and  c,  it  foUoivf 

(59.  VI.)  that  the  angle  rpc  has--  for  its  tangent;  whde  io 
the  triangle  vp/i,  We  have  tan  pa/>  =:  tan  rPc  =  -SL; 
thus  <^  s  ^,  and  c  xr  -— !.    Proceeding  in  a  similar  maimer. 

we  have  —  =  — ,  and  c'  =  -^-^.     But,  by  hypothesis  cmt*; 

-consequently  c  .pp  =  c\ pp,  and  pjp :  p'p : :  c :  c.    Q.  £•  n. 

7e.  Cob.  1.  When  three  parallel  Jvrcts  acting  perpendicur 
hrfy  up<m  a  right  line  keep  it  in  equilibrio,  one  of  Aem  will 
act  in  a  direction  opposite  to  the  other  twOf  and  it  will  be  equal 
to  their  sum ;  and  any  two  of  them  will  be  to  each  other  inversely 
a!s  their  distancesfrom  the  point  to  which  the  third  force  is  amUei. 

For  the  third  force  a  must  be  equal  and  opposite  to  the  re- 


corollary. 

73.  Cog.  6,  When  two  component  forces  act  in  contrary  dir 
rectioHSj  their  residtant  is  equal  to  their  differ enee,  and  is  applied 
at  the  same  point  as  the  power  which  establishes  the  equilibrium. 

Thus  the  resultant  of  the  forces  a  and  c  (fig.  fi.  pL  II.)  acts 
at  the  point  c'  and  is  equal  and  opposite  to  c'f'* 

74.  CoR.  S.  I'he  equtvalent  (if  any  number  of  parallel  farces 
acting  perpendicularly  upon  a  line  will  be  equal  to  their  sum 
when  they  act  the  same  way ;  or  to  the  excess  of  the  sum  of  those 
which  act  in  one  direction  above  (hose  which  act  in  the  contrary 
direction^  when  they  act  contsarily:  and  to  find  their  point  of 
application  compound  them,  two  by  two,  as  in  the  proposttioo. 

75.  Cor.  ^.  ^f  a  right  line  be  kept  in  equilibrio  by  as^ 
number  of  forces  acting  perpendicularly  either  at  the  same,  or 
at  different  points^  the  sum  of  all  the  forces  acting  09i  one  tide, 
willpe  equal  to  the  sum  of  all  those  acting  on  the  other* 

76.  Prop.  The  moment  (f  the  resultant  of  two  parallel 
forces  taken  with  relation  to  any  point  whatever  in  the  same 
plane  is  equal  to  the  sum  of  the  moments  of*  the  components. 

1.  Let  c,  and  c'(fig.  S.  pi.  II.),  be  two  forces  acting  in  the 
parallel  directions  cp,  c'p,  and  s  any  point  taken  in  their 
plane:  perpendicular  to  cp,  cV,  ,draw  the)  line  ipp',  and 
consider  p,  p',  as  the  points  of  application  of  die  forcea.  Hie 
resultant  &  being  directed  towards  q,  we  have  (71.)  c  X  t q 
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=  c'  X  p'q.  '  Now  R  X  SQ  :s=  (c  +  c')  X  sg  =  (c  X   sq) 
''•v(c'  X   sg)  and  8Q  =  pq  +  sp  =  sp'  —  p'q  :  therefore,  by 
Bul^titutioD,  li  X  sg  =  c  •  PQ  -f  c  •  8P  +  c'  •  sp'  —  c  •  p^g 
s=  c  •  SP  4-  c'  •  sp',  because  c  •  pq  —  c'  •  p'g  =  0. 

2.  If  instead  of  taking  s  out  of  the  space  included  by  cp,  c'p', 
^e  take  a  point  s'  between  those  lines,  the  same  thing  will 
hold|  using  the  word  sum  in  the  extensive  algebraic  sense  (60,)» 
For,  in  that  case,  we  have  again,  R  x  s'g  =  (c  +  c')  x  s'q  = 
(c  X  s'q)  +  (c'  X  sp.)  But,  as  we  have  s'q  ns'p'  —  p'g  =^ 
PQ  —  p's',  we  obtain  by  substitution,  R  x  s'q  =  c  x  (pq  — 
psO  +  c'  X  (s'p'  —  p'q),  and  because  c  •  pq  —  c'  •  p'q  =  0, 
we  have  r  •  s'q  =  c'  •  s'p'  —  c  •  s'p. 

77.  If  we  denote  as  in  art.  60.  the  perpendiculars  from  s 
upon  the  directions  of  c,  c',  and  r,  by  p,  j>',  ^,  we  shall  have  the 
equation  ftf  =  cp  +  c'p',  corresponding  with  the  equation  (VII) 
in  that  article.  So  that  the  consequence  stated  there,  has 
equally  place  here,  and  the  observations  relative  to  the  positive 
md  n^ative  signs,  are  equally  useful  in  both  cases. 

is.  Since  a  force  o  equal  and  opposite  to  the  resultant  R, 
acting  at  the  point  q  will  sustain  the  system  in  a  state  of  eqtiili- 
brium,  we  have  o  =:  —  r,  and  the  preceding  equation  assumes 
this  fornix : 

Rf  +  cc  +  c'c'  ==  0- 

Consequently,  when  three  parallel  forces  are  in  equilibrioj 
the  sum  of  their  moments  with  respect  to  any  point  in  the  same 
planej  is  equal  to  zero. 

79-  Drawing  from  the  point  s  (fig.  3.  pi.  II.)  any  right  line 
whatever  s^',  and  supposing  the  three  forces  c,  c',  o,  which 
are  in  equihbrio,  appli^  at  the  points p,  p^,  q,  we  have,  by  rea- 
son of  the  parallels,  sq  :  sp  :  sp' : :  s^ :  sj9  :  sp'.  But  the  equa- 
tion of  die  moments(78.)  is  o  •  sq  +  ^  *  sp  +  ^  *  sp'  =  ^ :  in 
which,  substituting  the  consequents  of  the  proportion  for  the 
antecedents,  there  results  o  •  s^  +  c  •  sp  +  ^  *  s/)'  =  0 ;  whence 
it  follows,  generally^  that  the  resultant  of  two  parallel  forces 
divides  any  right  line  to  the  extremities  of  which  they  are  ap* 
plied  into  parts  reciprocally  as  the  forces :  and  moreover  that 
the  results  in  arts.  71  ••••75.  are  applicable  to  all  paralkl 
forces  acting  upon  one  line,  N\ithout  regarding  the  angle  that 
liue  makes  with  the  direction  of  the  forces. 

80.  Prop.  IVhen  a  given  power  acts  upon  a  certain  point  in 
a  Unej  to  determine  its  ^ects  upon  any  other  two  points  in  the 
wane  line. 

Let  the  force  r  act  upon  the  point  f,  it  is  required  to  de- 
termiiie  the  effort  exercised  upon  the  points  p^p'  (ng.  3.  pi.  li.). 
Ttus  is  nothing  else  than  to  resolve  the  force  R  into  the  two 
parallel  components  c,  c',  acting  at  the  proposed  points.    Con- 

Vol.  !•  ^  D 
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sequently  Wc  must  have  c  +  c'  =  R>  and  c  :  c' : :  fp'  :  qp-: 
tvhencey  c  +  C  :  c  :  :  y/>'  +  9P  (  ^  PP')  -  2!P^  J**^  ^  ~ 
!—•*'    In  like  naaoner  we  find  c'  =  — 1^* 

81 .  Scholium.  We  may  now  deduce  from  what  b  gone  be- 
fore,  a  few  theorems,  which  will  be  of  iitiKty  in  enquiries  re* 
Kpeeting  parallel  forces  m  one  plane.  Thus  let  c,  c',  c%  8c<:. 
eorotitute  a  system  of  parallel  forces  acting  in  one  plane,  r  iheir 
resultant,  py  p',  p'\  f>  8cc.  the  perpendiculars  demitted  from  any 
point  in  the  same  plune,  upon  f  he  directions  of  the  several  forces. 
Then  with  relation  to  two  forces  c;,  c',  we  have  r  r:  c  +  c', 
and  R£  zz  cp  •{•  c'p*,  for  the  equations  by  which  we  may  deter^ 
mine  the  magnitude  and  position  of  R.  Substituting  for  the  two 
forces  c,  fJ,  their  equivalent  R,  and  compounding  this  with  die 
third  force,  we  find  the  new  resultant,  by  means  of  the  equations 
»'  =  R  +  c"  and  ny  «*s  Rf  -f  c'y,  or, 
(L)r'  =  c  -f  c'  +  c"  +  ecc.  and  R^  ^cp  -h  c'p'  +  cy+  He. 

And  thus  may  we  proceed  with  other  forces. 

When  the  forces  are  in  a  state  of  equiiibriufn,  the  equations 
become 
(II.).- . .  c  +  c'  +  c"  +  &c.  =  0.  . .  cp  +  c>'  +  cy  +  &c.  =  0. 

When  the  equilibrium  does  uot  obtain,  the  first  equation  (I) 
determhies  the  magnitude  of  the  resultant:  its  direction  will 
evidently  be  parallel  to  those  of  the  components,  and  its  position 
will  be  determined  from  this  equation  : 

^Cf>  +  cV»'  +  c*iA  +  l^e.       cft  +  G>'  +  c'p*  -h  ISte, 

*  C  +  «'  +  C"  +  t5'C.  R 

In  tlie«ie  equations  %i  e  consider  as  negative  the  forces  which 
act  in  a  contrary  direction  to  those  n  hich  we  reckon  positive  : 
and  if  r  come  out  negative,  the  resultant  of  the  system  will 
be  a  force  acting  in  a  contrary  direction  to  the  forces  we  account 
affirmative:  if  p  be  negative,  the  resultant  must  be  disposed, 
with  regard  to  the  origin  of  the  moments,  on  the  side  opposite 
to  that  on  which  die  forces  are  whose  distances  from  this  point 
we  considered  as  positive. 

81  A.  Prop.  To  find  the  resultant  of  any  mimher  of  forces 
noting  upon  different  points  of' a  body,  their  directions  being  all 
in  the  same  plane. 

This  is  performed  very  readily  by  a  graphic  process  similar  to 
that  descnbed  in  art  51.  Thus,  let  any  two  of  the  forces  be 
taken,  and,  prolonging  their  directions,  conceive  them  to  be  up- 
plied  at  their  pomtof  concourse  (32.)  and  find  their  resultant  by 
means  of  tlie  parallelogram  of  forces  (42.).  Compound  this,  iii 
like  mauner  with  any  one  of  the  remaining  forces ;  and  so  on : 
the  magntUKle  and  direction  of  ilie- diagonal  of  the  kbt  paralleio- 
gnm,  wiii  shew  tbe  niigiiitude  and  dia:ecuoQ  of  the  force  equi- 
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valcDt  to  the  several  components.  For  an  example,  let  it  be 
proposed  to  fiurf  the  equivalent  of  the  three  forces  c,  c^,  c*', 
acting  upon  the  body  ab  (fig.  4.  pi.  II.)  in  the  directions  CP, 
G^^p',  c''i*",  and  with  intensities  proportional  to  those  lines. 
Produce  cp,  c'p',  till  they  meet  in  o,  and  on  those  directions 
set  off  i>Ey  DPy  respectively  equal  to  cp,  cV:  complete  the 
parallelogram  ef,  and  its  diagonal  will  represent  in  magnitude 
and  direction  the  equivalent  of  the  two  forces  c,c^.  llien  pro- 
duce GD  till  it  meet  c"p''  produced  in  d:  make  de  =  dg,  and 
df  rz  p"c",  and  complete  the  parallelogram  ef.  Lastly,  pro- 
duce the  (Uagonal  dgv  till  QR  is  equal  to  it;  so  will  xq  »ew 
the  magnitude,  position,  and  direction  of  the  force  equivalent  to 
the  three  components  c,  c',  and  c''. 

82.  Prop.  When  three  forces  in  the  same  plane,  acting 
upon  different  points  of  a  body  (considered  as  void  of  gravity) 
keep  it  in  equiUbrio^  thty  are  such  as  would  balance  if  applied 
to  one  point ;  their  directions  continuing  paralleL 

If  the  forces  c,  c',  o,  (fig.  6.  pi.  II.)  which  act  upon  the 
body  AB,  at  the  points  p,  p',  q,  in  the  directions  cp,  cV,  o^, 
with  energies  proportional  to  diose  lines,  keep  it  in  equilibrio, 
they  would  balance  if  applied  to  one  point.  For,  producing 
two  of  the  directions  e.  g.  cp,  c'p^,  till  they  meet  at  a  point  p, 
making  £D,  fd,  equal  to  cp,  c'p',  respectively,  and  complet- 
ing the  parallelogram  ef,  its  diagonal  gd  will  represent  the 
magnitude  and  direction  of  the  equivalent  of  die  components 
C,  c^  And  since  no  single  force  but  one  that  is  equal  and  op* 
poflite  to  the  resultant  of  c,  C,  can  keep  them  in  equilibrio,  the 
direction  of  the  third  force  o  must  pass  through  d,  audits  mag« 
oitude  OQ  must  be  equal  to  gi),  or  og.    q.  e.  d. 

83.  Cor.  1.  ^nytwoof  these  forces  are  inversely  proportional 
to  the  perpendiculars  demitted  upon  their  respective  airections, 
from  the  point  of  application  of  the  third  force ,  or  from  any 
point  in  its  direction. 

For  (48.)  o  :  crc/  : :  sin  cdc  :  sin  oDCf  :  sin  one  (fig.  6. 
pi.  II.)  And  if  we  produce  the  directions  of  any  two  of  the 
forces  as  CP,  c'p^,  and  upon  them  let  fall  from  q,  the  point  of 
application  of  the  third  force,  the  perpendiculars  qk,  QI,  or 
from  any  other  point  q  in  the  direction  of  that  force,  the  per- 
pendiculars qkf  qij  these  perpendiculars  will  be  to  each  other 
as  the  sines  of  the  angles  qdk,  qdi,  or  as  the  sines  uf  the  sup- 
plemental angles  odc,  odc/.  Wherefore  c  :  c'::qi:  QK  : : 
qi  :qk, 

84.  CoR.  2.  When  four  forces  are  in  equiKbrio  bytheinter^ 
ventioti  of  a  solid  body,  they  are  such  as  would  balance  each  other 
if  applied  to  one  point. 

Thus  (iig.  5.  pi.  II.)  the  four  forces  c,  d,  c'',  c"',  which 
when  the  paraUelograms  of  forces  are  constituted  on  the  re- 
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spectivc  diFcctious,  give  the  equal  and  opposite  resultants 
G  D;  D  ^,  are  in  equihbho  whether  the  points  of  application  be 
p,  p'  v"  y"\  or  whether  they  are  blended  in  d. 

85.  CoR.  S.  When  any  ntunher  offerees  are  in  equilibiio  by 
the  intervention  of  a  solid  body^  they  would  balance  eack  other 
if  applied  at  one  point.  For  either  the  lines  of  directions  of  all 
the  forces  will  meet  in  one  point  when  produced,  or  they,  will 
meet  in  different  points  forming  so  many  systems  in  ec^uilibrio ; 
and  all  these  systems  when  applied  to  one  point,  are  m  equiU-r 
brio,  by  art.  37. 

86.  Prop.  If  a  body  ab  ffig^  7,  pi  II.)  be  sustained  in 
eauilibrio  by  the  simultaneous  action  of  several  forces  c,  c',  c'% 
Kc,  in  one  plane^  their  quantities  and  directions  being  repre^ 
sented  by  cp,  c'p',  c''p",  He.  cutting  any  line  ax  drawn 
through  the  body^  in  the  points  p,  p',  p",  Sfc.  and  if  lines.  Cr^f 
cfs\  cf^s^\  He.  be  drawn  parallel  to  each  other  from  the 
points,  c,  c',  c/',  tiU  they  intersect  the  line  ax;  then^  1. 
the  sums  of  the  portions  ps,  p^,  p's',  and  p^,  p's", 
|>'V,  estimated  in  contrary  directions  must  be  equal.  2.  The 
sums  of  the  parallel  forces  on  each  side  ax,  t.  e.  cs,  -f  c'»' 
+  c^'s",  and  cs  +  c^/  +  c'V,  must  be  equal.  8.  The  sums 
of  the  nwments  on  each  side  from  any  point  a,  f.  e.  ap« 
c  +  Ap'  •  d  H-ap"  •  c"  and  ap  •  c  +  ap  'V  +  ^p''  •  ^',  inust  be 
€quaL 

Conceive  the  various  parallelograms  of  forces  to  be  con- 
structed, as  in  the  figure,  then  will  the  force  represented  by 
CP,  be  the  equivalent  of  dp,  sp,  the  force  c'p',  the  equi- 
valent of  d'p  ,  s'p',  and  so  of  the  others.  And  it  is  evident 
that  the  forces  ps,  p's',  &c.  must  make  up  equal  sums  in  the 
contrary  directionSj,  otherwise,  instead  of  the  system  being  at 
rest,  it  would  move  either  in  the  direction  of  ax  or  of  xa.  And 
tvitli  respect  to  the  parallel  forces  dp,  d^p^  Sec.  or  their  equals 
cs,  c'i>\  &c.  they  fall  under  the  deductions  in  arts.  75  ..»  79. 
Whence  the  truth  of  the  proposition  is  manifest. 

87.  CoK.  If  we  consider  the  forces  reduced  to  ax  to  have 
either  positive  or  negative  signs  according  as  they  act  towards 
or  from  a  ;  and  the  parallel  forces  on  different  sides  of  a  x  to 
have  contrary  signs ;  then  will  the  sum  of  the  forces  reduced  to 
AX,  the  sum  of  the  parallel  forces  cs,  c's',  8cc.  and  the  sum 
of  the  moments  of  the  forces  with  respect  to  any  point  on  ax, 
be  each  equal  to  nothing. 

88.  SciioL.  Since  the  preceding  proposition  is  true,  what- 
ever direction  the  parallel  lines  cs,  c^i»',  &,c.  make  with  the 
assumqd  line  A  x,  we  may  readily  deduce  from  hence  the 
formulse  for  several  forces  acting  at  different  points  in  varipus 
directions  in  the  san^e  plane,  according  to  the  method  of  rect- 
angular co-ordinates.    To  this  end,  let  cs,  c^s',  &c«  (tig.  7-) 
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be  perpendicular  to  ax^  and  let  the  ordinate  at  be  drawn 
parallel  to  cs.  Then  if  the  angles  which  the  directions  of 
the  forces  c^  c',  c'',  8cc.  make  with  ax,  be  denoted  by  a,  o',  a^^ 
&c.  and  the  angle  made  by  b  the  resultant  with  the  same  be  r; 
also  if  the  ±s  from  a  upon  cp,  c'p',  c"p",  8cc.  be  represented 
by  p,  p\f^f  &c.  we  shall  have  sp  =  c  cos  d,  s'p'  =  c'  coft  a', 
&c.  and  cs  =  c  sin  A,  c's'  =  c'  sin  a\  &c.  And  in  the  case 
of  an  equilibrium,  we  shall  have  the  following  equations^  the 
resultant  being  absolutely  nothing. 

C  c  cos  tf  +  c'  cos  a'  +  c"  cos  a"  +  &c.  =r  x  =  0. 

(I.)  .    <  c  sin  a  +  c'  sin  a*  +  c"  sin  a"  4-  &c.  =  y  s=  0. 
(cp  +  c'p'  +  r'y  +  8cc.  =  *  =  0. 

These  equations  are  (like  those  in  arts.  59,  70,  81,)  each 
composed  of  as  many  terms  as  there  are  forces,  unless  one  of 
the  forces  should  have  its  direction  coinciding  either  with  ax, 
or  AY,  or  parallel  to  either  of  them,  or  passing  through  a  their 
assumed  origin,  ^  when  one  term  will  manifestly  vanish,  in  the 
corresponding  equation. 

89.  If  the  system  of  forces  is  not  in  equilibrio,  the  subse- 
quent equations  will  assist  in  finding  the  resultant,  its  n^agni- 
tude,  and  its  point'of  application.  Besides  the  above  charac- 
ters, let  f  denote  the  perpendicular  ah  from  the  origin  of  the 
axes  upon  the  direction  of  the  resultant :  then,  since  an  equal 
force  to  the  resultant  applied  in  a  contrary  direction  restores  the 
equilibrium,  making  it  to  subsist  between  c,  c',  8cc.  and  —  k, 
by  introducing  the  expressions  — •  R  cos  r,  -^  r  sin  r,  and  —  Rf , 
into  the  equations,  we  shall  get, 

(II.)  .  •  R  cos  r  =  X,  .  .  R  sin  r  =  ^,  .  .  pf  s  v. 
Adding  together  the  sauares  of  the  two  first  of  these,  there  will 
be  found 

(III.)     .     .     -     .     RaV'j^+jJ*. 
And  from  the  equations  (II)  we  deduce,  by  division, 

(IV.)  .  cos  r  =  i  . .  sin  r  =  —  . .  tan  r  =  —  . .  p  =  -.    \ 

Of  these  equations  III  determines  the  magi^itude;  either  of  the 
first  three  of  IV  ascertains  its  direction,  and  the  last  gives  the 
perpendicular  distance  of  its  direction  from  the  origin  of  the 
ordmates.  Thus,  drawing  a  line  An  =  f,  making  with  ay  an 
an^le  =  r,  and  drawing  nq  perpendicular  to  ah,  the  line  /i^r 
wm  be  the  position  of  the  resultant ;  any  point  in  this  line  may 
be  considered  as  the  point  of  application:  the  signs  of  r  and  of 
f,  will  determine  on  which  side  of  ay  and  of  ax,  the  line  A/i 
must  be  drawn. 

^  90.  When  the  three  equations  (88. 1.)  all  obtain  at  the  same 
time,  they  denote  that  a  system  of  forces  disposed  in  the  same 
plane^  but  not  concurring  in  the  same  point,  is  perfectly  iif 
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eauilibrio:  but  it  wUl  not  be  entirely  uninteresting  to  consider 
vnat  will  be  the  consequence  when  all  three  have  not  place  at 
once*  Whfsp  only  the  tirst,  or  the  second  exists^  we  may  apply 
die  remarks  made  at  the  end  of  art  59,  so  that  it  only  remama 
for  us  to  examine  here,  i^het  will  occur  when  the  third  only 
exists.  Thus,  if  instead  of  the  system  being  in  absolute  equi- 
Bbrium,  we  have  the  three  following  equations : 
Bco8r  =  a:,  Rsinr=y, 
cp  +  e'|)'  +  c"/>"  +  &c.  =•  RP  =  0, 
Here  Rf  =  0^  gives  f  =  0,  that  is  to  say,  the  resultant  passes 
through  the  origin  a  of  the  co-ordinates :  it  is  obvious  that  if 
that  point  in  the  system  is  fixed,  this  resultant  ought  to  be  anni- 
hilatedy  and  that  diere  is  an  equilibrium  whatever  x  and  y  may 
be.  The  equation  cp  +  Cp'  +  c"|>"  +  &c.  =  0,  therefore, 
suffices  solely  to  indicate  that  there  is  an  equilibrium,  on  the 
supposition  that  the  origin  is  a  fixed  point :  and  hence 

In  order  that  a  system  of  forces  disposed  in  the  same  plane 
be  in  equilibrio  about  any  fixed  pointy  it  tvill  be  sufficient  if  the 
sum  of  the  moments  of  the  for ce^y  with  respect  to  thispoinij  be 
equal  to  zero. 

Supposing  that  a  body  subjec^d  to  the  action  of  several 
powers  is  retained  by  a  fixed  point,  it  follows  necessarily  that  it 
can  only  have  a  motion  of  rotation  about  this  point :  if,  there- 
fore, the  equilibrium  does  not  exist,  neither  can  the  resultant 
pass  by  this  point,  nor  can  we  have  cp  +  dp*  +  c^'p" +&c.  =0. 
Hence,  when  v  s  0,  there  can  be  no  rotatory  motion,  and  when 
both  X  =  0,  and  y  =  0,  there  can  jbe  no  rectilinear  motion. 

IV.  Of  Forces  not  confined  to  one  PlanCy  and  direcfeif 

to  various  Points  of  a  Body. 

91.  Def.  Any  point  in  a  system  of  parallel  forces,  through 
which  the  resultant  passes^  and  xvhicn  retains  the  seme  place^ 
although  all  the  forces  change  their  directions^  provided  they 
continue  re^ectively  parallel^  may  he  called  the  Centre  of 
Parallel  Forces. 

92.  Prop.  Tofindy  by  a  graphic  procesSy  th^  resultant  of 
any  number  of  parallel  forces^  however  disposed. 

Conceive  any  plane  to  be  intersected  by  the  directions  of  the 
several  forces,  and  the  points  of  intersection  to  be  joined  by 
right  lines  falling  on  the  plane.  Then,  by  the  method  already 
given  (71,  79.)  tmd  the  resultant  of  any  two  of  the  forces  and 
itajMxint  of  application  ^t  the  imaginary  plane:  then  take  this 
reiiultant  and  its  point  of  application,  and  in  like  manner  coni- 
|x>und  with  a  tliird  force,  and  ascertam  theif  resultant  and  its 
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poiot  of  application :  let  this  new  resultant  be  .conrnaunded 
with  a  foiju-th  force,  and  so  on  through  the  mrhole.  Thus  for 
e^cample.  Jet  ithe  five  forces  represented  by  e,  c',  c",  c'",  c,  ha^ve 
p,  p'y  p''^  &c.  for  their  points  of  application  in  the  |>lane 
pf'p"  (fig,  S,  pi.  IL)  In  the  right  line  pp'  make  pj' :  gp*^ :': 
c' :  c,  and  .q  will  be  the  .point  of  application  of  r  =:^  c  +  c', 
the  resultant  of  c  and  c'.  Join  the  points  7,  v',  in  the  same 
jplane,  and  make  qq'iq'i*'*::  c"  :  R»  then  will  q^  be  the  point  of 
application  of  the  new  resultant  it'  =  r  +  c"s=  c  +  c'  +  c^- 
iigain,  for  the  fourth  force  c'",  join  gr'i>'",  and  make  q'q"\ 
git^m  ..  ^tn  .  ^/^  jheQ  f^n  ^jjj  t,e  ^|^^  point  of  application  of  tlie 

third  resultant  11"  =  r'+  c'"  =  c  +  c'  4-  c"  +  c'".  Lastly,  join 
q"Pf  and  make  j''j'"  :  g***p  : :  c :  r"^  then  will  j'"  be  the  point  of 
application  of  the  resultant  r'"  =  R"-fc=  c  +  c'  +  c"  +  c'"-f  4; 
Had  any  one  or  more  of  these  powers  been  exerted  in  an  oppo- 
site direction,  as  for  iostance  c''  and  c,  the  point  of  applica- 
tion of  the  resultant  r'"  would  still  have  been  the  same ;  but 
its  magnitude  would  then  have  been  c  +  c'  —  c"  +  c'"  —  c  :  as 
is  evident  from  art.  73. 

1)3.  CoR.  J.  If  the  components  c,  c',  c",  &c.  all  change 
their  directions  in  such  a  manner  as  to  remain  parallel  to  each 
other,  their  resultant  will  still  be  applied  to  the  same  point  in 
the  plane  pp'p'';  or,  if  all  the  powers  change  their  magni- 
tudes in  one  and  the  same  ratio,  although  the  resultant  will  un- 
dergo a  corresponding  mutation  in  its  magnitude,  its  point  of 
application  will  still  be  the  same;  and  will,  therefore,  be  the 
centre  of  parallel  forces  in  the  system  whose  Varii^tions  are  thus 
regulatecL 

94.  CoR.  2.  Hence  it  will  be  easy  to  put  ai^  system  of 
parallel  forces  into  an  equilibrated  «tate :  for  it  requires  nothing 
more  than  to  find,  by  this  proposition,  the  magiiitude  and  point 
of  application  of  the  resultant  v  and  then  to  apply  an  equal 
force  to  the  same  point  in  an  opposite  direction. 

95.  Scholium.  Here  also  it  may  be  proper  to  deduce  a  few 
general  theorems  which  may  be  useful  in  future  enquiries  rela- 
tive to  parallel  forces  however  disposed.  JFor  which  purpose 
let  us  begin  with  three  parallel  forces  c,  c',  c'',  in  a  state  of 
equilibrium,  which,  it  is  obviouS|  must  necessarily  be  in  one 
plane:  let  yax  (fig.  9.  pi.  II.)  be  the  plane  of  the  rectangular 
co-ordinatesrto  which  we  mean  to  refer;  this  plane  must  be  cut 
(Euc.  xi.  3.)  by  the  plane  in  which  are  the  directions  of  the 
forces,  in  a  right  line,  suppose  acc'c''  in  the  figure;  in  this 
line  let  c,  c',  c",  be  the  points  where  those  three  forces  are 
applied  in  the  plane  of  the  axes.  From  any  point  a  in  the 
line  Ac"  draw  any  rectangular  co-ordinates  ax,  ay,  and  on 
these  let  fall  from.c,  c',  c",  the. perpendiculars  cd,  c'df,  c''d", 
and  CD,  c'd',  c"d"  :  let  Ad  =  d,  Ad^  =  d',  Ad"  =  d\  ad  ss 
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D,  ad'  =:  n\  ad''  3:  d'^  Then,  since  what  has  been  shewn 
in  art  81,  is  applicable  here,  we  have,  in  addition  to  the  con* 
dition  that  the  points  c,  c',  c",  are  in  one  right  line,  these 
equations : 

c«AC  +  c'-Ac'+  c"-AC"  =  0,  and  c  +  c'  +  C  =»0. 
But  by  reason  of  the  parallel  lines,  we  have  ac  :  ac'  :  Ac'' ::  Adf 
:  Ad*  :  Ad'* : ;  ad  :  ad'  :  Aof'i  and  substituting  the  consequents 
of  these  for  their  respective  antecedents  in  the  first  preceding 
equation,  we  obtain  the  following  equations  of  condition  for 
three  parallel  forces  in  equilibrio : 

(cd  +  c'd'  +  c"d"  =  0 

(I.) ^cd+cV+  c"d"=  0 

(  c  +  c'-f  o"=0 
Some  persons,  from  a  slight  consideration,  might  conclude,  that 
since  the  quantities  in  the  two  first  of  these  three  equations  are 
proportional,  they  need  not  both  be  taken  at  the  same  time : 
but  it  should  be  recollected,  that  when  any  one  of  them  is  taken 
together  with  the  third,  this  does  not  ensure  the  essential  con- 
dition of  the  three  points  c,  C,  c^,  bein^  in  one  right  line;  for 
while  d,  d\  cT,  remained  the  same,  the  pomts  might  not  be  found 
in  Ac'',  but  in  any  unlimited  positions  upon  cd,  cdf,  c^d'; 
whereas  the  contemporaneous  existence  of  all  the  three  equa^ 
tions  establishes  the  proper  magnitudes  of  the  forces,  and  con- 
fines their  points  of  application  to  the  intersections  of  DC,  dc, 
&c.  upon  Ac''. 

96.  A  force  —  r  which  is  equal  and  applied  in  an  opposite 
direction  to  the  resultant  r  of  two  forces  c,  c^,  will  manifestly 
establish  the  equilibrium*  Therefore  if  x  and  y  be  put  for  the 
distances  at  which  perpendiculars  from  the  point  of  application 
of  the  resultant  will  cut  the  axes  ax,  and  ay;  and  —  r,  t, 
and  y,  being  Substituted  for  c",  d"  and  d",  in  the  equations  J, 
they  will  be  transformed  to 

Rx  =  cd  +  cd' 

Ry  =  CD  +  cV 

R    =  c     +c' 
And  these  equations  will  evidently  serve  to  determine  the 
magnitude  and  position  of  the  resultant  of  two  forces. 

Having  four  forces  c^  c',  c'>  c"',  if  we  compound  two  of 
them,  as  c,  c',  into  one  force  |i,  we  may  establish  the  equili- 
brium between  this  and  the  other  two  by  causing  them  to  satisfy 
the  equations  (1):  we  shall  have,  therefore, 


Rx  +  c"d''  4-  c/"d"'  =  0 
ny  +  c'li"  4-  c' D"'  =  0 


^  R    +c"      +p'^       =0. 

But  the  first  terms  of  each  of  these  equations  being  already 
jcnown,  we  may  substitute  for  them  their  values,  and  we  shati 
thence  obtain  the  equations  for  four  forces  in  equilibrium: 
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icrf+cir+c''ir+c'''ir'=o 
CD+cV+c'V  +  C^D'rzO 

Here,  bowever,  it  is  not  necessary  that  die  directioos  of  all 
the  four  forces  should  be  in  one  plane :  it  is  merelj  requisite 
tiiat  the  three  forces  r,  c,  c'^  should  act  in  one  plane,  and  b, 
c'')  c%  in  one  plane;  or  that  the  plane  which  contains  the 
directibns  of  c,  c ,  should  intersect  that  which  contains  the  di- 
rections of  c'',  C^y  in  a  right  line  which  will  be  the  resultant 
of  both  these  pairs  of  forces.  Now,  on  comparing' the  equa- 
tions last  exhibited  with  the  equations  (95. 1.)  it  will  appear, 
that  they  are  exactly  the  same,  excepting  that  each  of  the  latter 
comprises  one  term  more  than  the  former:  and,  if  a  similar 
process  were  adopted  with  respect  to  a  fifth  /orce,  similar  equa- 
tions would  be  obtained  with  anodier  additional  term  in  each. 
Hence,  we  may  generalise  without  hesitation,  and  for  as  many 
j^araliel  forces  as  we  please  may  1^  down  the  foUowipg  equa- 
tions, as  conditions  of  equilibrium. 

Sai+  cVf +c'cr+  8cc.  =rO 
CD  +  cV+  c'^d"  +  8u^  =  0 
c-f  c'+c''+8u!.=0 
Each  of  these  equations  will  comprise  as  many  terms  as  there 
are  forces,  unless  one  of  these  forces  have  its  direction  passing 
through  the  origin  a  of  the  axes,  in  which  case  one  of  the  terms 
will  vanish  from  each  of  the  first  two  equations :  as  to  the  signs, 
they  will  be  positive  or  negative  according  as  the  forces  t«  which 
they  are  attached  act  in  the  same  or  a  contrary  direction,  or  as 
their  points  of  application  fall  on  the  same  or  di£ferent  sides  of 
either  of  the  co-ordinates. 

• 

97.  When  the  equilibrium  does  not  obtain,  we  shall  by  pro- 
ceeding as  in  the  former  part  of  art.  96.  have  these  equations  : 

H-&C. 

(III.)   ....     -;RV  =  CD+cV-f  CV+&C. 


If  the  plane  xay  be  perpendicular  to  the  directions  of  the 
forces,  a  supposition  which  will  not  diminish  the  universality  of 
the  deductions ;  and  if  we  conceive  ax  and  ay  to  be  two  planes 
perpendicular  to  xay,  the  rectangles  rj:*,  and  Ry,  will  then 
become  moments  (3 1 .)  of  the  resultant,  taken  with  regard  to  each 
of  those  two  planes ;  and  cd^  CD,  will  in  like  manner  be  mo- 
ments of  c;  and  so  of  the  others.  Hence  then,  taking  the 
word  sum  in  the  sense  we  have  so  often  explained,  we  may  de- 
duce the  following  theorem  for  all  parallel  forces,  however 
situated : 

The  resultant  of  any  number  of  parallel  forces  whatever  is 
parallel  to  them,  equal  to  their  sum^  and  has  its  moment  (esti- 
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mated  with  respect  to  every  parallel  plane)  equal  to  the  sum  of 
the  moments  of  the  components. 

Thus  the  resultant  is  determined  in  magnitude  and  directioD^ 
and  the  point  in  wiiich  it  intersects  the  plane  xay  may  be 
readfly  found  by  means  of  ihese  equations : 

/•  c#/  +  cV+  c''df+  S^c, 

(IV.)    .  .  .    K  ci>  -t-^p'+ffTf-^iCc. 

9S.  The  equilibrium  will  be  absoltitc  wbeu  all  the  three 
equations  (li.)  obtain  at  once ;  but  rt  will  not  be  useless  if  we 
enquire  what  -will  be  the  consequence  when  the  equations  of 
condition  are  taken  partly  from  equa.  II.  and  partly  from  equa. 
HI.    If^  forexanrple,  we  have  the  following  equations : 

R  =  c  +  c'+c" 

Kx  =  cd  +  c'd'+c"rf"+8cc.  =  0 

^y  =  CD  +  cV  +  c"d"+ &c. 
Here  r  tr  being  =  0,  and  u  an  afbsolute  quantity,  ^e  ct>ti<ekide 
that  a:  =  0 ;  in  this  case  the  direction  of  the  resultant  will  hiter- 
si^ct  the  plane  xay  somewhere  in  ay.  if  therefore  this 
axis  is  fixed  in  the  system,  whatever  n  aifd  y  may  be,  'the  only 
necessary  condition  of  equilibrium  is  Indicated  by  the  equatiou 

In  like  manner  the  equation 

cd+cd'+c''d''=0 
han  place  when  the  direction  of  the  resultant  passes  through 
some  one  of  the  points  in  ax  ;  and  when  this  axis  is  fixed  m 
the  system,  thfs  equation  is  alone  accessary  to  indicate  an  exist- 
ing equilibrium. 

I  f  we  suppo;se  that  the  plane  x  ay  is  perpendicular  to  the 
directions  of  the  forces,  the  terms  of  these  two  equations  de- 
note the  moments  of  these  forces  with  relation  to  planes  pass- 
ing through  ax  ttnd  at  perpendicul;ir  to  their  plane.  Hence 
it  follows  that, 

Jn  order  to  have  a  system  of  parallel  forces  in  cquilibrio 
about  any  fixed  axis^  it  is  necessary  tlusi  the  sum  of  the  moments 
of  these  forces  with  reject  to  a  planjc  parallel  to  their  forces ^ 
and  parsing  througA  that  axisy  shall  be  equal  to  zerv. 

It  Ae  two  equations  Rx  =  0,  and  Ry  n  0,  exist  together, 
theie  will  result  x  :=  0,  y  =  0 ;  that  i.«,  the  resultant  will  pass 
both  through  some;  point  in  ax  and  some  point  in  ay  ;  that  is, 
it  will  pass  throug,h  A  the  origin  of  the  axes :  if,  therefore,  this 
point  be  fixed,  th<  *se  two  equations  denote  an  equilibrium. 

Again,  if  we  brave  only  this  equsftion 

R  =  c  +  c' +  c''+ &c.  =  0, 
we  are  not  to  «conclude  that  because  r  =  0,  the  equilibrium 
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obtaios :  for  this  isolated  equation  merely  denotes  that  tke  sum 
of  the  forces  which  act  in  one  direction^  is  equal  to  the  sum  of 
those  which  are  exerted  in  the  contrary  direction;  and  this  may 
take  place  independently  of  the  positions  of  the  forces:  but  the 
equilibrium  exists  only  when  the  equal  and  opposite  Forces  are 
applied  at  the  same  point.  In  this  case,  however^  Me  may 
always  establish  the  equilibrium  by  means  of  one  additional 
force ;  or  we  may  restore  it  in  an  endless  variety  of  ways  by 
means  of  two  additional  forces. 

99.  Pbop.  To  find  the  resultant ^  or  resultants^  afm  system 
(f  forces  applied  to  different  parts  o^*  a  body^  and,  acting  in 
various  directions  in  differefif  planes. 

The  best  method  of  performing  this  will  be  by  the  method  of 

recuingular  co-ordinates,  as  follows.    Sdppose  the  directions 

of  the  several  forces  prolonged  till  they  meet  the  plane  yax 

(fig.  9.  pi..  II.  or  fig.  IS.  pL  I.),  and  conceive  them  all  applied 

at  their  points  of  intersection  with  that  plane :  then  each  of 

these  forces  may  be  resolved  into  two  others,  the  one  perpendi* 

cular  to  the  plane  yax^  the  other  situated  in  the  plane^    The 

perpendicular  forces  will  have  for  their  resultant  a  force  in  like 

manner  perpendicular  to  the  plane,  and  the  forces  situated  in 

the  plane  will  obviously  have  their  resultant  lying  in  the  same 

plane.  If  the  directions  of  these  resultants  meet  in  a  point,  they 

may  be  compounded  by  art.  41.  and  the  system  will  have  one 

resultant:  but  in  many,  indeed,  in  most  cases,  these  directions 

will  not  meet ;  and  then,  as  the  effects  of  perpendicular  forces 

not  meeting  in  a  point  are  independent,  the  system  will  have 

two  distinct  resultants. 

Cor.  In  the  first  of  the  above  cases  a  single  additional 
furce  may  restore  the  equilibrium ;  in  the  latter,  two  at  least 
will  be  requisite. 

100.  Prop.  If  a  body  be  kept  in  equilibrio  by  several  forces 
acting  at  different  points  and  in  various  directions  not  in  one 
plane,  the  forces  are  such  as  would  be  in  equilibrio  if  applied  to 
OM  pointy  and  in  directions  respectively  parallel  to  the  former. 

For  ill  any  assumed  plane  the  forces  parallel  and  perpendi- 
cular to  any  line,  will  be  the  same  whether  applied  at  one  point 
or  many :  and  when  the  directions  of  any  of  the  forces  are  out 
of  this  plane,  such  extraneous  forces  may  be  reduced  to  others, 
one  set  acting  in  the  plane,  the  other  perpendicular  to  it ;  and 
both  these  will  be  equal  in  quantity  in  each  case ;  therefore  if 
the  equilibrium  obtains  in  the  one  case,  it  must  in  the  other, 
both  with  respect  to  the  perpendicidar  and  parallel  forces,  all 
which  will  be  sufficiently  obvious  after  recollecting  what  was 
shewn  with  regard  to  several  forces  in  one  plane,  (arts.  82...86.) 
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If  the  weight  of  the  body  be  taken  into  the  consideration  it 
may  be  regarded  as  a  single  force  applied  vertically  at  the  centre 
of  gravity :  the  reason  of  which  will  appear  from  the  discussions 
in  the  next  chapter. 

SCHOLIUM. 

101.  We  might  now  proceed  to  deduce  the  equations  of 
equilibrium,  &c.  for  forces  acting  at  different  points  and  in 
various  planes:  but  as  the  process  would  be  complex  and  intri- 
cate,  and  after  all  but  of  trifling  utility  in  elementary  mechanics^ 
except  in  the  case  of  parallel  forces  already  treated  in  arts.  95 
...98.  it  is  thought  best  to  omit  them.  We  add  here  what  foi« 
lows  at  once  from  a  comparison  of  the  preceding  proposition 
with  art.  70.  namely  that 

When  a  system  of  forces  acting  upon  different  points  of  a 
body  in  various  planes  keeps  it  in  equilibrio^  the  sum  of  the 
moments  taken  relatively  to  each  of  three  rectangular  co-ordi* 
nates f  of  the  components  estimated  in  a  plane  perpendicular  io 
that  ordinate,  is  equal  to  zero. 
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Centre  of  Graoity. 

102.  Drf«  the  Centre  of  Graoity  of  any  body  or  system 
of  bodies  is  that  point  about  which  the  body  or  system,  acted 
upon  only  by  the  force  of  gravity,  will  balance  itself  in  allposi- 
Uqhs:  or  it  is  a  point  which  when  supported,  the  body  or  system 
will  be  supportedj  however  it  may  be  situated  in  other  respects* 

The  centre  of  gravity  of  a  body  is  not  always  within  the  body 
itidf :  thus  the  centre  of  gravity  of  a  ring  is  not  in  the  substance 
of  the  rii^,  but  in  the  axis  of  its  circumscribing  cylinder ;  and 
the  centre  of  gravity  of  a  hollow  staff,  or  of  a  bone,  is  not  in  the 
matter  of  which  it  is  constituted,  but  somewhere  in  its  imaginary 
ixis.  Every  body,  however,  has  a  centre  of  gravity,  and  so  has 
every  system  of  bodies,  as  will  soon  be  made  evident :  but  it 
will  be  proper  to  premise  a  few  brief  remarks  with  respect  to 
gravity  itself,  and  its  effect  upon  bodies  subjected  to  its  opera- 
doo. 

103.  It  is    a  fact  established   by  general  observation  in 

all  ages  and  all  countries,  that  whenever  bodies  are  uns^p* 

ported  or  left  to  themselves,  they  begin  to  move  downwards  in 

vertical  lines,  and  continue  thus  to  move  until  they  meet  with 

•omething  which  interrupts  their  motion  or  prevents\heir  further 

descent.     Thb  b  observed  to  take  place  not  only  with  respect  to 

large  and  very  ponderous  bodies,  but  to  smaller  ones,  and  even 

to  the  most  minute  particleTinto  which  they  can  be  separated, 

provided  they  are  npt  so  small  as  to  elude  the  observation  of  our 

senses.     And  if  certain  substances,  such  as  smoke,  and  vapours, 

8cc.  seem  to  contradict  this  universal  fact;  it  is  because  they 

are  only  in  appearance  left  to  themselves,  while  in  reality  they 

are  supported,  and  put  into  an  ascending  motion,  by  the  action 

of  tlie  fluids,  &c.  that  .compose  the  atmosphere  which  surrounds 

the  earth.     All  bodies,  and  their  most  intimate  particles,  tend 

towards  a  point  which  is  either  accurately  or  very  nearly  the 

centre  of  the  terraqueous  |{lobe ;  yet  this  tendency  b  certainly 

tiot  essential  to  matter,  it  is  an  effort  which  matter  of  itself  is 

not  able  to  make,  being  indifferent  to  either  motion  or  rest  (18, 

i26.) :  we  are  authorised,  then,  to  conclude  that  this  tendency  to 

motion  is  caused  by  a  power  not  existing  in  the  matter  on  which 

our  observations  are  madc;  but  in  something  exterior;  and- this 


-   ) 
46  STATICS.  [BookTw 


force,  without  attempting  to  explain  its  nature  and  easencCi 
designate  by  the  term  Gravity :  the  general  fact  or  event  of* 
bodies  falling  is  denoted  by  the  verbal  noun  Gravitation  ;  andl 
it  b  a  part  or  consequence  of  a  more  universal  property,  not 
here  entered  upon, — that  of  the  mutual  Attraction  of  the  dif- 
ferent bodies  in  the  universe  towards  each  other. 

104.  Smce  gravity  impresses,  or  has  a  tendency  to  impre»y 
on  every  particle  of  bodies,  in  an  instant,  a  certain  velocity  with 
which  they  would  begin  to  fall,  if  they  were  not  supported ; 
ted  since,  abstracting  the  influence  of  die  air,  this  veh>city  would 
be  the  same  for  each  of  the  moleculse  of  bodies,  whatever  be 
their  substance,  it  will  not  be  difficult  to  attach  a  just  and  sciea^ 
tific  meaning  to  that  which  is  commonly  called  weight:  it  is  die 
effort  necessary  to  prevent  a  body  from  falling.  But  bodies  fall 
fai  consequence  of  the  action  of  the  force  of  gravity  upon  each 
of  their  particles,  and  they  can  be  prevented  from  fanins  by  a 
fepce  equal  and  opposite  to  the  resultant  or  equivalent  of  aUdlese 
actions.  Hence,  we  may  readily  distinguish  between  the  effect 
of  gravity  and  that  of  weight,  by  adopting  the  language  of  Con- 
doTcety  when  he  says  '^  the  former  is  the  power  of  transmitting, 
^^  or  a  tendency  to  transmit  into  every  particle  of  matter  a  certam 
*^  velocity  which  is  absolutely  independent  on  the  number  of 
**  material  particles ;  and  the  second  is  die  effort  which  must  be 
*'  exercised  to  prevent  a  given  mass  from  obeying  the  law  of 
*'  gravity.  Weight,  accordingly,  depends  on  the  mass,  but  gra^ 
**  vity  has  no  dependance  at  all  upon  it  J' 

A  verbal  distinction  is  also  made  between  weight  and  heavi" 
ness.  Thus  heaviness  is  that  Quality  of  a  body  which  w^  feel 
and  distinguish  by  itself:  weight  is  the  measure  and  degree  of 
that  quality,  which  we  ascertain  by  comparison.  Absolutely 
and  in  an  undetermined  sense,  wc  say  that  a  thing  is  heavy  i 
but  relatively  and  in  a  manner  determined,  tliat  it  is  of  such  a 
weight,  as  of  2,  S,  4  pounds,  &c.  In  illustration  we  may  add 
that  nany  circumstances  prove  the  heaviness  of  atmospheric 
air;  but  the  mercury  in  a  barometer  determines  its  exact 
weight. 

10.5.  Every  particle  of  which  bodies  are  composed  receiving 
from  gravity  equal  solicitations  towards  the  centre  of  the  earth,  it 
follows  that  if  the  supports  of  bodies,  whether  large  or  minute, 
were  taken  away,  and  they  were  permitted  to  fall  from  equal  alti- 
tudes, they  would  arrive  at  the  surface  of  the  earth  after  equal  por- 
tions of  time:  and  this  is  confirmed  by  experience ;  for  under  the 
exhausted  receiver  of  the  Air-pump  (where  the  resistance  of  the 
air  is  removed)  the  heaviest  metals  and  the  lightest  feathers,  or 
down,  fall  in  the  same  dme.  If,  therefore,  a  body  is  divided 
into  ever  so  many  parts,  each  of  them  left  to  itself  would  arrive 
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at  the  snirface  of  the  earth,  after  the  <iame  time  as  would  have 
l>eei>  employed  by  the  whole  body  m  cieseendiiig.  All  bodies 
being  more  or  less  porous,  and  possessing  different  degrees  of 
density  (10.)  they  will  coatain  a  greater  or  less  namber  of  equal 
molecvke  in  the  same  f  olume  or  bulk ;  hence  all  bodies  of  equal 
bulk  are  not  equal  in  weight  But  since  the  weight  is  equal 
to  the  sum  of  all  the  efforts  exercised  by  gratity  upon  the  consti- 
tuent moleculse  of  a  body^  it  is  proportional  to  its  density  or  to 
ilt  mass.  Ifp,  //,  p",  8cc.  be  the  several  particles  of  which  a  body 
k  composed,  and  m  its  mass,  then  will  m  zsp+p*  +.7^^  +  8cc. 
and  if  g  represent  the  force  of  gravity  soliciting  each  particle^ 
we  skaTl  have  the  weight  =  gM  ==  gp  +  gp*  +  ffp"  +  8cc. 

106.  When  bodies  are  composed  of  molecul%,  which  are  of 
Ae  same  size  and  substance,  and  similarly  posited  throughout, 
they  are  said  to  he  homogeneous :  such  are  the  bodies  which  we 
shidl  consider  in  tliis  chapter;  and  in  which  the  mass  will  mani* 
festly  be  proportional  to  the  extension  or  the  magnitude,  so  that 
Ae  one  may  be  substituted  for  the  other  in  our  investigations. 
The  verticiJ  lines  which  would  be  described  by  bodies  if  sub- 
jected to  the  free  action  of  gravity,  are  frequently  called  lines  of 
direelion.  Since  they  would,  if  produced,  meet  at  the  centre  of 
die  earth,  they  cannot,  strictly  speaking,  be  parallel :  but,  widi 
reapect  to  any  body  or  any  system  of  bodies  connected  for 
mechanical  purposes,  the  whole  space  occupied  by  all  their  par- 
ticks  must  be  so  very  minute  compared  with  the  magnitude  of 
the  earth,  that  their  several  lines  of  direction  may  be  considered 
as  parallel  without  any  danger  of  sensible  error;  just  as  we 
speak  of  a  moderate  portion  of  the  earth's  surface  as  a  plane, 
wthoitgh  it  is,  in  fact,  nearly  spherical.  Hence,  then,  the 
nctioiis  of  gravity  upon  a  body,  or  system,  may  be  considered  as 
those  of  parallel  forces  applied  to  their  various  particles ;  and, 
of  consequence,  the  conclusions  and  theorems  which  were 
deduced,  arts.  92....98.  with  regard  to  such  forces,  may  be 
adopted  in  our  present  investigations  relating  to  the  centre  of 
gravity.  This  being  admitted,  the  ensuing  particulars  are  with- 
out difficulty  inferred. 

L  By  the  definition  of  the  centre  of  gravity,  when  it  is  sup  - 
ported  the  body  is  in  eqidlibrio ;  and  from  the  nature  of  equili- 
brium it  can  only  be  produced  singly  by  the  exercise  of  a  force 
^ual  and  opposite  to  the  resultant  of  all  the  other  forces  acting 
^pon  the  several  particles  of  the  body,  that  is,  since  in  this  case 
the  forces  are  parallel,  by  a  force  (104.)  equal  to  the  weight  of 
the  body  applied  at  the  centre  of  parallel  forces  (91.) :  conse- 
quently the  centre  of  gravity  coincides  with  the  centre  of  parallel 
forces. 
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I[.  Varying  the  poaitioo  of  the  bodj,  will  not  cause  any 
change  in  the  centre  of  gravity ;  since  any  such  mutatioa  will 
be  nothing  more  than  changii^  the  directions  of  the  forces^ 
without  their  ceasii^  to  be  psiraUel ;  and  if  the  forces  do  ool 
continue  the  same,  in  consequence  of  the  body  beii^  supposed 
at  different  distances  from  the  earthy  still  the  forces  upon  all 
the  nioleculae   vary  proportionally,  and  their  centre  remains 

unchanged  (93.)- 

III.  Let  any  system  be  conceived  in  which  no  oAer  forces 

than  weights  are  applied ;  and  let  it  be  imagined  of  any  form  or 
construction  whatever,  but  without  any  motion.  In  this  case, 
whatever  be  the  disposition  of  the  bodies  of  the  system,  it  19 
clear  that  if  there  be  an  equilibrium,  the  sum  of  the  resistances 
of  the  fixed  points  or  obstacles,  e^itimated  in  the  vertical  direc- 
tion, will  be  equal  to  the  total  weight  of  the  system.  But  if  any 
motion  arises,  a  part  of  the  force  of  gravity  will  be  employed  in 
producing  it,  so  that  it  is  only  with  the  surplus  that  the  fixed 
points  can  be  charged.  Therefore,  in  this  case,  the  sum  of  die 
vertical  resistances  of  the  fixed  points  will  be  less  at  the  first 
instant  of  motion  than  the  entire  weight  of  the  system :  conse- 
i|uently,  from  those  two  forces  combined,  there  will  result  a 
smgle  force  equal  to  their  difference,  which  will  solicit  the 
system  downwards.  Hence  the  centre  of  gravity  will  necessa- 
rtly  descend  with  the  velocity  due  to  that  difference :  and  hence 
it  follows  that  to  assure  ourselves  that  several  weights  applied  to 
any  system  or  machine  whatever  are  in  equilibrium^  it  suffices  to 
prove  that  if  the  system  be  left  to  itself^  its  centre  of' gravity  mil 
not  descend. 

The  immediate  and  universal  consequence  of  diis  principle  b, 
that  if  the  centre  of  gravity  of  any  system  is  at  the  lowest  point 
possible,  there  will  necessarily  be  equilibrium :  for,  if  not,  the 
centre  of  gravity  must  descend ;  yet,  bow  can  it  descend  if  it  be 
already  at  the  lowest  point  ? 

It  would  not,  however,  be  correct  to  say,  reciprocally,  that 
al^*ays  when  equilibrium  obtains  the  centre  of  gravity  is  at  die 
lowest  point  possible :  for  that  point  might  be  (and  in  many 
cases  of  unstable  equilibrium  often  is)  in  the  highest  possible 
position ;  or  it  might  be  found  at  neither  die  highest  nor  the 
lowest  point.  Tbe  exceptions  occurring  with  sufficient  fre^^ 
queiKy  in  the  usual  theory  of  maxima  and  minima.  But  th^ 
prificiplc,  as  above  stated,  has  no  exception. 

IV.  When  a  lieavy  body  is  suspcsiddl  by  any  other  point  tix- 
its  centre  of  gravity,  it  will  not  rest  unless  that  centre  is  ia 
same  veitical line  with  the  point  of  suspension :  for  in  all  a 
poiitaoQs  die  force  which  is  intended  to  ensure  the  eqiiilibr^ 
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will  not  be  directly  opposite  to  the  resultaot  of  the  parallel  forces 

3r  grftvity  upon  tlie  several  particles  of  the  body^  and  of  course 
le  equifibnum  ^vill  not  be  obtiined. 

V.  If  a  heavy  body  be  sustaine'd  by  two  or  more  forces,  their 
direGtions  must  meet  either  at  the  centre  of  gravity  of  that  body^ 
or  in  the  vertical  line  which  passes  through  it.  Thus,  let  b  (fig. 
10.  pi.  II.)  be  a  heavy  body  whose  centre  of  gravity  is  g,  it  will 
be  at  rest  if  the  string  gb  by  which  it  is  suspended  hang  verti- 
cally, whether  the  string  itself  be  fixed  at  a^  or  be  attached  to 
two  other  stiings  whose  lengths  are  ba^  cay  and  fixed  at  b  and 
c.  If  the  string  /ib  were  either  longer  or  shorter,  the  point  a 
continuing  fixed  and  the  positions  of  b  and  r  being  unchanged, 
the  body  woidd  still  hang  at  rest,  and  the  strings  ba^  ca,  under 
the  same  tension.  .  If  the  body  were  removed  vertically  to  the 
dotted  situation  in  the  diagram,  it  would  be  sustained  in  that 
position  by  the  strings  bd  and  ce^  which  would  sufter  tlie  same 
tension  as  when  they  were  united  in  the  point  a.  If  instead  of 
the  strings  we  applied  props  Jg,  hi,  in  (he  sanje  directions  on 
the  opposite  sides  of  the  body,  their  feety^  A,  being  fixed ;  or, 
if  other  props  ?;f/i,  op,  were  applied,  either  parallel  to  the  former, 
or  having  their  directions  nieeithg  in  the  vertical  line  (jG,  the 
hody  would  still  be  suppoirted :  and  if  the  directions  of  the  props 
and  of  the  strings  were  parallel,  the  compression  in  the  one  caj^ 
would  be  equal  to  the  tension  in  the  other.  Either  the  compres- 
sion or  the  tension  may  in  every  case  be  readily  estimated  by 
means  of  the  parallelogram  of  Forces,  &c.  (46.)  the  weight  of 
the  body  being  known. 

VI.  When  a  body  stands  upon  a  plane,  if  a  vertical  line  pass- 
ing through  die  centre  of  gravity  fall  within  the  base  on  which 
the  body  staiKis,  it  will  not  fall  over;  but  if  that  vertical  line 
passes  without  the  base,  the  body  will  fall,  unless  it  be  prevented 
by  a  prop  or  a  cord.  When  the  vertical  line  falls  upon  the  ex- 
tremity of  the  base,  the  body  maj/  stand,  but  the  equilibrium 
may  be  disturbed  by  a  very  trifling  force ;  and  the  nearer  this 
line  passes  to  any  edge  of  the  base  the  more  easily  may  the  body 
be  thrown  over ;  the  nearer  it  falls  to  the  middle  of  the  base, 
the  more  firmly  the  body  stands. 

VII.  The  various  motions  of  animals,  if  attentively  consider- 
ed, will  appear  to  be  regulated  consistently  with  the  priuci- 
ples  just  stated. 

Inus,  when  a  man  endeavours  to  rise  from  his  seat  he 
thrusts  forward  his  body,  and  draws  his  feet  backward  till  the 
vertical  line  from  the  centre  of  gravity  falls  just  before  his  feet ; 
this  enables  or  indeed  compels  him  to  rise;  and  to  prevent 
falling  forwards  he  advances  one  of  his  feet,  till  the  vertical 
line  of  direction  is  brought  between  his  feet,  in  consequence  ot 
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which  he  may  stand  firmly.  In  walking,  he 'first  extends  his 
hindmost  leg  and  foot  almost  to  a  right  Une,  and  at  the  same 
time  bends  the  knee  of  his  fore  leg  a  little ;  by  this  means  bu 
body  is  thrust  forward,  and  the  line  of  direction  from  its  centre 
of  gravity  falls  beyond  the  fore  foot,  on  which  account  he  is 
ready  to  fall,  but  prevents  it  by  immediately  taking  up  the  other 
foot,  and  putting  it  forward  beyond  the  line  of  direction.  After 
the  same  manner,  he  thrusts  himself  forward  by  the  leg  which  b 
now  the  hindmost,  till  the  line  of  direction  from  the  centre  of 
gravity  be  beyond  his  fore  foot,  when  he  again  sets  his  hind 
foot  forward :  and  thus  he  continues  the  motion  of  walking  at 

Eleasure.  While  walking,  a  man  always  sets  down  one  foot 
efore  the  other  is  taken  up ;  so  that  at  each  step  he  has  both 
feet  upon  the  ground.  But  in  running  he  takes  one  up  before 
he  sets  the  omer  down ;  so  that  his  feet  touch  the  ground  al- 
ternately for  moments  of  time,  and  in  the  intermediate  portions 
he  does  not  touch  it  at  all. 

In  walking  up  hill  a  man  bends  his  body  more  forward  thao 
in  walking  on  a  horizontal  road,  that  the  line  of  direction  may 
be  thrown  before  his  feet:  in  walking  down  hiD  he  rather 
leans  backwards  to  prevent  the  line  of  dvection  from  being  too 
fonn'ard,  which  would  occasion  his  fidl.  In  carrying  a  burthen 
a  man  always  leans  the  contrary  way  to  that  in  which  the  bur- 
then lies,  in  order  that  the  common  centre  of  gravity  of  bodi 
may  have  its  line  of  direction  between  his  feet. 

When  a  quadruped,  as  a  horse,  moves,  he  leans  forward,  all 
at  once  lifting  up  one  of  his  fore  feet  and  one  of  his  hind  feet ; 
vrhen  the  right  leg  before  is  pushed  forward  the  left  leg  behind 
is  moved  on  at  the  same  time ;  and  this  motion  being  made, 
the  left  leg  before  takes  its  turn  conjointly  with  the  right  leg 
behind,  and  so  on:  as  the  body  when  standing  is  supported  by 
four  props  which  form  a  rectangle,  the  most  comtnodious  mode 
of  moving  is  to  change  the  positions  of  two  feet  at  a  time  dia- 
gonally, and  thus  to  cause  the  centre  of  gravity  of  the  animaPs 
body  to  make  but  a  small  movement,  and  to  remain  always 
Tery  nearly  in  the  direction  of  the  two  points  of  support.  This 
rule  of  motion  is  always  observed,  but  with  these  differences : 
in  the  pace  there  are  four  times  in  the  complete  movement ;  if 
the  fore  right  leg  be  moved  first,  the  left  leg  behind  follows  the 
instant  after;  then  the  left  fore  leg  has  its  turn,  which  is  follow- 
ed the  next  instant  by  tlie  right  foot  behind.  Thus  the  fore 
right  foot  comes  first  to  the  earth,  the  left  foot  behind  next, 
the  left  fore  foot  third,  and  the  right  hind  foot  last :  so  that 
there  are  four  motions,  and  three  intervals,  of  which  the  first 
and  last  are  shorter  than  the  middle  one.  In  trotting,  he  takes 
up  two  feet  together,  and  seU  dewn  two  together,  diagonally 
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opposite.  In  gttHopiog  he  takes  up  his  feet  one  by  one^  and 
sets  them  down  one  by  one ;  but  he  strites  with  the  two  fore 
feet  nearly  at  oiice,  imd  the  two  hind  feet  nearly  at  once :  all 
the  time  the  tine  from  the  centre  of  gravfty  lies  forward,  so  that 
die  animal  requires  the  fore  feet  to  coitie  to  the  ground  al  short 
intervals  to  prevent  a  fall.  If  the  various  motions  of  other  smd* 
mais  be  considered,  they  will  all  be  feund  conftmnable  to  ^ 
same  principles.  But  it  would  be  tedious  to  enter  farther  inH 
the  detail  in  this  plice. 

VIII.  To  find  the  centre  fff  gravity  meehanicallyy  it  is  only 
requisite  to  dispose  the  body  successively  in  two  posidons  oif 

Suilibriuniy  by  the  aid  of  two  forces  in  vertical  dkections^  ap- 
ed in  succession  to  two  different  points  of  the  body ;  the  point 
of  intersection  of  these  two  directions  wUl  shew  the-  centre 
reouired. 

This  may  be  exemplified  by  particularising  a  few  melheds* 
If  the  body  have  phuie  sides,  as  a  piece  of  board,  hang  it  up  by 
any  pointy  then  a  plumb-line  suspended  from  the  same  point 
will  pass  through  the  centre  of  gravity;  therefore  mark  that  Hne 
upon  it:  and  after  suspencKng  the  body  by  another  point,  apply 
the  plummet  to  find  another  sueb  line,  then  vrill  their  intersec- 
tion shew  the  centre  of  gravity. 

Or  thus :  hang  the  body  by  two  strings  from  the  same  point 
fixed  to  diflkrent  parts  of  the  body ;  then  a  plummet  hung  from 
the  same  tack  will  fatt  on  the  centre  of  gravity. 

Another  method :  Lay  the  body  on  the  edge  of  a  triangular 
pffism,  Of  such  like,  moving  it  to  and  fro  UU  the  pasts  on  both 
sides  arein  eqnilibfio,  and  mark  a  line  upon  it  close  by  the  edg^ 
of  the  prisBi :  balance  it  again  in  another  position,  and  mark  the 
fresh  hne  by  the  ed^e  of  the  prism ;  the  vertical  line  passing 
through  the  intersection  of  these  lines,  will  likewise  pass  through 
Ihe  centre-  of  gravity.  The  same  thing  may  be  effected  by  lay- 
ing the  body  on  a  table,  till  it  is  just  reiuiy  to  fall  off,  and  then 
marfcii^  a  line  upon  it  by  the  edge  of  the  table :  this  done  in 
two  positions  of  the  body,  virill  in  Uke  manner  point  out  the  cen- 
tre of  gravity. 

1Q7.  When  a  plane  or  a  hne  can  be  so  drawn  as  to  divide 
a  solid  or  a  plane  into  two  parts  equal  and  similar,  or  so  that  its 
moleculae  shaU  be  disposed  two  by  two,  in  the  same  manner, 
with  respect  to  such  plane  or  such  line,  we  may  call  the  body 
symmetrical  with  regard  to  that  plane  or  axis.  And  in  all  such 
bodies,  it  is  obvious  that  the  sum  of  the  moments  of  its  several 
jnoleculse  with  relation  to  such  plane  or  axis,' will  be  nothmg: 
for,  if  we  take  two  particles  disposed  in  the  same  manner  but 
on  different  sides,  their  moments  will  be  equal  but  with  contraiy 
signs ;  and^  <M>nsequentlyi^  their  sum  will  be  equal  to  zero :  and 
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the  same  may  be  shewn  of  every  other  pair  of  moleculae, 
ainiilarly  situated:  whence,  as  (by  hyp.)  there  are  aoue  but 
what  are  similarly  situated,  the  resultant  of  the  System  will 
be  in  such  plane,  or  line,  (97.)  andf  of  consequence,  its  centre 
of.  gravity  will  be  there  also.  The  same  reasoning  may  be 
extended  to  the  centre  of  6gure  or  of  magnitude,  that  is,  the 
point  with  respect  to  which  a  whole  body  shall  be  synmie- 
trical.  Hence  we  conclude  that  the  centre  of  gravity  of  a 
right  line,  or  of  a  parallelogram,  prism,  or  cylinder,  is  in, its 
middle  point;  as  is  also  that  of  a  circle,  or  of  its  circum- 
ference, or  of  a  sphere,  or  of  a  regular  polygon ;  that  the  centre 
of  gravity  of  a  triangle  is  somewhere  in  a  line  drawn  from 
any  angle  to  the  middle  of  the  opposite  side ;  that  of  an 
ellipse,  a  parabola,  a  cone,  a  conoid,  a  spheroid,  &c.  some- 
where in  Its  axis.  And  the  same  of  all  symmetrical  figures 
whatever. 

108.  Prop.  To  deduce  some  general  theorems  which  may  be 
useful  infindhig  the  centre  of  gravity  of  any  proposed  body. 

The  determination  of  the  centre  of  gnfvity,  being  reduced  to 
that  of  the  centre  of  parallel  forces,  we  may  here  adopt  the 
theorem  for  the  moments  laid  down  at  the  end  of  art.  97.  From 
which  it  will  follow,  that  ifp,  p\p'\  &c.  (fig.  11.  pL  II.)  be 
equal  material  particles,  and  g  the  point  through  which  the  re- 
sultant R  of  the  gravitating  forces  upon  these  particles  always 
f)as8es;  and  abcd  be  a  vertical  plane,  on  which  perpendicu-* 
ars  from  p^  p\  p'\  and  g  are  let  fall,  then  will  the  sum  of  the 
products  of  the  forces  upon  o,  p^,  p'\  into  their  respective 
distances  from  abcd,  be  equal  to  the  product  of  the  resultant 
R  into  its  distance,  where  the  force  R  would  be  equal  to  those 
Uponp+j^'-j-jp'^  The  same  would  likewise  obviously  hold 
with  respect  to  perpendiculars  upon  the  other  plane  aecg  :  and 
since  the  same  wul  also  obtain  with  relation  to  any  vertical 
plane,  although  the  posiUon  off),  p\  2L\Ap''  be  changed,  pro- 
vided they  retain  their  relative  situations,  it  will  of  course  ob- 
tain when  the  position  of  the  system  is  so  varied  that  aebf 
becomes  a  vertical  plane :  consequently  the  equality  of  the  pro- 
ducts may  be  affirmed  with  regard  to  all  the  three  planes  at  the 
same  time,  and  if  the  distances  from  the  several  planes  be  re- 
ferred to  the  rectangular  co-ordinates  ax,  ay,  az,  we  may  rea- 
dily appropriate  the  equations  (97.  III.)  to  our  present  pur- 
pose. Denote,  as  before,  the  force  of  gravity  by  g,  the  distances 
referred  to  ax  by  rf,  d\  d'\  8cc.  the  distances  referred  to  ay, 
by  D,  d',  vf\  &c.  and  those  referred  to  z  by  ^,  Vy  V\  &c.  the 
dist^ces  from  the  centre  of  parallel  forces  to  tlie  same  axis 
being  denoted  by  x,  y,  and  z :  then  we  shall  have 
R  X  =:g/>  d  4-  gp'  d'  +  gfd"-^  8cc. 


Gh  a  p.  III.]  Ceiiire  of  Gravitif.  55 

KYrr  gj>  D +g/D' +  g/' d'' +  &c. 
But  R  ==gp+g/+g/'+&c.  and  m  =p+/+y +  &c.  whence 

(I.)  .  •  .  .  ^  Y  ^-/P-^^'P^+V"^-^^^- 

M  . 

Here,  if  we  adopt  the  language  of  fluxions^  and  put  x,y,  aiid 
1,  for  the  variable  distances  from  a  upon  ax,  ay,  and  az, 
respectively,  we  may  convert  these  equations  into  the  following 

foro),  which  will  render  it  more  useful  in  many  investigations. 

•       •  • 

fluent  of  z  M  flaent  x  m 


<ii.) . . 


X  = 


Y  = 


Z  = 


luent  of  M  ^ 

fluent  of  y  M  ^^  fluent  y  m 
fluent  of  M  ^ 

fluent  of  z  M  fluent  of  z  m 


fluent  qt  M  ' 

As  these  values  together  determine  oaly  one  point)  we  see 
Ihat  a  body  has  but  one  centre  of  gravity ;  of  which  the  three 
equations  determine  the  three  co-ordinates,  and  of  consequence 
the  distances  of  the  centre  from  three  planes  respectively  per- 
pendicular to  each  pther. 

These  results  being  entirely  independent  of  g,  that  is,  of  the 
force  of  gravity,  some  philosophers  have  preferred  the  term 
centre  of' inertia  to  that  of  centre  of  gravity :  other  philosophers 
have,  on  account  of  other  properties,  preferred  different  terms, 
which  will  be  mentioned  as  we  proceed. 

When  it  is  required  to  find  the  centre  of  gravity  of  any  line 
whatever,  it  is  considered  as  composed  of  a  series  of  material 
heavy  particles  contiguous  to  each  other,  and  connected  by  a 
law  which  is  expressed  by  the  equation  of  the  curve,  with  respect 
to  any  two  rectangular  co-ordinates  x  and  j/.  In  this  case  the 
centre  of  gravity  will  manifestly  be  in  the  same  plane  as  the 
proposed  line,  so  that  the  plane  yax  may  contain  the  centre  of 
gravity,  whence  z  =  0,  and  the  value  ofy  being  deduced,  from 
the  equation  of  the  curve  in  terms  of  j/,  the  centre  of  gravity 
may  be  determined  by  these  two  equations : 

.»TT  \                          flu.  *  M                       flu.  y  M 
(111.)   .    .    .   X  = ■   ...Y  = 

Jkl  ■  ~  M 

If  the  curve  have  two  legs  symmetrical  >^ith  relation  to  any 
axe,  then  we  may  reckon  the  vertex  of  that  axe  the  origin  of 
tlie  co-ordinates,  and  y  being  =  0,  we  shall  only  require  x  za 
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*'  vantageous  for  the  progress  of  that  sciencei  to  re-establish  in 
"  this  respect  the  natural  or<)er  of  ideas.** 

110.  Prop.  The  common  centre  of^  gravity/,  or  of  position, 
of  two  bodies  divides  the  right  line  drawn  between  the  respective 
centres  of  the  two  bodies  in  the  inverse  ratio  of  f  heir  masses. 

Let  A  and  b  (tig.  12.  pi.  11.)  be  two  bodies  whose  centres  of 
gravity  are  united  by  the  inflexible  line  ab,  then,  if  ag  :  gb  :  :  B 
:  A,  G  will  be  the  common  centre  of  gravity  of  those  two  bodies, 
th^t  u,  if  G  be  supported,  those  two  bodies  actuated  by  th^ 
force  of  gravity  will  be  in  equilibrio  in  any  i)psition :  for, 
through  G  let  the  vertical  line  co  be  drawn,  on  wliich  let  fall 
the  perpendiculars  af,  be,  from  the  centres  of  gravity  of  th9 
two  bodies,  then,  because  of  the  similar  triangles  beg,  afg, 
M'e  have  ag  :  gb  :  :  af  :  be  : :  b  :  a,  whence  a*af  =  b*  be. 
But  a  •af,  is  equal  to  the  sum  of  the  products  of  all  the  partir 
cles  in  a  into  their  respective  distances  from  cp,  by  the  lasf 
prop,  and,  in  like  manner  B  •  Bi^,  is  equal  to  the  sum  of  the 
products  of  die  particles  in  b  into  their  respective  cfistances ; 
therefore  g  •  A*  af  =g  ^b  •  be  ;  that  is,  the  sums  of  the  mo't 
xnents  of  the  forces  of  gravity  upon  a  and  b,  with  respect  to 
CD  are  equal.  If  a  and  b  be  removed  to  any  other  position  a^ 
dy  by  the  point  a  remaining  fixed,  it  will  appear  in  hke  mannef 
that  g-a*  aj=.  g-b  '  be:  so  that  G  is  the  centre  of  the  forces 
of  gravity  witfi  respect  to  a  and  B,  that  is,  it  is  t)ieir  common 
centre  of  gravity.  In  a  manner  but  very  little  different,  G  may 
be  shewn  to  be  their  common  centre  of  position  :  ani^  the  tw<^ 
bodies,  if  considered  as  united  by  tht-ir  centres  of  position  at  g, 
will  then,  as  well  as  w)ien  tlieir  centres  are  separated  by  AB,  have 
the  sum  of  the  perpendiculars  from  the  several  particles  on  one 
side  of  any  plane  passing  through  g,  equal  to  the  sum  of  all  th^ 
perpendiculars  on  the  ofiier  side  of  it. 

Cor.  The  centre  of  gravity  of  three  or  more  bodies  may, 
hende,  be' found,  by  considering  the  first  and  second  as^'a  single 
body  equal  to  their  sum  and  placed  in  their  common  centre  of 
gravity,  determining  the  centre  of  gravity  of  this  imaginary  body, 
and  a  third.  These  three  again  being  conceived  united  at  their 
common  centre,  we  may  proceed,  in  like  manner,  to  a  fourth ; 
viXiA  so  ouj  ad  libitum, 

gCHOLIUM. 

111.  It  may  not  |>e  altogether  useless  to  shew  that  the  centr^ 
of  gravity  of  three  or  more  bodies,  as  determined  by  this  pro- 
position and  corollary,  wi|l  be  the  same  by  whatever  steps  die 
process  is  conducted.  Le^  tlierefore,  a,  6,  c,  denote  the  masses 
of  (he  three  bodies  placed  at  a,  b,  c'(fig.  2.  pi.  m.}^  and  let 
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.G  be  the  centre  of  gravity  of  A  and  b  :  make  EG  :  Ec  :  :  c : 
a  +  S,  and  draw  aep;  then  f  will  be  the  centre  of  gravity  of  b 
and  c,  and  ae  :  ef  :':  6  -{-  c  :  a.     Draw  gd  parallel  to  bc,  and 

FH  parallel  to  ba  ;  then  will  AC  :  ab  ; :  gd  :  bf  =  gd  •  —  = 

•  •^  •     '  •     '  AG 

a  +  b  .  EC  a  +  b 

GD  •  — r— ;  and  ge  :  eg  :  :  gd  :  cp  =:  gd  •  =  gd  • : 

O  ,  OE  C 

wherefore,  bf  :  cf  :  ;  ^-r—  :  ^—  : :  c :  6,  and  f  is  the  centre  of 

DC 

gravity  of  b  and  c.     ^^gain,  cb  :  cf  :  :  bg  :  fu  =  bg  • =: 

b     J    ^  b         .  b         b  ,  . 

BG  •  r — ;  but  AG  =  BG  -   :  and  fh  :  GA  :  :  t —  :  —  : :  a  :  b+c 

b  +c^        •  a  b  +  c        a  * 

: :  EF  :  AE,  whence  e  is  the  same  point  as  was  determined  from 
A  and  E.  From  this  the  same  may  be  shewn  true  in  cases 
where  the  number  of  bodies  is  greater,  following  the  changes, 
btep  by  step.  Thus,  in  4  bodies  «,  b,  r,  f/,  the  order  a,  /y,  c,  d, 
wiJI  give  the  same  result  aiJ  c,  a,  d,  h;  uince  (a,  by  cj  rf,  is  shewu 
to  give  the  sam^  as  (c,  a,  by)  d;  and  fc,  ay)  by  dy  the  same  as 
Cip,  UyJ  dy  by  or  as  c,  Oy  d,  b, 

112.  If  the  particles  or  bodies  of  any  system  be  moving  inii- 
fornily  and  rectitinea//j/y  with  any  velocities  and  directions 
whatevcTy  the  centre  of  gravity  is  either  at  rest,  or  moves 
uniformly  in  a  right  line.  For,  let  one  of  tlie  bodies  as  c  Oig» 
j3.  pi.  IJI.)  move  unifoipmly  from  <:  to  d  :  then,g  being  the  cen- 
tre of  gravity  of  the  remaining  bodies,  join  Dg,  and  lake  gE  to 
£9,  as  the  piass  d,  to  the  sum  of  the  other  masses ;  tlien,  is  ge 
obviously  parallel  to  cd,  and  cd  :  ge  : :  a  +  B  &c. :  c,  ge  being 
ill  this  case  the  path  of  the  common  centre.  And  thus  may  the 
motion  of  the  centre  of  gravity  be  found,  which  would  be  pro<- 
duced  by  the  uniform  rectilinear  motion  of  each  body  in  the 
system.  Then,  because  each  corresponding  motion  of  the  cen- 
tre of  gravity  is  uniform  and  rectilinear,  the  result  of  the  whole 
will  be  either  a  uniform  rectilinear  motion ;  or  no  motion 
at  all. 

Hence,  if  a  rotatory  motion  be  communicated  to  a  body  and 
it  be  then  left  to  move  freely,  the  axis  of  rotation  will  pass 
through  the  centre  of  gravity :  for,  that  centre,  either  remaining 
at  rest  or  moving  mnformly  forward  in  a  right  line,  has  no 
rotation. 

Here  too  it  may  be  remarked,  that  a  force  applied  at  the  centre 
of  gravity  of  a  body,  cannot  produce  a  rotatory  motion.  For 
.every  particle  resists,  by  its  inertia,  the  communication  of  motion, 
and  in  a  direction  opposite  to  that  in  which  the  force  applied 
tends  to  communicate  the  motion;  the  resisting  forces,  therefore, 
act  in  parallel  lines,  in  the  same  manner  as  the  gravitating  forces  : 
con^quently,  since  the  latter  balance  each  other  on  the  centre 
of  gravity,  the  former  will  do  so  likewise. 
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The  truths  thus  briefly  shewn  in  this  article,  are  often  dis- 
cussed more  at  lar^e ;  but  a  bare  statement  of  them  must  suf- 
fice in  this  place,  smce  they  fall  naturally  under  the  province  of 
Dynamics. 

1  IS.  Prop.  To  find  the,  centre  of  gravity  of  the  perimeter 
of  any  ri^ht-lined  figure.  > 

'  If  the  ngure  be  a  regular  polygon,  the  centre  of  gravity  of  its 
perimeter  will  be  the  centre  of  its  circumscribing  or  inscribed 
circle.  But  if  it  be  irregular,  we  conceive  the  particles  of  each 
line  to  be  all  placed  at  their  respective  centres  of  gravity,  that 
is,  at  the  middle  of  each  line  (107.),  and  proceed  thus.  Joia 
the  middle  points  of  any  two  of  the  sides,  as  fb,  nc,  (fig*.  4. 
pi.  III.)  by  the  line  fb :  makey*G  lobiiBC  :  bf,  or^'c  :fb  :: 
B  c  :  B  c  +  B  F,  and  g  will  be  the  common  centre  of  gravity  of 
the  two  sides  bc,  bf.  Then  join  gc,  c  being  the  middle 
point  of  a  third  side  CD;  make  gg'  :  cg^  ::  cd  :  bc  +  bf, 
and  g'  will  be  the  centre  of  gravity  of  the  three  sides,  fb,  bc, 
CD.  In  like  manner,  join  g'  and  the  middle  point  d  of  a  fourth 
line,  and  find  the  new  centre  of  gravity  g"  :  and  so  on,  for  aU 
the  sides  of  the  figure. 

Or,  drawing  through  any  point  A  in  the  same  plane,  the  rect- 
angular co-ordinates  ax,  ay,  and  denoting  the  lines  fb,  bc, 
CD,  8cc.  hy  p,p\p'\  &c.  the  distances  of  their  middle  points 
from  AX,  by  </, d',  d'\  &c.  and  the  distances  of  the  said  middle' 
points  from  ay,  by  d,d',  d",  &c.  we  shall  have  (108. 1.) 

pW  +  p' d'  +  p"<f  -f  &c.  p  o  +  p*  d'  -f  p^D*  +  fcc. 

^   —  ^^  ""       P  +  f'  +  /  +  hJ:~'   Y  —  AH  —  ~p  +  p'  +  /  +  &c.      ' 

Then,  drawing  hg'",  io*,  parallel  to  ax  and  ay,  their  inter- 
section g"*  will  be  the  centre  of  gravity  required. 

114.  Prop.  To  firtd  the  centre  of  gravity  of  a  plane  triangle. 

Let  ABC  (fig.  5.  pi.  III.)  be  any  triangle r  draw  AE  from 
one  of  its  angles  to  the  middle  of  its  opposite  side,  then  will  Ais 
divide  every  Tine  which  can  be  drawn  in  the  triangle  parallel  to 
BC  into  two  equal  parts;  consequently  the  surface  of  the  tri- 
angle is  symmetrically  disposed  with  respect  to  ae,  and  the 
centre  of  gravity  will  be  found  in  that  line  (107.).  For  a  like 
reason,  if  from  any  other  angle,  as  c,  we  draw  cd  to  the  middle 
of  its  opposite  side,  the  centre  of  gravity  of  the  triangle  will  be 
somewhere  upon  that  line:  it  will,  therefore,  be  at  g  the  inter- 
section of  those  lines. 

Now,  since  the  points  d,  and  e,  divide  the  sides  ba,  bc,  of 
the  triangle  proportionally,  the  line  de  which  joins  them  must 
be  parallel  to  the  third  side  ac  :  hence  the  triangles  bde,  bac 
are  similar,  and  so  are  the  triangles  gdb,  gca.  Conse-' 
quently,  gd  :  gc  ::  ge  :  ga  ::  de  :  AC  ::  bd  :  ba  ::  1  :  2. 

Therefore  AG  =:  -jAE^  and  cg  =::  tCO^  jiJso  bg  fi?  |-  3F, 
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Coi^.  If  ABy  BC,  CA,  be  denoted  by  a,  b^  and  r,  and  ao^  bo^ 
C6|  by  m,  n,  and  r,  we  have,  by  a  well-knowu  tlieorem  in  geo- 
metry, the  three  foUowing  equations : 

SAB*  -I-  AC*  =  2 BE*  4-  2  AE%  i.e.  tt*  +  c*  =  jA*  +  »m* 
AB*  +   BC*  =  2  CF*  -f  2  BF*,  O*  +  6*  =  |c*  +  ^W* 

AC*  +  BC*  =  2  AD*  +  2cd',  <:*  +  ^  =  la*  +  $r* 
Addiug  together  these  equations  and  clearing  them  of  fractions, 
there  results  a*  +  6*  +  c*  =  3m*  +  3/i*  +  3r*;  which  gives 
this  curious  theorem :  In  any  plane  triangle  the  sum  of'  the 
squares  of  the  three  sides,  is  equal  to  thrice  the  sum  of  the 
squares  of  the  distances  of  each  of  its  angles  from  the  centre  of 
pavity. 

Cou.  2.  From  the  three  equations  in  tfie  preceding  corollary, 
we  readily-find  m  s  j.  \/2igt  +  se-  -  b*,  w  ==  -J.  \/2o»  + 2fr«-c«,  and 
f=:^v^«y  +  (ic*~tf«:  by  means  of  which  the  distance  of  the 
centre  of  gravity  from  either  angle  of  any  given  triangle  may  be 
soon  found. 

115.  Prop,  To  find  the  centre  of  gravity  of  a  trapezium. 

Let  A  BCD  (fig.  6.  pL  III.)  be  any  trapezium.  JDivide  it 
into  two  triangles  by  the  diagonal  AC:  nnd  their  centres  of 
gravity  h  and  i,  by  the  last  proposition ;  then  join  ih,  and 
make  lo,  to  gh,  as  the  triangle  abc,  to  the  triangle  ado,  and 
Q  will  be  the  centre  of  {gravity  of  the  trapezium. 

Or,  divide  the  trapezium  into  two  other  triangles  by  the  dia- 
gonal bd  ;  find  their  centres  of  gravity  e,  and  f,  and  draw  bf« 
Then  the  centre  of  gravity  of  the  trapezium  must  be  in  the  line 
HI ;  and  it  must  likewise  be  in  the  line  ef  ;  consequently  it 
must  be  in  G  their  point  of  intersection. 

When  two  sides  of  the  quadrilateral,  as  AD  and  bc,  (fig*  7. 
pi.  III.)  are  paralleli  the  centre  of  gravity  is  lome where  upon 
the  Une  kl  Joining  their  middle  points :  and  it  is  somewhere 
npon  the  line  ef  joining  the  centres  of  gravity  of  the  two  com- 
ponent triangles  abo,  cbd  :  it  is,  therefore,  at  g  the  point 
of  intersection  of  ef  and  kl.     And  in  this  case  kg  =  -Jkl. 

IS  +  AD 


»K  •»•  AL 


FoTi  drawing  the  lines  Be,  wf  parallel  to  ad,  bc;  sinc^ 
EL  as  -f BLy  and  KF  s  -fKD,  We  have  Ee  s  j-BK  =  ^Bc,  and 
vf=  ^LD  =:  ^Ao.  Also  Le  =  ^-KL^  and  k/*=  -I-kl.  Whence 
^*Bs  ^-K^*  ^0¥f,  the  similar  triangles  Ges,  g/'f  give  Ee  :  oe :: 
jf:  of,  therefore  Ee  +  wf:  oe  +  of::  vf;  of;  that  is,  ^bc  + 

yAD :  fXh  : :  {ad  :  G^=  iT^'     Hence  then,  kg  =  k/  +/o 

*  BC-fAP  ^  BC+AO  ^  BK  +  AL 

\U.  Thus  also,  to  find  the  centre  of  gravity  of  the  area  of 
jUiy  rectilinear  figure^  divide  it  into  triangles,  and  find  their 


160  •     STATICS.     *  [Book  I, 

respective  centres  of  gravity,  by  art.  114.  then  conceiving  each 
of  llie  triangles  collected  into  their  respective  centres  of  gravitji 
their  common  centre  of  gravity  may  be  found,  either  by  the 
method  described  in  art.  111.  or  by  th^  theory  of  moments 
(equa.  I.  108.) 

117.  Prop.  To  find  the  centre  of  gravity  of  any  triangular 
pyramid. 

Let  ASCD  (fig.  8.  pi.  III.)  be  a  triangular  pyramid :  on  one 
pf  its  face^,  a3  bcd,  dr^w  di  from  the  angle  d  to  the  middle  o^ 
its  opposite  sid/e  BC;  set  off  \y  =  ^-lo^  and  y  will  (1 14.)  be  the 
centre  of  gravity  eifthat  face.  From  a  the  vertex  of  the  pyra^ 
raid,  draw  Ay,  aad  it  will  pass  through  the  centres  of  gravity  of 
every  section  of  the  pyramid  parallel  to  bcd:  consequently,  U 
Will  pass  through  the  centre  of  gravity  of  the  pyramid.  Again^. 
on  the  face  abc,  draw  ai  from  a  to  the  middle  of  the  opposite 
side ;  set  off  ig  =  ^-lA,  and  join  ^d  :  the  centre  of  gravity  of 
the  pyramid  wUI,  it  is  obvious,  be  found  upon  this  line  also* 
But  the  two  lines  A/,  pg^  being  both  in  the  plane  of  the  tri- 
angle ADi,  must  intersect  each  other,  and  g  theif  point  of  inter- 
section must  nece9sarily  be  the  centre  of  gravity  of  the  pyramid* 

Now,  if  we  conceive  gy  drawn,  it  will  be  parallel  to  ad, 
since  ig  :  ia  ::  ly  :  id:  hence  the  triangles  G^y,  gda,  are  simi- 
lar, and, 

Gg  :  GD  ::  Gy :  GA  ::  gv :  AD  ::  I  :  3. 
Therefore,  Gg  =  ^gd  =:  \gD\  Gy  =  ^^ag  =  ^Ay,  &c. 

CoR.  1 .  If  ab  be  put  =  fl,  AC  =  6,  ad  r=  c,  bc  =  d,  bd  =  t, 
CD  zzf;  and  the  distances  from  the  angles  to  the  centre  of 
gravity,  ag  =z  m,  bg  =  w,  CG  =  r,  dg  =  s:  then,  by  a  well 

known  theorem,  ai*  = r = --2-. ;   and,  by  the 

same,  pi*  =  ~ :  again,  since  ag  =  ^Ay,  we  have  AG* 

=  AA/  =  AC"'^-^^''':r"''^0-  (See  the  Lemma 
at  p.  128.  Simpson's  Select  Exercises.)  Substituting  in  this 
expression  the  literal  values  of  Ai,  Dy,  &c.  and  reducing,  we  at 
length  obtain  AG*  =  -ry  (3«<«+3W+Sc*  -  d'  +  e^+p  ).  A  like  equa* 
tion  being  in  the  same  manner  deducible  for  bg%  cg*,  dg%  we 
have  the  foUowrog  general  theorem :  In  any  triangular  pyramid 
the  distance  of  any  one  of  the  angles  of  tke  pyramid y  Jrom  the 
centre  of  gravity  ^  is  equal  to  one  fourth  of'  the  square  root  of 
the  difference  of  thrice  the  sum  of  the  squares  of  the  three  edges 
meeting  at  that  angle,  and  the  sum  of  the  squares  of  the  other 
three  edges. 

Cor.  2.  Adding  together  the  four  equations  found  by  the 
preceding  corollary,  viz. 
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AG*  =  ^  (Sab*  +  Sac*  +  3ad*)  -  tV  (bc*  +  bd*  +  cd*) 

BO*  =  -i^  (3bA*  +  SBC*  +  3BD*)  -  T^(AC*  +  AD*  +  CD*) 
CG*  =  iV  (3CA*  +  3CB*  +  SCD')  -  TT  (AB*  +  AD»  +  BD*) 
DG*  =  tV  (3 ad*  +  3DC*  +  3BD*)  -  ^  (AB*  +  AC*  +  BC*) 

(here  arises  the  following: 

iO*  +  BG*  -V  CG*  +  DG*  =  ^  (AB*  +  AC*  +  AD*  +  BC*  +  BD* 
\  CD*), 

That  is,  the  sum  of  the  squares  of  the  distances  from  the 
angles  of  any  triangular  pyramid  to  its  centre  of  gravity,  is 
muil  to  a  fourth  of'  the  sum  of  the  squares  of  the  six  edges  of 
Inepyramtd. 

'These  two  corollaries  are  manifestly  analogous  to  those  of 
art.  114. 

Cor.  3.  If  the  sides  of  the  base  are  equal,  as  bd  =  BC  =s  cd, 
we  have  ag*  =»  t^  (ab*  +  ac*  +  ad*  —  bc*). 

Cob.  4.   If,  moreover,  ab  =  ac  =  ad,  tlieo  ag*  =  ^  (3ab* 

-BC*). 

Cor.  5.  If  all  the  edges  of  the  pyramid  are  equal,  we  have 
for  the  regular  tetraedron,  AG*  =  bg*  =  CG*  =  dg'  =  |ab*, 
whence  ag  ==  |ab\/6. 

.  Cor.  6.  A  pyramid  whose  base  is  any  polygon,  wiU  have  its 
centre  of  gravity  upon  the  line  drawn  from  the  vertex  to  the 
centre  of  gravity  of  the  base,  and  at  the  distance  of  |^  of  its  length 
from  its  vertex.  Which  will  be  sufficiently  obvious  if  it  be  con- 
sidered, that  any  such  pyramid  is  composed  of  triangular  pyra- 
mids, whose  centres  of  gravity  all  lie  in  one  plane  parallel  to  the 
base ;  consequently  their  common  centre  of  gravity  must  be  in 
die  same  plane,  and  must  likewise  be  in  the  line  drawn  from  the 
vertex  to  the  common  centre  of  gravity  of  all  the  triangles- 
which  constitute  the  base. 

118.  Prop.   To  find  the  centre  of  gravity  of  a  circular  arc. 

From,  the  middle  point,  of  the  proposed  arc  mam'  (fig.  9. 
pi.  III.)  conceive  the  line  AC  drawn  through  c  the  centre  of 
the  circle,  on  which  let  ap  be  denoted  by  a-,  the  variable  ordinate 
PM  byy,  and  the  radius  ac  of  the  circle  by  r,  the  half  arc 
being  denoted  by  z.  Then  accounting  a  the  origin  of  the  co- 
ordinates, since  the  curve  is  symmetrical  with  respect  to  ac, 
we  need  only  make  use  of  the  equation  (108.  IV.)  which,  sub- 

stituting  z  for  m  will  become,  x  = *      Now  the 

equation  expressing  the  relation  between  the  rectangular  coK>r- 
djjiates  of  a  circle  is^'=2rx  —  or*;  by  means  of  which  we  have 

•  H^re,  as  well  as  iu  t'le  'subsequent  parts  of  this  woilc,  ur*  nnkc  tlic  tlii- 
racterjf  denote  thi^  llueul  of  the  expression  tvliich  stands  a<tei  il. 
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^  =  »^V(to-'x»}.     ^^  ^^^^^  of  this  is  X  =  ^  (a:-j,)=r- 
J3^ :  ^'hich  needs  no  correction,  because  when  y  =  0,  z  =  0. 
Hence  then,  g  being  the  centre  of  gravity,  we  have  aG  =  r  -« 
-^  1=  AC 2-.    Consequently  cg  =  AC  —  AG  —  — 3- :  that 

is,  ihi  distance  oftht  centre  of' gravity  of  a  circular  arc /ram 
iis  centre  f  is  a  fourth  proportiu/tial  to  the  arc^  the  radius^  and 
the  chord  of  the  arc.  * 

Cor.  1.    When  the  arc  b  a  semicircle,  the  chord  is  double 

the  radius,  and  cg  =5^^  =  T^j-  "^^^^^  ^x 

CoR.  2.  When  jr=:2  r,  j^=0,  and  consequently  cG  =-^90t 

that  is,  the  centre  of  gravity  coincides  with  the  centre  of  die 
chrcle ;  as  is  suflBciently  obvious  independent  of  the  fluxional 
process. 

119*  Prop.  To  find  the  centre  of  gravity  of  a  circular  seg^ 
mentm 

Let  MAM^F  in  the  figure  last  referred  to  be  the  segment 
proposed,  and  let  the  parts  be  denoted  as  before.     Here  we 

take  the  first  of  die  equations  (108.  V.)i  tiiat  is  x=  ■        ■» 

where  m  denotes  the  area  of  apm.    Now,  mncey^ »/  ^rt^^^ 

we  hsst:si^:=fayx  ^Jxk  •£;jZ5= — - — "^  ^    +  rM  : 

this  divided  by  M  gives  x=AG=r—  4r— -=CA— r •  Con- 

^       ^  3m  SamAPM 

*  PMS  MMt 

seqnently  cg  =  ~ =  73 • 

^  ^  3  area  APM       IS  area  se^. 

CoR.  When  the  segment  becomes  a  semicircle,  we  liave 
M'M=2r,  and  cg  =5555194= -4244.1  n 

120.  Prop.  To  find  the  centre  of  gravity  ofaany  parabola. 

Here  the  general  equation  isy=zx  -7-  «  And  by  sub- 

sutubon  .,     r  =-7; — ' —  =  —rs  ^  •«^=x. 

J  %  i 

Cor.  !•  If  n=:4,  which  is  the  case  in  the  common  or  Apot- 

Ionian  parabola,  —^-'^^iX'  That  is,  ag=:|  ac.  (fig.  10.  pi.  III.) 

Cor.  2.  If  71=  I,  the  figure  becomes  a  triangle,  and  then  Ad 
=:-|vr :  virhich  agrees  with  art  114. 

121.  Prop.  To  find  the  centre  of  gravity  of  am/ seniipara-* 
bola. 
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la  thk  case  die  distance  on  the  abtciMi  or  the  v«luo  of  x  U 
determined  by  the  foregoing  probietn  ;  we  h«ve  now  to  tin<(  cif 
(ig.  10.  pi.  in.) :  in  order  to  which  we  take  the  ii>rond  eqya» 

lion  (108.  V.)  Y  =    ^^  .    By  substituting  fory  in  the  mt- 

aerator  of  this  expression,  its  value  in  tlie  equation  of  the 

dm 

canre,  we  hare  ym  =  /   '^^,^  »  which,  by  the  known  rules 

« 

for  die  detenaiaatioo  of  fluents  if  =y  x  (-5 JTn)'  ^^^^^ 

A  s  AC  Ae  hoelt  of  the  parabola.    And  this  when  i*  =  A,  be- 


eonses  y  x  ^—7  r  wlMiefore,  dividing  by  M  «  '^^^  ■   we 

ebtam  y  =s  —     '       =  g^. 

Com.  1.  Vm-z^^,  ae  in  the  common  parabola,  og  =  f  cD* 
Ck>m.  S.  bdir  triangle,  where  n  =  1,  c^  a  j-  CD. 

122.  Ptans.  TIi%find  the  eetUre  of  gravity  of  the  segment  ef 
€nheniL 

Hcae  da:  %im  ma;  be  dirided  into  two  parts  symmetrkaf 
with  Hyiiiam  the  ana :  so  that  if  we  account  the  ir«rt«rff  A  tlw 
engsB  aif  tfe  eiv'Ma&Mtes,  we  Aall  need  the  equali/in  f^/f  )r 
(mLTULii.    Let  die  6ied  axis  of  the  spheroid  be  r^M  4f, 

€^  dM«  the  eqnatioD  of  the  enn^e  ie^  aa 

«^<):  co«e,«enU,-5;;^^rr- Jl—r^rr 
Cxii.  I.  When  ifae  stguieat  becoaw  i  a  Jmrnit^tyj^M,  tmt^^ 


:=4r  fer  dbe  iimmrf  td  A^  €it:mt$it  ^4  i(^mitf 


iwmitmt  -ffattjo^  tbenAgt^  \  Mmm  diif as  i^  tt^mt  dutt  ^JMe^  ^4 


sn  -M  indepefldienc  *'A  c^  kit  a^lut  a^^^aivU  tVv  lUvdk 


1.  Since  the  eipuicisa  ao  Qie  k^j^erfi^^  jt  ^r  ^jr^ 
^  viucii  JiiBnT^  Imta  dasc  ti>^  die  ^ifioma  viiy  m  ffue  nmi-  '^ 
^mixwrnk  vernL,  ^e  TRzhj  3L  snibr  ^xnc^m  -r-^-  —  /,  ^m*  ^h#j 

It  ±c  -liinim  if  ir39it9  anm  rtie  "*9rawr  m?  t  i%^;-yiA0^ 


?aap.  Zi  ^»i  :&r  cettr^  ^ grtcicj  if  ^  ;^jnf  if 
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A  spiieric  sector  may  be  considered  as  a  sofid  of  rotatioti ; 
for  it  may  be  generated  by  the  rotation  of  a  circular  sector  1 
thus,  ill  %.  9.  pi.  III.  if  the  circular  sector,  cm  A  make  a  com- 
plete revolution  upon  ac  as  an  axis,  rt  wilt  describe  the  spheric 
sector  of  which  cm  am'  will  be'a  section.  This  solid  is  composed 
of  a  spherific  segment  and  a  cone  :  the  ttmtre  of  gravity  of  the 
first  of  these  we  suppose  at  g,  that  of  the  second  at  g.     If  ap 

be  denoted  by  x,  and  At  by  r,  we  shdfl  have  AG  =:'      ^      ar, 

and,  the  cone  being  a  kind  of  pyramid,  c^"  —  ^ cp  i=  |(r  —  x)  : 

consequently  A^  =  ac  -^  eg  =  — t-«  Let  if  denote^  as  before, 

the  number  3*141593,  amd  by  welf  Itnown  theorems^  the  solid 
contents  of  the  respective  figures  will  be  thus  expressed  : 
The  content  of  the  spheric  sector  =  f  ^r  ^x, 

'the  segment      .     zz -Jiri:^  (3?'— i*.) 
the  cone     .      ,     =  ^ir  (2rx  —  t*) . (r  —  a). 
Now^  if  we  conceive  each  solid  to  be  condensed  into  its  centre 
of  gravity,  we  roust  £rst  take  the  sum  of  the  moments  with  re- 
spect to  A,  which  are, 

For    the   segment,   |ir.i'*{5r— 2x)     ^^     jr^^itx^.  -^ 

the  cone    •    f  «•  (2rx — x*).  (r  -  .r)  — j-. 

Then,  dividing  the  sum  of  these  moments  by  the  sum  of  the 
masses,  or  -f-  ir  r^x,  the  content  of  the  sector,  we  shall  have 

tion  expressing  the  distance  of  the  ceijtre  of  gravity  of  the  spheric 
sector  from  a  the  centre  of  its  base. 

SCHOLIUM. 

124.  Since  the  knowledge  of  the  position  of  the  centre  of 
gravity  in  any  body  or  system  of  bodies  is  of  very  great  import- 
ance in  almost  every  part  of  Mechanics,  we  have  thought  it 
right  to  be  tolerably  copious  in  the  discussion  oftliis  subject; 
and  have,  therefore,  given  instances  of  various  methods  of  ascer- 
taining the  situation  of  the  centre  of  gravity,  one  or  other  of 
which  may  be  applied  in  most  cases  which  can  arise.  To  save, 
however,  the  trouble  of  a  distinct  investigation  in  some  in- 
stances which  often  occur,  we  may  now  state  in  addition  to  the 
preceding  prop()silions,  a  few  known  results. 

1.  In  a  circular  sector,  the  distance  from  the  pentre  of  the 

Circle  IS  -^  ;  where  a  denotes  the  arc,  c  its  chord,  and  r  the 

radiu*?. 

2.  The  centres  of  gravity  of  the  surface  of  a  cylinder,  of  a 
cone,  and  of  a  conic  huslum,*  are  respectively  at  the  same  di- 
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staDces  from  the  origin  as  are  the  centres  of  gravity,  of  the 
I>arallelograniy  triangle,  and  trapezoid,  which  are  vertical  sec- 
tions of  the  respective  solids. 

3.  The  centre  of  gravity  of  the  sjirface  of  a  spheric  s^ment, 
is  at  the  middle  of  its  versed  sine  or  height 

4.  The  centre  of  gravity  of  the  convex  surface  of  a  spherical 
zone,  is  in  the  middle  of  that  portion  of  the  axis  of  the  sphere 
which  is  intercepted  by  the  two  bases  of  the  zone. 

5.  In  a  cone,  as  well  as  any  other  pyramid,  the  distance  from 
the  vertex  is  |  of  the  axis. 

6.  In  a  conic  frustum,  the  distance  on  the  axis  from  the 

centre  of  the  less  end,  is  iA  .  — r — ^^^-i  where  A  denotes 

die  he^ht,  and  r  and  r,  the  radii  of  the  greater  and  less 
ends. 

7.  The  same  theorem  will  serve  for  the  frustum  of  any 
regular  pyramid,  taking  r  and  r,  for  the  sides  of  the  two  ends. 

b.  lu  the  paraboloid,  the  distance  from  the  vertex  is  ^  of  the 
axis. 
9.  In  the  frustum  of  the  paraboloid,  the  distance  on  the  axis 

from  the  centre  of  the  less  end,  is  ih  . \^ — :  where  A 

denotes  the  height,  e  and  r  the  radii  of  the  greater  and  less 
ends. 


Of  the  Centrobaryc  Method. 

'  Among  the  several  uses  to  which  the  doctrine  of  the  cen- 
tre of  gravity  may  be  appropriated,  one,  which  for  its  elegance 
and  simplicity  deserves  being  mentioned  here,  is  that  which 
is  called  the  Centrobaryc  method,  and  by  which  the  mag- 
nitudes of  surfaces  and  solids  may  often  be  determined  with 
great  facility.  The  relation  between  the  centre  of  gravity 
and  the  figure  generated  by  the  revolution  of  any  line  or  plane, 
which  is  the  foundation  of  this  method,  was  tirst  distinctly 
stated  by  Pappus  in  the  preface  to  his  7th  book :  but  it  was 
not  completely  discussed  till  the  time  of  father  Guldin ;  who, 
in  the  2d  and  3d  books  of  his  Treatise  on  the  Centre  of 
Gravity,  treated  this  method  very  fully,  and  exhibited  its 
utility  in  a  variety  of  examples.  The, doctrine  is  comprised 
in  the  following  proposition,  and  the  corollaries  which  naturally 
flow  from  it. 

125.  Prop.  Jf  any  line,  right  or  curved^  or  any  plane 
figure^  whether  U  be  bounded  oy  right  lines  or  curves^  re- 
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vohe  about  an  axis  in  the  plane  of  the  figure^  the  surface  or 
sotid  geiHixited  will  be  respeciivcly  equal  to  the  surface  or 
solid  whose  bane  is  the  ghen  line  or  figure,  and  its  height  equal 
to  the  arc  described  by  the  centre  of  gravity  of  the  said  generate 
ing  line  or  figure. 

Let  the  line  or  plane  bcd  {fig,  11.  pi.  III.)  be  that  by 
whose  motion  a  certain  surface  or  solid  is  generated,  and  let 
QAR    be   the  axis   about  which   the  rotation  is  performed: 
through  o  the  centre  of*  gravity  of  bcd  draw  adgd  perpendi- 
cular to  QRy  and  either  suppose  the  various  particles  in  ncD  to 
be  referred,  by  perpendiculars,  to  qr,  or,  which  will  come  to 
the  same  thing,  estimated  upon  abd  by  lines  drawn  from  the 
several  molecular  jparallel  to  qk  ;  and  let  b  and  d  be  two  of 
those  reduced  pomts.     Now,  if  abd  after  performing  a  ro- 
tation, or  part  of  a  rotation,  be  brought  to  tlie  position  aeh, 
BDHB  will  represent  the  figure  generated,  and  gf  the  path  of 
the  centre  of  gravity ;  the  generated  figure  being  equal  to  all 
the  BE,  GP,  DH,  Sec.     But  the  arcs  be,  op,  dh,  8cc.  are  similar 
(being  equal  parts  of  concentric  circles),  and  therefore  their 
sums  are  as  all  the  ab,  AG,  ad,  &c.  and,  by  art.  109.  these 
sums   are  as   so  many  times  ag:  consequently  the   sum  of 
all  the  BE,  GP,  OH,  &c.  is  equal  to  as  many  times  pg,  or  equal 
to  BCD  X  fg;  that  is,  the  figure  bkhd  is  equal  to  the  bas^ 
drawn  into  the  path  de^^cribed  by  its  centre  of  gravity,     a.  £.  D. 
The  same  tiling  may  be  shewn  very  concisely  by  means  of 
the  two  values  of  y  in  tbrmulce  III.  and  V.  art.  108.    Annexing 
the  co-eflicient  2fe  to  bot  hnunierator  and  denominator  will  not 
change  the  value  of  the  fractions:  tliey  niay,  therefore,  be  ex- 
pressed thus: 

y  2in/M                                          ^^J^'if^i 
\ZZ- ■ — Y  =  t- : . 

llic  first  of  these  equations  expresses  the  distance  from  the 
axe  ax  of  the  centre  of  gravity  of  any  line :  a  simple  transform- 

2flyM,  where  27rY  is  the  circumference 
of  which  V  is  the  radius,  and  is  that  which  is  described  by  die 
centre  of  gravity  of  m  it  that  curve  be  made  to  turn  about  ax  a$ 

an  axis:  moreover/s^^M  is  the  expression  for  the  area  of  the 
surface  which  is  generated  by  the  arc  m  during  this  rotation. 
Consequently,  the  surface  generate^]  by  the  rotation  of  any 
given  curve  about  an  axis  is  equal  to  the  product  of  the  ge- 
nerating arc  into  the  circumference  described  by  its  centre  of 
gravity. 

From  llic  second  of  tlitse  formula  wc  have  2itYMizJ^'jry^x\. 
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where  if  we  suppose  a  revolution  upon  the  axis  ax,  die  area  of 
lihich  the  idgebraic  expression  b  m  oryx,  generates  a  solid 

denoted  hyj2ity^x,  and  the  centre  of  gravity  will  describe  the 
circumference  fvT.  Therefore  die  solid  generated  by  the  ro- 
iadon  of  any  plane  figure  about  an  axis,  has  for  its  capacity 
the  product  of  the  gemeraiing  area  into  the  circumference  de- 
Mcrioed  by  its  centre  of  gravity. 

If  instead  of  ^it  we  introduced  any  fraction^— •v*^  into  die 

iuimerators  and  denominators  of  the  saine  formulfle,  it  would 
thence  be  equally  obvious  that  the  same  property  was  applicable 
to  the  curve  surfaces  or  the  capacities  of  figures  generated  by  a 
jwrtial  revolution  about  a  fixed  axis.  And  if  many  curves  oom- 
j).rised  in  die  same  plane  generate  at  once  as  many  surfaces  and 
solids,  we  may  apply  the  same  proposidon,  by  taking  the  com- 
mon centre  of  gravity  of  the  system.  From  the  whole,  thep, 
we  may  deduce  a  few  corollaries. 

Co£.  1 .  If  the  distance  of  the  centre  of  gravity  of  any  line  or 
surface  from  the  axis  of  rotation,  and  the  magnitude  of  the 
line  or  surface  be  given,  the  value  of  the  surface  or  solid  gene- 
rated by  either  a  total  or  a  partial  revolution  may  be  found,  and 
consequently  any  two  of  the  three  being  given,  die  third  may  He 
easily  determined. 

Thus,  if  the  rectangle  whose  sides  are  m  and  n  revolve  upon 
m  as  an  axis,  it  will  generate  a  cylinder  whose  altitude  is  m  and 
radius  of  its  base  n :  now  the  centre  of  gravity  of  the  rectangle 
will  be  at  the  distance  of  {n  from  m,  and  will  therefore  descnbe 
in  a  complete  rotation  the  circumference  in  x  2frzzien :  con- 
sequendy,  by  die  proposition,  mn  x  ftn,  =:  itmn\  is  the  ca- 
pacity of  the  solid ;  and  this  is  equal  to  v/i*  x  vi,  the  base  gf 
the  cylinder  into  its  altitude,  as  it  ought  to  be. 

Again,  putting  b  the  base  and  a  the  axis  of  a  semi  para- 
bola, which  by  its  rotation  generates  a  paraboloid ;  we  have  ib 
for  the  distance  of  the  centre  of  gravity  of  the  semiparaboia 
from  the  axis,  and  |A  x  2*  =  Ibic,  the  circum.  described  by 
the  centre  of  gravity:  and,  since  the  area  of  the  parabola  is 
yub,  we  have  ibr  x  ^ab  =  f^ft**,  for  the  content  of  the  para- 
boloid; which. is  manifestly  equal  to  half  the  circumscribing 
cylinder,  as  it  ought  to  be. 

For  another  example,  let  us  take  a  sphere  whose  radius  is  r, 
and  capacity  ^r^,  being  generated  by  the  rotation  of  the  semi- 
circle whose  area  is  Jw'r*.  Here  ^itr*  -r-  J*/^  =  -fr,  the  cir- 
cumference described  by  the  centre  of  gravity ;  and  this  divided 

by  2«',  gives  -^=  -42441  r,  for  the  distance  of  the  centre  of 
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{^avity  of  a  semicircle  From  its  centre :  agreeing  with  the  result 
m  art.  1 19.  By  a  similar  process  the  centre  of  gravity  may  be 
found  in  several  figures^  more  easily  than  by  the  usual  dvrect 
mediod. 

Cob.  2*  If  the  generating  or  revolving  lin^  or  surfaces  are 
equal,  but  the  distances  of  their  centres  of  gravity  unequal,  then 
die  generated  surfaces  or  solids  \iill  be  directly  as  the  distances 
of  their  centres  of  gravity  from  the  axis  of  motion. 

Thus,  if  two  sohd  rings  of  iron  have  both  the  same  thickness 
of  metal,  but  have  different  diameters,  the  capacities  of  the 
rings,  or  their  weights,  will  be  as  the  arithmetical  means  be- 
tween their'  respective  inner  and  outer  dmmeters'. 

Cob.  3.  If  the  distances  of  the  centres  of  gravity  of  the 
generating  or  revolving  lines  or  sur&ces  from  the  axis  <^ 
motion  be  equal,  but  the  generatm^  lines  or  surfaces  unequal, 
dieu  the  generated  surfaces  and  solids  will  be  as  the  generating 
lines  and  surfaces. 

Cob.  4.  If  neither  the  senerating  lines  or  surfaces  nor  the 
distances  of  dieir  centres  of  gravity  from  the  axis  of  motion  be 
equal,  the  generated  surfaces  or  solids  will  be  to  each  oAer  in 
a  ratio  compounded  of  the  ratio  of  the  generating  lines  or  sur- 
faces, and  the  ratio  of  die  distances  of  ueir  centres  of  gravity 
from  die  axis  of  modon. 

Thus,  for  example,  the  triangle  is  to  its  circumscribed  paral- 
lelogram as  1  to  2,  and  the  distance  of  the  centre  of  gravity 
of  die  triangle  from  its  vertex  is  I-  of  the  axis ;  but  the  distance 
of  the  centre  of  gravity  of  the  parallelogram  from  its  side  is  J  of 
die  other  side,  or  of  the  axis,  therefore  the  distance  of  the 
centre  of  gravity  of  the  triangle  from  the  axis  of  rotation  is  to 
the  distance  of  the  centre  of  gravity  of  the  parallelogram,  as  4  to 
3.  So  that,  if  both  the  spaces  are  supposed  to  revolve  about  a 
line  touching  the  vertex  of  the  triangle,  and  parallel  to  its  base, 
the  solid  generated  by  the  triangular  space  will  be  to  that  gene- 
rated by  me  parallelogram  as  4  to  6,  or  as  2  to  3. 

Again,  the  common  parabola  is  to  its  circumscribing  paral- 
lelogram as  2  to  3 ;  and  the  distance  of  the  centre  of  gravity 
of  die  parabola  is  to  the  distance  of  that  of  the  parallelogram 
from  toe '  same  point  of  suspension,  as  6  to  5  ;  wherefore  the 
solid  generated  by  the  parabola  is  to  that  generated  by  the 
parallelogram,  each  revolving  about  the  same  common  axis 
passing  through  the  vertex  of  the  parabola,  and  parallel  to  its 
base,  as  12  to  1.5,  or  as  4  to  5:  and  consequendy,  the  solid 
generated  by  the  triangle  is  to  that  generated  by  the  parabola 
m  a  ratio  compounded  of  the  ratios  of  5  to  4^  and  of  4  to  6 ; 
that  is,  of  20  to  24,  or  5  to  6. 
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After  a  similar  manner  maj  the  value  of  any  surface  or  solid 
1)6  founds  and  those  of  all  kinds  of  surfaces  and  solids  be  com* 
pared  tc^ether;  for  various  other  examples  of  which  we  may 
refer  to  J9r.  WaUvfs  Treatise  de  Calculo  Centri  Graviiatis,  Dr. 
Button's  Mensuration,  and  Stones  Mathematical  Dictionary, 
art.  Centre  of  Gravity. 
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CHAPTER  IV. 


On  the  Mechanical  Powers. 


126.  Def.  a  machine  is  any  thing  that  serves  to  augment  or 
to  regulate  moving  forces  or  powers ;  or  it  is  any  body  destined 
to  produce  motion  so  as  to  save  either  time  or  force ;  or,  we 
may  in  general  apply  the  term  machines  to  the  material  agents 
by  the  aid  of  which  forces  operate  one  upon  another,  and  which 
when  employed  to  second  the  efforts  of  certain  powers  enable 
them  to  overcome  others  which  may  be  more  considerable. 

127.  Machines  are  distinguished  into  simple  and  compound. 
The  only  machines  which  we  think  can  be  strictly  called  simple, 
are  the  lever ,  the  inclined  plane,  and  cords :  it  has  been  cus- 
tomary^  however,  to  consider  as  simple  machines  those  of  which 
all  compound  machines  are  found  to  be  constituted,  and  into 
which  when  their  combined  powers  are  estimated  they  must  be 
divided  in  the  investigation;  these  are  in  number  six,  viz.  the 
lever,  the  wheel  and  axle,  the  pulley,  the  inclined  plane,  the 
screw,  and  the  wedge.  These  are  most  commonly  known  by  the 
name  of  the  mechanical  powers^.  In  all  these  the  mechanical 
advantage  arises  from  distributing  the  power  to  be  overcome 
among  the  different  parts  of  the  machine,  so  that  the  part  sus- 
tained by  the  contrary  power  shall  bear  but  a  small  ratio  to  the 
whole:  thus  a  power  incapable  of  communicating  motion  to  a 
body,  or  of  supporting  its  pressure,  without  mechanical  assist- 
ance, may  effect  its  designed  purpose  by  transferring  a  part  of 
the  weiglit  upon  a  fulcrum,  distributing  it  among  a  system  of 
pulleys,  placing  it  upon  an  inclined  plane,  screw,  Sec. 

if  8.  Forces  of  different  kinds  may,  it  is  obvious,  be  made  to 
operate  so  as  to  counteract  each  other's  effects,  by  the  interven- 
tion of  machines:  as  for  example,  the  muscular  force  of  men 
and  animals  may  be  applied  to  machines  so  as  to  oppose  and 
counteract  the  force  of  gravity ;  but  in  any  such  cases,  since  the 
just  and  adequate  measures  of  these  forces  are  their  simultaneous 
effects  in  similar  situations,  the  theoretic  processes  must  be  con- 
ducted in  the  same  manner  whether  the  forces  exerted  are  unlike 
or  the  same,  as  when  the  force  of  gravity  soliciting  two  bodies 
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causes  them  to  act  as  movifig  powers  by  yieans  of  their  weights^ 
Hence  then,  whatever  is  shown  to  obtain  witli  relation  to  any 
two  forces  whose  effects  are  known,  while  their  nature  is  %\\\m 
defined,  may  be  safely  applied  to  all  which  are  resptctivelj 
equal  and  operate  in  a  similar  manner,  whether  they  are  dead 
weights,  living  powers,  or  forces  existing  naturally. 

129.  In  the  tlieory  of  simple  machines,  and  indeed  of  nia» 
chines  in  general,  they  are  first  considered  as  ih  a  state  of 
balanced  rest :  and  when  the  ratio  of  the  forces  is  ascertained 
which  by  the  intervention  of  any  given  machine  produces  such 
equilibrium,  it  is  manifest  that  a  slight  change  in  the  magnitude 
of  either  of  the  forces,  or  in  their  points  of  application,  by 
causing  a  preponderance  on  one  side  or  other,  wfll  produce 
motion.  In  actual  practice  die  change  must  always  be  made 
in  favour  of  the  power  which  is  to  produce  the  motion :  and 
this  may  easily  be  accomplisbed  when  the  conditions  of  the 
equilibrium  arc  once  established.  When  forces  act  upon  each 
otner  by  means  of  machines,  they  meet  with  various  obstacles 
on  account  of  the  roughness  of  surfaces,  the  stiffness  of  cords^ 
&c.  whicfi  if  introduced  at  the  commencement  of  our  investi- 
gations would  render  them  very  embarrassing  and  intricate  :  we 
therefore,  at  first,  sup|>ose  surfaces  to  be  perfectly  smooth, 
cords  to  be  perfectly  flexible,  &c.  and  afterwards  blend  with 
the  deductions  from  the  theory  those  which  have  resulted  from 
experiment  with  regard  t9  these  obstacles.  As  to  what  relates 
to  the  disposition  of  powers  upon  machines  so  that  when  in 
motion  their  effects  shall  be  greatest  or  'least,  it  is  a  distinct 
branch  of  the  theory,  and  falls  under  the  head  of  Dynamics. 

V30.  Writers  on  the  subject  of  mechanics  have  often  a(^ 
tempted  to  demonstrate  the  properties  of  the  several  simple 
machines,  by  means  of  a  celebrated  theorem,  which  is  this: 
fVhen  two  heavy  hodirs  counterpoise  each  other  by  means  of 
any  inachiiie^  and  are  then  made  to  move  toget/ier,  the  products 
of  each  mass  into  its  velocity,  or,  as  it  is  technically  expressed, 
the  (jimntities  of  motion  with  which  one  body  descends  and  the 
other  uFcends  perpend icularly^  will  be  equal*.  Since  an  equi* 
tibrium  always  accompanies  this  equality  of  motions ;  it  bears 

*  Tliifi  ;heorpni  is  due  to  Galileo,  who  is  justly  reckoned  the  father  of 
the  sscioncc  of  Dunamics,  It  is  nearly  analogous  to  ihe  celcbraU'd  princi- 
ple of  the  viriualvflocvies,  from  which  M.  La  Grange  has  deduced  many 
ingenious  and  elegant  solutions  of  some  difficult  problems  in  his  AUcaniqm 
Anatylique,  The  principle  is  thus  enunciated  :  <*  Si  un  systeme  queU 
conque  est  tollicilc  par  des  puissances  *n  equilibre,  ct  qu'on  donnc  a  ce  syx* 
time  un  pelit  mouvemenL  quelconque,  en  vertu  duquel  c/iaque  point  parcoure 
UH  espaciinfiniment  ptiit,  la  somme  des  puissances  multipiiies  chacune  par 
Vespace  que  le  point  ou  elle  est  appliquee  parcourt  suivant  la  direction  d£ 
cette  nUmc  pm$sanc€,.stra  toujours  ^gale  a  ztro  :  en  regardant  comnie  posU 
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such  a  reflemblanee  to  the  case  wherein  two  moimig  bodies 
stop  each  other  when  they  meet  together  with  equal  ^amities 
of  motion,  that  many  have  thought  that  the  cause  of  an  equili- 
brium in  the  several  machines  might  be  immediately  assigned 
by  saying,  that  because  one  body  always  loses  as  much  motion 
as  it  communicates  to  another,  two  heavy  bodies  counteracting 
each  other  must  continue  at  rest  when  they  are  so  cii  cumstanced 
that  one  cannot  descend  without  caushig  the  other  to  asreiid  at 
the  same  time,  and  with  velocities  inversely  proportional  to 
their  masses ;  for  then,  should  one  of  them  begin  to  descend,  it 
must  instantly  lose  its  whole  motion  by  commtmicating  it  to 
the  other.  ^  But  this  argument,  however  plausible  it  may  seem, 
is  (as  Dr.  Hamilton  remarked)  by  no  means  satisfactory ;  for 
when  we  say  that  one  body  communicates  its  motion  to  anotlier, 
we  must  necessarily  suppose  the  motion  to  exist  tiist  in  the 
one,  and  then  in  the  other;  btit  in  the  present  case,  where 
the  two  bodies  are  so  connected  that  one  cannot  possibly  begin 
to  move  before  the  other,  the  descendmg  body  cannot  be  said 
to  commimicate  its  motion  to  the  other,  and  thereby  make  it 
ascend :  but  whatever  we  should  suppose  causes  one  body 
to  descend,  must  be  also  the  immediate  cause  of  the  other  s 
ascending,  shice,  from  the  connection  of  the  bodies,  it  must 
act  upon  them  both  together,  as  if  they  were  really  but  one. 
And  therefore,  without  contradicting  the  laws  of  motion,  we 
might  suppose  the  superior  weight  of  the  heavier  body,  which 
is  m  itself  more  than  able  to  sustain  the  lighter,  would  over* 
come  the  lighter,  and  cause  it  to  ascend  with  the  same  Quan- 
tity of  motion  with  which  die  heavier  descends ;  especially  as 
both  their  motions,  taken  together,  may  be  less  than  what 
the  difference  of  the  weights,  which  is  here  supposed  to  be 
the  moving  force,  would  be  able^to  produce  in  a  body  fall- 
ing freely*  For  these  reasons,  and  various  others  which 
might  easily  be  assigned,  we  are  of  opinion  that  all  proofs 
founded  upon  this  theorem  as  a  basis,  are  necessarily  unsatis- 
factory :  we  have,  nevertheless,  thought  it  right  to  notice  it ; 
and,  as  it  may  serve  as  a  good  index  of  an  equilibrium  in  many 
machines,  and  admits  in  some  instances  of  a  useful  application, 

iifs  let  peliis  espaces  parcourus  dans  le  sens  des  puissances,  el  comme  niga-* 
ti/s  les  espaces  parcourus  duns  un  sens  opposi.*'  This  principle,  or  rather, 
universal  fact.  La  Grange  expresses  by  a  very  simple  formula,  from 
which  he  deduces  his  whole  system  algebraically,  without  a  single  dia- 
gram:  a  mode  of  procedure  which,  though  it  displays  astonishing  analy- 
tical skill,  is  certamly  far  from  the  be:it  way  of  teaching  mechanical  phi- 
losophy I  since  the  whole  may  be  gone  over,  wiihout  either  a  distinct  or 
even  an  indistinct  idea  of  the  things  represented  by  the  symbols.  M.  Carnot 
in  his  Geometrie  de  Position,  pa.  339,  demonstrated  a  purely  geometrical 
fftieorem  which  is  \£Ty  similar  to  this  oeiebrated  mechanical  pnnciple. 
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we  may  again  refer  to  it  in  the  practical  part  of  this  Treatise.  Our 
present  investigations  will  be  made  to  depend  upon  the  princi- 
ples of  equilibrium  explained  in  the  second  and  third  chapters* 

I.  Of  the  Lever. 

131.  Def.  a  lever  is  an  inflexible  bar  or  rod,  which  maybe 
subjected  to.  the  action  of  two  or  more  forces  or  powers,  at  dif- 
ferent points,  while  it  is  supported  ou  a  fulcrum  or  prop,  about 
which  It  may  move  freely. 

Of  levers  there  are  two  kinds  which  differ  essentially :  i.  e. 
those  in  which  the  forces  act  on  contrary  sides  of  the  centre  of 
motion,  or  fulcrum,  and  those  in  which  they  act  on  the  $ame 
side.  They  are,  however.  Usually  distiiiguLshed  into  three  kinds, 
according  to  the  respective  dispo^^itions  of  the  prop,  the  power, 
and  the  resistance.  In  levers  of  the^r«/  kind,  the  fulcrum  is 
between  the  power  and  the  resistance :  such  are,  the  balance, 
steelyards,  scissars,  pokers,  pincers,  snuffers,  &c.  In  levers  of 
the  second  kind  the  resistance  is  between  the  fulcrum  and  the 
power :  such  are,  cutting  knives  fixed  at  one  end,  the  oars  and 
rudders  of  boats,  which  may  be  considered  as  having  their 
fulcra  ill  the  water,  doors  whose  hinges  serve  as  a  fulcrum,  &c. 
Jn  levers  of  die  third^kind  the  power  acts  between  the  prop  and 
the  resistance;  as  in  tongs, shears  for  sheep,  a  ladder  while  raising 
up,  8cc.  This  too  is  the  kind  of  lever  which  is  found  most 
to  obtain  in  the  animal  functions :  for  the  muscles,  by  means 
of  which  the  bones  are  turned  upon  their  joints,  are  inserted 
much  nearer  to  the  centre  of  motion  than  the  point  in  which  is 
the  centre  of  gravity  of  the  weight  to  be  raised.  The  mecha- 
nical contrivances  in  different  parts  of  animal  frames  furnish 
a  very  -curious  and  interesting  topic  :  but  as  we  cannot,  without 
widely  digressing,  enlarge  upon  it  here,  we  would  beg  to  refer 
to  Chapters  7  and  8  of  Dr.  Paley's  Natural  ITieology,  where  it 
is  discussed  very  admirably. 

132-  Prop.  Ani/  two  weights  actings  perpendicular ly  upon  an 
horizontal  lever  {considered  as  void  of  gravity),  and  at  conti  ary 
sides  of  thefulcrum,  mill  balance  each  other  if  timy  be  reciprocally 
proportional  to  the  distances  from  the  fulcrum  at  xvhich  they 
act. 

Conceive  any  cylinder  or  prism,  as  ab  (fig.  12.  pi.  III.),  hung 
by  its  ends  to  the  inflexible  line  hi,  by  means  of  the  cords  ah, 
Bi.  Now  if  the  whole  be  suspended  by  the  cord  c  placed  in 
the  middle  of  hi,  it  will  remain  in  equilibrio,  from  the  nature 
of  the  centre  of  gravity.  And  if  we  suppose  the  prism  divided 
into  two  unequal  parts  by  a  vertical  plane  passine;  through  d, 
then  if  a  cord,  as  ed,  keep  the  parts  ad,  db,  in  the  same  pov 
#ition  with  res|>ect  tQ  m^  the  equilibrium  will  not  be  affected^ 
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Or,  if  instead  of  the  three  cords  ha,  ed,  ib,  the  two  pieces 
were  attached  to  the  line  hi,  by  cords  gl,  fm,  fixed  to  their 
middle  points  l,  m>  the  equilibrium  will  still  obtain,  in  like 
manner  as  at  first.  So  that  we  m^y  consider  two  heavy  bodies 
AD,  and  DB,  suspended  from  the  terms  g,  and  f  of  the  beam, 
to  be  in  equUibrio  upon  the  |ulcrum  c.  Here,  since  OE  =:-(  eh, 
and  £F  =:  i  £1,  we  shall  have  gf  =:  f  Hi,  and  consequently  =  ci : 
whence,  taking  away  cf  which  is  common,  there  remains 
GC  =  Fi  =  FE.  Therefore,  adding  ce,  we  have  ge  =  cf. 
Hence  then,  ge  :  ef  : :  fc  :  gg  : :  2oe  :  2ef  : :  ad  :  db  ;  where^ 
fore,  convertendo,  go  :  cf  : :  the  weight  bd  :  the  weight  ad. 
And  if  these  two  prisms  ad,  db,  were  reduced  to  cubes,  or 
spheres,  or  any  other  figures,  the  equilibrium  would  still  remain, 
provided  the  points  of  suspension  g  and  f  continued  the  same : 
whence  the  proposition  is  manifest.  Had  the  prism  ab  been 
supposed  laid  upon  hi,  the  steps  of  the  demonstration  would 
still  have  been  the  same. 

This  demonstration,  which,  in  our  opinion,  is  far  more  simple 
and  obvious  than  that  of  Arcliinicdes  for  the  straight  lever,  is 
given  by  Galileo  in  his  Second  Dialogue  on  the  Resistance  of 
Solids.  It  appears  but  little  known :  for  Dr.  Matthezv  Youngs 
the  late  learned  bishop  of  Clonfert,  has,  in  his  Analysis  of  the 
Principles  of  Natural  Philosophy,  deduced  this  property  in  a 
manner  nearly  similar,  M'ithout  <ieeming  at  all  aware  that  the 
same  thing  had  been  long  since  effected  by  the  illustrious  Pisa- 
nian  philosopher. 

133.  Prop.  When  three  forces  act  upon  an  inflexible  lever, 
void  of  gravity  y  in  any  parallel  directions  in  the  same  plane,  and 
keep  it  in  equilihrio,  any  trco  of  them  xcill  be  to  each  other  in* 
versely  as  their  distances  from  the  point  to  uhich  the  third  force 
is  applied. 

This  proposition  has  been  already  demonstrated  in  Chap.  II. 
For  all  that  was  shewn  there  (in  arts.  71. ..8 1.)  with  respect  to 
parallel  forces  in  one  and  the  same  plane,  will  evidently  apply 
to  the  case  of  the  lever.  So  that,  instead  of  repeating  the  de- 
monstration, we  refer  to  those  articles ;  and  shall  here  deduce 
from  them  a  few  evident  corollaries  more  inmiediately  appli- 
cable to  what  is  before  us. 

Cor.  1.  If  two  wi'ights  or  parallel  forces  balanqe  each  other 
upon  any  straight  lover  in  any  position,  thty  will  balance  each 
other  in  any  other  position  of  the  lever  while  the  same  fulcrum 
is  retained :  for  in  this  case  the  fulcrum  corresponds  with  what 
is  named  the  centre  of  ])ara}lel  forces,  (art.  91*) 

Cor.  2.  In  the  straight  lever  of  the  first  order  (fig.  1.  pi.  IV.) 
we  have  r  x  af  =:  w  x  bf,  and  the  pressure  upon  the  fulcrum 
in  the  equilibrated  state  equal  to  the  sum  of  the  two  weights, 
or  of  the  power  and  the  resistance  p  +  w. 
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Cor.  S.  In  the  straight  lever  of  the  second  kind  (fig.  2.)>  we 
have  likewise  p*af  =  w*bf  :  but  the  pressure  upon  the  fulcrum 
b  n  w— p. 

Cor*  4.  In  the  straight  lever  of  the  third  kind  (fig.  S.),  p*af 
is  again  rr  w*bf  :  but  the  pressure  upon  the  fulcrum  is  =:  p  -7-  w. 

Cor.  5.  If  a  given  weight  u  be  moved  along  either  arm  of  a 
straight  lever  (as  fa.  fig.  1.)  die  weight  w  which  it  will  balance 
at  B  on  the  other  arm  is  proportional  to  fa,  the  distance  from 
the  fulcrum  at  which  the  given  weight  acts.  For,  in  the  case 
of  eauilibrinm,  w*bf  =  u*  fa  ;  wherefore,  since  fb  and  u  are 
invanable,  w  a  fa. 

Cor.  6.  If  a  weight  w  (fig.  5.)  be  placed  upon  a  lever  which 
u  supported  by  two  props  a  and  b,  in  an  horizontal  position, 
the  pressure  on  a  :  pressure  on  b  : :  bc  t  ca.   Or  pressure  upon 

A  r:  — '—.    Pressure  upon  b  =  -^ — .  (art.  80.) 

Cor.  1>  In  the  common  balance  (fig.  4.  where  the  arms  of 
die  lever  eidier  are  equal  or  ought  to  be  so,  the  weights  in  the 
two  scales  must  be  equal  also. 

CoR.  8.  In  the  false  balance,  where  arms  of  unequ^  lengths 
are  made  to  balance  each  other  when  the  scales  are  empty,  the 
Uve  weight  is  a  geometrical  mean  proportional  between  the  ap- 
parent weights. 

For  if  X  be  the  unknown  weight,  w  the  weight  which  puts  it 
m  equilibrio,  x  and  w  being  the  corresponding  arms  of  the  ba- 
lance, we  have  xj:  =  Viw,  If  we  put  the  weight  x  into  the 
bason  at  the  end  of  the  arm  w,  some  new  weight  as  w'  will  re- 
store the  equilibrium,  if  put  in  the  contrary  bason,  and  we 
shall  have  xzs'^  yj'x.  By  multiplying  these  two  equations  to- 
gether we  obtain  x^xw  1=  ww^'jtzcj,  whence  x  =  v^  w. 

In  all  cases  where  great  accuracy  is  required,  we  may  apply 
this  rule  advantageously,  even  though  the  balance  be  thought 
correct :  if  the  difference  between  the  apparent  weights  when 
tried  in  the  opposite  scales  is  but  trilling,  the  arithmetical  mean 
may  suflice. 

Cor.  9.  When  several  weights,  as  t,  u,  v,  w,  (fig.  6.)  keep  a 
lever  in  equilibrio  upon  a  fulcrum  f,  the  pressure  upon  that  ful- 
crum is  equal  to  T  +  u  +  v  -I-  w,  and  the  sums  of  the  moments 
of  the  weights  on  different  sides  of  the  fulcrum  are  equal,  /.  e. 

W  -AF+U  •  CF=T  •  BF+ V  •  DF. 

CoR.  10.  If  a  straight  lever  be  kept  at  rest  by  any  number  of 
parallel  forces  acting  either  at  the  same  or  difierent  points,  the 
sum  of  all  the  forces  acting  on  one  side  will  be  equal  to  the 
sum  of  all  the  forces  on  the  other. 

SCHOLIUM. 
134.  The  observation  in  the  first  corollary  above,  is  equally 
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applicable  to  several  forces  as  to  two ;  that  is,  if  they  balance 
each  other  iu  any  one  position  of  a  straight  lever,  they  will  like- 
wise balance  in  any  other  position,  provided  the  fulcrum  is  not 
changed.  But  it  must  be  remarked  that  in  any  other  position 
than  that  in  which  all  the  forces  are  perpendicular  to  the  lever, 
and  consequently  their  resultant  perpendicular  to  it,  the  lever 
will  have  a  tendency  to  slide  along  and  change  its  fulcrum, 
unless  prevented.  For,  since  it  is  evident  that  a  force  f  solicit- 
ing a  material  point,  or  body,  in  a  direction  perpendicular  to 
any  plane  ab  may  be  entirely  destroyed  by  the  resbtance  of 
the  plane,  and  that  a  force  acting  in  the  same  direction  as  the 
plane  must  have  its  entire  effect  for  aught  that  depends  upon 
diat  plane ;  it  follows  that,  in  order  that  when  a  single  force  acts 
upon  a  body  it  should  remain  immoveable,  this  force  must  be 
exerted  in  a  direction  perpendicular  to  the  plane  on  which  the 
body  is  supported.  If  any  other  force  as  f'  acting  obliquely 
should  be  affirmed  to  keep  the  body  at  rest,  we  might  resolve  it 
into  two,  the  one  in  the  direction  of  the  plane,  the  other jpes* 
pendicular  to  it ;  of  these  the  first  producing  its  entire  effect^ 
the  body,  must  move  in  consequence  of  its  action,  which  is  con*^ 
trary  to  ^e  hypothesis. 

135.  Prop.  To  establish  the  equilibrium  on  a  straight  leoe^ 
having  regard  to  its  weight. 

When  we  take  the  weight  of  the  lever  into  our  investigation, 
we  may  consider  it  as  acting  at  its  centre  of  gravity;  or  in  levers 
of  the  first  kind  we  may  consider  the  weight  of  each  arm  of  the 
lever  as  a  new  power  acting  at  its  centre  of  gravity ;  and  in 
either  case  the  equilibrium  may  be  established  as  in  Cor.  9.  of 
the  foregoing  proposition.  Let  us  consider  each  of  the  levers 
as  prisms  or  cylinders ;  then  will  their  centres  of  gravity  reside 
in  dieir  middle  points,  and  the  centres  of  gravity  of  the  arms  in 
their  middle  points  estimated  from  the  fulcrum^  Hence,  in  die 
lever  of  the  first  kind  (fig.  1 .  pi.  IVOi  we  have  in  the  case  of  an 
equilibrium,  p*  af  + ^^igl^^  af*tAFs  w*bf  +  weight  BF*iBF* 
In  the  second  kind  of  lever  (6g.  £.)  p  •  af=w  •  bf  +  weight 
AF  •  i  af.  And  in  the  third  kind  of  lever,  (fig.  S.)  p  •  af  =w  • 
BF  +  weight  BF  •  ^BF.  Here  we  have  supposed  throughout, 
that  the  forces  are  all  parallel  to  that  of  gravity. 

SCHOLIUM. 

136.^  As  it  is  often  requisite  to  pay  a  regard  to  the  weights  of 
levers,  we  shall  here  exhibit  a  few  algebraic  formulae  for  each 
kind  of  straight  lever,  which  may  be  found  of  utility  in  various 
calculations. 

In  all  the  figures  (1,  2,  S,  pi.  IV.)  let  VA=p,  and  FB=tv, 
and  let  the  weight  of  the  lever  divided  by  its  len|;th  be  denoted 
by  m;  then  wiU  m  represent  the  weight  of  a  unit  of  a  b,  in  th^ 
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nme  terms  as  p  aod  w  arc  eipressed  in.     And  we  shall  have, 
For  a  lever  of  the  first  kind :      pp  +  imp^= wzr  + 1.  wizp*. 

From  which  we  get  (I.)  •  .p  =  J211l!!l!lii!55!L. 

(IL),.w='^^i"^'"V""\ 
(III.) .  .m  =  •^,^^. 

^  ^  »•  CO  p* 

(IV.)  .  .W  =iV'(,»«^+2nflPp  +  w«)  — iw. 

(V.).  .j!)=ii/(jnS»«+aiiww+p*)— iP, 
When  w  =0 .  .(VI.).. p  =    /fn>^+^^  - ip. 

Or,  when  p=0 . .  (VII.) .  .p  =  ^ (^^+  i"^^)' 

The  latter  formula  manifestly  has  place,  when  the  longer  arm 
of  the  lever  balances  the  shorter  arm  together  with  the  weight 
attached  to  it :  so  that  p  has  no  proper  minimum  here. 

For  a  lever  of  the  second  kind:  Fp^yifw+jmp^. 

Whence, (i.) p  =  ■^  +  -v'- 

In.)..  ..w=    ^   '      . 

IU1.I  •  .  .  •^72  =  — ^— = . 

(IV.)  .  .  .  .  W  =     ^    ^      -. 
(v.)  .  .  .  .p  =  ;jj-P  ^  ~  V^  (p»-2mwic;). 

When  w=sO,  that  is,  when  the  power  just  sustains  the  lever, 
we  have      (vi.) . ,  .0  =  — , 

In  diis  case  it  is  evident  the  equation  for  p  is  susceptible  of  a 
minimum :  for,  adopting  the  iluxionary  process,  since 

P  s |--JL~^o;xp      +  — p,  we  have 

—  p'Tzwnp     p,  and  consequently  when  p  is  a  mini  mum 
we  have 

(viL)...p=^-^. 

For  a  lever  of  the  third  kind:  pp^wtr+T^v^* 

Wherefore, .  . .  (1.) . .  p  = — . 

(2.)..W=s-^ 5-. 
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(4). .  .a=iv/  w«  +  2mpp-iw. 
When  wziOy  or  the  power  just  sustains  the  levei;, 

we  fcave        (5.)  . . .  tt?  =  i-v/(2jiiii^)=   /-^. 

(O.)  .  .  .p  = J . 

Or,  when  the  power  just  sustains  the  lever  alone 

137.  Def.  The  Roman  statera,  or  steelj/ard,  is  a  lever  of  the 
first  kind,  having  unequal  arms ;  and  is  so  contrived  that  one 
weight  alone  may  serve  to  counterpoise  a  great  variety  of  others, 
by  sliding  it  to  different  distances  from  the  point  of  suspensioa 
upon  the  longer  arm  of  the  lever* 

J 38.  Pkop.  Upon  the  steelyard  the  distancei  at  which.thi 
comtant  weight  must  behtingjroni  some  certain  point  will  vary 
as  the  weights  stispended  from  the  shorter  arm. 

Let  w,  w^,  W\  8cc.  denote  the  weights  which  are  suspended 
successively  from  b  (fig.  7.  pi.  IV.)  w  the  invariable  distance 
FB,  Pf  p\p^\  &c.  the  variable  distances  fd,  fd',  &c.  at  which 
the  constant  weight  p  must  be  hung  from  the  fulcrum  to  keep 
the  equilibrium:  let  also  n,  ii\  denote  the  weights  of  the 
brachia  bf,  fa,  respectively,  Uy  n\  the  distances  of  their  centres 
of  gravity  from  i «  Then/ by  the  last  proposition,  we  have  these 
equations : 

wri;+  Nw  =  pp  +  *sV.  w'^ci?+NM  =  p/)''+  nV. 

w'a;  +  Nw  =  F/>'  +  N  v.,        w''''«ic?+Nn=:pp''^+NV,  &c. 
Now  subtracting  in  succession  the  first  equation  from  the  second, 
the  second  from  the  third,  &c.  we  thence  deduce, 

p^p=——W      ....      /-p--__R;. 
p     —/)    —  W,  OCC. 

Here,  if  the  weights  are  in  arithmetical  progression,  we  have 
w'— w  =  w''— w'=w'''— w'',  &c.  consequently  p'—/)r:j!>'' — 
p^'^p" ^p'' &c.  that  is,  the  divisions  on  the  graduated  arm  are 
then  equal  to  each  other,  or  the  distances  from  a  certain  poin^ 
on  the  steelyard  will  vary  as  the  weights  w,  w',  &c. 

The  beam,  with  its  appendages  of  scales  or  hooks,  is  either  so 
contrived  as  to  be  in  equilibrium  upon  the  point  f,  without  the 
weights  p,  w,  &c.  or  so  that  the  arm  fa  when  both  are  un- 
loaded shall  preponderate.  In  the  former  case  f  is  the  point 
from  which  the  equal  divisions  on  the  beam  ar^  to  be  estimated : 
in  the  latter,  to  find  the  point  where  the  divisions  are  to  com- 
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CoK.  3.  Since  the  energy  of  the  powers  is  the  same  at  what* 
ever  point  in  their  respective  directions  they  may  be  applied,  a 
beaded  or  an  angular  lever  may  be  reduced  to  a  straight  one, 
making  an  invariable  angle  with  it,  and  the  powers  may  there* 
fbre  be  always  supposed  to  act  upon  different  points  of  one 
etraight  line  passing  through  the  centre  of  motion. 

Cob.  4.  If  the  directions  of  forces  acting  upon  a  straight 
lever  are  parallel,  and  keep  it  in  equilibrio,  they  will  be  inverse- 
ly as  their  distances  from  the  fulcrum,  either  both  measured 
along  the  lever,  or  both  e^ftimated  perpendicular  to  the  direc* 
tions.  This,  therefore,  agrees  with  what  has  previously  been 
shown  with  respect  to  the  straight  lever. 

Cor.  5.  If  more  than  two  forces  act  upon  a  lever,  there  will 
be  an  equilibrium  when  the  sum  of  the  products  arising  from 
multiplying  each  into  the  nearest  distance  of  its  direction  from 
die  fulcrum,  on  one  side,  is  equal  to  the  sum  of  the  products  on 
the  other. 

'  Cob.  6.  If  the  weight  of  the  lever  is  taken  into  the  account 
that  of  each  arm  is  to  be  regarded  as  a  new  force  acting  at  its 
fcentre  of  gravity. 

Cor.  7.  If  an^  body  ab  (fig.  1 1.  pi.  IV.)  is  moveable  about 
its  centre  of  gravity  c,  and  two  forces  p,  p',  act  upon  it  at  those 
points  in  the  figure  in  the  directions  pd,  po^,  in  the  same 

f)lane:  then  joining  cp,  cp^,  the  body  may  be  considered  as  a 
ever  pcp',  and  there  will  be  an  equilibrium  when  the  powers 
are  inversely  as  the  perpendiculars  upon  their  respective  direc- 
tions ;  that  is,  when  p  :  p' : :  cm'  :  cm. 

Cor.  8.  If  two  weights  are  suspended  from  the  ends  of  an 
angular  lever,  whose  fulcrum  is  at  its  angular  point,  the  whole 
will  be  at  rest  when  the  vertical  line  passing  through  the  fut 
crum  divides  the  right  line  Joining  the  extremities  of  the  lever 
into  two  parts,  which  are  inversely  as  the  weights  suspended 
from  the  contiguous  arms  of  the  leven 

For,  let  the  lever  wpp  (fig.  1.  pi.  V.),  having  the  weights  w 
and  p  attached  to  its  extremities,  be  in  a  state  of  equilibrium ; 
the  directions  wl,  pm  of  the  forces  be'mg  in  this  case  parallel, 
the  perpendiculars  fl,  fm,  form  one  straight  line,  and  (Cor^  S.) 
FL  :  FM  : :  p  :  w.  But  the  vertical  line  fg  is  parallel  to  wk 
and  PM :  so  that,  if  l^fm  be  drawn  through  F,  parallel  to  wp^ 
we  shall  have  wo  (=  i/f) :  gp  (=  fm')  : ;  lf  :  fm  : :  p  :  w. 

Cor.  9.  If  the  arms  of  the  angular  lever  be  prisms  or  cylin- 
ders of  uniform  matter  and  thickness,  the  weight  of  the .  arQi 
"WF  being  depoted  by  Wy  and  that  of  pf  by  p,  then  in  the  case 
of  the  equilibrium  WG  :  op  ; ;  p  +  Jp  :  w-f-  i^>  I'or  this  is 
only  to  suppose  i  of  the  weight  of  either  arm  to  act  at  doubl'a 
|he  distance  of  its  centre  of  gravity  from  the  fulcrumi  which  is 

VOL.  J.  o 
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roamfesdy  the  same  in  effect  9a  the  whole  weight  iictiog  at  the 
f  ingle  4i8taocek 

141.  Prop.  In  any  c(>mbination  of  straight  levers  ab,  k^b% 
k^j/',  §pc.  whose  centres  of  motion  are  p,  r',  P",  8tc.  the  whole 
fying  in  one  direction^  tne  ratio  of  t  to'W  acting  in  the  same 
plane  at  their  extremities,  is  that  of  b'V^-bV-bf:  aF'a'f^- 

For,  let  the  forces .q,  q^,  &c.  (fig.  2.  pi.  V)  acting  at  the 
points  Bf  B^,  8cc.  in  directions  parallel  to  those  of  p  and  w,  be 
those  which  would  l(:eep  each  lever  in  e<}uilihrio:  diep  (art.  132.) 

p:  Q  : :  BP  :  AF. 

Q  :q'::bV:aV. 

©;:  w : :  b'V':  A^V^  8pc. 
whence,  by  composition  of  ratios  P  :  w  : :  Bf  •  b'f'-  b^f''  :  ap« 
aV-a^f'^    g.  e.  d. 

Cob.  1.  The  pressure  upop  the  fulcrum  f=e:p+q=— — if 

V  AV  IV    B    r^ 

the  prisssure  upon  p'  =  a  +  g'  =  ^+  ~;;pr' 


the  pressure  upon  p^'r:  Q'  +  w=rwH — ~-  + 


A-^K"        •        a"f" 


CoE.  2.  If  P  and  w  act  ii|  different  directions,  as  well  as 
Of  0^  ^*  ^^^  ^^  whole  be  in  equilibrio,  we  must  substitute 
perpendiculars  from  die  points  p.  f^,  8cc.  upon  the  severi^l  dir 
rections  of  the  powers,  for  af,  fa,  Sic.  in  the  original  propor<p 
lion. 

SCHOLIUM. 

142.  Before  we  dose  our  discussions  respecting  the  lever,  it 
nay  not  be  amiss  just  to  remark,  that  in  every  attempt  to  de> 
termine  die  advantage  gained  by  this  madiine  peculiar  atten- 
tion must  be  paid,  n<U  onl>  to  the  directions  in  which  the  forces 
are  exerted,  but  to  the  points  on  the  lever  to  which  their  action 
is  to  be  referred.  Without  a  due  regard  to  these  particulars,  the 
mechanist  will  often  be  involved  in  error,  even  m  simple  cases 
where  there  might  be  supposed  hut  little  probability  of  mistake. 
In  fact,  even  the  simple  property  of  (he  straight  lever  that  eqtial 
weights  acting  at  equal  distances  from  the  fulcrum  on  opporite 
sides  will  be  in  equilibrio,  while  at  unequal  distances  the  one 
which  acts  most  remotely  from  the  fulcrum  will  preponderate, 
has  more  than  once  been  a  source  of  error  in  unskilful  hands ; 
^d  in  particular,  it  has  lain  at  the  foundation  of  most  of  those 
itt-fated  and  useless  contrivances  which  have  been  struck  out  by 
inch  as  were  in  pursuit  of  the  perpetual  motion.  In  these  con- 
trivances the  object  of  the  projector  has  geuerally  been  to  apply 
cMTerent  weights  to  a  rotatory  machine  in  some  such  manner, 
tha^  at  successive  moments  of  time,  first  one  and  then  another 
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should  be  brought  to  greater  distances  from  the  centre,  and  so^ 
bj  being  placed  at  the  extremity  of  a  longer  lever,  should  pro* 
duce  a  constant  motion.    To  prevent,  therefore,  such  waste  of 
time  and  ingenuity,  we  shall  here  describe  an  apparatus  invented 
by  Dr.  Desaguliers  (See  Phil  Trans.  No.  419.     Or,  iVeip 
Jbridg.  voL  \l.pa.  542.)  in  which  two  equal  weights  may  be 
placed  at  any  unequal  distances  whatever  from  the  centre  of 
motion,  and  still  remain  in  equilibrio.    In  fig.  3.  pi.  V.  am  re* 
presents  a  balance  with  equal  arms,  and  bf  another  of  equal 
dimensions :  they  turn  freely  upou  the  centres  c,  d,  and  their 
extremities  are  connected  li^  equal  inflexible  bars  ae,  BV;  the 
whole  being  permitted  to  move  freely  at  the  joints  A,  b,  c,  d, 
so  as  to  assume  the  forms  of  var^ng  parallelograms,  in  con* 
sequence  of  any  motion  upon  the  points  «  and  o.    Across  tbe 
bars  AB,  BF,  are  fixed  others  as  wu,  p^,  from  any  points  of 
which  equal  weights  p,  w,  may  be  suspended.     Now,  on  what* 
aoever  part  of  the  bar  pq  the  weight  P  is  fixed,  it  is  manifest 
that  it  will,  on  account  of  that  bar  being  firmly  connected  with 
the  vertical  rod  bf,  act  as  though  it  were  placed  at  r :  and,  ia 
like  manner,  in  whatever  part  of  the  bar  wu  the  weight  w  be 
suspended,  it  will  act  as  though  it  were  placed  at  b:  so  that, 
however  great  may  be  the  difference  of  die  distances  of  the 
bodies  p  and  w  from  CD,  the^  will  still,  if  equal  in  weight,  bn* 
lance  each  other  in  any  position  of  the  system.     Nor  is  this  in 
any  respect  incompatible  with  the  principle  of  tlie  equal  pro- 
ducts of  weight  and  velocity,  which  we  have  mentioned  (130.) 
as  a  useful  indication  of  an  equilibrium :  for,  suppose  this  com«> 
pound  balance  to  be  brought  by  motion  on  its  centres  into  the 
position  abcdf  the  weights  being  then  at  w  and  t>;  those  weighta 
will  bave  moved  through  the  arcs  wir,  vp,  while  the  extremities 
^f  the  levers  will  have  passed  through  the  equal  and  respeo- 
tively  parallel  arcs  ah,  ne^  b6,  vf;  of  consequence  the  velocities 
of  the  two  weights  will  have  heea  equal,  as  they  ought  to  be,  in 
conformity  with  that  principle.    Thus,  then,  it  appears  from 
this  simple  contrivance,  that  weights  do  not  preponderate  in 
machines  merely  on  account  of  their  different  distances  from 
tbe  centre  of  motion ;  and  consequently  a  nu^e  increase  of  dis- 
lance  does  not  univereally  give  a  mechanical  advantage* 

If.  Of  the  Wheel  and  AaU. 

14S.  Def.  The  Wheel  and  Axle,  or,  as  it  is  often  called,  the 
Axis  in  Peritrochio^  is  a  machine  which  consists  of  a  cylinder 
and  a  wheel  having  the  same  axis,  at  the  two  extremities  of 
which  are  pivots  on  which  the  whole  may  turn.  The  power  is 
upplied  at  the  circumference  of  the  wheel,  generally  in  the  di- 
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rectioo  of  t  tangent,  and  a  cord  is  wrapped  about  the  cylinder, 
io  order  to  overcome  the  resistance,  or  elevate  the  weight* 
'i  This  machine  is  sometimes,  without  any  impropriety,  named 
Sue  perpetual  lever ;  it  being,  in  reality,  a  lever  on  whose  arms 
the  power  and  weight  may  always  act  perpendicularly  altliough 
the  lever  turns  round  its  fulcrum.  It  is  often  constructed  of  the 
form  repreaentisd  fig.  4.  pi.  V.  where  cd  is  the  cylinder,  at  the 
ends  of  which  are  the  pivots. fb,  turning  in  the  solid  pieces  of 
timber  hf,  ab;  the  wtiglit  w  is  raised  by  means  of  a  rope 
coiled  about  the  cylinder;  the  power  being  applied  to  the  wheel 
esB,  either. by  the  cord  ii,  or  by  the  handles  s,  s,  s.  Some- 
tifues,  instead  of  the  wheel,  we  find  this  machine  made  up  of 
levers,  fixed  into  the  cylinder,  as  spokes  into  the  nave  of  a 
wheel ;  at  jotUers,  a  simple  handle  serves  for  the  application  of 
ibe  power,  as  in  fig.  5  :  but  the  effect  is  still  the  same,  except 
that  the  rotation  is  less  uniform.  In  some  cases  the  cylinder  is 
horizontal,  as  in  the  figures,  and  in  some  kinds  of  cranes;  in 
others,  it  is  vertical,  as  in  the  capstan.  Sec.  But  whether  the 
cylinder  be  horizontal  or  vei  tical,  this  inachine  has  a  manifest 
advantage  over  the  simple  lev^r  in  point  of  convenience :  for, 
)iy  the  continual  rotation  of  the  wheel  the  wei<>ht  may  be  raised 
to  any  height,  or  from  any  depth ;  while  it  could  be  elevated 
only  a  little  way  by  any  lever. 

•  144.  Prof.  In  the  zchecl  and  fl.r/e,  if  the  p'tcer  act  perpen^ 
dicniarly  to  the  radius  of  the  former,  and  the'  weight  perpen- 
dicularfi/  to  that  of  the  lattery  there  will  he  an  equilibrium 
tphen  the  xcei^^ht  and  power  are  reciprocaiiy  as  the  radii  of  the 
circles  at  ^ohich  they  act. 

Conceive  tig.  0.  pi.  V.  to  be  a  vertical  section  of  the  machine 
perpendicular  to  the  axis :  and,  since  the  effort  of  the  weight 
to  turn  the  axle  round  is  the  same  at  whatever  point  of  that  axle 
it  Be  applied,  suppose  both  p  the  power,  and  w  the  weight  or 
resiistance,  to  be  applied  at  A  and  b,  in  the  same  plane,  per- 
|>endicular  to  the  axis  of  rotation.  Then,  whether  the  power  p 
act  at  A,  or  a',  since  it  acts  ptrpendicuiarly  to  the  i-adins  ca, 
Ca',  (by  hyp.)  M'hile  the  weight  acts  perpendicularly  to  cb,  it  is 
manifest  that  either  acb,  or  a'cb  may  be  considered  as  a  lever., 
whose  fulcrum  is  c;  and  consequently  (140.)  p  :  w  :  :  cb  :  CA. 
<l.  E.  D. 

Con.  1.  If  the  power  act  in  any  other  direction  than  the 
tangential  one,  as  in  a'p",  for  example ;  then,  drawing  from  c 
4fae  line  cd  perpendicular  to  the  duection  of  the  power,  we 
bave  p  :  w  : :  CB  :  CD ;  whence,  because  cd  is  always  less  than 
cA,  it  is  obvious  that  the  tangential  is  the  most  advantageous 
direction  in  which  the  poiver  can  be  aj/plied. 

Cor.  2..  Since  Sit  have  always  p  :  w  :  :  cb  :  ca,  or  ca*p  =^ 
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CB.'W,  it  fdllows,  that  when  the  power  is  variable^  if  the  HkS^ 
meter  of  the  wheel  increase  in  fhe  same  proportion  as  the  powei* 
diminishes^  and  vice  versoy  the  force  with  which  the  wheel  wiM 
ccmtinue  to  be  turned,  will  always  be  of  the  same  magnitude."*- 
This  principle  is  ingeniously  applied  in  the  action  of  the  main 
spring  on  the  fuzee  of  watdies^  and  of  the  main  spring  on  tfat 
tumbler  of  gun-locks. 

Cor.  3.  When  the  moving  force  is  applied  by  means  xsf 
handles,  as  at  s,  s,  s,  (fig.  4.)  it  often  happens  that  many  ferccxi 
act  simultaneously,  one  at  each  handle  :  then,  if  they  all  act  in 
directions  perpendicularly  to  the  respective  radii,  there  willfce 
an  equilibrium,  when  the  sum  of  all  the  powers  is  to  the  weight, 
as  the  radius  of  the  wheel,  to  the  mean  distance  at  which  the 
powers  act;  or,  when  the  sum  of  the  moments  (31.)  of  the 
powers,  is  equal  to  the  moment  of  the  weight.' <   '  .  *  •. 

Cor.  4.  When  the  power  and  weight  act  by  means  of  a  rope, 
and  it  have  a  sensible  tliickness  compared  with  that  of  the  axle, 
there  will  be  an  equilibrium  when  the  power  is  to  the  weight 
as  the  sum  of  the  radii  of  the  Mile  and  rope,  to  the  sum  6f  tbfif  5 
radii  of  the  wheel  and  rope.  ■  -^ 

For  the  action  of  both  forces  is  transmitted  by  the  axis  of  *t6e   , 
rope,  and  consequently  its  radius  ought  to  be  added  both  to'  that 
of  the  wheel,  and  that  of  the  axle.  ^  ^ 

CoR.  5.  In  the  case  of  the  last  corollary  the  ratio  of  the 
power  to  the  weight  is  greater  than  when  the  thickness  of  the 
rope  is  not  taken  into  the  account :  if,  therefore,  the  rope  is  sb 
folded  upon  the  axle  as  to  cover  the  surface,  and  the  weight 
acts  by  a  second  spire  of  rope,  the  power  must  be  augmented 
to  maintain  the  equilibrium ;  and  so  on  continually  tor  every 
increased  course  of  rope  upon  the  axle. 

CoR.  6.  The  distance  which  the  weight  bangs  from  the  axle 
will  make  no  difference  in  the  result,  except  that  which  may  te 
occasioned  by  the  weight  of  rope,  or  that  which  niight  be  caused^ 
by  a  varying  force  of  gravity  at  different  distances  from  the 
earth's  centre. 

145.  Prop.  To  determine  the  pressure  upon  the  pivots  if 
ike  wheel  ujidaxle^  when  in  equilibrio. 

Here  mc  shall  merely  consider  the  most  common  and  useful 
case,  in  which  the  power  and  the  weight  act  in  parallel  direc- 
tions, and  on  opposite  sides  of  the  horizontal  axis  of  motion. 
ITie  pressures  upon  the  pivots  will  arise  from  the  action  of  -the 
weight,  that  of  the  power,  the  weight  of  the  wheel,  and  that  of 
the  axle. .  Call  the  weight  of  the  axle  a,  that  of  the  wheel,  v, 
the  power  and  the  resistance  to  be  overcome  being  denoted  by 
p  and  w.     Then  (fig.  8.  pi.  V.)  the  weight  a  may  be  considered 
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M  acting  at  die  middle  of  the  axle,  and  the  conaeouent  presstice 
upon  each  pivot  will  be  }  a.  The  weight  v  will  act  at  c,  the 
centre  of  the  wheel:  therefore  (153.  cor.  6.)  pressure  upon  a 

^ '  *" ,  and  pressure  upon  B  =  ^^-^.    The  forces  p  and  w 


Aa      '  "^  "  AB^ 

Qiay  be  conceived  to  act  together  at  their  common  centre ;  that 
iSy  if  I  be  the  centre  of  a  section  of  the  axle  where  w  acts,  and 
ID  :  DC  :  :  p  :  w,  d  will  be  tlie  point  where  p  +  w  will  act 

together:  hence,  the  third  pressure  upon  a  =(p  +  w)-^» 

^rresponding  pressure  upon  b  =:^  (p  +  w)  — •  Consequently, 

in  the  case  of  equilibrium,  the  aggregate  pressure  uppn  a  =k  J  a 

,  v.Be<f(p-i-w).  lo        J  ^L       u  1      *  «         1. 

+ ,  and  the  whole  pressure  upon  b  =  Ja 

,     V.  iC  +  (F+W)  .  AO 
T 


AM 


The  pressure  upon  the  pivots  when  the  machine  is  in  motion 
will  be  mvestigatcd  in  the  second  book.  (art.  821.) 

ff 

146.  Prop.  If  a  series  ofwheeb  and  axles  be  so  connected 
hjf  cords  as  to  act  upon  one  another ^  ike  power  being  applied 
Umgentialfy  to  the  first  wheels  and  the  weight  in  like  manner 
to  the  last  axlCf  there  will  he  an  epLilihriunh  w/ten  the  power  is 
to  the  weighty  as  the  continual  product  of^  the  radii  of  all  the 
apples f  to  Me  continual  product  of'  the  radii  of  all  the  wheels. 

Let  such  a  system  of  wheels  and  axles  be  represented  in  fig. 
9,  and  let  the  force  q  in  direction  op  balance  p  acting  at  c, 
and  the  forces'  in  direction  nb  balance  q  :  then,  by  art.  144. 
we  haye 

^      p  :  Q  : :  on  :  DC. 
C  :  q'  : :  ON  :  cp. 
C':w::ab:ab. 
Whence,  by  composition  of  ratios,  p  :  w  r :  oo  •  CN  •  ab  3  dg  • 

€P  •  AB.      Q.  B.  D. 

CoR.  1..  If  the  wheeU  and  axles,  instead  of  being  at  a  distance 
lh>m  each  other,  and  connected  by  cords,  are  placed  as  hi  fig.  7. 
and  the  axle  of  one^  tirheel  made  to  act  upon  the  circumference 
of  the  next  by  means  of  equal  teeth,  the  proportion  between  tbet 
power  and  the  weight  will,  neverthelessi  be  as  stated  in  the 
proposition :  for  each  wheel  and  axle  will  act  as  a  lever  whose 
folcrum  is  at  the  centre  of  the  axle,  and  its  arms  respectivelg^ 
#qual  to  the  radii  of  the  wheel  and  the  axle ;  and  the  jomt  effect 
will  be  as  above.  (141.) 

.  This  is  generally  called  tooth  and  pinion  work,  the  axle  wheu 
.ka  Jurface  is  indented  being  called  a  pinion.  And  because  the 
Bumber  of  teeth  in  the  wheels  and  pinions  are  to  each  other  as 
Ikdr  pcri|iberies,  or  aa  their  radii^  it  follows  that  the  power  la 
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to  the  weighty  as  the  continiud  product  of  the  teeth  in  the  pi- 
nionsy  to  die  continual  product  of  the  teeth  in  the  wheels. 
Or,  if  p  acts  on  the  wheel  a  by  a  cord,  and  w  is  suspended 
from  the  axle  e  by  another,  we  shall  have  p  :  w  : :  teeth  in^i  x 
teeth  in  i  X  teeth  in  c  x  teeth  ind  x  rad.  e  :  rad.  a  x  teeth 
in  B  X  teeth  in  c  x  teeth  in  o  x  teeth  in  e.  If  the  wheels 
and  pinions,  instead  of  being  disposed  as  in  fig.  7.  are  disposed 
in  any  other  manner,  as  in  fig.  10.  for  instance,  the  ratio  of  the 
power  and  weight  will  still  be  determined  by  a  similar  process. 

*CoR.  2.  If  the  wheels  be  equal  to  each  other,  and  the  axles 
equal  to  each  other,  or  if  each  wheel  be  to  the  axle  on  which  it 
is  fixed  in  a  constant  jiitio»  r  :  s ;  then  n  being  the  number  of 
wheels,  we  shall  have  in  the  case  of  equilibrium,  p  :  w  :  :  i»: 
Di.  Thus,  if  there  be  three  wheels  and  axles,  the  radii  of  each 
being  as  10 : 1 ;  then  will  p  :  w  :  :  1  :  1000 :  if  there  be  four 
such  wheels  and  axles,  p  :  w : :  1 :  lOOOO,  and  so  on. 

Cor.  3.  Since,  when  a  toothed  pinion  works  a  wheel  the 
peripheries  of  both  move  with  the  same  velocity ;  and  the  pinion 
of  the  second  wheel  moves  the  third  wheel  with  a  less  velocity 
dian  the  second  moves,  bein^  at  a  less  distance  from  the  centre 
of  motion ;  and  the  same  thmg  obtains  throughout  the  system ; 
hence,  in  a  combination  of  wheels  in  motion  Uie  number  of  re* 
volutions  of  the  wheel  where  the  power  acts,  is  to  the  number 
of  synchronal  revolutions  of  the  wheel  where  the  weight  acts,  as 
the  product  of  the  radii  (or  teeth)  of  the  wheels,  to  the  product 
of  those  of  the  axles. 

SCHOLIUM. 

1 47.  In  forming  the  teeth  it  is  of  considerable  importance 
to  determine  their  proper  curvature,  so  that  the  motion  may  be 
communicated  equally,  and  with  as  litde  friction  as  possible. 
Two  methods  of  accomplishing  this  end  have  been  recommend- 
ed :  of  these  the  first  was  originally  proposed  by  M.  de  la  Hire, 
who  afiSrmed  that  the  pressure  would  be  uniform  if  the  teeth 
Wert  formed  into  epicycloids;  and  M.  Camus,  in  his  Cours  de 
Mathematiques,  has  pursued  M.  de  la  Hire's  principle,  and 
applied  it  to  the  various  cases  which  are  likely  to  arise  in  prac- 
tice. The  construction,  however,  is  subject  to  a  limitation :  on 
which  account  a  second  method  has  been  proposed,  which 
secures  the  perfect  uniformit}*  of  action  without  any  such  limit- 
atiim.  This  method  consists  in  making  both  teeth  portions  of 
involutes  of  circles.  Thus,  let  ihf,  kb6,  (fig.  1.  pi.  VI.)  be  the 
wheels  to  which  the  teeth  are  to  be  acconunodated :  the  acting 
htct  CCH  of  the  tooth  a  must  have  the  form  <tf  the  curve  traced 
by  the  extremity  h  of  the  flexible  line  fah,  as  it  is  unwrapped 
firoB  the  circumference ;  and,  in  like  manner,  the  acting  face  of 
the  toc^  i  must  he  fbimedby  the  uawfapping  of  a  thread  frooa 


ia:  STATICS.  [Book  I. 

the  circamfcreBce  of  the  circle  ke&.    The  line  fcb  drawn  to 
touch  both  circles  will  cut  the  surfaces  of  the  two  teeth  in  c, 
the  point  where  they  touch  each  other ;  the  faces  of  both  teeth 
will  always  touch  each  other  at  a  point  in  the  common  tangent 
to  both  circles,  and  the  force  arising  from  their  mutual  pressure 
will  always  act  in  the  direction  of  the  circumferences  of  the 
wheels  at  b  and  f.    This  foim,  by  allowing  the  teeth  to  act  on 
each  other  through  the  whole  extent  of  the  line  fce,  will  admit 
of  several  teeth  to  be  acting  at  the  same  time ;  aiid  thus,  by 
dividing  the  pressure  among  several  teeth,  will  diminish  its 
quantity  upon  any  one  of  them,  and  therefore  diminbh  the  cause 
of  the  indentations  they  unavoidably  make  upon  each  other. 
Consequently,  a  considerable  number  of  teeth  thus  formed  act- 
ing at  once  render  the  communication  of  motion  extremely 
smooth  and  regular.     But  this  by  the  by :  the  consideration  of 
teeth  and  pimons,  Sic.  will  be  farther  pursued  in  the  second 
volume. 

III.  Of  the  Pulley. 

148.  Def.  The  puUey  is  a  wheel  of  wood,  brass,  or  iron, 
turning^  on  an  axis,  and  enclosed  in  a  kind  of  frame  or  case 
caRcd  Its  block,  which  admits  of  a  rope  to  pass  freely  over  the 
circimiference  of  the  pulley,  in  which  there  is  usually  a  groove 
to  prevent  the  slipping  out  of  the  rope.  The  pulley  is  said  to 
he  fixed  or  moveable  according  as  its  block  is  nxed  or  rises  and 
falls  with  the  weight.  An  assemblage  of  several  pulleys  is 
called  a  system  of  pulleys,  a  muffle,  or  polyspacion :  of  which 
some  are  in  a  fixed  block,  and  others  in  a  moveable  one. 

The  nature  and  efiects  of  the  pulley  have  by  some  writers 
been  explained  by  considering  a  tixed  pulley  as  a  lever  of  the- 
first  order,  and  a  moveable  pulley  as  one  of  the  second.  But, 
Professor  Hamilton  and  others  have  been  of  opinion  that ''  the 

pulley  cannot  properly  be  considered  as  a  lever  of  any  kind ; 

for  when  any  power  sustains  a  weight  by  means  of  a  system 
**  of  pulleys  that  power  will  sustain  the  same  weight  if  the  pulleys 
**  he  removed,  and  the  ropes  be  brought  over  the  axles  on  which 
^  the  pulleys  turned.     If  the  weight  were  to  be  raised  up  there 
**  would,  in  this  case,  be  a  very  great  resistance  fi*om  the  friction 
**  of  tlie  ropes  on  the  axles ;  and  it  is  merely  to  avoid  this  re- 
.^sistance  that  pulleys  are  used,  which  move  round  the  axles 
"  with  but  little  friction."     One  of  the  most  simple  and  natural 
methods  of  computing  the  power  and  explaining  the  effects  of 
die  pulley,  is  by  considering  that  every  moveable  pulley  hanga 
by  two  parts  of  the  same  rope  sequajiy  stretched,  which  must 
Mistaki  jequal  parts  of  the  weig^;  and  therefore,  when  one  and 
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die  same  rope  goes  round  several  fixed  and  moveable  pulleys/ 
since  all  its  parts  are  equally  stretched,  the  whole  weight  must 
be  divided  equally  among  all  the  ropes  by  which  the  moveable 
pulleys  hang.  And  consequently,  if  the  power  which  acts  on* 
one  rope  be  equal  to  the  weight  divided  by  the  number  of  ropes, 
that  power  must  sustain  the  weight,  lliis  principle  may  h% 
applied  to  many  of  the  cases'which  occur,  with  great  facility  ; 
particularly  when  the  cords  run  in  directions  nearly  parallel,  as 
ill  the  systems  exhibited,  fig.  C.  pi.  VI.  But  when  the  ropes  are 
drawn  in  directions  which  are  not  parallel,  this  method  may  lead 
to  error,  on  which  account  we  shall  give  a  general  proposition, 
depending  on  the  pure  principles  of  equilibrium,  from  which 
the  application  to  particular  cases  may  be  easily  deduced. 

149.  Prop.  Each  of  two  forces  in  equilibrio  abtut  apulky 
it  to  that  which  retains  the  axisy  as  the  radius  ofthepuUeif^  io 
the  chord  of  that  arc  with  which  the  rope  is  in  contact. 

Let  DEC  (fig.  3  pi.  VI.)  represent  a  pulley  which  is  kept  in 
equilibrium  by  three  forces  p,  w,  R  ;.of  which  the  two  former  act 
by  a  rope  pegdw,  which  touches  the  pulley  throughout  the  arc 
EGD,  the  latter  acting  by  a  rope  or  a  bar  rg  whose  direction 
passes  through  c,  the  axis  of  the  pulley.  Now,  since  the  whole 
is  in  equilibrium,  the  force  R  is  equal  and  opposite  to  the  re- 
sultant of  P  and  w;  and  since  the  moment  of  k  with  respect  to 
the  point  c  is  zero,  the  moments  of  p  and  w  must  be  equal 
(60.  61.):  wherefore,  since  dc  —  ce,  w  must  be  equal  to  p. 
Produce,  therefore,  w^d,  pe,  till  they  meet  cr,  and  setting  off 
from  the  point  of  concourse  the  equal  distances  ra,  rb,  on  the 
directions  of  the  powers  to  represent  them,  complete  the 
rhombus  raib  ;  then  we  shall  have  p  :  w  :  r  : :  rb  :  Bi :  IR.  But 
the  triangles  ubi,  ecd,  having  their  sides  respectively  perpeo* 
dicular  to  each  other,  are  similar;  and  consequently  p  :  w  :  r  : ; 
C£ :  CD :  D£.     Q.  E.  o. 

Cor.  1.  When  wd  and  pe  are  parallel,  cd  and  ce  will 
coincide  with  the  semi-chords  fd,  fe,  and  we  shall  have  pzzw, 
or  the  power  equal  to  the  weight,  as  in  the  fixed  pulley  wit^ 
ropes  parallel.  Or,  supposing  the  figure  inverted,  the  rope 
fixed  at  one  end  as  w,  aud  the  power  actnig  at  the  other  end 
p,  R  would  then  be  the  weight  and  would  be  equal  to  2  p. 

Cor.  2.  In  this  case  the  pressure  is  easily  estimated  firont 
hence,  and  from  (1  S3).  Thus  in  fig.  2.  the  pressure  or  stretch 
upon  hook  h  is  =z  p  =  Jw ;  that  upon  the  axis  of  the  pulley  c 
is  z^p  +  'iw  =  2f;  that  upon  the  support  x  is  evidently 
=:p4.wr:p-fr2Pz:(l+n)  p,  where  n  denotes  twice  the 
number  of  moveable  pulleys. 

Cob.  3.    If  the  angle  dre  be  denoted  by  2a,  then  will  R=t 
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Spcostf.     For.  since  P :  K : :  CB  :  SiB.   we  have  b  z:  p- 

and  since,  moreover,  de=  2ef=:  2ce«  cos  cef  =:  2c£.  cos  a; 

conseqaently  rs:p.  — jj =  2p  cos  a. 

CoR.  4.  If  the  angle  DRB  be  equal  td  IQXf,  dien  will  cos  m 
=r  I,  and  p  =  w  :r:  r, 

150.  Prop.  In  a  system  of  moveable  pulleys^  each  of  which 
has  a  separate  rope^  the  power  is  to  the  weight ,  as  radius  to  th€ 
continadl  product  of  the  cosines  iff  the  half  angles  made  by  the 
rope  sustaining  each  vulley,  into  that  power  of  2  whose  exponent 
is  the  number  of  pulleys. 

Let  the  weight  w  (fig.  5.  pL  VI.)  be  kept  in  equilibrio  by  the 
power  p  through  the  medium  of  the  pulleys  a,  a^  a!\  the  angles 
n  AA^  n  k'i!\  made  at  each  being  denoted  by  IZa,  ^a\  2(j(\  &c. 
and  let  t^  tf^  tf\  8cc.  be  the  tensions  of  the  cords  by  which  the 
pulleys  A,  a\  h!\  are  supported.  Thmi  by  Cor.  2.  last  prop, 
we  have 

w=:2^costf. 

t  =  2<'  cos  a\ 

f^2tf' co%(^\ 


f-^-=iWcosa\ 
Multiplying  together  the  two  first,  three  first,  Sec.  of  these  wii 
shall  obtain  the  tensions  of  the  several  cords  in  succession;  and 
if  we  multiply  together  the  whole,  we  have  for  the  relation 
between  p  and  w,  the  following  equation 

w  =  2*  p  (cos  a.  cos  a',  cos  a'^ cos  a'.) 

Whence  the  proportion  stated  in  the  proposition  is  manifest. 

CoR.  1  •  If  the  cords  are  parallel  (as  in  fig.  4.)  then  will  cos 
a  =  cos  a^  =  cos  a'\  &c.  =  I,  and  the  preceding  equation  be- 
comes w  =  2'P,  whence  p  :  w : :  1 : 2";  that  is,  the  power  is  to  the 
weight ,  as  unity ^  to  that  power  of  2  which  is  denoted  by  the 
number  of  pulleys. 

CoR.  2.  If  the  angles  at  A,  a^,  a^^,  are  equal  to  each  other, 
then  will  p :  w  : :  1  :  2'  cos'  a,  a  denoting  the  angle  at  each 
pulley. 

SCHOLIUM. 

151.  A  system  of  pulleys  being  tolerablv  portable  and  not 
very  heavy,  can  be  readily  convey^  from  place  to  place,  and 
thus  made  use  of  in  many  instances  where  other  machines 
cannot  be  employed.  In  a  judicious  combmation  of  them  a 
considerable  weight  may  be  moved  by  a  very  small  power, 
though  in  this,  as  in  all  other  niachines,  the  power  must  pass 
over  a  proportionably  greater  space.  But  tlie  chief  disadvan- 
taf^es  to  which  pulleys  are  liable,  arise  from  their  great  friction. 
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and  the  »tifibess  of  the  ropes  which  pass  over  and  under  them. 
Some  ingenious  contrivances  have  been  devised  to  remove  in  a 
great  degree  these  and  other  inconveniences;  vihich  will  be 
described  under  the  article  Pulley  in  the  second  volume  o£ 
this  work. 

IV.  -Of  Inclined  Planes. 

152.  Def.  An  Inclined  Plane^  as  its  name  imports,  is  ant 
which  forms  with  ao  horizontal  plane  any  angle  whatever.  It 
b  reckoned  amon^  the  mechanical  powers  because  when  any 
body  is  laid  upon  it  a  part  of  its  weight  is  supported,  and  it  is 
therefore  moved  with  greater  ease.  I'he  inchuation  of  the  plane 
is  measured  by  the  angle  formed  by  two  lines  dra^n  upon  the 
sloping  plane  and  the  horizontal  plane,  perpendicular  to  their 
coainion  intersection,  and  meeting  at  a  point  in  that  intersecting 


153.  Before  we  demonstrate  the  general  properties  of  this 
simple  machine  we  shall  premise  a  few  observations  on  the 
manner  in  which  bodies  are  supported  upon  any  planes  what- 
ever. 

I.  If  a  body  of  any  figure  touch  a  plane  in  a  single  point, 
and  be  solicited  by  one  force  only;  two  conditions  are  requisite 
to  its  continuance  at  rest  on  that  plane.  Firstp  that  the  direc- 
tion of  the  single  force  be  perpendicular  to  that  plane.  Secondly, 
that  its  direction  pass  through  the  point  where  the  body  is  in 
contact  with  the  plane.  The  necessity  of  the  first  of  these 
conditions  appears  from  art.  1^4.  As  to  the  second,  it  is  no  less 
necessary,  since  if  the  direction  of  the  power,  though  perpendi- 
cular to  the  plane,  pass  not  through  the  point  of  contact  of  the 
plane  and  the  body,  the  resistance  of  the  plane  which  is  exerted 
perpendicular  to  the  point  of  contact,  will  not  be  directly 
opposed  to  the  force,  and  of  consequence  they  cannot  destroy 
each  other  although  they  should  be  equal. 

II«  If  the  body,  instead  of  touching  the  plane  in  one  point 
only,  touch  it  in  many  points,  or  throughout  plane  surfaces,  then 
it  b  not  indispensable  that  the  single  force  which  acts  on  the 
body  should  pass  through  any  of  the  points  of  contact :  but  it 
must  be  perpendicular  to  the  plane,  and  so  situated  that  it  may 
be  decomposed  solely  into  as  many  forces  perpendicular  to  the 
plane  as  there  are  points  resting  on  the  plane,  and  the  forces 
resulting  from  the  decomposition  must  pass  through  these 
points. 

III.  Therefore,  if  a  body  which  touches  a  plane  in  many 
points  be  solicited  by  various  forces  in  different  directions,  it  ii 
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itBcessary,  Fv'st,  that  these  forces  may  be  reduced  to  one  only 
which  is  perpendicular  to  the  plane:  and,  Secondly,  that  the 
latter  in  the  case  in  which  it  does  not  pass  through  one  of  the 
points  of  contact,  may  be  decomposed  into  as  many  forces 
parallel  to  it  as  there  are  points  of  contact,  each  of  these  new 
forces  passing  through  a  point  of  contact. 

IV.  If  the  single  force  which  acts  upon  a  body  be  that  of 
gravity,  it  follows  that  the  plane  must  be  horizontal;  and,  if  the 
vertical  line  drawn  through  the  centre  of  gravity  of' the  body, 
does  not  pass  through  one  of  the  points  of  contact,  it  is  farther 
necessary  that  all  the  points  of  contact  should  not  fall  on  one 
and  the  same  side  of  the  said  vertical  line. 

V.  If,  therefore,  the  body  be  solicited  by  two  forces  only,  it 
is  necessary,  First,  that  these  two  forces  are  in  the  same  plane: 
Secondly  y  th^t  this  plane  be  perpendicular  to  that  on  which  the 
body  lies :  Thirdly^  that  the  resultant,  which  ought  always  to 
be  perpendicular  to  the  latter  mentioned  plane,  leave  not  all 
the  points  of  contact  on  the  same  side  of  it.  And,  if  one  of  the 
two  forces  be  that  of  gravity,  it  is  necessary  moreover  that  the 
plane  in  which  the  resultant  falls  be  vertical,  and  pass  throagh 
the  Centre  of  gravity  of  the  body. 

VI.  With  regard  to  bodies  which  rest  on  many  planes  at 
once,  whether  in  virtue  of  a  single  force,  or  of  many  forces, 
among  which  w^  comprehend  that  of  gravity,  the  general  laws 
of  their  equilibrium  are,  Firsty  that  the  resultant  of  all  these 
f<>rces  may  be  decomposed  into  as  many  forces  as  there  are 
points  on  which  the  body  rests :  Secondh/f  that  these  latter  are 
perpendicular  to  the  respective  planes  at  the  several  points  of 
contact.  Whence,  we  conclude  that,  in  order  that  a  body 
solicited  only  by  gravity  may  remain  in  equilibrio  between  two 
inclined  planes,  it  is  necessary  that  there  be  in  the  vertical  which 
passes  through  it^  centre  of  gravity,  at  least  one  point  from 
which  we  may  let  fall  a  perpendicular  on  each  of  these  planes; 
and  that  each  of  these  perpendiculars  have  the  conditions  stated 
nbove. 

154.  Prop.  JVhe7i  two  forces  acting  on  a  body  keep  it  in 
^qnitibrio  upon  a  plane,  ifite  conceive  two  other  planes  to  which 
these  two  forces  are  respectively  perpendicular ;  the  tzco  forces 
and  the  pressure  upon  the  plane j  are  each  represented  by  the  sine 
if  the  angle  comprised  between  the  planes  to  which  the  two  other 
forces  are  perpendicular. 

This  is  nothing  else  than  a  manifest  inference  from  art.  48. 
It  may,  however,  be  demonstrated  in  a  liianner  immediately 
applicable  to  the  present  case,  thus:  Let  cp,  cc,  be  the  direc- 
tipns  of  the  two  forces,  Svhich  sustain  the  body  whose  centre  of 


"Chap.  IV.]     Mechanical  Pmers — hiclined  Plane.  95 

gravity  is  c  at  rest  upon  the  plane:  and  let  ad  (fig-  6.  pi.  VI.) 
be  the  intersection  of  the  plane  of  the  two  forces  with  that  on 
which  the  body  lies:  draw  of  pf.rpendicular  to  ad,  s^ud  on  this 
line  as  a  diagonal  describe  the  parallelogram  cefg  two  of  whose 
Aides  shall  fall  on  the  directions  of  the  given  powers ;  then,  it  is 
evident  from  the  preceding  article,  that  if  the  reaction  of  the 
plane  be  represented  by  fc^  the  two  other  forces  which  sustain 
the  body  will  be  represented  by  £c  and  oc  respectively:  conser 
quendy  if  the  pressure  on  the  plane  which  is  equal  to  its  reaction, 
be  called  r,  and  p  and  g  be  the  powers  ac^ng  in  pc,  cc,  then 
will  p:g:  R  : :  EC  :  oc  :  Fc  : :  FG  :  EF  :fc:  :  sin  GCFisin  fce  ; 
sin  GCE.  Now  from  two  points  a  and  i  taken  arbitrarily  upon 
AD,  draw  IB,  and  ab  perpendicular  to  the  directions  of  p  and  o; 
po  shall  the  triangle  abI  be  similar  to  cgf  :  whencCi  because 
P :  G  :  R  : :  sin  gcp  :  sin  fce  :  sin  gce  or  sin  GCp,  we  shall  have 
P :  G  :  R  : :  sin  iab  :  sin  aib  :  sin  ab2.  a.  e.  d. 

Cor.  1.  Since  the  relations  just  established  have  place, 
whatever  the  forces  may  be,  we  may  consider  one  of  them,  as  o 
|br  instance,  to  be  the  force  of  gravity:  then  will  ab  be  parallel 
to  the  horizon :  and  the  power^  weight,  and  pressure  upon  the 
plane  will  be  respectively,  as  the  sine  of  the  planers  inclination, 
the  cosine  of  the  angle  which  the  direction  of  the  power  makes 
with  the  plane,  and  the  cosine  of  the  angle  tehich  the  direction  of 
the  power  makes  with  the  horizon:  for  sin  iab,  sin  aib^  aud 
on  AB7,are  the  same  as  sin  iab,  cos  cbi,  and  cos  ibd. 

Cor.  2.  Hence,  whether  the  line  of  direction  of  the  power 
be  elevated  above  or  depressed  below,  if  the  angles  which  it 
makes  with  the  plane  are  equals  equal  powers  nil  I  sustain  the 
weight.  Thus,  if  the  lines  pep,  p'cp',  be  equally  inclined  to  the 
plane,  equal  powers  acting  in  those  directions  will  sustain  the 
weight,  whether  they  draw  in  the  directions  from  c  to  p  or  p\  or 
push  from  p  or//  towards  c.  But  the  pressures  on  the  planes 
vary  with  those  directions,  being  less  aud  less  as  the  direction  is 
more  elevated. 

Cor.  3.  The  power  v"  or  p''  is  hast  when  its  line  of  direction 
is  parallel  to  the  plane :  for  since  p  :  g  or  w  :  :  sin  iab  :  cos  c  Ei 
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weliavep=w. r,  which  is  manifestly  a  minimum,  when 

COS  CEl  ' 

cos  CE2=:  radius,  that  is,  when  cEt  vanishes. 

The  truth  of  this  will  also  appear  by  considering  the  propor- 
tion, p  :  w  : :  Bi :  BA,  in  which  it  is  obvious  ?i  will  be  the  least 
possible  when  it  is  perpendicular  to  ad,  a  perpendicular  being 
the  shortest  distance  from  a  given  point  to  a  line;  so  that  tlie 
most  advantageous  direction  in  zchich  the  power  can  act  is  that 
which  is  parallel  to  the  plane. 
CoE.  4.     In  this  latter  case,  because  of  the  similar  triangles 
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ktf'y  ADB,  we  have  p  :  w  :  r  : :  si'' :  ba  r  Ai"  : :  bd  :  da  :  ab  : : 
sin  A  :  rad. :  cos  A.  That  is,  when  the  directiim  of  the  power  is 
parallel  to  the  plane^  the  jwwer,  weighty  and  pressure  on  the 
plane,  are  respectively  as  the  height ,  length,  and  base  of  the 
plane;  or  as  the  sine  of  inclination,  radius^  and  cosine  of  in* 
clination. 

Cor.  5.  If  two  weights  w,  w^,  sustain  each  other  upon  two 
inclined  planes  ac,  cb,  which  have  a  common  altitude  co,  by 
means  of  a  cord  which  runs  freely  over  a  pulley  and  is  parallel 
to  both  planes,  then  will  w :  V : :  ac  :  CB  (ng.  7.  p.  VI.).  For  let 
the  power  p  acting  in  direction  (/w,  be  that  which  sustains  Ant 
weight  u|>on  the  plane  ca,  then  by  reason  of  the  uniform 
te^^ion  of  the  string,  the  same  power  sustains  the  weight 
w'  upon  the  plane  cb.  actii^  in  a  direction  parallel  to  it :  beue^ 
Cr.4. 

w :  p  : :  AC :  cd, 
p:w'::cd:  cb, 
^nd,  compo.  w  :  w' : :  ac  :  on. 

Cor.  6.  Hence  also,  when  one  of  the  planes  as  cb,  becomes 
vertical,  we  still  have  w :  w^  : :  ac  :  CB.  (fig.  8.) 

Cor.  7.    If  th6  pulley  at  c  be  so  elevated  that  the  two  parti 
cw,  cw',  of  the  rope  are  not  parallel  to  the  plane,  we  shall  have 
an  equilibrium  when  w  :  w' : :  sin  cbd  X  cos  owe' :  sin  cad  x 
cos  cw'c'.    For,  in  this  case 

w :  p  : :  cos  cwc' :  sui  cad, 
p  :  w' : :  sin  cbd  :  cos  cVc', 

Whence,  w:  w' : : sin  cb n •  cos  cwc' :  siu cad •  cos cw'c, 

CoK.  8.  Tf  the  direction  of  the  power  be  parallel  to  the 
horizon,  then  will  the  poorer,  the  weight,  and  the  pressure  om  the 
plane,  be,  respectively,  as  the  height,  the  base,  and  the  length  if 
the  plane ;  or,  as  the  sine  of*  inclination,  its  cosine,  and  radius. 
For,  if  cp  (fig.  6.)  be  parallel  to  ab,  then  will  Bt  coincide  with 
bd,  aud  it  wul  be  p  :  w  :  r  : :  bd  :  ab  :  a  d  : :  sin  a  :  cos  a  :  rad. 

Cor.  9.  If  instead  of  opposing  a  single  power  to  the  action 
of  the  weight  we  oppose  several,  then  all  wnich  we  have  stated 
in  this  proposition  and  the  corollaries  as  relating  to  the  power  p^ 
must  be  extended  to  the  resultant  or  eauivalent  of  those  powers. 
For  example,  if  the  body  w  (fig.  10.  pi.  VI.)  is  sustained  on  the 
inclined  plane  by  the  combined  action  of  a  power  p,  and  the 
resistance  of  a  fixed  point  d  to  which  is  attached  the  rope  dkp 
which  embraces  the  body :  then,  imagine  a  line  hc  to  be  drawn 
from  the  point  of  concourse  of  dp  and  pk,  bisecting  the  angle 
made  by  those  directions.  If  this  line  intersect  tihe  vertical 
drawn  through  the  centre  of  'gravity  of  the  body  in  a  point  c, 
from  which  we  may  demit  on  the  plane  a  perpendicular  passing 
through  the  poin|  of  contact  f,  the  equilibrium  wiH  be  possible} 
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and  tfae  relatioo  between  the  weight  w,  and  the  effort  according 
to  HC,  will  be  determined  by  what  has  preceded.  As  to  the 
ratio  of  the  force  in  direction  hc,  to  the  power  p,  it  will  be  the 
aame  as  in  the  moveable  pulley.    Thus,  if  the  power  p  acts 

Erallel  to  the  plane,  the  we^ht  will  be  to  that  power^  as  the 
igth  of  the  plane  to  half  its  height ;  viz.  the  potter  will  be 
only  half  thai  which  would  have  been  requisite  had  the  weight 
been  sustained  without  the  aid  of  the  fixed  point  d. 

155.  When  two  bodies  whose  weights  are  represented  by  9, 
a/,  are  attached  to  a  thread  wcuf  (fig.  9.  pi.  VI.)  passing  over 
a  pulley  at  c,  and  are  always  in  equilibrium  upon  two  curves 
FA,  £B,  whatever  are  their  respective  positions,  it  will  be  easy 
to  determine  the  necessary  conditions  of  those  two  curves,  in 
ord«r  to  this  draw  the  vertical  cm  through  the  point  c,  and 
suppose  that  the  equations  of  the  two  curves  with  respect  to 
that  line  as  a  common  axis  are  y  =^fxj  uss  rt,f  and  f  being 
sny  fnnctions  of  tfae  axes  x,  and  t,  and  c  their  common  origin. 
The  weight  w  is  a  force  acting  in  the  vertical  direction  wb;  and 
if  that  force  be  represented  by  wb,  it  may  be  resolved  into  the 
two  wd  acting  in  the  direction  of  the  thread,  and  tvc  acting  in 
that  of  the  normal  tz^M;  the  parallelogram  of  forceis  being  cd* 
Here  the  similar  triangles  fBvdb,  com,  give 

cu:cw}:wb:wd. 
Likewise,  putting  cw  =  z,  we  have 

Therefore,  wd  =a  y.     In  like  manner  putting  cw^  =  /,  and 

pperating  for  the  weight  w\  we  have  -p-  for  the  component  of 

that  weight  actii^  in  the  direction  ca/.  In  the  case  of  an 
equilibrium  these  two  components  must  be  equal.  But  the 
length  of  the  thread  trcn^  being  constant  and  known,  we  have 
;r  -f  y  =  c,  whence  £=!:—«',  and  consequently 
tr*  +  tt/^  =  0,  or  ®x  +  n/^  =  A. 
From  this  equation  it  appears  that  whatever  position  we  give 
to  the  bodies  w, «/,  the  centre  of  gravity  of  their  system  will  be 
always  on  the  same  horizontal  line ;  because  the  co-ordinate  of 
that  centre  with  respect  to  gh  is  constant :  for,  from  the  equa- 
tion (106. 1.)  that  co-ordinate  is 

=  — r— :  =  a  constant  quantity. 

The  curve  fa  being  given,  if  we  demand  what  the  curve  E9 
ought  to  be,  that  the  equilibrium  should  obtain  in  all  its  points, 
1st.  We  substitute  in  the  equation  for  the  first  y/jiZ^  for  y, 
god  c  -  ;:^  for  2r,  diat  is  to  say,  we  make  y  =  -/(c-*'/"-*'* 
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Sdiy,  we  substitute for  r,  and  thence  have  the  equation 

:Of  the  curve  be  iti  functions  of  t  and  z.  5dly,  we  put  s/^^ 
for  z%  and  thence  deterbiine  the  constant  quantity  a  from  the 
position  of  the  arbitrary  point  e  wliere  the  curve  be  must  inter- 
sect the  vertical  line  cm. 

If,  for  example,  tlie  line  af  is  a  right  line  and  the  pulley  c  is 
placed  at  its  point  of  intersection  f  with  the  vertical,  that  line 

kas  for  its  equation  y  =z  —  x,  s  and  c  being  the  sine  and  cosine 

of  the  angle  acd  (fig.  7.  pi.  VI.):  and  substituting  (c  -^  /)* 

r-  -r*  for  y,  we  have  (c  -  2;^)'  =  ^  j:*  +  t*,  or  /  =  c  —  -. 

Substituting  i^^  for  x,  and  thence  will  arise 

IP 

A  +  W't 


2;'=c  — 


wc 


This  equation  is  manifestly  that  of  a  right  line:  if  we  wish  it  tO 
pass  through  c  likewise,  its  equation  must  give  at  the  same  tim^ 

z'  =  0,  and  f  =  0 ;  vibence  c  —  ~  =  0.     Put  therefore  ¥*  +  ^ 

for  z^,  and  there  will  arise 

M»  +  t*  =,  — -,  and  I*  =  f    /— ;.  -  1. 

The  last  equation  leads  to  the  conclusion  already  announced 
-(154'.  cor.  5.)  For,  the  angle  dob  being  supposed  to  have  / 
and  c'  for  its  sine  and  cosine,  the  equation  of  the  right  line  bc 

is  M  =  -;  /;  therefore,  that  the  equilibrium  may  obtain  we  must 
have  ->7,  = ,  from  which  results  wc  =  n/</. 


u,»c* 


1.06.  Prop.  When  a  heavy  body  is  supported  by  ttpo  planes 
to  determine  the  re/a/ ion  between  the  weight  of  the  body  and 
the  presmre  upon  each  plane. 

Here  we  apply  the  observations  laid  down  in  art.  1.53,  VL 
in  this  manner :  Ix^t  g  be  the  centre  of  gravity  of  the  body 
supported  by  the  planes  (fig.  J 1.  pi.  VI.)  through  which  draw 
the  vertical  gf;  then  if  from  any  point  F  in  that  vertical,  per- 
pendiculars Fc,  F£,  be  demitted  upon  the  two  planes,  titose 
perpendiculars  must  pass  through  points  of  contact  of  the  body 
and  planes :  otherwise  a  new  force  will  be  required  to  support 
the  body,  contrary  to  the  hypothesis.  Let  the  space  p6  on  the 
vertical  line  represent  the  weight  of  the  body,  ou^which  as  a 
diagonal  complete  the  parallelogram  rv&e,  two  of  whose  sidcf 
full  upon  FC,  and  fe;  then  shall  fc  or  e6,  represent  the  prea- 
sure  p  upon  the  plane  ab,  and  ve  or  cA,  the  pressure  p'  upon 
die  plane  bd.     Hence  if  kl  be  drawn  parallel  to  hi,  the  slides 
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of  the  triangle  bkl  will  be  respectively  perpendicular  to  th^ 
tides  of  the  triangle  ctb,  and  we  shall  have 
w  :  p :  p^ ::  f6  :  Fc :  Ac  ::  kl  :  bl  :  bk  ::  sin  abd  :  sin  abh  :  siu 
■DBi.  That  IB,  if  the  weight  of  the  body  be  represented  by  the 
sine  of  the  angle  comprehended  between  the  two  planes,  the 
pressures  upon  them  are  reciprocally  proportional  to  the  sines 
of  the  inclinations  of  those  planes  with  the  horizon. 
'  Cob.  1.  If  the  angles  of  inclination  of  the  planes  be  each  60 
degrees,  the  sum  of  the  pressures  of  the  body  upon  both  planes 
will  be  equal  to  twice  its  weight. 

CoR.  2.  If  the  angle  abd  be  a  right  anglc^  the  sum  of  the 
pressures  upon  the  two  planes  shall  be  as  two  sides  of  the  right- 
angled  triangle  kbl  to  its  hypothenuse. 

Cor.  3.  The  more  inclined  the  two  planes  are,  the  greater 
will  be  the  pressure  upon  them ;  and  vice  versa. 

Cor.  4.  If  one  of  the  planes  is  horizontal  the  body  cannot 
remain  in  equilibrio,  independent  of  friction,  except  in  the  ca^ 
where  the  vertical  drawn  through  its  centre  of  gravity' passes 
through  one  of  the  points  with  which  the  body  touches  the 
horizontal  plane. 

Cor.  5.  In  the  obtainable  case  of  the  last  corollary,  that  is, 
when  BA  coincides  with  bh,  and  PC  becomes  vertical^  the  pres- 
sure against  bd  will  vanish,  and  the  horizontal  plane  will  sustain 
the  whole  weight.  For  then,  the  weight  w,  and  the  pressure 
against  ba  of  bh  will  be  expressed  by  the  equal  sines  of  the 
supplemental  angles  dbii,  dbi;  while  the  pressure  on  bd  will 
be  expressed  by  the  sine  of  abu,  an  angle  which  is  here  nothings 
by  hypoth. 

Cor.  6.  When  a  body  is  sustained  by  three  planes,  we  must 
in  a  similar  manner  demit  perpendiculars  from  some  point  in  its 
line  of  direction  (106.)  upon  those  planes,  and  upon  them  con- 
struct a  parallelopipedon  whose  vertical  diagonal  shall  represent 
the  weight  of  die  body,  and  its  three  contiguous  edges  the  pres- 
sures upon  the  planes  to  which  they  are  perpendicular. 

157.  Prof.  Given  the  weight,  magnitude,  and  position  of  a 
beam  or  other  heavy  body,  to  find  the  relative  position  oftzco 
props  that  may  support  it  in  equilibrio,  one  prop  and  the  lozcer 
end  of  the  other  having  fued  situations. 

Let  the  body,  ad  (whether  simple  or  compound,  as  a  beam^ 
or  a  beam  with  a  load),  have  its  centre  of  gravity  at  g;  it  is 
required  to  fiird  the  relative  position  of  two  props  which  will 
support  it,  their  feet  standing  at  c  and  i  (fig.  1.  pi.  VII.),  and 
the  position  of  one  of  them  as  ca  being  fixed.  Produce  CA 
until  it  meet  the  vertical  passing  through  o  in  f  ;  join  if,  and 
it  will  cut  ad  in  D,  the  place  where  the  top  of  the  prop  id  must 
be  applied.    For,  drawing  ab,  bd,  perpendicular  to  cAj  di» 

VOL.  I.  u 


H  STATTCS.  t^oK  h 

they  woald  be  sections  of  inclined  planes  which  would  support 
the  body  in  equilibrio,  by  the  last  proposition:  and  since  the 
acfion  of  the  body  upon  those  planes  would  be  perpendicular 
to  theiQ^  that  action  would  be  completely  resisted  by  the  props. 
CA,  ID,  tlieir  feet  being  supposed  immoveable. 

Cor.  1.  The  weight  of  the  bodyy  the  preuure  upon  CA,  aitd 
the  pressure  upon  id>  are  respectively ^  as  sine  of{c  +  i),  cosine 
of  If  and  cosine  of  c.  For,  sin  (c  +  i)  =  sin  abd^  cos  i  ss  sin 
DBi|  and  cose  =  sin  ABC:  consequently  this  agrees  with  art. 
156.  as  it  ought  to  do. 

Cor.  2.  The  equilibrium  wUl  be  equally  preserved  whether 
tiie  body  be  sustamed  by  the  two  props  CA^  id  ;  the  two  in- 
clined planes  ba,  bd;  or  by  two  ropes  fa,  fd,  fixed  to  a  pin  or 
hook  at  F.  For  in  either  case  the  forces  and  directions  are  tha 
same. 

.^  The  same  principles  are  assumed  as  die  foundation  of  the 
•^  ^more  complex  investigations  relative  to  the  equihbrium  of 
vaults^  arches^  domes^  8cc.  as  will  be  shewn  in  their  proper 
place,    (Chap.  VI.) 


V.    Of  the  Screw. 

158.  Def.  The  Screw  is  a  mechanical  power  chiefly  used 
in  pressing  or  squeezing  bodies  close,  and  sometimes  in  raising 
weights.  It  is  a  very  strong  machine,  though  it  cannot  be  ac- 
counted a  simple  one,  as  no  screw  can  be  made  use  of  without  a 
lever  or  winch  to  assist  in  turning  it.  The  screw  is  chiefly  dis- 
tinguished by  its  spiral  thread,  of  which  a  tolerable  conception 
may  be  obtained  by  cutting  a  piece  of  paper  into  the  form  of 
an  inclined  plane,  and  then  wrapping  it  round  a  cylinder,  as  in 
fig.  2.  pi.  VII. 

159.  The  screw  may  be  considered  as  composed  of  the 
lever  and  the  inclined  plane;  as  will  be  evident  from  a  more 
minute  account  of  the  manner  in  which  it  may  be  conceived  to 
be  generated.  If  an  isosceles  triangle  bfg  turn  about  the  axie 
Az  (fig.  5.  pi.  VII.)  there  will  be  generated  by  that  revolution 
two  conic  frustums  united  by  their  greater  ends :  conceive  now, 
that  besides  the  motion  of  rotation,  this  triangle  has  also  a  mo- 
tion of  translation  in  the  direction  of  the  axe  Az,  so  regulated 
that  while  the  triangle  makes  a  complete  revolution,  the  point  9 
b  moved  to  G,  and  the  whole  triangle  is  found  in  the  position. 
jG^g\  and  so  on :  the  solid  thus  generated  is  called  the  interior 
screw;  and  the  height  gb  is  called  the  distance  of  the  threads. 
The  exterior  screw  is  so  adapted  to  the  other,  as  if  it  were  its 
'mould;  and  is  nothing  else  than  the  solid  geoerated  by  Ibe 
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polygon  HGFBCy  supposiDg  it  to  partake  of  the  same  motions  a$ 
the  triangle  bgf.  For  the  sake  of  distinction  we  shall  applj 
the  name  the  spindle  to  the  interior  screw^  calling  the  ex  tenor 
one  only,  the  screw.  The  spindle,  then^  is  a  cylinder  invested 
with  a  spiral  band  of  uniform  thickness,  and  of  which  the  in- 
clination with  respect  to  the  axe  of  the  cy Under  is  constant;  the 
screw,  on  the  contrary,  is  a  solid  having  a  corresponding  spiral 
hollow.  In  some  cases  the  spindle  is  fixed  in  a  solid  block,  as 
>B,  fig.  3.  while  tlie  screw  e  is  moved  upon  it  by  means  of  a 
lever  dc.  At  other  times  the  screw  i&  fixed  and  the  spindle 
moveable:  but  this  causes  no  difference  in  the  theory. 

The  curve  which  any  one  of  the  points  of  the  generating  po- 
lygon, as  N  for  instance,  describes  •about  Az,  is  obviously  traced 
on  the  surface  of  a  right  cylinder  whose  axis  is  Az,  and  radius 
of  its  base  en  (fig.  5.)  If  we  develope  this,  then  dc  (fig.  6.) 
being  the  circumference  which  has  en  for  its  radius,  and  takiqg 
the  perpendicular  be  equal  the  distance  between  two  contiguous 
threads,  the  hypothenusal  line  di  will  be  the  developement  of 
an  entire  revolution  of  the  point  N.  In  effect,  the  helix  being 
.throughout  of  constant  inclination  with  respect  to  any  position 
whatever  of  the  generating  line  of  the  cylinder,  every  parallel  to 
AD  will  make  with  the  developement  of  that  curve  the  same 
angle  :  thus,  the  developement  will  be  a  right  line,  as  db ;  and 
in  like  manner  the  right  line  aj*  will  be  the  developement  of  a 
second  revolution.  This  being  granted,  we  may  demonstrate  in 
a  very  satisfactory  manner  the  truth  of.  the  following  propo- 
sition. 

160.  Prop.  There  will  be  an  equilibrium  in  the  screw  when 
the  power  is  to  the  resistanccy  as  the  distance  between  two  conti* 
guous  threads  in  a  direction  parallel  to  the  axis,  to  the  circum^ 
ference  described  by  the  power. 

Let  us  suppose  the  spindle  ab  to  be  fixed  (fig.  3.)  and  that 
the  screw  is  moveable  by  the  aid  of  a  power  p  applied  to  the 
extremity  c  of  a  lever  ck  =  n,  acting  horizontally  perpendicular 
to  the  lever.  Let  w  be  the  weight  of  the  screw,  or  that  which 
the  screw  supports,  or  the  resistance  opposed  by  the  screw  to 
the  power  p.  if  the  screw  pressed  only  on  one  of  the  points  of 
the  spindle,  suppose  iuto  be  at  the  distance  r  from  the  axis,  and 
tliat  its  position  on  the  developement  db  of  the  spiral  be  at  n 
(fig.  6.);  then  will  the  pressure  on  the  spindle  be  exactly  the 
same  as  on  the  inclined  plane  db.  From  the  theory  (154'.  cor. 
8.)  the  power  m  which  we  suppose  applied  horizontally  in  direc- 
tion M/i,  must,  to  retain  the  equilibrium,  satisfy  this  proportion: 

M  :  w  : :  cA  :  cdi  whence  M  =  w  •  —  =  w  • --^ 

'  cd  2«r 

^tvhere  h  =  be,  and  v  s  3*141593,  as  heretofore.    The  force  M 

h2 


•t. 


iKrhich  is  Supposed  applied  in  n,  iivhen  the  helix  is  not  developed! 
is  perpendicular  to  the  edge  of  the  cylinder,  or  acts  in  a  tan- 
gential direction  to  the  cylinder,  and  of  consequence  always  pa* 
ndlel  to  the  power  p. 

Now,  substituting  for  this  subsidiary  power  m,  the  power  P, 
'acting  at  the  distance  r,  we  have  from  the  principles  of  the  lever 
PR  =:  Mr,  the  lengths  of  the  arms  beings  R  and  r.  For  m  in 
this  equation,  substitute  its  value  in  the  former  one,  and  therii 
arises  Svrp^wA.  This  equation,  not  containing  r,  is  en- 
tirely independent  of  the  distance  at  which  the  point  n  is  sup- 
pose from  the  axis ;  it  will  therefore  be  the  same  if  we  suppose 
that  point  any  where  else  on  the  spindle.  Hence  we  deduce  a 
general  result :  for  this  equation  will  even  be  true,  if  the  screw, 
instead  of  touching  the  spindle  in  a  single  point,  as  we  have 
hitherto  supposed,  touch  it  in  any  number  of  points  whatever. 
In  this  latter  case  every  point  on  the  thread  of  the  spindle  bears 
^m  portion  of  the  weight  w ;  these  portions  being  denoted  by  w'^ 
w'^,  w''',  &c.  give  w'+w''+w%  &c.=w.  But,  on  the  other 
hand,  the  force  p  which  supports  the  weight  of  the  screw,  may 
be  considered  as  the  sum  of  as  many  forces  p',  p",  p''^,  8cc.  as 
there  are  points  of  contact,  each  of  which  is  employed  in  sup- 
porting the  weights  w',  w",  w''',  &c.  To  each  of  these  the  last 
equation  applies,  we  have,  therefore,  w'A=:2irRp',  w"Azz2irRP^', 
w'"A  =  2*rp"',  &c;  their  sum  manifestly  producing  the  equa- 
tion wA  =  2irRP ;  whence  P :  w : :  A :  2irR."    Q.  e.  d. 

Cor.  1.  If  the  screw  had  a  square  or  rectangular  fillet  in- 
stead of  a  triangular  one,  the  conclusion  would  be  the  same,  for 
it  is  independent  of  the  form  of  the  generating  polygon. 

Cor.  2.  In  die  same  screw  the  eft'ect  is  always  the  greater,  a» 
the  power  is  applied  farther  from  the  axis. 

Cor.  3.  fu  two  different  screws,  a  force  acting  with  the  same 
distance  of  lever,  produces  a  greater  effect  in  proportion  as  the 
threads  of  the  screw  are  nearer  together. 

Cor.  4.  In  the  endless  or  perpetual  screw  bc  (fig.  7.)  which 
drives  the  teeth  of  the  wheel  fd,  we  shall,  in  the  case  of  an 
equilibrium,  have  p  X  ab  x  Rad.  of  id  =  w  x  dist.  of  threads 
X  rad.  of  axl^.  For  the  perpetual  screw  is  a  combination  of  tbs 
axis  in  peritrochio  and  the  screw. 

SCHOLIUM. 

161.  The  screw  is  of  very  extensive  use  in  Mechanics,  it$ 
great  power  rendering  it  more  eligible  for  compressing  bodies . 
together  than  most  other  machines,  and  the  great  disparity  betwixt 
Ae  velocity  of  the  handle  and  that  of  the  threads  of  the  screw 
rendering  it  proper  for  dividing  space  into  an  almost  infinite 
number  of  parts.  Hence,  in  the  construction  of  many  matbev 
natieal  instruments,  such  as  telescopes,  where  it  is  necessary  to 
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adjust  the  focus  to  the  eyes  of  different  people,  the  screw  is  always , 
made  use  of  in  order  to  move  the  eye-glass  a  very  little  farther 
^om  or  nearer  to  the  object-glass.  In  the  Philosophical  Trans- 
actions, vol.  71.  a  new  method  of  applying  the  screw,  so  as  to 
make  it  act  with  th«  greatest  accuracy,  is  described  by  Mr.  Hun- 
ter. This  method  depends  upon  these  general  principles,  ap- 
plicable to  most  machmes. 

1 .  That  the  strength  of  the  several  parts  of  the  engine  be  ad- 
justed in  such  a  manner  to  the  force  they  are  intend^  to  exert, 
that  they  shall  not  break  under  the  weight  they  ought  to  coun- 
teract, nor  yet  encumber  the  motion  by  a  greater  quantity  of 
matter  than  is  necessary,  to  give  them  a  suitable  degree  of 
stnength. 

2.  That  the  increase  of  power  by  means  of  the  machine  be 
io  regulated,  that  while  the  force  is  thereby  rendered  adequate 
to  the  effect,  it  may  not  be  retarded  in  procuring  it  more  thao 
IB  absolutely  necessary. 

3.  That  the  machine  be  as  simple  as  is  consistent  with  other 
conditions. 

4.  That  it  be  as  portable,  and  as  little  troublesome  as  pos* 
tible  in  its  application.  ^ 

5.  That  the  moving  power  be  applied  in  such  a  manner  as  to 
act  to  the  greatest  advantage ;  and  that  the  motion  ultimately 
produced  may  have  that  direction  and  velocity  which  is  most 
adapted  to  the  execution  of  the  ultimate  design  of  the  machine. 

6.  Of  two  machines,  equal  in  other  respects,  that  deserves  the 
preference  in  which  the  friction  least  diminishes  the  effect  pro« 
posed  by  the  whole.  ^ 

To  attain  all  these  advantages  in  any  one  machine  is  perhaps 
impossible ;  but  Mr.  Hunter's  method  of  applying  the  screw  cer- 
tainly combines  a  great  portion  of  them.  Let  a  b  (fig.  8.  pi.  VN.) 
be  a  plate  of  metal  in  which  the  screw  CD  plays,  having  a  certain 
number  of  threads  in  an  inch,  suppose  10.  Within  the  screw 
CP  there  is  an  exterior  screw  which  receives  the  smaller  Screw 
DE  of  1 1  threads  in  an  inch.  This  screw  is  kept  from  moving 
about  with  the  former  by  means  of  the  apparatus  at  afgb.  If 
the  handle  ckl  be  turned  10  times  round,  the  screw  cD  will 
advance  an  inch  upwards;  and  if  we  suppose  the  scrpw  de  to 
move  round  along  with  CD,  the  point  £  will  advance  an  inch. 
Xf  we  now  turn  U^ie  screw  de  ten  (imes  backward,  the  point  e 
will  move  downwards  4  t^^^  ^f  ^^  inch,  and  the  result  of  both 
motions  will  be  to  hft  the  point  e  an  eleventh  of  an  inch  up- 
wards. But,  if,  while  the  screw  cd  is  turned  10  times  round, 
PE  be  kept  from  moving,  the  effect  will  be  the  same  as  if  it  had 
pioved  10  times  round  with  cd,  and  been  turned  back  agaii) 
49  twines ;  thaf  is^  it  will  advance  -^  of  an  ipch.    At  one  t^rn| 
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therefore,  it  will  advance  -^  of  ^  =  -j47r  of  an  inch.  If  now  • 
the  handle  be  six  inches  long,  the  power  to  produce  an  equili* 
brium  must  be  to  the  weight  as  1  to  110x6X2^=  4146*912. 
Thus,  the  force  of  Mr.  Hunter's  screw  is  greatly  superior  to  thp 
common  one ;  for  a  common  one  with  a  six  inch  handle  must 
have  110  threads  in  an  inch  to  produce  the  Mne  effect,  and  thif ' 
great  number  of  threads  would  render  it  too  weak  to  resist  any 
considerable  violence. 

With  regard  to  the  second  general  maxim,  both  kinds  of 
screws  are  equally  applicable ;  only  that  the  more  complicated 
structure,  and  consequently  greater  expence  of  Mr.  Hunter's- 
screwj  renders  it  convenient  to  use  Ihe  common  screw  where 
only  a  small  increase  of  power  is  requisite,  and  the  improved 
one  where  a  great  power  is  wanted.  The  handle  being  short 
makes  this  machine  accord  with  the  fourth  maxim. 

To  answer  the  fifth  both  seem  equally  proper ;  but  for  the 
sixth  the  preference  must  be  given  to  such  as  best  answer  the 
specific  purpose  proposed.  Thus,  if  the  screw  de  be  designed 
to  carry  an  index  which  must  turn  round  at  the  same  time  that^ 
it  rises  upward,  the  common  screw  seems  preferable ;  though 
Mr.  Hunter  proposes  a  method  by  which  his  may  answer  thcT 
same  purpose :  with  this  view  a  still  smaller  screw  ought  to 
play  within  de,  and  be  connected  with  cD,  so  as  to  move 
round  along  with  it.  It  must  have,  according  to  the  foregoing 
proportions,  111  threads  in  an  inch :  and  they  must  lie  in  a  con* 
trary  direction  to  those  of  cd;  so  that  when  they  are  both 
turned  together,  and  CB  moves  upwards,  this  other  may  move 
downwards.  At  one  turn  this  will  move  upwards  rr-rrs^l^  part 
of  an  inch,  and  at  the  same  time  will  move  in  a  circular  di- 
rection. Similar  methods  may  be  applied  in  many  other  cases : 
indeed  they  have  lately  been  appUed  very  frequently ;  though 
few  of  those  who  have  adopted  them  have  acknowledged  by 
whom  they  were  first  proposed;  on  which  account  we  have 
eiven  this  brief  description  of  Mr.  Hunter's  contrivance,  and  of 
his  judicious  practical  maxims. 

VI.     Of  the  Wedge. 

162.  Def.  a  Wedge  is  a  triangular  prism,  or  a  solid  conr 
ceived  to  be  generated  by  the  motion  of  a  plane  triangle  paral- 
lel to  itself  upon  a  straight  line  which  passes  through  one  of  its 
angular  points.  The  wedge  is  called  isosceles,  rectangular,  or 
icalenCy  according  as  the  generating  triangle  is  isosceles,  right- 
angled,  or  scalene. 

it  is  very  frequently  used  in  cleaving  wood,  as  represented 
fig.  12.  pi.  VIL  and  often  in  raising  great  weights.  The 
theory  of  knives,  swords,  coulters,  nauis,  6ic.  is  generally  fe* 
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duced  to  that  of  the  wedge.  The  doctrine  of  the  wedge  is 
▼ery  imperfect^  and  can  only  be  exhibited  at  all  by  making 
gratuitous  assumptions:  such  of  those  as  are  most  likely  to  ob- 
taui4n  practice  are  made  the  basis  of  the  three  succeeding  pro» 
positions. 

163.  Prop.  Wmm  a  resistinff  body  is  sustained  against  th§ 
face  of  a  wedge^  by  a  force  acting  at  right  angles  to  its  dii^ec-^ 
tion,  in  the  case  oj  equilibrium  the  power  is  to  the  resistance,  as 
the  sine  of  the  semi-angle  of  the  wedge,  to  the  sine  of  the  angle 
which  the  direction  of  the  resistance  makes  with  the  face  of  the 
wedge;  and  the  sustaining  force  will  be  as  the  cosine  of  the 
latter  angle,  « 

Let  ABC  (fig.  9.  pi.  VII.)  be  a  rectangular  weds:e,  whose 
adge  is  c,  face  bc,  and  back  ab.  J^t  this  wedge  slide  freeljp 
along  the  plane  ln;  let  a  body  g  be  drann  or  urged  in  the 
direction  k  v.  against  the  face  of  the  wedge,  and  let  it  be  kept  ia 
that  direction  by  a  force  acting  in  the  direction  dg,  at  right 
angles  to  ke.  There  are  liow  three  forces  acting  on  the  body 
Sy  viz.  the  resisting  force  kE)  the  sustaining  force  de,  aud 
the  re-action  of  the  wedge  in  the  direction  ae,  p<  rpendicular 
to  the  surface  bc.  On  ed  demit  the  perpendicular  ag;  and 
since  the  three  forces  are  in  equilibrio,  tliey  will  be  to  each 
other  as  the  si'ics  of  the  triangle  \eg  drawn  parallel  to  their 
directions.  Draw  ep  perpendicular  to  ac,  and  the  force  ae 
will  be  resolved  into  two,  one  of  which  i.f  pre-«<es  tlie  wedge 
perpendicularly  against  the  plane  LN^und  is  balanced  by  ilit  re- 
action of  the  plane ;  the  other  fa  endeavours  to  move  the  wedge 
upwards  along  the  plane  ln,  and  is  balanced  by  the  power  od 
the  back  of  the  wedge.  It,  therefore,  ag  repiesent  the  force 
KEy  EG  will  be  the  sustaining  force,  and  ai>  the  power  appliecl 
on  die  back  of  the  wtdge,  when  these  forces  balance  each  other. 
Hence,  making  ae  radms,  af  is  the  sine  of  the  angle  \ef  or 
acb;  aqd  ag  is  the  sine  of  the  angle  abg  or  kec,  ihese  two 
angles  being  the  complements  of  aek. 

If  the  wedge  be  isosceles,  or  composed  of  two  rectangular 
wedges,  the  force  bp,  which  ni  the  former  case  was  counter acied 
by  the  plane,  will  now  be  counteracted  by  the  other  half  ot  the 
wedge :  and  the  power,  resistance,  and  su<)taining  force,  wid  re- 
main in  the  same  ratio  as  be i ore.    a.  e.  d. 

Cor.  i.  When  ek  is  parallel  to  ba,  ag  beco*nes  equal  and 
parallel  to  ef;  and  eg  equal  and  parallel  to  af  ;  and  the  power 
IS  to  the  resistance  as  a f  to  ef,  or  AB  to  ac,  and  equal  to  tha 
sustaining  force. 

Cor.  2.  If  ek  be  perpendicular  to  ba,  the  direction  of  the 
resisting  force  will  be  parallel  to  ab  \  therefore  the  resistiog 
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and  sustaining  forces  changing  denominations,  this  will  be  a  case 
corresponding  with  the  former. 

Cor.  3.  When  ke  is  perpendicular  to  bc,  the  sine  of  the 
angle  kec  is  radius:  and  its  cosine,  which  represents  the 


taining  force,  vanishes :  therefore,  the  power-^to  the  resistance^. 
as  the  sine  of  the  seniiaingle  of  the  wedge,  tdMUius. — See  Lud^ 
lam's  2d  Essay. 

164.  Prop.  When  the  resistance  is  made  against  the  face  of 
a  wedge  by  a  body  which  is  not  sustained^  but  will  adhere  to 
the  place  to  which  it  is  applied  ztithout  sliding,  the  power  is  to 
the  resistance,  in  tkij:a$e  of  equilibrium,  as  the  cosine  of  the 
difference  between  fws  semiangle  of  fhe  wed^e  and  the  angle 
which  the  direction  of  the  resistance  makes  with  the  face  of  the 
fipedge,  to  radius.  * 

From  any  point  k  (fig.  10.  pi.  VII.)  draw  the  line  KB 
through  the  middle  point  of  the  back,  meeting  the  face  of  the* 
wedge  in  e  ;  let  k  be  the  uilsliding  body,  which  acts  in  the  di- 
rection BK,  and  let  the  magnitude  of  the  force  with  which  it  it- 
urged  be  represented  by  ae  :  from  e  let  fall  the  perpendicular 
EF  upon  AC  ;  and  the  force  ae  will  be  resolved  into  two,  one 
of  which  EF  will  be  balanced  by  the  opposite  half  of  the  wedge, 
land  the  other  af  will  be  counteracted  by  the  power ;  therefore 
the  power  is  to  the  resistance  as  af  to  ae,  that  is,  making  ab 
radius,  as  the  cosine  of  the  angle  eaf  (o  radius. 

CoR.  1.  When  ke  is  perpendicular  to  bc,  the  power  is  to 
die  resistance  as  af  to  ae,  that  is,  as  the  sine  of  the  semi-angle 
of  the  wedge  to  radius. 

Cor  2.  Wlien  ke  is  parallel  to  ab,  af  vanishes,  that  is,  the 
power  is  indetinitely  less  than  the  weight. 

Cor.  3.  When  ke  is  perpendicular  to  AB,  ef  vanishes,  and 
af  and  AE,  which  represent  the  power  and  resistance,  become 
equal. 

165.  Prop.  When  the  resisting  body  is  neither  sustained  nor, 
adheres  to  the  point  to  which  it  is  applied,  but  slides  freely 
along  the  face  of  the  wedge,  the  power  is  to  the  resistance,  as  the 
product  of  the  sines  of  the  semiangle  of  the  zpedge  and  the  angle 
in  which  the  resistance  is  inclined  to  its  face,  to  the  square  of 
radius.  * 

Let  AE  (fig.  11.  pi.  VII.)  be  perpendicular  to  bc,  and  let  the 
body  E  be  urged  against  the  face  of  the  wedge  in  the  direction 
KE  ;  and  let  kb  represent  the  magnitude  as  well  as  the  d^ 
rection  of  that  force.  On  ab  produced  let  fall  the  perpen- 
dicular KOy  which  will  be  parallel  to  bc  ;  thus  will  the  force 
KB  be  resolved  -  into  two,  one  of  which  ko  will  carry  the 
liody  down  along  the  face  of  the  wedge,  and  Ihe  other  o£  wilji 
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propel  it  perpendicularly  against  it.  Now  in  the  case  of  equin 
fibrium,  the  power  is  to  ob,  that  part  of  the  resistance  wluch 
acts  perpendicularly  against  the  face  of  the  wedge,  as  the  sine  of 
the  angle  acb  to  radius ;  and  ob  is  to  the  whole  resistance,  as  oe 
to  K  E  :  that  is,  making  k  e  rudius,  as  the  sine  of  the  angle  okb, 

«it8  alteraate  Kstj;  to  radius.  Therefore,  er  aquoSf  compo- 
ndoy  the  power  is  to  the  resistance,  as  sin  acb  x  sin  kbb,  to 
the  square  of  radius.  «• 

Cor.  1.  When  kb  is  perpendicular  to  bc,  the  sine  of  thtt 
angle  in  which  the  resistance  is  applied,  is  radius ;  tlicrefore  the 
power  is  to  the  resistance,  as  the  sine  of  tjie  seniiangle  of  the 
wedge  to  radius. 

Cor.  2.  When  ke  is  parallel  to  ab,  the  angle  of  inclination 
is  the  complement  of  the  semiangle  of  the  wedge ;  and  there- 
fore, the  power  is  to  the  resistance,  as  the  product  of  the  sine 
and  cosine  of  the  semiangle  of  the  wedge  to  the  square  of  radiu8« 

CoR.  3.  When  ke  is  perpendicular  to  ab,  die  angle  of  in- 
clination is  equal  to  the  semiangle  of  the  wedge,  and  the  powev 
is  to  the  resistance  in  a  duplicate  ratio  of  the  sine  of  the  semi- 
angle  of  the  wedge  to  radius.     See  Dr.  M.  Young's  Lectures. 

SCHOLIUM. 

166.  The  theory  of  the  equilibrium  of  the  wedge  has  greatly 
engaged  the  attention  of  many  phUosophers,  asMr.Lii(//am,8ic« 
but  it  is  not  of  very  great  use  in  practical  mechanics,  because 
the  wedge  is  scarcely  ever  otherwise  urged  than  by  percussion. 
In  cleaving  of  wood,  the  resistance  opposing  the  force  of  the  mal- 
let (supposing  the  sides  of  the  wedge  perfectly  polished,  and  its 
Mge  a  line  without  breadth),  is  the  cohesion  of  tlie  particles  of 
the  wood  which  are  about  to  be  separated ;  and  this  being  a 
kind  of  pressive  force  acting  against  the  sides  of  the  wedge,  it  is 
by  many  philosophers  thought  absurd  to  attempt  to  compare  it 
with  the  percussive  force  of  the  mallet.  For  the  greatest  Anite 
pressive  force  must,  in  their  opinion,  give  way  to  the  least  per- 
cussive one,  and  there  cannot  be  an  equilibrium  between  two 
such  different  forces.  "  Any  percussive  force  (say  they)  acting 
on  a  moveable  body,  generates  a  finite  quantity  of  motion  in  an 
indefinitely  small  portion  of  time;  but  the  time  will  be  finite  in 
which  any  given  pressive  force  whatever,  acting  on  the  same 
jbody,  can  generate  or  destroy  the  same  quantity  of  motion. 
Therefore,  a  body  being  urged  in  a  certani  direction  by  any 
pressive  force  whatever,  and  in  the  contrary  direction  by  any 
percussive  one,  the  pressive  force  will  be  some  finite  time  in 
destroying  the  quantity  of  motion  which  the  percus^iive  one  ge- 
nerated in  an  mstant.  Consequently,  how  great  soever  the 
pressive  force  may  be,  and  how  small  soever  the  percussive  one, 
the  body  will  be  moved  (at  leai^t  for  some  short  time)  by  this 
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last  force/'  Indeed,  after  the  stroke  is  given,  the  pressive  force 
may  quickly  prevail  and  force  back  the  body,  which  the  im- 
pulse of  the  other  force  had  driven  forward.  And  so  it  would 
frequently  be  in  the  operation  of  cleaving  wood,  if  the  sides  of 
the  wedge  were  perfectly  smooth.  For,  after  the  stroke  of  the 
mallet,  the  wedge,  unless  its  weight  were  4||aivalent  to  the  atig| 
tractioa  of  the  parts  of  the  wood  about  to  be  separated,  woul^W 
presently  be  forcf^  back  from  the  place  to  which  it  had  beenr 
driven  by  the  mallet.  And  it  is  chiefly  the  roughness  of  the 
aides  of  the  wedge,  and  of  the  parts  of  the  wood  in  contact  witb 
k,  which,  in  that  operation,  keeps  the  wedge  frob  receding.  Il 
is  that  roughness  too,  and  the  bluataess  of  the  edge,  which 
sometimes  prevent  the  wedge  from  being  moved  by  the  stroke 
of  the  mallet.  For  were  it  not  obstructed  by  such  roughness 
and  bluntness,  it  would,  accordiiq^  to  what  we  just  now  observed^ 
be  always  driven  forward,  even  by  the  least  percussive  force. 

Several  of  these  remarks,  it  will  be  seen,  rest  upon  the  com* 
nonly  received  doctrine  of  percussion :  a  doctrine,  however^ 
which,  in  our  humble  opinion,  has  no  very  durable  basis.  It  is 
manifest  that  a  blow  may  perform  many  things  (particularly  in 
effecting  fractures  or  breaches)  which  a  considerable  pressure 
cannot  accomplish :  but  this  is  probably  owing  to  the  circum- 
stance that  the  rapidity  with  which  the  excited  pressure  increasef 
to  its  maximum  does  not  leave  sufficient  time  for  the  forces 
which  connect  the  particles  of  the  body  struck  to  be  excited 
throughout  to  its  more  remote  parts. — We  hope  to  place  this 
matter  in  a  rather  better  light  when  the  subjects  of  Collision  and 
Percussion  come  under  ponsideraUon.    See  Bppk  I(.  Chap,  5« 
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CHAPTER  V, 


On  the  Strength  and  Stress  of  j\faterials. 

167.  Tub  Resistance  of  solids^  or  that  force  with  which  th» 
quiescent  parts  of  solid  bodies  oppose  the  motion  of  others  con- 
tiguous to  them,  is  generally  considered  as  of  two  kinds,  in  one 
of  which  the  resisting  and  resisted  parts,  though  contiguous, 
constitute  separate  masses ;  this  will  be  considered  in  another 
place,  under  the  title  of  Friction :  in  the  other  kind  the  resist** 
ing  and  resisted  parts  are  not  only  contiguous  but  cohere,  being 
parts  of  the  same  body  or  mass ;  and  it  is  this  which  we  now 
propose  to  consider* 

This  kind  of  Resistance  ha9  exercised  the  sagacity  of  some  of 
die  most  eminent  philosophers  from  the  time  of  Galileo  dowa 
to  the  present  period ;  and  different  theories  have  been  proposed 
by  Mariotte,  Leibnitz,  Varignon,  Buffon,  Euler,  Lagrange,  and 
Girard  (perhaps  others  wliich  have  not  come  to  our  knowiidge), 
but  none  of  them  are  so  free  from  objection  and  from  error  as 
might  be  wished.  Indeed,  the  figure  and  constitution  of  bodies 
are  so  variable  and  irregular,  that  we  cannot  with  the  desirable 
precision  determine  those  elements  which  should  precede  and 
regulate  tliis  discussion.  Of  the  theories  above  adverted  to 
some  are  certainly  very  ingenious;  but  at  the  same  time  they 
are  very  complex  and  intricate,  and  cannot  by  any  mean:^  be 
relied  upon  independent  of  experiment:  we  therefore  prefer  the 
comparatively  simple  theory  of  Galileo,  originally  laid  down  in 
his  dialogue  "  On  the  Cause  of  the  Coherence  of  So/ids,^'  witli 
which  the  other  hypotheses  agree  in  the  most  essential  particu- 
lars, and  which,  when  aided  by  proper  experiments,  may  serve 
as  a  safe  approximation  to  the  strength  and  stress  of  ihe  differ- 
ent parts  of  machines. 

"  That  the  resistance  of  solids  might  be  subjected  to  calcu^ 
lation,  Galileo  supposed  tirst  that  bodies  were  composed  of  solid 
fibres,  parallel  to  one  another ;  he  then  enquired  what  was  the 
force  with  which  they  resist  the  action  of  a  power  stretching  them 
in  a  direction  parallel  to  tlieir  length,  and  found  that  it  wa^ 
proportional  to  the  number  of  integral  fibres :  next,  considering 
the  fibres  as  subjected  to  an  effort  perpendicular  to  their  length, 
^e  found  that  the  resistance  of  the  integral  fibres  was  propor- 
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^onal  to  their  sum  multiplied  by  an  arm  of  a  lever^  M'hich  is  2lU 
ways  at  a  certain  part  of  the  vertical  dimensions  of  a  solid  ii> 
the  plane  of  its  rupture."  The  length  of  this  arm  of  lever  was  « 
regulated,  according  lo  Galileo,  by  the  position  of  the  centre  of 
gravity  of  the  plane  of  rupture,  according  to  others,  by  the 
centre  of  percussion,  8cc.  But  ''the  distinctive  character  o^ 
Galileo's  hypothesis  consists  in  this,  that  the  resistance  of  eacb 
of  the  fibres  is  independent  of  their  quantity  of  extension  at  the 
instant  of  their  rupture."  Galileo^s  reasouing  on  thib  interest- 
ing topic  is  comprised  in  17  propositions :  his  mode  of  discussion 
wul  not  be  entirely  adopted ;  but,  that  the  reader  may  know 
kow  far  this  philosopher  advanced  the  subject,  we  shall  distin-r 
guish  by  a  [g]  such  of  the  following  propositions  and  corolla^r 
ries  as  are  found  in  his  Treatise. 

168.  Def.  Strength,  and  Stress,  or  Straitif  are  terms,  the 
former  of  which  is  used  to  denote  the  force  or  power  with 
which  any  mass  or  body  resists  a  breach  or  change  in  its  state^ 
which  a  pressure  or  stroke  upon  it  has  a  tendency  to  produce; 
and  the  latter  are  used  indiscriminately  to  express  the  force 
which  is  excited  in  any  such  mass  and  tendnig  to  bieak  it. 
Thus,  every  part  of  a  pillar  is  equally  strained  by  the  load  which 
it  supports.  Hence,  it  is  evident  that  we  cannot  make  anj 
structure  fit  for  its  purpose,  unless  the  strength  in  every  part  be 
at  least  equal  to  the  stress  laid  on,  or  the  strain  excited  in  that 
part:  and  hence  the  necessity  of  an  acquaintance  with  the 
nature  of  the  resistance  of  bodies,  so  that  there  shall  be  neithev 
fk  surplus  nor  a  deficiency  of  materials  in  any  machine. 

169.  Prop.  The  strength  of  a  beam  or  bar  to  resist  ajrac^^ 
iure  by  a  force  acting  laterally ,  is  as  the  solid,  made  bj/  a  section 
if  the  beam  in  the  place  where  the  force  is  applied,  into  the 
distance  of  its  centre  if  gravity  from  the  point  or  line  where 
the  breach  will  end.     [g.^ 

Suppose  AB  (tig.  13.  pi.  VII.)  to  be  the  beam  (of  uniform, 
matter  throughout)  fixed  firmly  at  its  two  ends  A,  B,  at  the 
middle  of  which  is  laid  the  weight  w.  In  the  case  of  a  rupture 
we  conceive  the  beam  will  be  separated  first  in  tlie  line  cd  op-  ^ 
posite  lo  w  and  farthest  from  it,  and  the  separation  be  gria- 
dually  continued  till  i^  arrives  at  ab,  which  may,  therefore,  be 
considered  as  a  fixed  lifte  till  the  termination  of  the  fracture, 
Now  the  area  abed  represents  the  sum  of  all  the  fibres  to  be 
broken  or  torn ;  and  as  they  are  equal  to  each  other  both  iti 
magnitude  and  strength  (by  hypothesis),  this  area  will  likewise 
express  the  aggregate  of  the  strength  of  the  fibres  in  the  longi. 
tudinal  direction.  But  with  respect  to  lateral  strength,  we  must 
consider  each  fibre  as  acting  at  the  extremity  of  a  lever  who8% 
fcepCre  of  motion  is  on  the  Une  ab :  thus,  each  fibre  ^n  the  ^[^ 
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cJ,  will  resist  the  breach  by  a  force  proportional  to  the  product 
of  its  individual  strength  into  its  distance  db  from  the  centre  of 
motion ;  and  consequently  the  resistance  of  all  the  fibres  in  cd 
y/'Al  he  represented  by  cdx  bd:  In  like  mamier,  the  aggregate 
resistance  of  another  course  of  fibres  parallel  to  ab,  as  oo^  will 
be  represented  by  oo  x  60 :  and  of  a  third,  as  fi,  by  the  rectangle 
Hxbiy  and  so  throughout.  Therefore  the  sirni  of  all  these 
Droducts  will  expiess  the  total  strength  or  resistance  <^ the  beatii 
in  that  part.  But  {108.)  the  sum  of  all  these  products  is  equal 
to  the  product  of  the  area  abed,  into  the  distance  of  its  centre 
of  gravity  from  ab:  whence  the  proposition  is  manifest. 

Cor.  I.  In  square  beams  the  lateral  strengths  are  as  the 
4ubes  of  the  breadths  or  depths,  [oj 

Cor.  2.  ///  cylindric  beams  the  lateral  ^rengths  are  as  the 
€ubes  of  the  diameters,  [c] 

Cor.  3.  2'he  lateral  strengths  of  any  beams  whose  sectiom 
<ire  similar  figures,  are  as  the  cubes  (f  corresponding  dimenstout 
of  the  sectiojts. 

Cor.  4.  In  rectangular  beams  the  lateral  strengths  are  conr 
jointly  as  the  breadths  and  squares  of  the  depths,  [c] 

For  the  areas  are  oc  breadth  x  depth,  and  the  distances  of 
4e  centre  of  gravitj  are  a  depth :  consequently,  strength  cc 
breadth  x  depth*. 

Cor.  5.  T/ie  lateral  strength  of  a  beam  with  its  narrower 
face  upwards,  is  to  its  strength  with  the  broader  face  upwards^ 
as  the  breadth  of  the  broader  face,  to  the  breadth  of  the  nar^ 
rozcer,  [c]     For  bd* :  db^  ::d  :  b. 

Cor.  f).  If  a  beam  were  fixed  firmly  at  one  end  into  a  waH^ 
tfnd  the  fracture  were  caused  by  a  weight  suspended  at  the  other 
€nd,  the  process  of  nature  would  be  similar,  only  that  the  breack 
would  terminate  at  the  lower  part  of  the  beam ;  and  the  pro- 
position and  ti\c  first  corollaries  would  still  obtain.  , 

170.  Prop.  The  lateral  strengths  of  prismatic  beams  of  the  ' 
tame  inateria/raie  as  the  areas  of  the  sections  and  the  distances 
of  their  centres  if  gravity,  directly,  and  as  their  lengths  and 
tceights,  inversely. 

Let  Bc,  GH  (fig.  14.  pi.  VII.),  be  two  beams  of  like  mate- 
rials fixed  in  hoiizontal  positions  to  the  upright  wall  ab,  by  their 
-ends  B,  G.  Let  a  be  the  area  of  tiie  end  c'of  tlie  beam  gh,  C 
the  distance  of  the  centre  of  gravity  of  that  end  from  its  lowest 
point,  L  its  length,  w  its  weight,  and  s  its  strength :  and  let  a, 
g,  I,  w,  and  s,  be  correspondmg  particulars  in  the  beam  cb. 

Then  s  :  5  : : :  -^ :  agIw  :  ^sf lw.  For,  the  direct  strength, 

or  effort  tending  to  preserve  the  adhesion  of  the  fibres,  varies 
ai3  the  product  of  ag,  dg,  bj  the  last  prop,  while  the  efforts 
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tending  to  destroy  their  adhesion^  and  which  are  tiierefore  in 
tlie  inverse  ratio  of  the  strengths/ vary  bot&  in  proportion  to 
the  weights  of-  the  beams,  and  the  distances  at  which  those 
weights  act:  but  the  weights  of  the  beams  may  evidently  be 
considered  as  acting  at  their  centres  of  gravity,  the  distances  of 
which  from  the  end  supported  vary  as  the  length  of  the  beams; 
and  consequently  the  efforts  tending  to  destroy  the  adhesion  of 
the  beams  are  as  lv/,  Iw,  Whence,  by  incorporating  the  direct 
and  inverse  ratios,  we  obtain  that  stated  in  the  proposition. 

Cor.  1.  Had  the  beams  been  considered  as  fixed  at  both 
ends,  the  same  thing  would  follow,  ivith  this  difference  only, 
that  a  beam  when  fixed  at  both  ends  is  as  strons;  as  one  of  equal 
breadth  and  depth,  and  but  half  the  length,  which  is  fixed  only 
at  one  end.  For,  if  the  longer  beam  were  bisected,  each  of  its 
halves  would  be  situated  with  respect  to  its  fixed  end,  in  the 
•ame  manner  as  the  shorter  beam  with  respect  to  its  fixed  end. 

CoR*  2.  When  the  strength  of  a  beam  is  very  considerable 
in  reiatioii  to  its  weight,  we  may,  instead  of  the  proposition^ 

take  s  :  s  : : :  -?-. 

*CoR.  3.  Cylinders  and  square  prisms  have  their  lateral 
strengths  proportional  to  the  cubes  of  the  diameters,  or  depths, 
directly,  and  their  lengths  and  weights,  inversely,  [o.] 

CoR.  4.  Similar  prisms  and  cylinders  have  their  strengths 
inversely  proportional  to  their  like  linear  dimensions,  [o.]  For 
the  cubes  of  tiie  diameters  or  depths  vary  as  the  cubes  of  the 
lengths,  and  the  weights  and  lengths  are  as  the  cubes  of  the 
lengths  and  the  lengths  conjointly,  or  in  the  quadruplicate  ratio 
of  the  lengths :  therefore,  the  strengths  are  as  l^  to  l^  directly, 
4ind  L'^  to  i^  inversely,  or  inversely  as  the  lengths,  L,  and  /. 

SCHOLIUM. 

171.  From  the  preceding  deductions  it  follows  that  greater 
beams  and  bars  must  be  in  greater  danger  of  breaking  than  the 
less  similar  ones;  and  that,  though  a  less  beam  may  be  firm  and 
secure,  yet  a  greater  similar  one  may  be  made  so  long,  as  neces- 
sarily to  break  by  its  own  weight.  Hence  Galileo  justly  con- 
cludes that  what  appears  very  firm,  and  succeeds  well  in  mo- 
dels, may  be  very  weak  and  unstable,  or  even  fall  to  pieces  by 
its  weight,  when  it  conies  to  be  executed  in  large  dimensions, 
according  to  the  mod^l.  From  the  same  principles  he  argues 
that  there  are  necessarily  limits  in  the  works  of  nature  and  art, 
which  they  cannot  surpass  in  magnitude :  that  immensely  great 
ships,  palaces,  temples,  &c.  cannot  be  erected,  their  yards, 
beams,  bolts,  8cc.  falling  asunder  by  reason  of  their  weight. 
Were  trees  of  a  very  enormous  magnitude,  their  branches  would, 
in  like  manner,  fall  off*    Large  animals  have  not  strength  in 
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%proportioB  to  their  size ;  and  if  there  were  any  land  aninialf 
much  larger  than  those  we  know,  they  could  hardly  movey  and 
■would  be  perpetually  subjected  to  most  dangerous  accidents. 
As  to  marine  animals,  indeed,  the  case  is  different,  as  the  gra- 
vity of  the  water  sustains  those  aniinali  in  great  measure ;  and 
.in  fact  these  are  known  to  be  sometimes  vastly  larger  than  the 
greatest  land  animals.  It  is,  says  Galileo,  impossible  for  Na- 
ture to  give  bones  for  men,  horses,  or  other  animals,  so  fanned 
as  to  subsist,  and  proportionally  to  perform  their  offices,  when 
4uch  animals  should  be  enlarged  to  immense  heights,  unless  she 
uses  matter  much  firmer  and  more  Resisting  than  she  commonly 
does ;  or  should  make  bones  of  a  thickness  out  of  all  propor- 
'tion;  whence  the  figure  aud  appearance  of  the  animal  must 
be  monstrous.  This  he  supposes  the  Italian  poet  hinted  i^ 
mbea  he  said, 

Hon  sipuh  compartir  quanta  sid  lungo^ 
Si  smisuratatnente  h  tutto  grosso.        ' 

Whatever  height  we  to  the  giant  give. 

He  cannot  without  equal  thickness  live*  *■ 

And  this  sentiment  being  suggested  to  us  by  perpetual  ex- 
)>erience,  we  naturally  join  the  idea  of  greater  strength  and  force 
with  the  grosser  proportions,  and  that  of  agility  with  the  more 
delicate  ones.  The  same  admirable  philosopher  likewise  re- 
marks, in  connection  with  this  subject,  that  a  greater  column  is 
in  mucti  more  danger  of  being  broke  by  a  fall  than  a  similar 
small  one :  that  a  man  is  in  greater  danger  from  accidents  than 
a  child  :  that  an  insect  can  sustain  a  weight  many  times  greater 
than  itself;  whereas  a  much  larger  animal,  as  a  hdrse,  could 
scarcely  carry  another  horse  of  his  own  size.  The  ingenious 
student  may  easily  extend  these  practical  remarks,  to  any  cases 
which  may  come  before  him. 

172.  Prop.  The  lateral  strengths  of  two  cylinders  (oj  the 
same  matter)  of  equal  weight  and  lengthy  one  of  which  is  hol- 
low and  the  other  solid,  are  to  each  other  as  the  diameters  of 
their  ends,  [o.] 

Let  ABE,  HiK  (figs,  i  and  2.  pi.  VIIL),  be  the  ends  of  two 
cylinders  of  equal  length,  and  containing  equal  quantities  of 

>jnatter,  the  former  being  the  section  of  a  tube  constituted  of 
cylinders  having  a  common  axis;  then  is  the  strength  of  tlie 
tube  to  that  ot  the  solid  cylinder  as  ab  to  hi.  For  the  lateral 
strengths  (l69.)  are  conjointly  as  the  areas  and  the  distances  of 
the  centres  of  gravity  of  the  sections  from  a  or  from  b,  ac- 

. cording  as  the  fractiues  terminate  at  the  one  or  the  other  point : 


• « 
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but  the  areas  of  the  annuhis  in  the  first  fig.  sind  of  the  circle 
in  the  second^  are  here  equals  and  the  centres  of  gravity  of  both 
are  at  their  centres  of  magnitude ;  wherefore,  since  the  radii 
vary  as  the  diameters,  the  strengths  in  this  case  vary  in  die  same 
ratio.  ^ 

Cor.  I.  Since,  when  the  area  of  a  circular  section  id  givei^ 
its  diameter  is  greater  when  the  section  is  an  annulus,  than 
when  it  is  a  circle  without  any  cavity ;  and  since  the  power 
with  which  the  parts  of  the  cylinder  resist  extraneous  force  is 
greater  in  the  same  proportion,  it  follows  according  to  the 
theoiT  thus  stated,  that  the  strength  may  be  increased  inde- 
finitely without  augmenting  the  quantity  of  matter. 
'  This  conclusion  is,  however,  manifestly  erroneous :  because 
after  the  diameter  of  the  tube  exceeds  a  certain  m^nitude 
(which  can  only  be  ascertained  experimentally)  it  will  become 
flaccid,  and  bend  under  the  smallest  additional  weight.  The 
fact  is,  the  reasoning  in  the  proposition  is  founded  upon  the 
presumption  that  the  figure  of  the  section  will  be  constantly 
circular;  and  will,  therefore  only  hold  true  under  those  limits 
19  which  the  pressure  or  stroke  upon  the  tube  will  not  cause  its 
section  to  degenerate  from  the  circle  to  an  ellipsis  or  any  otlier 
form. 

Cor.  2.  When  the  two  diameters  of  the  end  of  a  tube  are 
given,  the  diameter  of  a  solid  cylinder  of  equal  weight  may  be 
easily  found  (the  lengths  being  supposed  the  same),  by  taking 
the  square  root  of  the  difference  of  the  squares  of  the  diameters 
of  the  tube ;  or  the  square  root  of  tlie  product  of  their  sum  aud 
difference. 

Or,  the  same  may  be  effected  geometrically  by  tins  simple 
process :  from  one  t^nd  of  the  exterior  diameter  ab  set  off  ae 
equal  to  the  interior  diameter  CD,  and  join  eb,  which  will  be 
the  diameter  of  the  section  sought.  For  eb*  must  be  equal  to 
AB*— CD*,  which  it  is  by  this  construction  and  Euc.  I.  47.  and 
111.31. 

Or,  if  BE  be  drawn  a  tangent  to  the  inner  circle  till  it  cuts 
the  exterior  one  in  two  points  £  and  b,  it  will  be  the  diameter 
■ought.  For  the  triangles  bea>  bfg,  are  then  similar,  the 
angles  at  e  and  p  being  right  angles;  consequently  ea=2fq 
c=cd;  as  in  the  precednig  construction. 

Cor.  3.  The  lateral  strengths  of  tubes  and  solid  cylinders  of 
equal  length  and  similar  materials,  are  as  the  areas  of  their  ends 
and  tlieir  diameters  conjointly. 

SCHOLIUM. 
173.  From  this  proposition  Galileo  justly  concludes,  that 
Nature  in  a  thousand  operations  greatly  augments  the  strength 
of  substances  without  increasing  their  weight :  as  is  manifested 
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in  the  bones  of  animals  and  the  feathers  of  birds,  as  well  as  in 
most  tubes,  or  hollow  trunks,  which  though  light,  greatly  resist 
any  effort  to  bend  or  break  them.  **  Thus  (says  he)  if  a  wheat 
"  straw  which  supports  an  ear  that  is  heavier  than  the  whole 
''  stalk  were  made  of  the  same  quantity  of  matter,  but  solid,  it 
''  would  bend  or  break  witli  far  greater  ease  than  it  now  doea, 
'^  And  with  the  same  reason  Art  has  observed  and  Experience 
"  confirmed  that  a  hollow  cane,  or  tube  of  wood  or  metal,  is 
**  much  stronger  and  more  firm  than  if,  while  it  continued  of  ' 
''  the  same  weight  and  length,  it  were  solid,  as  it  would  then,,  of 
''  consequence,  be  not  so  thick :  and  therefore  Art  has  contrived 
"  a  method  to  make  lances  hollow  within,  when  they  are  re- 
'^  quired  to  be  both  light  and  strong,''  in  this  instance^  as^  in 
many  others,  imitating  the  wisdom  of  Nature. 

In  all  such  instances,  however,  there  is  an  obvious  distinction 
between  the  works  of  Nature  and  those  of  Art;  "  in  the  former 
(as  M.  Girard  remarks,  when  treating  the  same  subject),  the 
cause  and  the  effect  essentially  agrees ;  the  one  cannot  undergo 
any  modification  without  the  otiier  experiencing  a  correspond- 
ent change:  or,  to  speak  more  precisely,  a  new  effect  always 
results  from  a  new  cause: — in  me  productions  of  human  in- 
dustry, on  the  contrary,  there  is  no  necessary  proportion  be- 
tween the  effect  and  cause:  if,  for  example,  a  determinate 
weight  is  to  be  raised,  it  is  indifferent  whether  we  use  the 
thread  which  has  precisely  the  adequate  force,  or  the  cable 
which  has  a  superabundant  one ;  while,  if  the  same  weight  had 
rested  naturally  suspended,  it  would  have  done  so  by  means  of 
fibres  peculiarly  appropriated  in  their  organization  to  the  ob- 
ject, and  whose  disposition  would  have  presented  the  most  ad- 
vantageous form.  Perfection  resides  in  a  single  point,  at  which 
Nature  arrives  without  effort ;  while  man  is  obliged,  by  repeat- 
ed trials,  to  pass  over  an  immense  space  which  separates  him 
from  it." 

n4.  Prov.  Of  all  hollow  cylinders  whose  lengths,  and  the 
diameters  of  the  exterior  and  interior  circles,  continue  the  same, 
those  have  the  greatest  lateral  strength,  in  uhich  the  interior 
touches  the  exterior  circle,  in  the  highest  part,  provided  tlie 
cylinders  are  fixed  at  both  ends  and  in  a  Horizontal  position; 
or  zchen  they  tuuch  in  the  lotcest  part,  if  the  cylinders  are  fixed 
only  at  one  end :  the  cylinders  in  both  cases  being  conceived  to 
exert  their  strens^th  against  weights  acting  vertically. 

Here,  since  the  diameters  ot  the  exterior  and  intcriO!  circles 
are  su^>|;0!>ed  invariable,  the  area  of  the  .space  they  include  will 
be  likewise  invariable,  so  that  the  strengths  of  the  cylinders  will 
be  proportional  to  the  distancea  of  the  centres  of  gravity  of 
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ibeir  sectious  from  the  point  where  the  fracture  would  end  on 
die  supposition  the  cylinders  were  broken.  Now,  when  a  beam 
if  fixed  at  both  ends,  and  broken  by  a  weight  laid  between 
those  ends,  the  breach  will  manifestly  commence  at  the  lower 
part  and  terminate  at  th^  upper ;  and,  when  it  is  fixed  at  one 
end  only,  and  the  weight  acts  at  the  other,  the  breach  will 
commence  on  the  upper  side,  and  terminate  at  the  lower:  con- 
sequently, in  the  first  instance,  the  centre  of  gravity  of  the  sec- 
tion must  be  at  the  greatest  distance  from  its  highest  point,  and 
in  the  second  instance  at  the  greatest  distance  from  the  lowest 
poinl^  to  ensure  a  maximum  of  strength.  Let  figs.  S  and  4. 
represent  the  section  of  the  tubes,  bc  and  ad  being  the  dia- 
meters of  the  hollow  part  of  both:  let  the  area  of  the  circle 
ivhose  diameter  is  a b  be  m,  the  distance  of  its  centre  of  gravity 
irom  A  being  called  g,  the  area  of  the  smaller  circle  in,  die  dis- 
tance of  its  centre  of  gravity  from  A,  s,  the  area  of  the  space 
between  the  two  circles  (sm— m)  fb,  the  distance  of  its  centre 
of  gravity  fix>m  A,.y;  then,  by  the  nature  of  the  centre  of  gra-^ 
vity,  will  MG=mg-|-/xy.  In  this  equation  m,  g,  m,  and  ft,  are 
invariable;  therefore  y  must  vary  inversely  as  g:  and  conse- 
quently, when  y  is  a  maximum  g  is  a  minimum,  and  vice  versa. 
But  jg  is  a  noinimum  when  the  inner  circle  touches  die  outer 
one  in  a,  as  in  fig.  4. ;  and  it  is  a  maumuni  when  the  interior 
and  exterior  circles  touch  in  B,  as  in  fig.  S.  Therefore  the 
maximum  and  the  minimum  values  of  y  obtain  when  the  circles 
touch  in  A  and  b  respectively ;  and  the  comparative  strengths 
of  the  tubes  are  as  expressed  in  the  proposition. 

175.  In  cases  actually  arising  in  practice,  this  proposition,  as 
well  as  that  laid  down  m  art.  172.  will  require  some  modifica- 
tion, and  for  the  same  reason  as  is  there  stated.  The  strengthn 
of  the  tubes,  however,  will  increase  as  the  circles  approach 
nearer  to  each  other,  until  they  reach  a  certain  limit,  which  can 
only  be  determined  by  experiment  for  each  different  kind  of  re- 
sisting body,  and  for  various  proportions  of  the  exterior  and  in- 
terior circles. 

176.  Prop.  The  strongest  rectangular  beam  which  can  be 
cut  out  of' a  given  cylinder,  is  that  y  which  the  squares  of  the 
breadth,  and  depth,  and  the  square  of' the  cylinder's  diameter, 
are  respectively  as  the  numbers  1,  2  and  3. 

In  fig.  6.  pi.  VIII.  let  Bc  the  breadth  of  the  beam  be  denoted 
by  b,  AC  the  depth  by  d,  the  diameter  ab  being  denoted  by  d; 
then  when  bc  is  horizontal,  the  lateral  strength  will  be  repre- 
sented by  IhP  (art.  169*  cor.  4.),  which  is  to  be  a  maximum. 

But  ac*=ab*-bc*,  or  c?  =  d*-6*;  therefore  (D*-^)  b=z 

•.    .  .  • 

Ad* — 6*  =:  a  max.    In  fluxions  d*  6  =  ^ A*  A :  whence  d*  =:  3 A* ;' 
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and  c/*  =  D*:-  6»  =  36*-  6*  =  26*.    Consequently,   6*  :  cP  : 
B* :  :  1  :  2  :  S.     q.  e.  D. 

Cor.  1 .  Hence  arises  this  easy  practical  constraction :  divide 
the  diameter  ab  into  three  equal  parts  in  B,  P ;  erect  the  per-* 
peodiculars  ed,  fc  ;  and  ioin  the  points  c,  d,  to  the  extrenuties 
of  the  diameters:  so  shall  acbd,  be  the  rectangular  end  of  the 
beam  required.  For,  because  ab,  ad,  ab,  are  in  continued  por* 
portion,  we  have  ae  : :  ab  :  :  AD^ :  ab*  :  and,  in  like  manner 
AF  :  AB  : :  Ac*  :  AB*.  Hence  ae  :  af  :  ab  : :  ad*  :  AC  :  ab*  :  : 
1:2:3. 

CoR.  2.  The  ratio  of  b  tod  is  nearly  that  of  5  to  ?>  or  more 
nearly  that  of  12  to  17.  "For  3*  :  7*  : :  25  :  49  :  :  1  :  2  nearly; 
and  12^  :  17*  : :  144 :  289  :  :  1  :  2  more  nearly. 

Cor.  3.  A  square  beam  from  the  same  cylinder  would  hate 
its  side=D\/ir:iD\/2.  Its  solidity  would  be  to  that  of  the 
strongest  beam,  as  Jn^  to  ^d*\/2|  or  as  J  to  4 ^2,. or  as  5  to 
4*714;  while  its  strength  would  be  to  that  of  the  strongest 
beam,  as  (D\/i)  Ho  d  V|  XyD*,  or  as  J^y/2  to  f  \/S,  or  as  3660 
to  3849. 

Cor.  4.  Either  of  these  beams  will  exert  the  greatest  lateral 
strength,  when  the  diagonal  of  its  end  is  placed  vertically.  For 
the  area  being  the  same  in  both  positions,  the  strength  will  vary 
as  the  distance  of  the  centre  of  gravity  from  the  base  of  fraci* 
ture :  but  when  one  of  the  sides  b  vertical,  as  in  iig.  7.  the 
distance  of  the  centre  of  gravity  of  the  end  will  berr  ai,  or  id, 
equal  to  half  the  ^ide ;  whereas,  when  the  diagonal  is  vertical 
as  in  fig.  5.  that  distance  will  be  cb  or  bd,  half  the  diagonaL 

CoR*  5.  The  strength  of  the  whole  cylinder  vrill  be  to  that 
of  the  square  beam  when  placed  with  its  diagonal  vertically,  as 
the  area  of  the  circle  to  that  of  its  inscribed  square.  For  CE  or 
ED  (tig.  5.)  is  the  distance  of  the  centre  of  gravity  in  both  cases; 
therefore  the  strengths  vary  as  the  areas. 

177.  Prop,  ffhen  a  triangular  beam  is  supported  at  both 
ends,  its  strength  when  the  edge  of  the  beam  is  uppermost  is,  to 
the  stretigth  mien  the  opposite  side  is  uppermost ^  as  2  to  1. 

For  in  this  case  the  fracture  will  terminate  at  the  top  of  the 
beam ;  and  as  the  area  of  the  end  continues  the  same  whether 
side  or  edge  be  uppermost,  the  strength  will  vary  as  the  dis- 
tance of  the  centre  of  gravity  from  the  uppermost  point.  Now, 
in  the  triangle  abc,  the  distance  CG  of  the.  centre  of  gravity 
from  the  vertex,  is  double  the  distance  OD  from  the  base 
(fig.  8.  pi.  VHI.):  therefore  when  the  triangle  is  inverted  as 
abcj  the  distance  of  the  centre  of  gravity  from  d  the  highest 
point,  is  only  half  its  distance  from  the  highest  point  c  of  the 
triangle  before  it  is  inverted.  Whence  the  proposition  is  ma- 
nifest. 

I  2 
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Cob.  If  the  beam  be  supported  at  one  end  only,  it  would  if 
broken  have  the  breach  commence  at  the  upper  part  and  ter- 
minate at  the  lower:  and  in  that  case  the  beam  will  be  strongest 
wh^  the  edge  ia  downward,  and  only  half  that  strength  whea 
its  opposite  face  is  downward  and  horizontal. 

178.  Prop.  If  a  weight  be  placed  upon  atw  part  of  a  hori^ 
tontal  beam  fixed  at  both  ends,  the  stress  of  the  beam  at  that 
part  will  be  as  the  rectangle  of  its  distances  from  the  supported 
ends*    [c] 

Let  the  weight  w  press  upon  the  beam  at  c  (fig.  5.  pi.  IV.), 
then  is  the  weight  equal  to  the  pressures  upon  a  and  b,  and 

W»BC         1  •!  W»  AC      ,^ 

pressmre  upon  a  = ,  while  pressure  upon  b  = .  (See 

Cor.  6.  art.  133.)  But  the  reaction  of  either  point  of  support  is 

Sual  to  the  pressure  upon  it  (ax.  d.);  and  this  may  be  con- 
lered  as  a  force  acting  at  the  point  c  as  upon  the  arm  of  a 
lever :  so  that  the  stress  at  c  is  as  diepressure  at  either  point  of 
support  into  its  distance  from  c.     That  is,  the  pressure  is  as 

-T-^  •  AC,  or  as •  BC,  which  are  manifestly  equal,  the 

one  to  the  other.   But  w  and  ab  are  given;  therefore  the  stress 
varies  as  the  rectangle  ac  -  cb. 

Cob.  1*  The  same  thing  will  obtain  if  the  weight  be  equally 
i^fiiised  tfacough  the  whole  of  the  beam.  For,  in  this  case  as  in 
the  former  the  sum  of  the  pressures  upon  a  and  b  will  be  equal 
to  the  whole  weight :  and  if  n?  be  the  weight  of  the  part  bc, 

its  pressure  upon  A,  will  be — ;    and  this  referred    back 

to  the  point  c  will  give        --^  •  ac,    for  the   stress;  which 

Ab 

varies  as  the  rectangle  ac  •  bc,  as  before. 

Cor.  2.  The  greatest  stress  of  a  beam  is  in  the  middle  be- 
tween its  supports,  whether  the  weight  be  applied  there  or 
equally  diffused  over  its  whole  length,  [c] 

For  the  rectangle  of  the  two  parts  of  a  line  is  a  maximum, 
when  those  parts  are  equal  to  each  other. 

CoR.  3.  Hence  in  all  structures  we  should  as  far  as  possible 
avoid  placing  weights  in  the  middle  of  beams:  thus,  in  roofing, 
it  is  better  to  use  prick-posts  than  king-posts,  unless  where 
there  is  a  pillar  or  a  partition  wall  to  support  the  beam  in  the 
middle. 

CoR.  4.  If  w  be  the  greatest  weight  a  beam  will  sustain  at 
its  middle  point,  and  it  be  required  to  support  by  that  beam  a 
greater  weight  w;  the  point  c  may  be  found  by  making  w:  w  :: 
|abx  Jab  :  ac-cb. 

To  perform  tliis  geometrically  Galileo  proceeds  thus:  let  w 
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^nd  w  be  represented  by  lines^  their  mean  proportional  bteittg  b  * 
line  M  :  find  a  fourth  proportional  s,  to  w^  m,  and  ad  (fig.  0. 
p).  VIII).  Let  AD  be  the  diameter  of  the  semicircle  a()d,  in 
which  draw  the  line  ah  =  s;  join  h,  D^and  make  do  a  dh, 
then  is  c  the  point  sought.  For,  on  ba  describe  the  semicircle 
ANB^  raise  the  perpendicular  nc  and  join  n,  d:  then,  because 
NC*+  CD*  =  ND*  =  ad*  =  ah*  +hd«,  and  i!d*  =  jjc%  we  hate 
NO*  =  AC  •  cB  =  AH*,  that  is  =  s*.  But  s* :  AD* : :  ® :  w;  whence 
the  truth  of  the  construction  is  obvious. 

Cor.  5,  Since  the  rectangle  Ac  •  CB  diminishes  as  c  ap- 
proaches to  A  or  B,  and  the  stress  varies  as  that  rectangle,  it 
follows  that  much  may  be  taken  from  the  thickness  of  beatfts 
towards  each  end  without  rendering  them  too  weak  for  the 
load,  [g.] 

Cor.  6.  The  strains  at  any  two  points  c,  litid  i>,  in  a  bi&aiii, 
are  as  the  rectangles  ac*cb,  ad-dB;  and  therefore  wh^fe 
%veights  are  laid  on  at  c,  and  d,  in  the  proportion  of  those  rect- 
angles the  beam  will  be  no  more  liable  to  break  at  one  point 
than  at  the  other,    [g.j 

Cor.  7.  The  strain  at  any  point  D  caused  by  a  Weighl  at  c^  k 
equal  to  the  strain  at  c  occasioned  by  the  same  weight  at  d. 

For,  when  the  weight  w  is  at  c,  the  stress  there  is  as  AC  •  CB, 

and  the  stress  at  d  =  -^  x  straifi  at  c  =  — ^  X  Ac  •  cti  =*  tti-* 

BC  BC 

AC     And,  when  the  weight  is  at  d,  tlie  strain  there  is  as  AD  • 

AC  AC 

db;  while  the  strain  ate  is  as x  stress  iit  D=s x  Ab  • 

'  AD  AO 

t3B  =:  AC  •  b  D,  the  same  as  before. 

1 79.  Pro  p.  If  a  beam  inform  of  an  isosceles  t0edge  he  fixed 
by  its  base  to  a  vertical  wall,  its  faces  being  in  a  vertical  position, 
and  a  weight  be  attached  to  its  vertex,  such  a  beam  will  be 
equally  strong  throughout. 

Let  the  wedge  ba  (fig.  10.  pt.  VIII.)  be  fixed  to  the  vertical 
iKrall  BE,  and  a  weight  w  be  placed  at  a.  The  effort  of  the 
weight  w  upon  any  point  d  of  the  beam  will,  by  the  nature  of 
the  lever,  be  as  the  rectangle  w  •  AD,  or  as  ad,  because  w  is 
constant.  And  the  strength  at  any  point  d,  will  be  as  the  breadth 
into  the  square  of  the  depth  at  that  place  (all  the  vertical  sec- 
tions being  rectangles),  or  as  the  breadth  cd,  the  depth  being 
constant.  Therefore,  since  when  the  beam  is  equally  strong 
throughout,  the  strength  and  stress  are  in  an  invariable  ratio,  we 
shall  have  en  constantly  a^  ac  ;  and,  of  consequence,  acd  must 
be  a  rectilinear  triangle,  and  the  beam  a  wedge. 

180.  Prop.   If  a  beam  is  placed  horizontally  with  one  end 
fixed  to  a  wall,  and  a^veigbt  hung  at  the  other,  then  if  its  breadth 

be  the  same  from  one  end  to  the  other,  it  will  be  equally  strong 
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throughout  when  the  vertical  sides  are  in  form  of  a  parabola. 

For  the  stress  is  as  ad  (ii^.  1 1.)  as  in  the  last  prop.  a|id  th^ 
strength  is  as  the  breadth  into  the  square  of  the  depth^  or, 
because  the  breadth  is  constant,  tlie  strength  is  as  cu^.  But 
the  stress  and  strength  must  remain  in  a  constant  ratio  ;  there- 
fore AD  must  vary  as  cd*  throughout  the  figure;  which  is  the 
ivell  known  property  of  a  parabola  whose  vertex  is  A. 
.  Cor.  1.  Since  the  parabola  is  4-  of  its  circumi^cribing  paralr 
lelogram,  parabolic  beams  require  y  less  matter  than  prismatic 
ones;  a  circumstance  which  may  b^  beneficially  attended  to, 
particularly  when  iron  is  used, 

CoR.  2.  In  the  beams  of  balances  for  very  great  weights, 
each  arm  may  be  constructed  of  a  parabolic  shape  as  in  fig.  iS^ 
F  bein^  the  centre  of  motion :  which  will  cause  a  saving  of 
materials  vdthout  aqy  diminution  qf  t^seful  strength, 

181.  Prop.  7/*  a  beam  has  one  end  fixed  to  a  wall,  and 
gradually  diminishes  towards  the  other  end  tthere  a  weight  is 
placed^  so  that  all  its  vertical  sections  are  squares,  then,  m 
order  that  ii  may  be  equally  strong  throughout,  the  bounding 
curve  must  be  in  the  form  of  a  cubic  parabola. 

In  fig^  12.  PI.  Vltl.  the  stress  or  effort  of  the  weight  upon 
any  point  f  will  be  a^  af  :  and,  because  th^  sections  are  all 
similar,  the  strengths  will  vary  as  the  cubes  of  the  depths. 
Hence,  in  this  case  af  oc  dc^,  which  is  a  well-know  n  property 
of  a  cubic  parabola. 

182.  Prop.  When  a  beam  whose  vertical  sides  are  parallel 
planes  is  fixed  at  both  ends,  it  zcill  be  equally  strong  throughout, 
if  either  th^  tops  of  those  sides  or  the  bottoms,  or  both,  be  ter^ 
minated  by  ellipses. 

For,  the  sides  being  parallel  planes,  the  beam  will  be  of  equal 
thickness  throughont,  and  consequently  the  strength  at  any  point 
BC,  will  be  as  cd%  or  as  cc^,  according  as  adb,  or  acb,  is  the 
bottom  of  the  beam  (fig.  13.  PI.  VIII.)  Now,  the  stress  at  the 
point  D,  is  as  the  rectangle  ad  •  db  (art  ITS.);  therefore CD%  or 
cc^  must  vary  as  ad  •  DB,  to  ensure  equal  strength  throughout. 
And  this  is  the  fundamental  property  of  the  ellipse  whose 
vertices  are  a  and  b. 

183.  Prop.  Given  the  length  and  weight  of  a  cylinder  or 
prism,  which  is  placed  horizontally  xvith  one  end  fixed  firmly, 
and  will  just  support  a  given  weight  at  the  other  end  without 
breaking,  to  find  the  length  of  a  similar  prism  or  cylinder^ 
which  when  supported  in  like  manner  at  one  end,  shall  just  bear 
without  breaking  a  second  given  weight  at  the  unsupportet^ 
eftd. 
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Let  /  denote  the  length  of  the  given  cylinder  or  prisniy  d  the 
diameter  or  depth  of  its  end^  w  its  weight,  and  u  the  weight  ^ 
hanging  at  the  unsupported  end  :  the  capitals  l,  d,  w,  and  tr, 
representing  corresponding  particulars  with  respect  to  the  other 
prism.     Then  the  weights  of  similar  solids  of  the  same  matter  • 
being  as  the  cubes  of  their  lengths,  M'e  shall  have  l^  :  i?  iiw  i  ^ 

-jjW^  the  weight  of  the  prism  whose  length  is  l.     We  m«y 

either  suppose  the  whole  weight  of  each  beam  to  act  at  its  cen- 
tre of  gravity,  or  half  its  weight  at  the  unsupported  end : 
for,  on  both  these  suppositions  the  stress  upon  the  supported 
or  fixed  end  arising  from  the  weight  of  the  beam  will  be  the 
same :  hence  theni  the  stress  upon  the  fixed  end  of  the  beaiti 
whose  length  is  /,  arising  both  from  its  own  weight  and  the 
weight  u  attached  to  it,  will  be  {\w+u)l;  and  the  stress  upon 

the  other  beam  will  be  (\w  ^  +  i))  l,  or  {—  to  +  VjL.  But 

the  lateral  strength  of  the  first  beam  is  to  that  of  the  second^  as 
tP  to  d'  (art.  169.  cor.  2.)  or  as  /'  to  L^  Wherefore,  since  the 
strengths  and  stresses  of  the  two  beams  in  their  respecftve  dr- 
cumstances  must  be  in  the  same  ratio,  to  answer  the  cpuditiSiis 

of  the  proposition,  we  have  (Jap+w)  /  :  (^  w  +  x?)  l  :  :  P  : 

L^.    This  analogy  converted  into  an  equation,  gives,  after  a  litr 

tic  reduction,  i? /l*H vPzzO :  a  cubic  equation  from 

which  the  numeral  value  of  l  may  be  determined,  when  those 
of  the  other  quantities  are  specified. 

Cor.  1.  When  u  vanishes  the  equation  becomes  l'  ss 

/l* ;  whence  l  = /,  or, a? : »  +  2u :  :l  i-l.    From  which 

the  length  of  the  beam  which  will  just  break  by  its  own  weight,    ^ 
may  be  readily  found. 

Cor.  2.  Hence  of  all  beams  of  similar  shape  and  materials, 
there  is  one,  and  only  one,  that  will  merely  sustain  itself  when 
fixed  at  one  end,  being  just  on  the  point  of  breaking,  [c] 

Cob.  3.  If  a  beam  break  by  its  own  weight,  when  fixed  at 
one  end,  a  beam  of  twice  its  length  fixed  in  a  similar  manner  at 
both  end#  will  ^o  break  by  its  own  weight :  or  if  one  sustain 
itself  the  other  will. 

For  the  strain  or  stress  is  the  same  in  both  of  them ;  each 
being  equal  to  the  stress  of  a  beam  of  the  double  length,  and 
supported  at  its  middle  point. 

184.  Prop.  Given  the  length  and  weight  of  a  cylinder  or 
prism,  which  is  fixed  horizontally  as  in  the  foregoing  proposi^ 
tion,  and  a  weight  which  when  hung  at  a  given  point  breaks  the 
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prism f  tojindhow  much  longer  a  prism  of  equal  diameter  or  of 

equal  breadth  and  depth,  maif  be  extended  before  it  break  either 
t.  by  its  ozcn  weighty  or  by  the  addition  of  any  otfier  adventitious 

weight. 

Here  let  /denote  the  length  of  the  given  prism,  z^^its  weight, 
^    «  a  weight  attached  to  it  at  the  distauce  d  from  the  iixtd  end;  L 

the  length  of  the  required  prism,  and  u  the  weight  attached  to 

i|  at  the  distance  d.  Then  I:  l::w:  —7- ,  the  weight  of  the 
prism  whose  length^  is  l  :  therefore  the  strain  it  will  occasion 
upon  the  fixed  end  will  be-y-  .  J  l  =  -^r— ;  and  the  strain  aris- 
ing from  the  weight  u  acting  at  the  distance  D  will  be  du;  so 
diat  the  whole  strain  occasioned  by  the  longer  beam  and  its 

weight  will  he -^4-  du.  The  strain  occasioned,  in  like  manner, 

by  the  weight  of  the  original  beam  will  be  iwl,  and  by  its 
weight  u  at  the  distance  d,  will  be  du,  their  sum  being  iwl 
+du.  Now  the  strength  of  the  beam  which  is  just  sufficient 
t0  resist  these  strains  is  the  same  in  both  instances;  conse- 

^tently  -jj—  +  DU  =   Jtt'/  +  du ;  and  by  reduction  l  = 

J 

Cor.  1.    If  the  lengthened  beam  just  breaks  with  its  own 
weight,  then  u  vanishes,  and  we  have  l  =1  -v/  (/*4 )  = 

CoR.  2.  If  when  u  vanishes  d  becomes  equal  to  /,  we  have  l  = 


•^  (\wl  +  dll  —  DU  ). 


to  ^  ^ 


185.  Prop.  The  strength  of  a  rectangular  beam  in  an  inclined 
position  is  to  the  strength  of  the  same  beam  in  an  Horizontal 
position,  to  resist  a  vertical  pressure,  as  the  square  of  the  radius 
to  the  square  oftlie  cosine  of  elevation. 

For  a  transverse  vertical  section  of  the  beam,  will  be  rectan- 
gular, whether  the  beam  be  in  a  horizontal  or  oblique  position : 
and  consequently,  on  the  principles  we  have  assumed,  the 
strengths  in  botli  cases  will  be  as  the  squares  of  the  depths. 
Now  AB  (fig.  14.  PI.  VII I.)  being  a  longitudinal  vertical  section 
of  the  beam,  the  depih  of  the  beam  when  inclined  v^ill  be  ci^, 
and  cd  when  it  is  horizontal.  Hence  the  strength  in  the  one 
case  to  that  in  the  other  is  as  cd^  to  cd*',  or  because  of  the 
bimilar  triangles  cx>d,  ado,  as  ad'  to  ao%  that  is,  making  ad 
radius,  as  rad'  to  cos^  dad.  q.  £.  d. 
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Cor.  1  •  The  strength  of  any  beam  resisting  a  vertical  pressure 
is  greatest  when  it  is  in  a  vertical  position ;  for  then  the  cosine 
of  inclination  vanishes. 

Ck>R.  2.  The  same  prop,  and  corol.  will  hold,  with  respect  to 
a  pressure  in  any  other  direction,  provided  ah,  instead  of  being 
horizontal,  be  perpendicular  to  the  pressure. 

186.  Prop.   fVhen  two  beams  standing  obliqueli/  bear  two  ^ 
weights  upon  them,  either  at  the  middle  points  or  in  any  similar 
situationSf  or  equally  dijffused  over  their  whole  lengths;  the 
strains  upon  them  will  be  directly  as  the  weightSj  the  lengths, 
and  the  cosines  of  citation  conjointly » 

For  (ufX.  154.  cor.  ^.)  the  weight  is  to  the  pressure  upon 
the  plane,  as  radius  to  the  cosine  of  elevation :  therefore  the 
pressure  is  as  the  rectangle  of  the  Wiight  and  cosine  of  eleva* 
tion;  and  this  is  the  force  acting  against  the  beam  perpeo* 
dicularly.  Whence  the  stress  will  universally  be  as  the  length 
of  the  beam  and  this  force,  that  is,  as  the  length  x  weight  x 
cosine  of  elevation. 

Cor.  I.  If  the  lengths  of  the  beams,  and  their  weights,  be 
the  same,  the  stress  wUl  be  as  the  cosine  of  elevation;  and  con-- 
sequently  it  will  be  greatest  when  the  beam  is  horizontal* 

CoR.  2.  If  the  b^ams  are  horizontal,  or  at  any  equal  incii^ 
nations,  and  the  weights  vary  as  the  lengths,  or  the  beams  are 
uniform,  then  will  the  stress  vary  as  the  squares  of  the  lengths. 

CoR.  3.  If  the  weights  are  equal  on  the  horizontal  beam  ac, 
and  the  inclined  one  ab  (fig.  15.)  and  so  be  vertical,  the  stress 
upon  both  beams  will  be  equal. 

For  the  length  into  the  oosine  of  elevation  is  the  same  in 
both. 

CoR.  4.  But  if  the  weights  on  the  beams  vary  as  their  lengths, 
the  strength  will  also  vary  in  the  same  ratio. 

Cor.  5.  And  universally  the  stress  upon  any  point  of  an 
oblique  beam,  is  as  the  rectangle  of  the  segments  of  the  beam, 
the  weight  and  cos  inclination  directly,  and  the  length  of  the 
beam  reciprocally. 

187.  Prop.  Let  ac  (Jig.  1.  PL  IX.)  represent  a  beam 
moveable  about  a  centre  c,  so  as  to  make  any  angle  acb  with  the 
plane  of  the  horizon  cb;  /o  determine  the  position  of  a  prop 
or  supporter  osofa  giveik  length,  zvhich  shall  sustain  it  with 
the  greatest  eaiC  in  any  given  position;  also  to  ascertain  the 
inclination  of  ac  to  the  horizon  when  the  least  force  that  car^ 
sustain  it  is  greater  than  the  least  force  in  any  other  position. 

litt  G  be  the  centre  of  gravity  of  the  beam  ac,  and  draw  o/?, 
am,  and  cd,  peri>endicular  to  ac,  cb,  and  os  respectively. 
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Put  so  =  p,  CO  n  r,  cm  =:  x,  and  the  weight  of  the  beam  =  v. 
Then,  by  the  nature  of  the  parallelogram  of  forces,  wci  shall 
have  cm :  c/i,  or  sim.  triangles,  as  CG  (  =  r) :  cm  (^x) : : » : 

•^^  tbp  force  which  acting  at  G  in  the  dii-ection  on,  is  sufficient 

to  sustain  the  beam :  and,  by  the  nature  of  the  lever,  co  :  cO 

(^zr)  ::  y^  (the  requisite  force  at  c) : ,  the  force  capable 

of  supporting  it  at  o  in  a  direction  perp.  to  ac  or  parallel  to 

en  :  and,  again,  as  cd  :  co  :  : (the  force  acting  at  o  in 

direction  X  to  co) :  — ,  the  force  or  weight  actually  sus- 
tained by  the  given  prop  so  in  a  direction  _L  ^^  ^^'  Th^* 
latter  force  will  mauifivdy  be  the  least  possible  when  the 
perpendicular  cd  upon  os  is  the  greatest  possible,  let  the 
angle  acb  be  what  it  may.  But  of  all  triangles,  having  the 
same  base  os  and  vertical  angle  sco  that  which  is  isosceles  is 
known  to  have  the  greatest  perpendicular  [being  an  obvious 
,  corol.  from  the  latter  part  of  prob.  VI.  p.  1 71.  Vol.  iii. 
Button's  Course] :  therefore  the  triangle  osc  will  be  isosceles, 
and  the  angle  s  =  angle  o,  when  the  weight  sustained  by  the 
prop  OS  is  a  minimum. 

Secondly,  in  order  to  give  a  solution  to  the  latter  part  of  the 

problem,  we  have  to  find  when  —  is  a  maximum,  the  angles  s 

and  o  being  always  =  each  other,  while  they  vary  in  magnitude 
in  consequence  of  the  change  of  the  inclination  acb.  Let  CD 
produced  meet  om  in  i ;  then,  because  of  the  similar  triangles 
cos,  cmi,  we  shall  have  CDicm  (=j)  : :  sd  {=ip) '  mi,  whence 

=  ■!"">  *"^  consequently  — ^  X  a?=-^  x  w.     But  rfnce 

CI  bisects  the  angle  mco,  we  also  have  C6  +  cm  ( =  r  +  jr)  :  cm 

{:=x)::Gm(=:y/  f*^z^):\m=:J^^^  r»-x>  ^^^THT" 
consequently  the  force  -j —  x  w,  acting  upon  the  prop,  b 
likewise  truly  expressed  by -7 —    / .    ITie  fluxion  of  this 

^5  —  1 

expression  being  taken  and  put  equa^ zero,  we  obtain jrn — j — 

r:  therefore  co :  cm : :  1 :  J  v/5  -  i  : :  radius :  cosiue  of  gcb  = 
SI**  50', the  inclbation  required. 

188.  Pkop.  Suppose  the  beam  ac  instead  of  being  moveable 
about  the  centre  c,  to  be  supported  in  a  giieti  position  by  means 
of  the  given  prop  os  ;  tV  15  required  to  determine  the  position  of 
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that  prop  so  that  the  prismatic  beam  cb  on  which  it  stands  may 
,be  the  least  liable  to  breaking,  this  latter  beam  being  only  sup- 
j^rted  at  its  ends  c  and  b. 

Let  CB  =  i,  OS  =  py  CG  =  r,  weight  of  c A  =  a?,  co  =  z,  sine 
and  cosine  of  angle  c  =  <and  c  respectively^  sine  Zos;^,  siue 

Z,  s  =y.     Then,  by  trig,  z  :y : : p : s,  or  -^  =  —,  and  cs  =;•— : 

also  the  force  of  the  beam  at  o  in  direction  on^cw.  Let  ^ 
denote  the  force  sustaining  the  beam  at  o  in  the  direction  so ; 
then,  because  action  and  reaction  are  equal  and  opposite,  the 
9ame  force  will  be  exerted  at  s  in  the  direction  os :  therefore 

CGxcw=:  FX,  and  f= .     Again,  the  vertical  stress  ^t  s,  will 

OCFXSmS  XCS«SB  =  Fy*CS«SB=  — ^  x(o—  -^--)  X  = 

(substituting  —  for  its  equal— ^ X  -i—  X  !—  =  rcw  x 

'"^  =s  12^   X  ("—^.^j  —  ^  ^"*'  by  the'  prop.     Conse- 
quently   x=:  a  min.  or  x  a  max. :  that  is,  x  =  1,  and  the  angle 

cos  a  right  angle.  Hence  the  point  o  is  readily  found  by  this 
proportion,  sin  c :  cos  c  : :  os  :  oc*, 

GENERAL  SCHOLIA. 

189.  We  have  already  adverted  to  a  general  maxim,  which, 
on  account  of  its  great  importance,  we  beg  to  state  again  :  it  is 
this: — When  several  pieces  of  timber,  iron,  or  any  other  materials 
are  introduced  into  a  machine  or  structure  of  any  kind,  the  parts 
not  only  of  the  same  piece,  but  of  tlie  different  pieces  in  the 
fabric,  ought  to  be  so  adjustedwith  respect  to  magnitude  that  the 
strength  may  be  in  every  part  as  near  as  possible  in  a  constant 
^proportion  to  the  strain  to  which  they  wilt  be  subjected.  Thus, 
in  uie  construction  of  any  engine,  the  weight  and  pressure  upon 
every  part  should  be  investigated,  and  the  sti*ength  should  be 
apportioned  accordingly.  All  levers,  for  instance,  should  be 
mside  strongest  where  they  are  most  strained :  as  levers  of  the 
&rst  kind,  at  the  fulcrum ;  levers  of  the  second  kind,  where  the 
weight  acts ;  and  those  of  the  third  kind,  where  the  power  is 
applied.  Hie  axles  of  wheels  and  pulleys,  the  teelh  of  wheels, 
ropes,  &c.  must  be  made  stronger  or  weaker,  as  they  will  be 
more  or  less  acted  upon.  Let  the  strength  allowed  be  more 
than  fully  competent  to  the  stress  to  which  the  parts  can  ever 
be  liable;  but  let  not  the  surplus  be  extravagant:  for  such  an 
ejscess  of  strength  in  any  part,  instead  of  being  serviceable,  is 

f  A  geometrical  solution  of  this  problem  was  given  in   the  Ladies* 
Diary  for  1 757.     Sec  Hulioa*:}  Diarian  Miscellany,  vol.  iii.  ^,  38. 
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■ 

injurious  by  increasing  the  resistance  the  machine  has  to  over* 
come,  and  thus  encumbering,  impeding,  and  often  destro}ii^ 
the  requisite  motion:  while,  on  the  other  hand,  a  defect  of 
strength  in  any  one  part  will  cause  a  failure  therCi  and  ^ther 
render  the  whole  usdess,  or  call  for  frequent  repairs. 

190.  The  propositions  we  have  given  on  the  strength  and 
stress  of  materials,  however  true,  according  to  the  principles 
assumed,  are  of  no  use  in  practice  till  the  comparative  strength 
of  different  substances  is  ascertained.  And  even  then  they  will 
apply  more  accurately  to  some  substance^  than  others.  Hhherto 
they  have  been  almost  exclusively  applied  to  the  resisting  force 
of  beams  of  timber;  though  it  b  probable  no  materials  whatever 
accord  less  with  the  theory  than  timber  of  all  kinds*.  The  re- 
sisting body  is  supposed  in  tfie  theory  to  be  perfecdy  homogeneous, 
or  composed  of  parallel  fibres,  equally  distributed  around  the 
axis,  and  presenting  uniform  resistance  to  rupture.  But  this  is 
not  the  case  in  a  beam  of  timber :  for,  by  tracing  the  process  of 
vegetation,  it  has  been  found  that  the  ligneous  coats  of  a  tree, 
formed  by  its  annual  growth,  are  almost  concentric ;  and  that 
they  are  like  so  muny  hollow  cylinders  thrust  into  each  other,  and 
united  by  a  kind  of  medullary  substance  which  offers  but  little 
resistance :  these  hollow  cylinders,  therefore,  furnish  the  chief 
resistance  to  the  force  which  tends  to  break  them.  Now,  when 
the  trunk  of  a  tree  is  squared  in  order  that  it  may  be  converted 
into  a  beam,  it  is  evident  that  all  the  ligneous  cylinders  greater 
than  the  circle  inscribed  in  the  square  or  rectangle,  which  is  the 
section  of  (he  beam,  are  cut  off  at  the  sides ;  and  therefore,  as 
Montucla  remarks,  almost  the  whole  resistance  arises  from  the 
cylindric  trunk  inscribed  in  the  solid  part  of  the  beam.  The 
portions  of  the  cylindric  coats  which  are  towards  the  angles  add 
a  litde,  it  is  true,  to  the  strength  of  that  cylinder,  as  they  cannot 
fail  to  oppose  some  resistance  to  the  straining  force ;  but  it  is 
far  les.^  than  though  the  ligneous  cylinder  were  entire.  Hence 
we  cannot  by  legitimate  comparison  accurately  deduce  the 
strength  of  a  joist  cut  from  a  small  tree,  by  experiments  on  an- 
othei  \\hich  has  been  sawn  from  a  much  larger  tree  or  block : 
the  latter  is  generally  weak,  and  very  liable  to  break.  As  to 
the  concentric  cylinders  we  have  been  speaking  of,  they  are  evi- 
dently not  all  of  equal  strength.  Those  nearest  the  centre  being 
the  oldt-st,  are  likewise  the  hardest :  which  ngain,  is  contrary  to 
the  theory,  in  which  they  are  supposed  uniform  throughout* 
After  all,  however,  it  is  still  found  that  in  some  of  the  most 

*The  propositions  which  relate  to  the  equilibrium  and  strength  of  sub- 
sUDCes  picrfecily  and  imperfectly  elastic,  depend  upon  principles  which 
cannot  naturally  be  introduced  in  this  place.  The  rauler  may  be  rtfened 
to  Dr.  Young's  Natural  Philosophy,  vol.  ii.  p.  46—60. 
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important  problems  the  results  of  the  theory  and  well-con- 
ducted experiments  coincide,  even  with  regard  to  timber :  thus, 
for  example,  the  experiments  of  Duhamel  on  rectangular  beams 
afford  results  deviating  but  in  a  slight  degree  from  the  theorem 
of  Galileo,  that  the  strength  is  proportional  to  the  product  of 
the  breadth  into  the  square  of  the  depth.. 

190.  A.  Experiments  on  the  strength  of  different  kinds  of 
wood,  are  by  no  means  so  numerous  as  might  be  wished.    The 
most  useful  seem  to  be  those  made  by  Emerson,  Parent,  Banks, 
and  Girard :  but  it  will  be  at  all  times  hishiy  advantageous  to 
make  new  experiments  on  the  same  subject;  a  labour  espe- 
cially reserved  for  engineers  who  possess  skill  and  zeal  for  the 
advancement  of  dieir  profession.     It  has  been  found  by  expe- 
riments that  the  same  kind  of  wood,  and  of  the  same  shape  and 
dimensions,  will  break  with  very  different  weights:  tliat  one 
piece  is  much  stronger  than  another  not  only  cut  out  of  the 
same  tree,  but  out  of  the  same  rod :  and,  that  if  a  piece  of  any 
length  planed  equally  thick  throughout,  be  separated  into  three 
or  four  pieces  of  an  equal  length,  it  will  be  found  that  these 
pieces  require  different  weights  to  break  them.     Emerson  ob- 
serves that  wood  from  the  boughs  and  branches  of  trees  is  far 
weaker  than  that  of  the  body:  the  wood  of  the  great  limbs 
stronger  than  that  of  the  small  ones:  and  the  wood  in  the  heart 
of  a  sound  tree  strongest  of  all.     He  also  observes  that  a  piece 
of  timber  which  has  borne  a  great  weight  for  a  small  time,  has 
broke  with  a  far  less  weight,  when  left  upon  it  for  a  much 
longer  time.     Wood  is  likewise  weaker  when  it  is  green,  and 
strongest  when  thoroughly  dried ;  and  should  be  two  or  three 
years  old,  at  least.     Knots  in  wood  often  weaken  it  very  much. 
And  when  wood  b  cross-grained,  as  often  happens  in  sawing, 
this  will  weaken  it  in  a  greater  or  less  degree,  according  as  the 
cut  runs  more  or  less  across  the  grain.     From  all  which  it  fol- 
lows that  a  considerable  allowance  ought  to  be  made  for  the 
strengdi  of  wood,  when  applied  to  any  use  where  strength  and 
durability  are  required. 

Iron  is  generally  much  more  uniform  in  its  strength  than 
wood :  yet  experiments  shew  that  there  is  some  difference  occa- 
sioned by  different  kinds  of  ore;  the  difference  is  n6t  only  found 
iu  iron  from  different  furnaces ;  but  from  the  same  furnace,  and 
the  same  melting ;  this  may  arise  partly  from  the  different  de- 
grees of  heat  which  it  has  when  it  is  poured  into  the  mould,  and 
partly  from  ihe  differentiutensitiesof  heat  acquired  by  the  fused 
metal  ill  different  parts  of  the  same  furnace. 

Every  beam  or  bar,  whether  of  wood,  stone,  or  iron,  is  more 
easilv  biokeii  by  any  transverse  strain,  when  it  is  sustaining  anv 
very  great  compressioa  endways.     Several  experiments  havo 
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been  made  on  this  kind  of  strain:  a  piece  of  wbife  marble  {■ 
incfi  square  and  three  inches  between  the  props,  bore  SSlbs; 
M'hen  compressed  endways  Vith  SOOlbs.  it  broke  with  I4^1bs. 
The  effect  is  nmch  more  remarkable  in  timber,  and  more  elastic 
bodies;  but  is  considerable  in  all.  This,  therefore,  is  a  point 
which  must  be  attended  to  in  all  experiments :  as  must  likewise 
the  following,  namely,  that  a  beam  supported  at  both  ends^  will 
carry  tzcice  as  much  when  the  ends  beyond  the  props  are  kept 
from  rising,  as  when  the  beam  rests  loosely  on  the  props.  The 
demonstration  of  this  is  given  by  Girard;  and  many  experiments 
furnish  nearly  the  same  result. 

Some  writers,  however,  seem  to  doubt  its  truth :  and  as  every 
one  has  not  opportunities  of  trying  the  matter  experimentally, 
Professor  Itobison,  in  order  to  remove  any  doubts,  gives  this 
familiar  representation  of  the  case.  Let  lm  (fig.  2.  pi.  IX.)  be 
a  long  beam  divided  into  six  equal  parts,  in  the  points  d,  b,  a, 
c,  e;  and  firmly  supported  at  l,  B)  c,  m.  Let  it  be  cut  through 
at  A,  and  have  compass-joints  at  b  and  c:  fb  and^GC  are  two 
equal  uprights,  resting  on  b  and  c,  but  without  any  connection; 
AH  is  a  similar  and  equal  piece  occasionally  applied  at  the  seam 
A.  Now  let  a  thread  or  wire  age  be  extended  over  the  piece 
GC,  and  made  fast  at  a,  g,  and  b:  and  let  the  same  thing  be 
done  on  the  other  side  of  a,  as  at  A,  f,  d.  If  a  weight  be  uow 
laid  on  at  A,  the  wires  afd,,  age,  may  be  strained  till  diey  are 
broken.  1  n  the  instant  of  fracture  we  may  suppose  their  strains 
to  be  represented  by  A/and  a^.  Complete  tlie  parallelogram, 
and  AG  represents  the  magnitude  of  the  weight.  Nothing,  it  is 
plain,  is  concerned  here,  but  the  cohesion  of  the  wires;  for  the 
boani  is  sawed  through  at  A,  and  its  parts  move  with  perfect 
freedom  round  b  and  c.  Instead  of  this  process  apply  the 
piece  AH  below  a,  and  keep  it  there  by  straining  the  same  wire 
over  it  in  the  position  bhc.  If  a  weight  be  now  laid  on,  it  must 
press  down  the  ends  of  ba  and  ca,  and  cause  the  piece  ah  to 
strain  the  wire  bhc.  In  the  instant  of  fracture  of  the  same 
Mire,  similarly  posited,  its  resistance  h6,  hc,  must  be  equal  to 
Afy  Ag,  and  the  weight  h  h  which  breaks  them  nmst  be  equal  to 
A(Z.  Lastly,  cmplo}  all  the  three  pieces  fb,  ah,  gc,  with  the 
same  wire  attached  as  in  the  two  cases  conibincd:  there  can  be 
no  doubt  that  the  weight  which  breaks  all  the  wires  must  be 
=  Aa  +  Ah,  or  twice  Aa.  And  it  is  exceedingly  manifest  that 
the  wires  perform  the  very  same  office  with  the  fibres  of  an 
entire  beam  lm  held  last  in  the  four  holes  D,  B,  c,  £,  of  some 
upright  posts. 

'I  he  same  thing  is  shewn  rather  differently  at  pa.  464,  Emer- 
son's Algebra. 

The  relative  strengths  of  several  softiXrf  wood,  and  of  other 
bodies,  as  determined  by  Mr.  £mcrson,m'e  as  follow: 
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Box,  yew,  plumtree,  oak 11 

Elm,  ash 84. 

Walnut,  thorn 7| 

Red  fir,  hollin,  elder,  plane  crabtree,  applo-tree      7 

Beech,  cherry-tree,  hazle 6|. 

Alder,  asp,  birch,  white  fir,  willow  or  sangh     .       6 

Iron  . 107 

Brass      .     .     « 50 

Bone 22 

Lead 6^ 

Fine  free-stone 1 

A  cylindric  rod  of  good  clean  fir,  of  an  inch  circumference^, 
drawn  in  length,  will  bear  atfxtremity  400  lbs.,  and  a  spisir  of 
fir  2  inches  diameter,  will  beir  about  7  tons. 

A  rod  of  gooci  iron  of  an  inch  circumference  will  bear  nearly 
3  tons  weight. 

A  20od  bempen  rope  of  an  inch  circumference  will  bear 
1000  lbs.  at  its  extremity. 

Hence  this  author  concludes  that  if  a  rod  of  fir,  or  a  rope,  or 
a  rod  of  iron,  of  d  inches  diameter  were  to  lift  j-  the  extreme 
weight,  then 

The  fir  would  bear  Sf|i(2  hundred  weights. 
The  rope  ,.  22  dd  ditto. 
The  iron  .  .  6^  dd  tons. 
191.  Mr.  Banks,  an  ingenious  lecturer  on  Natural  Philosophy, 
has  at  various  times  made  many  experiments  on  the  real  and 
comparative  strengths  of  oak,  deal,  and  iron.  He  found  that 
the  worst  or  weakest  piece  of  dry  heart  of  oak,  I  inch  square, 
and  i  foot  long,  bore  660  lbs.  though  it  was  much  bent ;  and 
2  pounds  more  broke  it.  The  strongest  piece  he  tried  of  the 
same  dimensions,  broke  with  974  lbs.  The  worst  piece  of  deal 
bore  460  lbs.  but  broke  with  4  more.  The  best  piece  bore 
690  lbs ;  but  broke  with  a  little  more.  And  with  respect  to 
cast  iron,  he  concludes  that  a  bar  of  the  weakest  kind,  an  inch 
square  and  a  foot  long,  would  break  with  about  2 190  lbs.  Tlie 
following  are  some  of  the  experiments  he  mentions.  [Banks 
ph  Power  of  Machines,  pa.  89.] 

"  Experiments  on  the  strength  of  cast  iron,  tried  at  Ketley, 
"  March  1795. 
J;^  **  The  different  bars  were  all  cast  at  one  time  out  of  the 
same  air  furnace,  and  ihe  iron  was  very  soft,  so  as  to  cut  or  tile 
easily. 

"  Eip.  I,  Two  bars  of  iron,  one  inch  square,  and  exactly 
three  feet  long,  were  placed  upon  an  horizontal  bar  so  as  to 
nteet  in  a  cap  at  the  top,  from  which  was  suspended  a  scale ; 
these  burs  made  each||p 'angle  Of  45^  with  the  base  plate,  anil 
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of  consequence  formed  an  angle  of  dO"*  at  the  top:  from  thU 
cap  was  suspended  a  weight  of  seven  tons^  which  was  left  for 
16  hours,  when  the  bars  were  a  little  bent^  and  but  very  little. 

'^  Exp.  11.  Two  more  bars  of  the  same  length  and  thickiiessy 
were  placed  in  a  similar  manner  making  an  angle  of  22 J®  with 
the  base  plate;  these  bore  four  tons  upon  the  scale:  a  little 
more  weight  broke  one  of  them,  which  was  observed  to  be  a 
little  crooked  when  first  put  up.  In  this  case. the  pressure 
would  be  as  the  sines  of  the  angles  of  elevation,  viz.  as  3826  to 
7071 ;  and  as  3826 : 4  tons : :  7071  :  7  •  6  tons;  that  is,  if  the 
second  bars  broke  with  four  tons,  the  iBrst  ought  to  have  taken 
7  •  6  tons  to  break  them ;  and  it  is  likely  that  would  if  tried 
have^been  the  case.  "" 

^  JESp.  III.  Another  bar  waa^accd  horizontally  upon  two 
supporters,  exactly  three  feet  distant;  it  bore  6  cwt.  S  qrs.  but 
broke  when  a  little  more  was  added. 

'^  Exp.  IV.  The  same  experimeiit  repeated  .i>i^  tbe  same 
result. 

^*  Exp.  V.  The  bearings  wfere  2  feet  6  inches  apart,  the  bar 
bore  9  cwt.  and  broke."  '^  Ttu«e  ipore  exp^rimeats  were  tried 
the  next  day  with  the  prisoHl  9  feet  distant;  the  average  result 
was  6  cwt.  2  qrs.  7y  lbs.*'         Ik     * 

'^  Experiments  tried  at  Couhreok^ale,  on  curved  bars  or 
"  ribs  of  cast  iron,  April  1795. . 

^'  Rib  29  feet  6  inches  span,  and  II  inches  high  in  the 
centre;  it  supported  99  cwU  I  qr.  14  lbs.:  it  sunk  in  tbe 
middle  3-J^,  and  rose  again  ^  when  the  weight  was  removed.  The 
same  rib  was  afterwards  tried  without  abutments,  and  biok6 
with  55  cwt.  0  qrs.  14  lbs.  * 

'^  Rib  29  feet  3  inches  in  span,  a  segment  of  a  circle,  S  feel 
high  in  the  centre;  it  supported  100  cwt  1  qr.  14  lbs.  and  siink 
1-^  in  the  middle.  The  same  rib  was  afterwards  tried  without 
abutments,  and  broke  with  64  cwt.  1  qr.  14  lbs." 

The  thickness  of  these  ribs,  unluckily,  is  not  specified ;  but 
the  experiments  prove  that  each  rib  exerted  little  more  than 
half  the  strength  M'hen  the  abutments  were  removed.  This  cor- 
responds with  what  we  have  stated  in  the  last  article  relatively 
to  beams  being  fixed  at  the  ends,  as  nearly  as  can  be  expected, 
considering  the  necessary  difference^  between  prisms  and  these 
arch  ribs. 

Mr.  Banks  made  some  experiments  on  the  strength  of  cast 
iron,  at  Messrs.  Aydon  and  Elwell's  foundry,  Wakefield. 
*'  The  iron  came  from  their  furnace  at  Shelf,  near  Bradford, 
and  was  cast  from  the  air  furnace ;  the  bars  one  inch  square, 
and  the  props  exactly  a  yard  distant  One  yard  in  length 
weighs  exactly  Qlbs.  or  oue  was  aboud^f  an  ounce  less/  and 
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another  a  very  little  more :  they  all  bent  about  an  inch  before 
(bey  broke, 

lbs/ 
'^  t.  The  first  bar  broke  with    ....     963 

**  2.  Bar  broke  with 1)58 

''  3.  Bar  broke  with 994 

**  4.  Bar  made  from  the  cupola,  broke  with  864 
''  Bar  equally  thick  in  the  middle^  but  the^ 
ends  formed  into  a  parabola^  and  weigh- >  874." 
ed  6  lbs.  3  oz.  broke  with        .     .     .      }  « 

This  gentleman  made  many  other  experiments. .  He  con* 
eludes  from  the  whole  that  cast  iron  is  from  S^-  to  4^  times 
stronger  than  oak  of  the  same  dimensions,  and  from  5  to  6^ 
times  stronger  than  deal.    ^    .     . 

With  fespect  to  the  twiit  to  which  bars  or  shafts  placed  in 
an  upright  position  are  liable,  between  the  wheel  which  drives 
them  and  the  resistance  they  have. to  overcome,  ht;  observes  that 
a  cast  irott  bar  an  inch  square  and  fixed  at  one  end,  and  631 
pounds  suspended  by  a  wheel-  of  2  feet  diameter  fixed  on  the 
other  end,  will  break  by  the  twist:  though  some  have  required 
more  than  1000  lbs.  in  similar  situations  to  break  by  the  twi&t* 
The  strength  to  resist  the  twisting  strain  is  as  the  cube  of  like 
lateral  dimensions.  % 

101.  A.  Professor  Robison  found  by  many  trials  that  a  priam 
of  white  marble  an  inch  square  and  a  foot  long,  bears  about 
500  lbs. :  and  that  a  cylinder  of  an  inch  in  diameter  loaded  to 
one*fourth  will  carry,  if  of  iron  135  hundred  weight,  of  rope  22, 
oak  14,  fir  9. 

Professor  Robison  also  collected  from  the  experiments  of 
Muschenbroek  and  others,  a  table  of  the  absolute  strengths  of 
several  substances:  from  which  the  following  is  selected.  The 
specimens  are  supposed  to  be  prisms  or  cylinders  oi  one  square 
inch  transverse  area;  and  to  be  stretched  or  drawn  lengthwise 
by  suspended  weights,  gradually  increased  till  the  bars  were 
torn  asunder.  The  avoirdupoise  pounds,  which  on  a  medium  of 
many  trials  effected  this,  are  set  against  each  name. 

1st.  METALS. 

lbs.  lbs. 

Gold,  cast      .     .     .     22,000  Tin,  cast      .     .     .     *  5,000 

Silver,  cast      .     .     .     42,000  Lead,  cast    ....  860 

Copper,  cast  •     .     •     34,000  Regulus  of  Antimony  1,000 

Iron,  cast        .     .     .     50,000  Zinc   ..:...  2,600 

Iron,  bar    ....     70,000  Bismuth       ....  2,900 
Steel,  bar  ...     .  185,000 

It  is  a  circumstance  deserving  notice  that  almost  nil  the 
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metallic  mixtures  have  greater  tenacity  than  the  metab  tfaeoh 
selves.  The  change  of  tenacity  depends  much  on  the  relative 
proportions  of  the  ingredients ;  yet  the  law  is  extremely  varia- 
ble, differing  much  in  different  metals.  The  proportions  of 
constituent  parts  selected  are  those  which  produce  the  greatest 
strength. 

lbs. 
f  parts   Gold  with  1  of  silver    .     •    •     .    2SfiOO 
5  Gold,  1  copper 50,0OC> 

5  Silver,  1  copper 48,500 

4  Silver,  1  tin 41,000 

6  Copper,  1  tin 60,000 

Brass,  of  copper  and  tin    ...    5 1 ,000 

3  Tin,  1  lead 10,200 

8  Tin,  t  zinc 10,000 

4  Tin,  1  re^ulus  antimony  •     •     •     12,000 

8  Lead,  1  zmc 4,500 

4  Tin,  1  lead,  1  :^nc  .     »     .    .     .     ld,00e 

These  mixtures  are  of  considerable  use  in  the  arts.    The 
mixtures  of  copper  and  tin  are  especially  important  in  the  fiibric 
of  great  guns.     By  mixing  copper  whose  strength,  at  greatest, 
does  not  exceed  37,000,  with  tin^  which  in  like  manner  is  less 
than  6000;  a  metal  is  produced  wkose  tenacity  is  almost  double 
that  of  copper,  at  the  same  time  that  it  is  harder  and  more 
easily  wrought:  it  is,  however,  more  fusible.     It  appears,  also, 
that  a  very  small  addition  of  zinc  almost  doubles  the  tenacity  of 
tin,  and  increases  the  tenacity  of  lead  five  times.     An  addition 
of  from  one  fourth  to  one  third  of  lead  doubles  the  tenacity  of 
tin.    These  are  economical  mixtures,  and  afford  valuable  in- 
formation to  plumbers,  as  to  the  manner  of  augmentii^  the 
strength  of  water  pipes.     By  having  recourse  to  these  tables, 
also,  the  engineer  can  proportion  the  thickness  of  his  pipes,  of 
whatever  metal,  to  the  pressures  they  are  intended  to  sustain* 
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Locust  tree  . 
Jujeb  .  •  . 
Beech  and  Oak 
Orange .  •  . 
Alder  .  .  . 
Elm  ... 
Mulberry  •  • 
WiUow  .  . 
AVh  ... 
Plum   .     .     . 


2dly.  WOODS,  Sec. 

lbs. 
20,100 
1 8,500 
17,300 
1.5,500 
13,900 
13,200 
12,500 
12,500 
12,000 
11,800 


Elder    .    • 
Pomegranate 
Lemon 
Tamarind 
Fir  .     .     . 
Walnut      . 
Pitch  pine 
Quince 
Cypress     . 
Poplar 


lbs. 
10,000 
9,750 
9,250 
8,750 
8,330 
8,  ISO 
7,650 
6,750 
6,000 
5,600 
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lbs.  tbs» 

Ceclar  .....  4,880  Horn  .  *  .  •  .  '8,750 
Ivory  .....  16,270  Whalebone  .  .  ;  7,500 
Bone     •     ;     •     ;    •       OflSO    Tooth  of  sea-calf     .       4,075 

The$e  numbers  express  something  more  than  the  utmost  co* 
hesion ;  the  weights  being  such  as  will  v^ry  soon  tear  the  rods 
asunder.  It  will  be  found  generally  that  \  6i  these  weights  will 
sensibly  impair  the  strength  after  acting  a  considerable  while ; 
tod  that  \  is  the  utmost  that  can  remain  permanently  suspended 
from  the  rods  with  safety.  Wood,  however,  of  straight  fibre, 
^ch  as  fir,  will  bear  Si  glreatek-  proportional  load  than  other 
timber. 

The  strength  of  some  metals  is  doubled  or  tripled  by  the 
bperati<m  of  forging  and  wire-drawing ;  and  the  cohesive  as  well 
as  the  repulsive  force  of  wood  is  often  increased  by  moderate 
compression.  Oak  will  suspend  much  more  than  fir,  but  fir 
will  support  twice  as  much  as  oak ;  the  curvature  of  the  fibres 
lof  oak  appears  to  be  the  reason  of  the  difierence ;  yet  oak  has 
been  kno\«  n  to  support,  with  safety,  more  than  2  tons  for  every 
kqaare  inch.  Stone  will  support  from  2*50  to  850  thousand 
pounds  on  a  foot  square,  bnck  800 ;  and  sometimes  they  arft 
praGtically  made  to  support  one-sixth  as  much.  Stone  is  said 
to  be  capable  of  bearing  a  much  greater  weight  in  that  positioh 
trith  respect  to  the  horizon  in  which  it  is  fotind  id  the  quarry^ 
than  in  any  other  position. 

192.  Having  now  given,  in  addition  to  the  theoretic  pro- 
positions, the  results  of  experiments  made  at  different  times  by 
various  persons,  it  remains  to  exhibit  a  few  examples  of  thcf 
practical  application  of  the  whole. 

I.  LfCt  it  be  required  to  find  what  weight  suspended  from  the 
middle  of  an  oak  beam  (supported  at  each  end)  v^ill  break  It, 
the  lengdi  of  the  beam  being  8  feet,  its  end  i,  square,  and  each 
side  six  itiches. 

According  to  Mr.  Banks's  experimetits  a  bar  of  Oak  an  inch 
square  and  a  foot  long  lying  on  a  prop  at  each  end,  will  break 
with  660lbs.  on  its  middle,  taking  the  lowest  number.  And  in 
all  cases  where  we  make  such  comparison  of  strength,  the 
breadth  muitiplied  into  the  square  of' the  depth  and  divided  by 
the  product  of  the  length  ana  wei^M  must  be  a  constant  quan* 
tity:  that  is,  taking  b,  d,  /,  and  w,  for  the  breadth,  deptb^ 
rjength,  and  weight,  used  in  ihe  experiment,  and  b,  d,  l,  w,  those 

proposed  m  the  example,  we  havcy-  n — .     Hence  w  =s  "f^t 

...  ,.         ,  .,  .  6x6«k1x  6(50 

Which   in    the    present  instance    gives   w  =  — ■  -  ^^„ —  a 
i7820lbf. 

K  2 
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IL  Let  the  length  of  the  beam  be  as  above,  the  breadth  3 
inches,  and  the  weight  17820,  what  must  be  the  depth  of  the 
beam? 

Here  b,  d,  l,  and  w,  also  l,  and  w,  are  as  in  the  precedioK 

example.    From  the  generaS  equation  we  obtain  d  =    / "JSP" 

yl  xIkSx  17820        ^  ^»  •      .  1 

■  ^    . — T— —  =  8-45  mcbes,  nearlr. 
3  X 1 X  660  '  -^ 

Cor.  The  latter  beam,  though  as  strong  as  the  former,  is 
but  little  more  than  |>  of  it  in  size. 

lU.  Required  the  breadth  of  a  bar  of  iron  8  feel  long,  and  . 
4  inches  in  depth,  to  sustain  the  same  weight  at  its  mkUle 

point  i 

Here  b,d,l,  l,  w,  as  before,  9  =  2190,  Bm4;  and  from 

,        •  biPhw        1 X 1 X  8  X  178«)        ^  -^  •     I.  J 

the  theorem  b  =  -^j^j^  =    ^axixaiuo    =  ^'^  "^'^''^'^  "'^'^^• 

IV.  Required  the  length  of  a  piece  of  oak  aOi  indi  square,  so 
that  when  propped  at  both  ends  it  may  just  break  with  its  own 
weieht? 

Here  we  adopt  the  notation  in  art.  184.  cor.  £.  and  have 

/=l,fE^s*ofalb.ti=:660lb8,    ThenL  =  /    /^^z=:51A5 

feet,  nearly. 

V.  Find  the  length  of  an  iron  bar  an  inch  square,  that  it  may 
break  \idth  its  own  weight,  when  it  is  supported  at  both  ends. 

Here  /as  before,  u  =  2190,  «;  =  S.    Hence  l  =  /  /"" 

s  38  •  223  feet  nearly. 

CoR.  It  might  have  been  supposed  this  result  should  exceed 
the  preceding  one:  but  it  must  be  considered  that  while  iron  is 
only  4)  times  stronger  than  oak,  it  is  about  7^  times  heavier.  . 

VI.  When  a  weight  w  is  suspended  from  £  on  the  arm  of  a 
crane  Abcde  (fig.  8.  PI.  IX.),  it  is  required  to  find  the  pres* 
sure  at  the  end  D  of  the  spur,  and  that  at  b  against  the  upright 
post  AC 

Here,  by  the  nature  of  the  lever  ^  w  s  the  pressure  at  d  in 

the  vertical  direction  DC:  but  the  pressure  at  Din  the  direc* 
tion  OB  will  be  to  the  vertical  pressure  as  db  to  dg  :  hence 

DG  :  DB  :  :  jT  w  :  w.     And  the  horizontal  pressure 

CD  t}0  •  CD  ■ 

against  the  upright  post  CA  at  b,  will  be  to  that  in  directioa 
DE,  as  GB  to  db  ;  therefore  DB  :  GB.  or  db  :  CD  :  :  ^^-^  w  J 

'  DG-CD 

EC  IC 

—  W  s=  —  W. 

DU  BC 

Mr.  Banks  gives  the  following  among  other  instances  of  the 
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of  this:  **  Ghren  bc  =  12  feet,  Bc  =5 6,  l>c  =  6«7,  i>i  = 
S9  w  =:  4i  Required  tfie  pressure  on  die  spur,  and  the  hori- 
zontal pressure  against  the  upright.  1.  *'''^  w  =:  10«74, 
the  pressure  against  the  end  of  the  spur  in  direction  db.  The 
pressure  against  the  post  is  -^^^  =  — ^  =  8.  In  this  ex- 
ample, let  AC  and  ce  be  oak  beams,  each  10  inches  square, 

and  the  spur  db  6  inches  square.     The  strength  of  sc  is 

1000 

jqT^,  or  94f ;  which  multiplied  by  660  gives  31 132  pounds,  which 

suspended  at  b  would  break  the  beam  CK  at  d.  The  length  of 
the  upright  Ac  is  12  feet,  and  has  its  strength  expressed  by 

-jj-;  which  multipliedi  by  66O,  produces  55000  pounds,  the 

weight  which  would  break  it  at  b.     But ^ —  =  62264, 

the  pressure  at  B,  being  1264  pounds  more  than  the  beam  Ac 
can  support.  The  strength  of  the  spur  bd  is  -^^  =r  24, 
which  multiplied  by  2  gives  48  tons  for  the  strength,  or  107520 

J         -n   A.  DO-ic  9x12x31132       ^«^«-»  ,         ,.  , 

pounds.     But w  =  — r— r-= —  =  83638  pounds,  which 

*  DG>OC  6x6*7  '^  ' 

is  2S882  pounds  less  than  the  force  requisite  to  break  the  spur. 
From  the  above  it  appears  that  the  upright  ac  is  the  weakest 
part;  but  from  the  principles  already  explained,  the  ingenious 
mechanic  will  easily  proportion  the  parts  so  as  to  be  equally 
strong." 

VIl.  *'  Let  it  be  required  to  make  a  crane  of  cast  iron  to 
bear  4  cwt.  but  that  it  may  be  perfectly  safe  let  it  be  calculated 
for  10  cwt.  and  let  Ac  =  ce  =;;3  feet,  also  bc  =  cd  =:  1}  foot* 

*'  LfCt  the  thickness  of  the  iron  be  half  an  inch,  and  put  z  = 

depth  of  CE.     Then  as  1  :  2190  :  :  -j^ :  1120,  from  which  we 

find  the  thickness  2=:  1*75  inches.  The  pressure  upon  the  spur 
at  D,  in  the  direction  dg  =  1120  pounds;  the  length  of  the 
spur  is  2-12  feet,  and  as  dg  ( 15)  :  db  (2-12)  : :  1 120  :  1583  for 
the  pressure  in  the  direction  db.  As  a  bar  1  inch  square,  and 
1  foot  long,  will  bear  15  tons,  or  33600  pounds  (at  the  end), 

we  say  as  1 :  33600  : :  ^r^  *•  1583,  from  which  we  find  z  the  side 
of  the  prop  or  spur  =:  •4638  5  of  an  inch.  Next,  for  the  upright, 
we  have r:      ■  -  =  1120  pounds,  thfe  pressure  against  b, 

then  as  1  :  2190  : :  j^  (the  square  of  the  breadth)  :  1120 
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poufids,  the  same  as  ce,  as  they  are  of  tbe  same  length,  and  the; 
breadth  will  be  the  same,  that  is  1*75  inches." 

Many  other  examples,  particularly  of  the  strength  of  beams 
to  work  cylinders,  and  of  cast  iron  shafts  or  axles  for  mills^  may 
be  seen  in  Mr.  Banks'a  little  Treatise  on  the  flower  of  Ma"> 
cbinesj  &c. 
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CHAPTER   VI. 


On  CardSy  Arches,  and  Domes, 

193.  We  have  already  spoken  of  the  use  of  cords  m  their 
Connection  with  the  lever,  the  pulley,  and  the  axis  in  peritro- 
chio:  but  they  are  sometimes  used  in  a  manner  more  compli. 
cated  than  what  we  have  yet  considered,  and  are  by  some  au* 
thors  regarded  as  a  distinct  machine  under  the  name  of  Funu 
cular  machine.  We  shall,  therefore,  treat  of  them  a  little  more 
particularly,  and  consider  them  as  perfectly  flexible,  without 
rravity  and  reduced  to  their  axes,  unless  the  contrary  is  stated. 
The  tension  of  a  cord  is  the  force  which  acts  at  one  end  oC  it 
when  the  other  is  fixed,  or  it  is  equivalent  to  that  force;  ^IM  io 
the  case  of  the  equilibrium  of  powers  applied  to  a  physical  point, 
if  we  regard  that  point  as  fixed,  the  tension  of  each  cord  is  pre- 
cisely the  force  applied  at  each  cord  to  move  the  point:  but  if 
the  equilibrium  does  not  obtain,  as  when,  for  example,  a  cord 
has  two  unequal  powers  acting  at  its  extremities,  the  tension  is 
the  least  of  the  two  forces,  for. the  tension  will  obviously  be  the 
same  as  if  the  one  of  the  extremities  were  fixed,  and  the  least 
of  the  two  forces  acted  solely  at  the  other  end. 

194.  When  three,  four,  or  more  powers,  act  at  the  extremities 
of  different  cords,  all  united  at  one  node,  the  conditions  of  equi 
Ubrium  will  be  the  same  as  we  have  exhibited  in  Chap.  II.  be- 
tween arts.  46.  and  70.  whether  the  cords  are  all  situated  in  one 
plane,  or  several.  But  if  two  forces  c,  c^  (fig.  3.  pi.  I.)  act  at 
the  extremities  of  a  cord  cpc^  passing  through  a  ring  at  p 
fastened  to  a  cord  op,  and  retained  by  a  power  o,  the  condi- 
tions of  equilibrium  are  these : 

1.  The  line  op  when  produced  must  bisect  the  angle.  CPC^ 

2.  The  forces  c,  c'  must  be  equal  to  each  other.  For,  if  th^ 
angles  cpd,  c'pd,  are  uue(|ual,  the  cord  will  slide  along  the 
ring;  and  this  condition  combined  with  that  of  thepai*allelor 
gram  of  forces  requires  the  equality  of  c,  and  c'.  This  being 
premised,  we  proceed  to  a  few  useful  problems. 

195.  Prop.  Given  the  length  I  of'  a  cord  eah,  and  the po^ 
sit  ion  of  the  points  e,  h,  to  zchich  its  ends  are  fixed,  and  suppose 
a  given  weigj^t  p  hangs  by  a  cord  ap,  the  latter  cord  running 
Sxtely  along  the  former  by  a  ring  at  the  end  a  (fig.  4.  pi.  IX*)^ 
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to  determine  the  position  of  the  whole  when  in  equilibrio,  and 
the  tension  of  the  cord  eah  at  its  extremities. 

Draw  through  e  the  horizontal  line  eg,  and  through  h  the 
vertical  fk.  Since  al  divides  the  angle  eah  into  two  equal 
parts,  if  E\  produced  meet  fk  in  k^  we  sball^  because  of  the 
parallels  la,  fk,  have  K  =  eal  =  lah  =  ahn;  therefore  the 
triangle  hak  is  isosceles,  and  ka  =  ah;  also  ek=s  ea  +  ak  = 
EA  +  AH  =7.  If,  therefore,  with  b  as  a  centre  and  radius  =  ^ 
we  cut  the  vertical  fk  in  k^  and  on  the  middle  point  n  of  hk 
erect  the  perpendicular  n  a,  it  will  intersect  the  line  ek  in  a,  the 
point  where  the  ring  will  rest  iii  eqnilibrio. 

The  analytical  solution  of  the  reihaining  part  of  the  problem 
is  by  no  means  difficult.  Thus,  put  ef  =  A,  the  angle  eah  = 
ta,  and  let  the  tensions  of  the  cord  at  the  points  of  suspension 
E,  H,  be  p',  p".  Then,  since  p'  must  be  equal  p",  and  £aL  =:t 
LAH|  we  have  (art.  41.  cor.)  p  =  2p^  cos  a.  In  the  right- 
angled  triangle  efk^  we  have  sin  ekf  =  sin  a  =  —  =  -r.  Em- 
ploTiDg  this  value  in  the  equation  p  =  2p^  cos  a,  there  arises 

tion  which  gives  the  tension  of  the  cord  at  e  or  h. 

Cur.  1 .  The  distances  ha  and  ba  may  be  easily  found  when 
required:  for,  since  the  relative  positions  of  e  and  H  are  given, 
m  is  known  as  well  as  ef;  and  because  fk  =  ke  cob  a,  it  is 

known  also:  hence  nk  is  known,  being  — - — ,  and  we  have, 

by  sim;  tri.  £f  :  ke  ::  kn  :'ka  (=  ah)  ::  nf  :  ae. 

Cor.  2.  The  locus  of  all  the  points  A  is  an  ellipse  whose  foci 
are  £,  h,  and  transverse  axis  =  /. 

CoR.  3..  When  h  falls  in  the  horizontal  line  eg,  it  will  be 
EA  =;  AH. 

196.  Prop*  Given  the  weight  s  attached  to  the  point  a  of  a 
cord  which  passes  over  twojixed  pulleys  in  given  positions  b  and 
c,  tlie  given  n  eights  p,  q,  hanging  at  the  extremities  of  the  cord, 
to  determine  the  position  of  Ac  and  ab  when  the  whole  is  in 
tquilibrio.  (fig.  S.  pi.  IX.) 

At  a  convenient 'distance  from  b  and  c,  draw  the  vertical 
da  to  represent  the  weight  r  (fig.  6.),  and  form  the  triangle 
dae  such  that  the  sides  ae  and  de,  shall  be  to  da,  as  the  weights 
p,  and  <i,  respectively  to  R.  From  the  point  B  draw  ba  parallel 
to  eOf  and  from. the  point  c  draw  CA  parallel  to  de^  then  will 
CAB  be  the  position  in  which  the  cord  will  rest  in  eqnilibrio. 
For^  if  we  take  any  distance  ad  in  the  vertical  ag  to  represent 
R,  and  complete  th«  parallelogram  aedf,  we  see,  by  the  simi- 
litude of  the  triangles  adb^  ode,  that  be  and  df  ought  to  re- 
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present  the  teliaioiis  of  Ac  and  ab,  add  tihat  in  thil  potitii^  they 
are  in  equilibrio  with  the  weight  r. 

Bj  means  of  the  known  sides  of  the  triangle  ade^  we  may  cal- 
cialate  the  three  angles:  then^  drawing  the  horizontal  line  bg, 
the  angle  gpc  will  be  given,  since  the  points  b  and  c  are;  the 
angle  gba  is  known  aLso,  being  the  complement  of  gab  or  due; 
and  the  angle  cba  =  gba  —  gbc,  will  be  therefore  known: 
thnsy  in  the  triangle  cab  we  know  the  side  CB,  and  the  angles 
CABy  CBA  (and  consequently  the  third  angle^,  from  which  we 
may  compute,  ^A-ith  ease,  the  sides  ca  and  AB. 

Cor.  1.  When  p  =  o,  the  triangle  ade  becomes  isosceles,  by 
Ivhich  means  the  computation  is  much  simplified. 

Cor.  *i.  When,  besides  having  p  =  q,  we  have  B  and  c  ia 
the  horizontal  line,  the  process  is  still  farther  simplified.  In 
this  case  ac  and  ab  will  be  equal  to  each  other;  the  triangle 
ade  will  be  isosceles,  and  eta,  similar  to  bga.  We  shall  filM# 
have  et  =  V(ae*  -  at*)a  V(p*  —  |r*):  so  that  if  bg  be  put  =  id 
and  GA  =  •t'y  we  shall  express  ai  :ie ::  ao:  gb  thus, 

l»V(p'-iR«)::x:Kwhencex  =  j^J^j  =  j^^^^. 

197.  Prop.  To  determine  the  conditions  of  equilibrium  in 
ihejunicular  polygon  when  many  forces  are  acting  at  different 
points  of  the  cora^  but  in  the  same  plane. 

Let  pnn'n'',  &c.  (fig.  7.  pi.  I  A.)  be  the  polygon  proposed, 
being  kept  in  equilibrio  by  the  powers  p',  v'\  .  •  .  p**,  acting  in 
the  directions  pn,  p'n,  k'n',  &,c.  And  call  /,  ^',  i'\  8tc.  the 
respective  tensions  of  the  parts  of  the  cord  pn,  nn^  N^f4^^,  &c. 
^o\v,  since  the  equilibrium  obtains  in  the  system,  it  must 
necessarily  have  place  in  each  portion  of  the  polygon  Separately. 
Henc^  p,  v\  and  t\  must  be  in  eqtiilibrio  about  the  node  n; 
and  tf'  must  be  the  resultant  of  the  component  forces  p,  p';  the 
force  VI  hich  acts  on  the  point  N^  in  direction  v^n ,  is  therefore 
equivalent  to  the  two  forces  p,  p',  acting  simultaneously  at  N ; 
and  the  node  M^^  is  acted  upon  as  though  it  were  solicited  by 
the  four  forces  P,  p',  p'',  f\  in  directions  respectively  parallel 
to  PN,  p'n,  p"n',  n^'n'.  In  like  manner  it  may  be  shewn  that 
the  node  n''  is  kept  in  equilibrio  in  the  same  way  as  it  would 
be,  if  subjectechto  the  simultaneous  action  of  the  powers  p,  p', 
p'',  p''',  /%  in  directions  parallel  to  pn,  p'n>  p"n',  8cc.  And  so 
on  throughout.  Hence  it  follows,  that  when  a  funicular  poly^ 
gon  is  sustained  in  equilibrio  by  any  number  of  forces  whatever, 
if  we  transport  these  powers  parallel  to  their  respective  direc^ 
tions,  so  as  all  to  exert  their  energies  upon  one  point,  it  will  be 
kept  tl»  equilibrio  by  their  combined  action. 

CoBi  1.  llie  result  just  obtained  corresponds  with  that  which 
was  deduced  in  Chap.  IL  (art.  85.)  with  r^rd  to  forces  acting 


138  STATICS.  .  {Book  I. 

at  iitknnt  poinU  of  solid  bodies:  consequently  the  other  theo^ 
rems  given  there  may,  when  required,  be  applied  to  the  casa 
before  us. 

Cor.  2.  If  we  neglect  the  two  extreme  forces  p,  p",  and 
reason  upon  the  others  as  in  the  proposition,  it  is  clear  we  may 
conceive  all  of  them  applied  at  the  same  point  (provided  tbqr 
make  respectively  the  same  directions  with  any  assumed  axf 
AX),  without  at  all  altering  the  magnitude  of  their  resultant: 
and  hence  as  that  resultant  is  destroyed  by  the  two  powers  P, 
p"*,  it  must  necessarily  pass  through  the  point  of  concourse  o  ol 
the  directions  pn,  p'*n'". 

CoK.  3.  If,  therefore,  a  cord  aeb  (fig.  10.  pi.  IX.)  fixed  at 
tvi'o  points  A  and  b,  have  all  its  points  solicited  by  any  forces 
vrhatever  in  the  same  plane,  it  will  assume  a  plane  curvature: 
and  the  point  of  intersection  o  of  two  tangents  will  fall  upon 
ike  direction  of  the  resultant  of  all  the  forces  applied  to  the 
various  points  of  the  cord.  And  if  we  transfer  these  forces  par 
rallel  to  their  directions,  so  as  to  apply  them  all  at  the  point  o, 
their  resultant  being  resolved  into  two  others  acting  according 
to  Ae  directions  ao  and  oB,  we  shall  thence  obtain  the  effort 
exerted  upon  each  of  the  fixed  points. 

CoR.  4.  The  case  of  the  last  corol.  applies  obviou9ly  to  grar 
\ity:  for,  on  the  one  hand,  this  force  exercises  its  action  on  all 
the  points  of  the  cord,  and  on  the  other,  these  efforts  may  be 
assimilated  to  the  weight  distributed  throughout  the  length  of 
the  heavy  cord.  Hence,  the  curve  thus  formed,  and  known  by 
the  names  of  funicular  curve j  chainette,  or  catenary ^  b  a  plane 
curve. 

CoR.  5.  In  the  catenary  the  total  effort  exerted  on  the  fixed 
points  A  and  b,  is  the  whole  weight  of  the  cord:  if,  therefor^,  at 
the  point  of  concourse  o  of  the  two  tangents  to  the  curve  at  A 
and  B,  a  weight  equal  to  that  of  the  cord  were  sustained  by  tw^ 
threads  AO,  BO»  void  of  gravity,  die  points  a  and  B  wouid  be 
acted  upon  in  the  same  manner  as  they  are  by  the  action  of  gro* 
vity  upon  the  x:ord  aeb;  viz.  the  powers  p,  p',  neeessary  to  re- 
tain either  the  heavy  cord  AEB,  or  the  equal  weight  at  o,  would 
be  the  same  in  both  cases.  As  the  resultant  is  the  weight  of 
the  cord,  if  we  erect  upon  o  an  indefinite  perpendicular  oe,  it 
will  pass  through  the  centre  of  gravity  (art.  106.  IV.),  and  the 
forces  exerted  upon  a  and  b  will  be  proportional  to  the  sines  of 
the  angles  boe  and  aoe  (art.  48.):  thus,  if  w  be  the  entire 
M'eight  of  the  cord,  we  have 

w  :  p  :  p^ : :  sin  aob  :  sin  eob  :  sin  AOE. 

Cor.  6.  The  same  will  obtain,  wherever  the  points  a  and  B 
are  found  in^he  curve,  since  the  state  of  equilibrium  allows  us 
^o  consider  as  fixed  any  two  pointy  in  the  curve.    If^  therefore. 
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cooaider  llie  pomt  p  as  fixed  instead  of  the  fMNiit  b^  the  pw^ 
Uon  ABP  of  the  cBnre  will  not  change  its  fonn :  nor  will  there 
be  anj  change  in  the  tensi^m  p  exerted  at  a. 

Cor.  7*  If  several  weights  w,  W,  w^,  &c.  (fig.  8.)  hai^ 
upon  a  cord  pc^cf^ygthe  weight  of  which  is  inconsiderable  with 
leqiect  tQ  either  of  those  weights,  the  pressure  upon  any  angle 

C  of  the  funicuhr  polvsoiL  will  be  oc    ■.    "°  ^ ,  the  line  cc 

beins  fi  continuation  of  the  vertical  Wc*  For,  if  a  s^ies  of 
parallelograms  of  forces  t>e  described  at  the  angles  of  die  pfily* 
goo,  where  the  forces  c/V^,  ec,  co,  ^c\  Sic.  being  equal 
fad  opposite,  destroy  each  other,  we  shall  have,  force  /V^ : 
^r'V,  or  €C  :  :  sin  e'VV'  or  sin  (fd'^  i  «in  p'c^c"  :   : 

"^  ^cV  •  li^dvT.  Again,  ec  :  co  or  ^c/  :  :  sin  coo  or 
lineVc';sipcce::.^:-;jl^  so  on. 

Whence  it  appears  iu  general  that  any  force  f  c  is  as  -r— ^ . 
STherefore.  because  cc= — -r- ,  we  have  pes:-    .    ^    ■■  x 

'  SIU  Cce       '  MU  QGC    ■ 

1  sin  ice 


*tio  cce        sin  cCe  •  sin  ceo* 

Cor.  8.  If  the  number  of  wcfighta  hanging  from  the  cord 
be  increased,  and  die  distances  on  the  cord  of  the  points  from 
which  the  weights  bang  be  increased  indefinitely,  or  if  instead 
of  the  weights  we  conceive  pieces  of  heavy  cord,  or  of  chains, 
;o  be  hung  from  difiefent  points  of  the  cord  pcp',  as  in  fig.  9. 
our  funic uiar  polygon  will  then  become  a  curve,  being  indeed  a 
sp^ies  of  catenary.  The  angle  ecd  will  then  become  the  angle 
<>f  contact  formed  by  the  tangent  find  curve,  whose  sine  is  equal 
4o  the  measure  of  the  angle;  and  the  angles  cce,  ceo,  become 
equal  to  the  angles  ccd,  ccdf,  lyhicb  are  supplements  to  each 
other.  Hence,  because  tlie  angle  of  contact  is  as  the  curvature 
of  the  arch,  or  reciprocally  as  the  radius  of  curvature,  the 
weight  hanging  at  any  point  c,  will  be  reciprocally  as  the  radius 
of  curvature  at  that  point,  and  the  square  of  the  ^ine  of  the 
aggie  made  by  the  curve  (or  its  tangent)  and  the  vertical. 

Cor.  9.  Lastly,  a  heavy  cord  cannot  by  any  force  be  stretched 
iiito  a  right  line,  except  it  be  in  a  vertical  position :  for,  the 
nscight  of  the  cord  may  be  con^dered  as  a  force  applied  at  its 
centre  of  gravity;  and  then,  the  cord  aeb  (fig.  10.)  being  re- 
tained by  the  two  forces  p,  p^,  if  "^  \>^  its  weight,  we  have 

(cor.  5.)  p  :  w  : :  sin  bob  :  sin  aob  ; 
>Ahere,  it  is  obvious,  the  more  the  cord  is  stretched,  the  greater 
the  angle  aob  becomes,  and  the  more  nearly  the  angle  sob 
approaches  to  a  right  ant;lc :  so  that  the  cord  can  only  be 
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8tretch(kl  f  traight  horizontally^  urben  this  analogy  obtains,  p : 
w  : :  1  :  0,  that  is,  when  p  is  infinite.  Thus,  however  small 
the  weight  is,  it  will  cause  the  cord  to  be  curved,  unless  it  be 

SlacM  vertically :  virhich  is|  indeed,  a  circumstance  experienoed 
aily. 

Ids.  pRot^.  To  investigate  the  most  useful  equatims  of  Urn 
simple  catenarian  curve. . 

Let  AMC  (fift.  1 1.  pi.  IX.)  be  a  cord  uniformly  thick  through- 
out,, inextensible,  and  perfectly  flexible,  fixed  at  the  two  given 
points  A,  c,  and  solicited  by  gravity  in  every  point.  Taking  the 
origin  of  the  rectangular  co-ordinates  in  a,  and  eBtimating  the 
ir,  Jf,  Sec.  horitontally,  and  y^  y,  8ce;  vertically,  we  shall  have  for 
any  point  M  in  the  curve  ap=:x,  PM=y,  AMrrz.  The  ten- 
sions exerted  at  A  and  m  according  to  the  tangents  ad,  MBf 
give,  weight  of  am  :  tension  at  a  :  :  sin  adm,  or  sin  At>t : 
sin  iDM  (eor.  5.  art.  197.);  where,  sinc^j  the  tension  at  a  is 
constant  and  the  weight  of  the  arc  am  is  proportional  to  its 
length,  the  first  ratio  in  the  analogy,  i8=:2  :  e7,  a  being  a  con- 

stant  quantity,  yet  undetermined.  Moreover,  sin  i dps  ^  cos 
IDF  =  ^ ,  and  denoting  the  angle  i ad  by  5,  we  have  sin  ADpsssin 

X       i  tin «— V  cos  f     ,1        /.         .  .     • 

(iof—ida)—      "■  '.  ^ :  therefore  s :  a  : :  ;r  sm  s—y  cos  s  \ 

AT,  whence  we  deduce  the  fluxional  equation. 

(1.)  xxszQx  sin  s—ay  cos  s. 
In  order  to  eliminate  one  of  these  variables,  we  regard  x  as 
constant,  and  thence  obtain— «i  =  hyy  in  which  6  =  a  cos  5. 

Hence,  substituting  \/  (**+>*)   for  «,  we   get  —  jrj=:    ^^     ; 

here  jr  being  constant,  the  fluent  of  the  second  member  is  evi*- 
dently  iv'(^+i*)5  ^^^^  of  the  first  member  is—j/;^,  or  its  cor»» 
rect  fluent  cx—yx^  we  have  therefore (c —y)  xzziby/^k^+j^.) 

But  -T-  being  the  tangent  of  the  angle  formed  by  the  axe  ax 

and  the  tangent  to  the  curve  at  every  point,  if  we  makeyziO, 

we  thence  have-?-  —  tan  s= :  this  condition  gives  c=fl,  and 

m  cot*  ^ 

therefore 

(z.)    ....     ^  _  —        . 

Now,  since  -^  expresses  the  tangent  of  die  angle  formed  by 

AX  and  the  curve  or  its  tangent  at  any  point,  in  order  to  find 
the  point  where  the  curve  is  parallel  to  ax,  or  the  lowest  point 
of  the  curve  where  the  tangent  is  horizontal,  we  must  make 
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-"^^ ^O,  and  thb  will  gm  jf=r«— irrHB,  uid  from  die  equa« 

(1.)  it  ^ves  r=a  sio  s.  To  detennine  the  relatioDS  of  die 
curve  to  BH  fts  an  aiis,  call  bl,  z,  aad  tOi,  Y ;  tben,  compartiqc 
dieeenew  co-onlioate3  with  the  foraer,  we  hxtej^ssm^i^x^ 
asd  x=Aa  — T.    Subsdtutiiig  these  Tallies  in  equa.  (2,)  there 


i  —  vlC'-fr  ^  -      .  coBsequend J  t  = 


±hx 


Vfx*   ate)*     Taking  the  fluents  of  diis  equation,  we  have 

Y  =  ±6  Hyp.  log.  [*+x^/  (x*+2ftx)+Hyp,  log.  rf]. 
Now  supposing  y  =  O,  it  will  give  x  :=  O,  and  Hy^«  log.  d  zz 
q:&  Hyp.  log.  i.  whence  we  obtain  the  following  correct 
faent: 

(3.)  .  .  v  =  ±*H>p.log.  C^'^^f*'*'^)  =  ±  ft.  H,p. 

This  equation  shews  that  the  vertical  axe  passing  through 
the  point  where  the  tangent  is  horizontal  is  a  diameter,  since 
to  each  value  of  x  there  are  two  equal  and  opposite  values 
ofY. 

Other  algebraic  though  not  finite  expressions  for  the  ordinate 
Y  might  be  easily  obtained ;  but  there  will  no  particular  ad- 
vantage arise  from  pursuing  that  part  of  the  investigation,  wc 
therefore  merely  exhibit  one  more  equation  which  flows  natu- 
rally from  the  one  just  given ;  it  is  this,  Y=  ±6  Hyp.  log.  ^—. 

The  fluxional  equation  y  =  ;^    ,^        gives  y/(x*+Y*)  = 

-r|^^^,  the  fluent  of  which  is  bn  =  \/(2ftx  +  xx)  =  z  : 

from  this  equation  we  obtain 

(4.)  ....  x=-6-|-v'(i*  +  2*). 
When  we  would  construct  the  catenary,  we  must  consider  as 
known  the  points  of  suspension  A  and  c,  and  the  length  amc 
of  the  cord ;  it  will  be  necessary  to  determine  the  position  and 
length  of  BH,  that  is,  to  find  ah  and  bh,  or  kh  and  bh,  ak  and 
CK  being  given,  and  to  know  the  value  of  the  constant  quantity 
b.  In  order  to  this  we  apply  the  equation  (5.)  to  the  point  a, 
substituting  for  x,  bh— y,  and  for  y,  ak  —  ah  — jt,  and  then  in- 
troduce this  value  of  x  into  equation  z  =  \/(26x  +  x*).  Again, 
in  the  equation  of  the  curve  we  put  first  jr  =:  0,^=  0,  then  j  =r 
AK,  and^=cK ;  and  in  the  equation  z  =  V{2bx'j-x*),  \m'  put  x 
=:ak,  and  z=:amc  :  by  these  means  we  obtain  tliteu  rtiuutionn 
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comprising  only  known  quantities  and  the  three  unknown  ones  A, 
AH,  BH,  whence  each  of  the  unknown  quantities  may  be  deter- 
tained. 

If  the  points  a,  cf,  are  in  the  horizontal  line  At,  we  have  AB 
=z  HC,  and  arc  ab  =r  arc  Bc/=i  abc^  In  this  cdse  we  retain 
the  origin  at  the  point  B,  and  making  z  =  ^abc^  in  the'equatioli 
x  =  — A±  v^(6*+z*),  the  value  of  x  thence  resulting  being  subA- 
stituted  in  the  equation  of  the  curve,  in  whi<ih  also  y  will= Jaci 
the  equation  itself  will  then  contain  only  one  unknown  quantity 
b,  the  determination  of  which  will  become  a  matter  of  compa* 
rative  facility  :  though  it  must  still  be  by  a  method  of  approsw 
mation,  because  the  curve  is  transcendental. 

Cor.  1.  Instead  of  gravity,  if  any  other  force  exerts  itft 
energy  in  like  manner,  acting  equally  upon  every  point  of  tbo, 
flexible  line,  the  same  curve  will  be  produced  :  thus,  for  exam* 
pie,  if  the  wind  be  supposed  equable,  and  blow  according  to 
ri^ht  lines  parallel  to  a  given  line ;  the  cord  thus  inflated  by  the 
wmd  will  assume  the  shape  of  the  catenary :  for,  since  all  thin^ 
obtain  with  respect  to  tms  other  force,  as  we  have  supposed  m 
relation  to  gravity,  the  results  must  obviously  be  similar. 

Cor.  2.  If  the  forces  acting  upon  every  point  of  the  curvii 
instead  of  being  exerted  in  parallel  lines,  were  always  exercised 
in  directions  perpendicular  to  the  curve,  the  forces  exercised  fl(t 
every  point  would  be  inversely  as  the  radii  of  curvature  at 
those  points :  if,  therefore,  the  forces  were  equal  to  each  oth^r 
throughout,  the  radius  of  curvature  would  then  be  constant,  ztii 
the  curve  would  be  a  circular  arc. 

Cor.  3.  Suppose  that,  instead  of  the  ends  of  the  cord  or 
chain  being  fixed  by  pins  at  A  and  c^,  the  said  chain  passes  over 
pulleys  there,  as  at  c,  b,  (fig.  5),  and  hangs  down  vertically  (as 
CQ,  BP)  though  without  any  other  than  its  own  weight,  and 
that  the  equilibrium  is  constituted  by  the  equal  and  contrary 
operation  of  the  portions  of  chain  or  cords  hanging  respectively 
between  and  beyond  the  puUeys  at  A  and  c^ :  then,  putting  bh 
n^,  the  half  arc  amb^^,  and.  take  /3  so  that  it  shall  be  to 
BM,  as  the  tension  at  b  to  the  weight  of  the  part  bm  ;  r  will  be 
to  /3  +  ^  as  the  weight  of  the  part  ab  to  the  tension  at  A  :  this 
latter  tension  being  equal  to  the  weight  of  the  part  hanging  ver- 
tically beyond  a,  and  the  weights  of  any  two  portions  of  the 
chain  being  as  their  length,  it  follows  that  fi+i  will  express  the 
length  of  each  portion  of  the  chain  that  hangs  vertically.  Con-' 
^equently,  2j3  +  2*+2tf-  will  be  equal  to  the  whole  length  of  the 
ehaiil.  Let  that  be  denoted  by  L,the  distance  ac^,  by  2d,  and 
the  number  2*7182818  whose  hyperbolic  logarithm  is  1,  by  U; 
theo,  by  the  nature   of  the  curve,  we  shall  have  P  -f  ^  = 
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^    +  N    ")  i/3,  and  c={vl^  -N  0  j/3.      Whence 

D 

r^  =L.    Tlierefore  d  and  l  being  given,  /3  may  be  fouad^ 
of  course  ^  and  c  by  the  two  preceding  equations. 
yOB.  4.   D  being  given  and  /3  supposed  variable^  the  fluxion 

/5n  ^  is  j3n  y8     D^N  ^  ,  which  will  be  =  0,  when  itd 

nt  is  a  minimum;  in  which  circumstance  it  appears  thatB= d. 
^refore,  substituting  for  d  in  the  value  oft,  it  appears  that 
length  of  the  shortest  chain  whjch  can  possibly  rest  sus^  . 
ded  in  the  manner  above  described  is  2nd  or  5-4365636  d. 
>OR.  5.  It  farther  appears,  by  making  the  same  substitution 
he  values  of  jS-f^  and  a*,  ^at  when  the  minimum  length  of 
in  is  suspended  in  that  manner,  the  two  exterior  vertical 

B  of  the  chain  will  each  be  }d  (n  +  — )  =  1  •5430806  jo ; 

Ws 

i-arc  AB=Bc'z=|^D  (n — jj-)  =  1-17020I2d;  and  bms^d 
--)—©= -54308061). 


»  D 


/OR.  6.  Since  /3n  ^  is  a  minimum  when  equal  to^  nd,  it 
>bviou8  that,  L  being  greater  than  2nd,  /3  in  the  equation 

f  =iL  wiU  have  two  real  and  positive  values,  one  less  and 
other  greater  than  d  ;  and  consequently  the  chain  will  then 
in  tw*o  different  positions  on  the  pulleys*. 

!!•  On  Arches  and  Piers. 

99l  The  construction  of  arches  is  one  of  the  most  important 
difficult  branches  of  Architecture^  particularly  when  con- 
red  in  relation  to  the  erection  of  bridges  over  broad  and 
d  rivers :  it  commonly  imposes  the  double  task  of  blending 
handsome  forms  and  the  decorations  of  the  ordinary  archi- 
ure  with  the  firmness  and  durability  which  ought  always  to 
'ound  in  works  destined  not  merely  for  the  accommodation 
be  public  but  in  many  case^  for  its  safety.  The  theory  of 
les,  when  perused  to  the  extent  its  importance  and  utility 
lands,  would  itself  fill  a  volume;  but  all  that  we  shall  attempt 
Ills  place  will  be  a  concise  view  of  the  leading  particulars, 
srding  to  the  most  simple  and  obvious  theory. 

In  the  Phil.  Trans.  No.  231,  or  New  Abridgment,  Vol.  IV.  there 
imrious  paper  on  the  catenary  by  Dr.  David  Gregory,  in  which  h 
a  an  elegant  construction  of  the  curve  by  means  of  the  parabola  and 
lateral  hyperbola,  besides  the  miadxature  and  cubaturc  of  various  purls 
lecaieaariaa  space,  and  ib  solios  of  rotation. 
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Defs.  By  au  arch  we  liere  mean  an  aitfiil  difposition  of 
several  atonei,  or  bricU»  or  other  suitable  materials,  the  under 
part  of  which  is  in  a  bow-like  form,  their  weight  producing  s 
mutual  pressure,  so  that  they  not  only  support  each  other  bit 
may  be  made  to  carry  the  most  enormous  wdahts.  ^  ^Other  psr-  * 
ticulars  relating  to  an  arch,  the  defining  of  which  is  necesssiy 
here,  tey  be  soon  learnt  by  turning  tb  fig.  !•  pl*  X«  Thai 
as'ksb  is  the  ponderating  acch ;  a  or  b,  die  iprim  of  die  arch; 
D  its  crown ;  ab  its  span ;  CD  its  height  or  yersed  sine,  or  riie; 
ADB  the  iniradoif  or  the  lower  surface  of  the  arch  (often  calisl 
the  arch);  s^ES  the  extrado$^  being  in  bridges  the  superior 
surface,  or  the  roadway ;  f^,  f,  the Jianks  or  hance$ ;  the  spacci 
above  these  are  called  the  spandrels ;  the  portions  of  wed|pi 
whicli  lie  in  a  course  contiguous  to  the  intrados  are  called  tPMtf- 
soirSj  or  arch  stones ;  that  which  is  at  d  is  called  the  kysiom; 
the  walls  or  masses  pqst,  p^a'sV,  built  to  support  the  aichsi; 
•  and  from  which  they  spring  as  their  bases,  are  either  cdled  jpiat 
or  abutments ;  piers  when  they  stand  between  two  neighhoai^ 
ing  arches,  abutments  when  they  support  the  arches  yMtdk  tfs 
contiguous  to  the  shore :  the  part  of  the  pier  from  whidi  aa 
arch  spring's  is  called  the  impost;  the  curye  forosed  by  As 
upper  sides  of  the  voussoirs  the  archivolt ;  and  the  Uaea  FS, 
r  s ,  about  the  flanks,  in  which  a  break  is  most  likely  to  tike 
place,  are  cslltd joints  of  fracture.  The  other  tenna  we  Ml 
use  will  need  no  explanation. 

When  we  reflect  upon  the  immense  quantity  of  henyy  ma- 
terials suspended  in  the  air  in  a  large  arch,  and  compare  it 
the  small  cohesion  which  the  firmest  cement  can  give  to 
an  edifice,  we  shall  be  convinced  that  its  parts  are  not  kepi  to- 
gether bv  the  force  of  the  cement;  the  stability  of  the  whok  is 
the  result  of  the  iust  balance  and  equilibration  of  all  its  paits. 
The  principles  of  this  equiUbration  we  shall  now  ejJiihifc:  yre» 
mising,  that  they  are  founded  upon  the  hypothesis  of  the  mb- 
deratiug  matter  pressing  upon  the  youssoirs  in  the  yerticaldfaco- 
tiou,  and  that  we  here  pay  no  regard  to  any  small  preaam  in 
oth^  directious  which  may  be  occasioned  by  filling  up  die  tpa^ 
drels  with  rubbles,  Slc. 

200.  If  we  conceive  a  vault  or  arch  in  equilibrio  to  be 
couiposed  of  a  series  of  very  small  hard  wspheres,  of  poEMI 
surfaces,  touchiug  one  another,  and  the  centres  joined  by  riA 
lilies,  iMfiug  in  fact  an  inverted  »mple  catenary;  and  thai  me 
spli^rcs  are  so  connected  that  they  cannot  yield  to  any  olhcr 
iinpiilsiou  than  tliat  of  grdvily,  it  is  plain  the  equilibrium  v31 
not  be  disturbed  by  such  inversion  of  the  curve ;  no  part  of  die 
i'iii  ve  will  be  thrust  outward  or  inward  by  other  part%  but  the 
whole  will  Im  supported  if  the  feet  are  firmly  fii«l:  fiw^  * 
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the  situatioQ  of  die  points  of  the  catenary  is  the  same^  sod 
their  respective  inthnations  to  the  horizon^  whether  in  die 
original  or  inverted  position^  die  curve  being  in  both  instances 
in  a  vertical  plane^  and  the  action  6f  gravity  the  same,  the  re- 
lative conditions  are  the  same,  and  therefore  die  arch  will  keep 
its  figure  unchanged  as  well  in  one  situation  as  the  other. 

Thus  also  when  arches  of  odier  figures  are  supjfArted,  *it 
is,  as  Dr.  David  Gregory  justly  observed,  *^  because  in  their 
thickness  some  catenaria  is  included:'^  as,  for  example,  if  a 
quantity  of  heavy  but  flexible  materials  fixed  only  at  the  points 
P,  p'  (fig.  12.  pi.  IX. )y  when  left  to  the  sole  action  of  gravity, 
should  arrange  itself  into  the  shape  of  the  dotted  lines  padbp' 
in  a  vertical  plane;  then,  if  the  whole  were  completely  inverted, 
die  points  p,  p',  being  still  fixed,  the  equilibrium  would  h% 
retained  notwithstanding  the  inversion :  the  arch  with  the  mat- 
ter above  it  would  stand  as  in  the  upper  part  of  the  same 
figure ;  and  the  corresponding  parts  of  the  hanging  and  of  the 
standing  arch  would  be  similarly  situated  with  regard  to  the  forces 
fit>Qi  which  the  equilibrium  is  derived.  Here,  too,  diere  would 
be  no  point  of  contrary  flexure  in  the  intrados;  and  this  we 
suppose  throughout. 

201.  Hence  what  was  deduced  at  Cor.  8.  art.  197.  may  be 
transferred  to  the  present  case;  that  is,  the  weight  pressing  upon 
any  point  c  will  be  reciprocally  as  the  radius  oj  curvature  at 
that  point,  and  the  square  of  the  sine  of  the  angle  made  by  the 
curve,  or  its  tangent,  and  the  vertical. 

If  therefore  a  weight,  as  a  wall  or  mass  of  masonry,  be  in- 
cumbent on  the  intrados  pvcp^  (fig.  12.)  in  a  vertical  plane,  and 
all  the  parts  be  kept  in  equilibrio,  then  the  height  ci  on  any 
point,  c,  is  reciprocally  as  the  radius  of  curvature,  and  cube  of 
the  sine  of  the  atigle  in  which  the  vertical  cuts  the  curve  in  that 
point,  or  reciprocally  as  the  radius  of  curvature,  and  directly  as 
the  cube  of  the  secant  of  the  curvets  inclination  to  the  horizon. 

For  the  weight  on  the  indefinitely  small  portion  of  the  curve 
ce  being  inversely  as  r  x  sin  *  dc  i,  or  r  x  sm  *  d'ci  (r  being  the 
radius  of  curvature  at  c),  aud  the  weight  of  Uie  column  ceil,  as 
10  'wr^  ic  •  ce  •  sind'cinic  -sin  d'ci ;  because  ce  is  given: 

therefore  ic  •  sin  del «  — .  , .    ,  and  ic  a — .  ^ .      «— ^ — --. 

202.  This  method  of  deducing  the  fundamental  theorem  of 
equilibrated  arches  from  inverted  catenaries  either  simple  or 
complex,  suggests  an  easy  popular  mode  of  ascertaining  the 
shape  of  a  duly  balanced  arch,  when  the  span,  height  and  shape 
of  me  roadway  are  given;  a  method  which,  we  believe,  was  first 
practised  by  M.  de  la  Hire.  Let  it  be  proposed,  for  example, 
to  determine  the  form  of  an  arch  which  shall  have  the  span  pp'^ 

VOL.  Y  L 
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and  the  height  ev  (fig.  12)  and  which  shall  have'a  roadway  io 
the  position  aob  above  it.  Let  the  figure  padbp'  be  inverted 
as  represented  by  the  dotted  lines:  then  let  a  chain  of  suitabk 
length  and  uniform  thickness  be  hung  at  the  points  p,  p'^  so  that 
when  it  assumes  the  shape  of  the  simple  catenary  it  shall  hai^ 
a  little  below  the  lowest  point  v.  Divide  pp  into  20,  SO,  or 
more  e^al  parts,  as  in  the  points  1 ,  2,  3,  &c.  and  let  vertical 
lines  through  the  points  1, 2,  3,  &c.  intersect  the  curve  ftp'  io 
the  corr^ponding  points  1,  2,  3,  See.  Then  take  pieces  of 
another  uniform  chain  whose  links  are  tolerably  numerous,  and 
hang  on  at  the  points  1, 2,3,&c.  of  the  chain  suspended  from  r^f'^ 
Cut  or  trim  these  pieces  of  chain  till  their  lower  ends  all  coin- 
cide with  the  inverted  roadway  adb  :  the  greater  lengths  which 
are  hung  on  in  the  vicinity  of  ?,?',  will  draw  down  that  part  of  the 
chain,  and  so  cause  the  part  which  hung  below  v,  to  rise  to  its 
assigned  position.  This  process  will  give  us  an  arch  of  equili^ 
bration,  but,  as  Dr.  Robison  remarks,  some  farther  modifi- 
cations may  be  necessary  to  make  it  exactly  suit  the  specified 
purpose,  it  is  a  balanced  arch  for  a  bridge  which  is  so  loaded 
that  the  weight  of  the  arch  stones  is  to  the  weight  of  the  matter 
with  which  ue  haunches  and  crown  are  loaded,  as  the  weight  of 
the  chsun  pvp',  to  the  sum  of  the  weights  of  all  the  little  bits  of 
chain,  very  nearly.  But  this  proportion  is  not  known  before* 
hand;  we  must,  dierefore,  proceed  thus:  Adapt  to  the  curve 
produced  in  this  way  a  thickness  of  the  voussoirs  as  great  as 
may  be  thought  sufficient  to  ensure  stability;  then  compute  the 
weight  of  the  voussoirs  and  the  weight  of  the  gravel,  stones, 
&c.  which  fill  up  the  haunches,  8&c.  to  the  roadway.  If  the 
ratio  of  these  two  weights  be  the  same  with  that  of  tlie  cor- 
responding weights  of  chain,  we  may  rest  satisfied  with  the 
curve  now  found:  but  if  different,  it  may  easily  be  calculated 
how  much  must  be  added  to,  or  taken  from,  each  piece,  of 
chain,  in  order  to  make  these  ratios  equal ;  and  thus  shall  we 
at  length  ascertain  with  suflicient  accuracy  the  shape  of  the 
curve  required,  which  may  be  readily  transferred  from  the  ver- 
tical wall,  or  framing,  near  which  the  chains  were  suspended, 
to  any  other  situation. 

We  might  now  go  on  to  deduce  a  few  useful  propositions  in 
this  theory,  from  the  fundamental  formula  just  exhibited  :  but 
as  it  may  be  more  satisfactory  to  some  persons  to  have  this 
theorem  deduced  independently  of  the  catenary,  we  shall  de« 
monstrate  the  same  thing,  from  the  consideration  that  the 
voussoirs  are  so  many  frustums  of  wedges  whose  sides  are 
perpendicular  to  the  intrados,  each  of  which  being  urged  by 
its  incumbent  weight,  endeavours  by  this  force  to  ^plit  tiie 
arch. 


r 
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203.  Prop.  The  force  of  a  voussoir  depending  on  the  magnU 
tude  of  the  angle  formed  by  its  sides,  the  impellingforce,  and  the 
resistance  to  be  overcome,  is  on  the  jfirst  account  directly  as  the 
radius  of  curvature  of  the  arch  at  that  point,  on  the  second  as 
the  square  of  the  sine  of  the  angle  included  between  the  tangent 
of  the  curve  at  the  given  point  and  the  vertical  passing  through 
that  point,  and  on  the  third,  as  the  sine  of  the  same  angle, 

1.  Let  EABFy  €^hf,  be  two  similar  concentric  curves  (fig.  2. 
pi.  X.),  and  A  By  ab,  two  voussoirs.  similarly  situated,  whose 
sides  perpendicular  to  the  carve  converge  to  the  centre  c.  The 
forces  of  these  voussoirs,  considered  as  portions  of  wedges,  are 
inversely  as  the  sines  of  the  half  vertical  angles  (164,  165. 
cor*  1 .),  or,  because  each  wedge  occupies  an  equal  portion  of 
ita  respective  arch,  directly  as  the  radii  of  curvature.  : 

2dly,  Let  hA  be  the  invariable  breadth  oi  the  voussoira  pn 
die  arch  eabf,  c^Hh  the  incumbent  w*eight,  which,  since  oh  is 
supposed  given,  18  as  the  breadth  hk,  or  as  the  sine  of  the  angle 
hnk:  by  the  resolution  of  the  force  gn  into  two  .to,  hk,  the 
latter  is  the  force  impelling  the  voussoir  to  split  the  arch, 
which,  since  gH  is  given^  varies  as  the  sine  of  HgK,  or  ^Hii:; 
wherefore,  the  force  impelling  the  voussoir  is  as  the  square  of 
the  sine  of  hnk, 

3dly,  The  wedge  impelled  in  a  direction  perpendicular  to 
the  curve  tends  to  split  the  arch,  and  therefore  to  move  on^ 
segment  about  the  fulcrum  «,  the  other  about  the  fulcrum y*. 
Hence  the  force  of  the  voussoir  acting  on  the  levers  Hf,  ne, 
being  as  either  of  the  perpendiculars^p,  cq,  is  as  the  sine  of  the 
angleycp  or  hnk. 

We  have  supposed  the  centre  of  curvature  of  the  arches  at 
the  point!}  a,' a.  Ah,  to  be  at  c  :  but  this  is  merely  to  prevent  the 
figure  from  being  too  complex,  and  makes  no  alteration  in  the 
nature  of  the  demonstration. 

Cor.  Hence,  if  the  height  of  the  Vail  incumbent  on  any 
point  H  of  the  intrados  is  inversely  as  the  cube  of  the  sine  of 
hnk  into  radius  of  curvature  at  that  point,  or  directly  as  cube 
of  the  secant  of  the  angle  formed  by  ^H  and  the  horizon,  and 
inversely  as  the  radius  of  curvature,  all  die  voussoirs  will  tend 
to  split  the  arch  with  equal  foi^ces,  and  will  be  in  perfect  equi- 
librium with  each  other. 

J04.  Prop.  Given  the  intrados,  to  find  the  corresponding 
txtrados. 

In  fig.  12.  pi.  IX.  where  pyp^  is  the  intrados  and  adb  the 
required  extrados,  v  and  d  being  the  respective  vertipes,  put 
A=DV,  j:=Arv  the  abscissa,  y=^c  the  ordinate  to  any  point 
c>a2Ci  the  requisite  altitude  at  that  point,  and  z=the  arc 
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vc  :  then,  by  the  last  prop,  and  cor.  a  a ,  while,  by 

similar  triangles,  wfe  havei  : « : :  1  (radius :  -r-  —  sec  d^ck; 
and  therefore  act  «'-rBi'*  But  in  every  curve  whoae  ordi- 
nate  is  referred  to  an  axis  the  radius  of  curvature  is  r::^''^tt, — rr* 
(Simpson's  Wlmixn^n,  vol.  I.  p.  74 ;  Dealtry's  Fluxions,  art,.  102.) ; 

•  *•      ill  *  S       * '  • 

whence  a  ge  ^7    ,  or  a  =:c  *     Z    j  where  c  is  a  consturt 

quantity,  die  value  of  which  may  be  determined  by  taking  the 
expression  for  the  given  line  a  at  the  vertex  of  the  curve. 

Example.  To  rod  the  extrados  of  a  circular  arch.  Let  o  be 
the  centre  of  die  circle,  and  die  several  lines  in  fig.  3.  pL  X.  being 
rqiresented  as  Itbove,  while  po=:ov=zr;  then,  if  we  make 

i  invariable^  we  have  «  =  r-.  •(r*-^"),i  =  -j^rTf  a™*  if  = 

f*v*  vx«>jy  X 

,^Z^\V    Hence  ci,  or  a,  or'  c*  ■  ^^    ' ,   becomes  €•— 3— 

^(f—  *)i*  ^^  ^^  when  jfsO,  or  at  the  vertex  whereA^o, 
gives  A  =  — ,  or  c  s  Ar :  and  consequently  the  general  value  of 

CI,  or  a  =  p=^^  becomes  «  =  A .  ^;;^  =  B  V  . -5r  »  A 

X  cube  sec.  of  elevatioiL 

Hence  diis  simple  calculus :  to  die  logarithm  of  a  add  thrice 
the  log.  sec.  of  elevation,  the  sum  rejecting  3  (in  die  index)  is 
the  log.  of  a. 

Hence  also  flows  a  neat  construction :  draw  the  vertical  cs 
intersecting  die  horizontal  diameter  in  s :  join  c  and  the  centre 
o,  and  on  oc  let  fall  from  s  the  perpendicular  st  :  draw  ts 
parallel  to  po,  and  join  zo :  make  cti=:nv,and  parallel  to  zo 
draw  ux;  dien  is  cjr=ci.  For,  by  the  similar  triangles  we 
have 

CO :  cs : :  OS :  CT  = 


CO 

cs  :  CT : :  ct  :  cz  = 


CI*  CI^ 


CO* 'CI  CO* 

and  Dv  :  ei : :  CM  :  ex : :  cz  :  CO : :  — :- :  co  :  :  cs' :  co' : :  ofc' : 

CO* 

ov'. 

The  curve  dia  nm  up  to  an  infinite  height  above  the  spring 
of  the  arch,  if  it  be  semicircular ;  and  this  must  evidently  be 
the  case  with  every  curve  that  springs  at  right  angles  to  the  ho- 
rizontal line.    But  for  a  moderate  distance  on  each  side  the 
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vertex  the  extndos  will  ammie  m  diape  diat  may  answer  to- 
lerablj  well  for  a  roadway. 

SCHOLfUM. 

205.  Wheo  die  intrados  is  dlipticdie  eztradoa  is  of  the  same 
kind  as  for  die  circle:  iMt  when  die  loiq[er  axe  it  horizootal  the 
dlipnsmajtakea  straigfal  line  at  top  acre  safelj  than  the  circle^ 
because  the  eztrados  runs  oat  farther  from  the  vertex,  before  it 
takes  its  rapid  rise.  In  the  cydoidal  arch  of  e^uilibnition,  dM 
extrados  resemUes  diatof  die  circle  and  flat  ellipse;  approMMh- 
ing,  howerer,  more  nearly  to  a  r^|ht  line  about  die  vertex,  and 
extending  farther  from  it  before  it  bends  upwards.  If  the  in- 
trados is  parabolic  the  extrados  is  an  eaoal  and  similar  cunr^  at 
any  g^ven  distance  from  the  intrados :  but  in  the  htperbola  the 
extrados  approaches  continually  nearer  to  the  intrados.  Henibs^ 
in  some  cases  it  may  be  quite  convenient  to  have  arches  s^ 
meats  near  the  vertex  of  very  large  parabolas.  The  reader 
may  find  the  investigatious  of  these  particulars  in  Dr.  Hutton*s 
Principles  of  Bridges,  or  iu  the  first  volume  of  his  ^  TVacts," 
lately  published :  we  merely  glance  at  them  here. 

206.  Prop.  If  aedib  (fig.  4.  pi.  X.)  be  the  extrados  and 
pvp^  the  intrados  of  an  equilwratea  arch,  and  if  any  number 
of  vertical  lines  bf,  dv,  ic,  8fc.  be  drawn  from  tie  one  curve  to 
the  other,  and  these  lines  be  divided  in  a  given  ratio  in  the 
points  a,  e,  d,  i,  b,  then  the  curve  drawn  through  these  points 
of  division  will  also  be  a  proper  extrados,  the  mass  contained 
between  it  and  the  ititrados  being  dull/  balanced,  as  well  as  that 
comprised  between  abdib  and  pvcp^. 

For,  since  the  whole  is  kept  in  equilibrio  by  the  vertical  pres- 
sures of  the  superincumbent  mass  on  the  intrados,  the  points 
F,  c^  V,  &c.  are  sustained  in  equilibrio  by  the  pressures  of  the 

f)arts  EF,  Dv,  ic,  8cc.  bearing  upon  them :  if,  therefore,  these 
ines  be  divided  in  e,  d,  t,  &c.  so  that  ep  :  ^ : :  Dv  :  dv  ::  ic  : 
tc,  &c.  all  in  the  same  constant  ratio,  then  aedib  being  con- 
sidered as  the  extrados,  the  arch  will  still  be  in  equilibrium ;  be- 
cause the  load  on  the  intrados  being  every  where  lessened  in  a 
constant  ratio,  its  tendency  to  break  the  arch  will  be  every 
where  in  a  constant  ratio  to  its  preceding  tendency  to  cause  a 
rupture,  and  the  equilibrium  can  be  no  more  destroyed  in  the 
one  case  than  in  the  other.  Apd  the  sanie  kind  of  reasoning 
would  apply  if  aedib  were  above  aedib,  or  if  the  weight  and 
density  of  the  materials  between  the  extrados  and  intrados 
should  be  changed  throughout  in  any  constant  ratio. 

Cob.  Hence  we  may  in  many  ca^es  give  the  extrados  a 
pretty  regMlar  ^nd  practicable  form,  by  diminishing  the  thick- 
ness over  the  crown :  and  h^i)ce  appears  one  great  advantage 
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of  iron  as  a  material  for  bridges,  since  its  requisite  thickness  at 
the  crown  is  vastly  less  dian  that  of  stone. 

207.  Prop.  Having  givtn  the  extrados  of  an  equilibrated 
arch,  to  find  the  intrados^ 

Let  AD  B  (fig.  5.  pi.  X,)  be  the  extrados  proposed  to  which 
the  iBtnidos  tvp'  is  to  be  adapted;  ov  being  the  common 
axM  of  hodi  curves :  from  c  and  c,  corresponding  points  equi- 
•distant from  the  axis^  draw  the  ordinstes  ch,  ch.  Put  uv  (the 
liackntaa  of  the  arch  at  the  crovni)=:a,  dA  =x,  vH=x,the 
«q«al  orditiates  ^ft, =ch  =ry,  and  the  arch  vc = z.    Then,  by  the 

generaIfQrip(204j  cca-^^^^a-2!:^^^  where    c    is    a 

constant  quahtity  found  by  taking  the  actual  value  of  cc  in  v 
Afe  vertex  of  Ale  curve.     But  it  is  manifest  that  cc=dv  +  vh 

.  ,         ..         •  -        ,         •  yx'^'J  c 

^D*=a+«^— x:  consequently  a +x  —  x=:c. — -^ —  "~  y   ^ 

flux,  of -r-     If,  then,  we  substitute  the  true  value  of  x  in  terms. 

of  ^  (which  is  given  because  the  form  of  the  extrados  is  known), 
the  equations  thence  resulting  will  contain  only  x  and  y  with 
their  hrst  and  second  fluxions,  and  known  quantities ;  and  from 
this  the  real  relation  of  x  and  y  must  be  struck  out  by  such 
means  as  seem  most  naturally  to  apply  to  any  proposed  in- 
stance. 

This,  however,  in  many  cases  will  be  a  matter  of  considerable 
difiiculty :  we  shall  here,  therefore,  solely  trace  the  process  in 
the  most  useful  instance,  which,  happily,  admits  of  a  compa- 
ratively simple  investigation.  We  advert  to  the  case  in  which 
the  extrados  is  a  straight  horizontal  line,  which  shall  be  now 
considered. 

Retaining  the  same  notation,  we  have  dA=x=:0,  and  con- 

C  X  i 

sequently  a+x  =  -r-  x  flux,  of  -:—     Assume  y  r:       ,    whence 

«  =:  4-,  and  —  x  flux.  of-T-=  —  tliat  is,  aA-  x  =     ^"^    , 
y  y  y        '  '       *  «     ' 

and  of  course  ax'\-xx::z.cuu\  takmg  the  fluents  of  this  we 

But   because  y  = 


X 

tt 


—  it  is  also  =  i  -r    /     ^^  ■  =  x    /-—£-- .     Tlie  fluent  of 

this  expression  is^  =  y'  c  x  hyp.  log.  (2j:*-|-2ar+  2  v/(»'  +  ^as). 
Now  at  the  vertex  where  jrn  0,  we  have  y  =  y^ c  x  hyp. 
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log.  2a,  so  that  die  corrected,  fluent  is 

y  =  V^  |c  X  hyp.log. ^ .  ] 

We  brnve  yet  to  ascertain  the  constant  quantity  c,  in  order 
to  ^'hich  \i'e  may  proceed  thus :  when  h  arrives  at  o  we  have 
X  s  ro  ==  A,  and  j^  =:  op  n s;   substituting  these  in  the  last 

equation    it   becomes    A  =  v^  c  x  hyp.   log. *'^'^vy*'^'^> 

and    consequently   y^cnil-s-  hyp,  log.  s  +  a  +  i  v^^+li. 
Hence,  then,  we  at  length  obtain  dus  general  value  of  y^ 

that  is,  jy  =;  A  X  hyp.  log.-2-l-i-i-^^i^ — i-^  -r  hyp.  log. 

«  +  *  +  V(^«  +  «•) 

a 

Comparing  these  equations  with  equa.  (3)  art.  198.  it  will  be 
seen  that  when  v^c=£r,  the  intrados  pvp^  is  the  catenary, 
although  the  extrados  is  a  horizontal  r^ht  line :  but  this  will 
require  an  immense  thickness  at  the  crown ;  for  if  j:=40,  an^ 
y^  50,  we  shall  have  a  s  36*88,  which  is  more  than  }  the  span 
of  the  arch,  and  more  than  ^  of  its  height 

As  an  example  of  the  use  of  the  preceding  formulae,  we  sub- 
join a  table  calculated  by  Dr.  Hutton,  for  an  arch  whose  span 
IS  100,  height  40,  and  thickness  at  the  crown  6  :  \Vhich  will 
answer  for  any  other  arch  whose  span,  height,  and  thickness, 
are  related  to  each  other  in  like  manner,  by  changing  all  th^ 
values  of  DH  and  ch  in  a  constant  ratio. 


HC 

DH 

HC 

21 

DH 

10*381 

HC 

36 

DH 

1 

0 

6000 

21-774 

2 

6-035 

22 

10-858 

37 

22-948 

4 

6-144 

23 

11-368 

38 

24-190 

6 

6  324 

24 

11-911 

39 

25-505 

8 

6-580 

25 

12-489 

40 

26-894 

10 

6-914 

26 

13-106   ! 

41 

28-364 

12 

7-330 

27 

13-761 

42 

29-919 

IS 

7-571 

28 

14-457 

43 

31-563 

14 

7-834 

29 

15-196 

44 

33-299 

15 

8-120 

30 

15-980 

45 

35-135 

16 

8-4^0 

31 

16-811 

46 

37-075 

17 

8-766 

32 

17-693 

47 

39-126 

18 

9-168 

33 

18-627 

48 

41-293 

19 

9-517 

34 

19-617 

49 

43-581 

20 

9-934 

1  35 

20-665 

50 

46-000 
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5208.  Prop.  To  determine  the  magnitude  of  the  ptersy  or 
abutments,  that  they  may  sustain  the  arch  in  equilibrio,  inde- 
pendently of  other  arches. 

In  order  to  give  a  solution  to  this  problem  we  nmst  assume 
some  particulars  as  having  been  determined  by  adequate  ex- 
periments and  admeasurement :  for  we  do  not  consider  the 
piers  as  prisma  standing  upon  their  bases  and  resisting  the  pres- 
sure of  the  arches,  though  upon  such  an  hypothesis  it  would 
be  easy  to  lay  down  rules  for  the  determination  of  the  centres 
of  gravity  bodi  of  the  arch  and  the  piers ;  but,  since  the  stones, 
&c.  of  the  wall  above  die  voussoirs  are  bonded  in  with  those  of 
the  pier,  die  pier  will  by  these  means  become  augmented,  and 
the  weight  of  the  arch  diminished.  We,  therefore,  regard  the 
piers  as  extending  to  tike  joints  of  fracture  (art.  199-X  ^^^  diat 
portion  of  the  arch  which  is  comprised  between  those  joints 
as  a  ponderatiiig  body  resting  in  a  state  of  equilibrium  upon 
those  joints  aa  upon  two  inclined  planes.  Let,  then,  fs,  fV 
(fig.  1.  pL  X0»  ^  ^he  joints  of  fracture,  g  the  centre  of  gra- 
vity of  the  pier  QTSFfiP,  g  that  of  the  half  arch  defs,  and  let  go 
the  perpendicular  from  g  upon  fs  be  produced  till  it  meets  the 
horizontal  line  q^q  in  i :  draw  gh  perpendicular  to  gg^  and  qA 
perpendicular  to  gi :  and  let  the  mass  of  the  semi-arch  desf 
be  represented  by  a,  that  of  the  pier  by  p,  and  the  force  of 
gravity  by  g :  the  weight  of  the  former  will  then  be  gji,  and  of 
the  latter  gp.  The  magnitude  of  the  pier  is  generally  com- 
puted on  the  supposition  that  the  pressure  of  the  arch  has  a  ten- 
dency to  make  the  pier  turn  upon  q  as  a  centre  or  fulci  um ; 
and  this  hypothesis  is  often  consistent  with  fact :  but  when  the 
height  CD  IS  small  compared  with  the  span,  the  weight  of  the 
arch  has  a  strong  tendency  to  make  the  pier  slide  along  the  ho^ 
rizontal  line  pi  ;  we  shall,  therefore,  state  the  conditions  of 
equilibrium  on  this  supposition  also.  First,  supposing  the  pier 
solely  capable  of  turning  upon  g  as  a  centre  of  rotation  :  dieu 
will  the  case  be  the  same  as  if  the  body  desf  whose  weight  is 
gA,  by  pressing  upon  die  face  ES,  tended  to  move  the  mass 
FSTgp  upon  the  fulcrum  g.  But  (art.  156.)  the  weight  gA  is 
to  its  pressure  upon  fs,  as  sine  of  angle  included  between  bd 

and  fs,  to  sine  of  angle  Eng ,  that  is  sin  i :  rad. : :  gA :  -^^ 

=  pressure  of  half  arch  upon  the  joint  of  fracture.  Now  g 
being  the  centre  of  gravity  of  the  half  arch,  the  pressure  it  oc* 
casions  is  exerted  in  the  direction  gi :  and  g  being  the  centre 
of  gravity  of  the  pier,  the  force  resulting  from  its  weight  acts 
in  the  vertical  direction  gh;  dierefore  in  the  case  of  equili- 
briiim,  vfe  must^  by  die  nature  of  the  lever^  have,  pressure  on 
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SF  X  qA  =:  weight  of  pier  x  qh,  Aat  is,  — r 9*  =  g^  •  QH, 

whence  we  readily  obtain 

This  equation  comprises  die  conditions  of  the  equilibrium  of 
rotation  (art  19.)  a)>out  the  point  q  ;  and  we  may  find  by  its 
means  any  one  of  the  five  quantities  it  contams,  when  the  other 
four  are  given. 

When  the  arch  springs  vertically  from  rectangular  piers, 
whose  height  and  breaddi  are  h  and  b  respectively,  the  pre- 
ceding theorem  reduces  to 

(i.)     .     .     .     .    HA  cot  I  =•  SB  +  tHB*. 

In  the  second  case,  in  which  we  suppose  the  pier  may  slide 
along  in  the  horizontal  direction,  let  /  be  a  force  which  is 
exerted  horizontally  hi  opposition  to  the  motion  of  translation : 

then  fp  acting  in  the  direction  ik  must  counterbalance-^^ 

•^  °  SIO  I. 

acting  along  Ai.     Here  Ai  being  to  ik  as  radius  to  cos  i,  we 
shall  have,  rad  :  cos  i : :~ —  : /f  ;  whence  ffA  •    7°        =  fp, 

'  •ml.*''  ^  COS  1.      .     •/    ' 

and  for  an  equation  including  the  conditions  of  the  equilibrium 
of  translation  we  have 

(II.)     ....    —  =  -^^ =  -i-tani. 

*  '  f  g  COtl.  g 

As  to  the  position  of  the  joints  of  rupture,  and  of  the  centres 
of  gravity  of  the  semi-arcb  and  pier,  they  may  in  most  cases  be 
determined  with  tolerable  accuracy,  thus  :  having  drawn  on 
pasteboard  the  arch  and  proposed  pier,  upon  a  pretty  large 
scale,  and  described  the  voussoirs  of  the  arch,  of  the  intended 
thickness,  draw  from  the  middle  of  the  key  voussoir  a  tangent 
to  the  intrados,  and  produce  it  till  it  again  meets  the  middle  of 
a  voussoir,  as  at  F,  from  which  point  draw  fs  perpendicular  to 
the  intrados ;  it  will  be  nearly  the  position  of  a  joint  of  fracture. 
Next,  cut  the  pasteboard  through  at  the  several  outlines,  and 
find  by  some  of  the  methods  described  in  art.  106,  the  centres 
of  gravity  of  the  two  parts  desf,  stqpp.  With  regard  to  the 
ratio  of  a  to  P,  it  may  always  be  found  pretty  nearly,  either  by 
weighing  or  measuring  the  pieces  of  pasteboard  which  repre- 
sent them;  and  the  distances  qh,  qA,  and  angle  i,  will  be 
ascertained  by  the  cpnstructiou.  If,  when  these  values  of  a,  p, 
&c.  are  introduced  into  the  equations,  the  first  members  ai*e 
less  than  the  second,  the  piers  will  be  large  enough  to  ensure 
the  equilibrium:  if  otherwise,  some  of  these  particulars  aiu^t 
be  changed  until  that  takes  place* 
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This  mode  of  considering  the  subject  suggests,  that  to 
diminish  the  thrust  of  the  arch,  or  increase  the  stability  of  the 
pier,  the  commencement  of  the  flanks  ought  to  be  loaded;  and 
that  the  thickness  of  the  voussoirs  near  the  key  ought  to  be 
lessened  considerably :  in  short,  to  make  the  arch,  instead  of 
having  a  uniform  thickness  throughout  its  whole  extent,  to  be 
very  thick  at  its  origin,  and  at  the  key  to  be  no  thicker  than  if 
necessary  to  resist  the  pressure  of  the  flanks:  for  by  such  a  pro- 
cedure a  part  of  the  force  M'hich  tends  to  move  the  pier  is 
thrown  upon  that  which  resists  being  overturned,  and  the  latter 
will  gain  a  great  advantage  in  point  of  stability. 

208  A.  Prop.  Given  the  thickness  at  the  crown  of  an 
archy  the  relation  between  the  intrados  and  the  extrados,  and  the 
height  of  a  rectangular  pier ;  to  find  the  height  of  the  pier ^  and 
the  height  or  versed  sine^  cd^oJ  the  arch,  so  that  the  material 
employed  shall  be  a  minimum. 

A  general  solution  of  this  problem  is  not  a  matter  of  easy 
accomplishment.  But  the  principles  to  be  employed  may  be 
exemplified,  in  a  comparatively  simple  case.  Let  that  be 
taken,  then,  in  which  the  extrados  and  the  intrados  are  both  parftr 
bolas.  The  quantity  which  is  required  to  be  a  minimum  will 
be^  +  HB.    if  the  intrados  be  a  parabola  represented  by  the 

equation  y^  = j:,and  the  extrados  another  parabola  defined 

in    like    manner    by  'y*    =    ^  ***  ;   3/,  the  thickness  at.  the 
crown  and  at  the  spring  being  t :  then  we  shall  have 

The  equation  for  the  minimum,  therefore,  will  be 

Flux,  {^f  (a+6+O  +  HB  ^  =  0. 
This  being  effected,  supposing  a  and  b  variable,  gives 

—  3  =  -:; —  a. 

Regarding  the  arch  as  a  wedge  witliput  friction  reposing 
upon  the  imposts,  the  equation  for  the  equilibrium  of  rotatioi^, 
js^  as  we  have  just  seen, 

HA  cot  l  =  SB+iHB*. 

But  we  have  cot  i  =  -^  =  -r— . 

Substituting,  therefore,  the  values  of  cot  |  and  A,  and  taking 
^he  fluxions,  there  results 

2btaa=4a{at+bt+i^)B+iftB(2a+b+t)a  +  3nB''a^6iiaBB. 

Substituting,  also;  in  this  equation  for  b  the  preceding  val^e 
pfit,  wehave 
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IbtH  =  -  -5^(a  +6  +  0  +  4fB  (2a  +  6  +  0  +  3nB*-4afB : 

lod  this,  combined  widi  the  equation  of  equilibrium^  will  give 
the  quantities  b  at  a» 

It  might,  perhaps,  be  imagined  tliat,  cstteris  paribus,  there 
exists  a  height  a  which  will  ensure  a  minimum  for  b  ;  but  it  is 
not  so.     B  diminishes  as  a  augments. 

If  it  be  required  to  determine  the  dependance  of  the  thrust 
upon  the  variation  of  a,  and  to  ascertain  if  there  be  a  minimum^ 
the  fluxion  of  a  cot  i  must  be  put  =  0.     In  the  same  example 

the  quantity  to  throw  into  fluxions  is  t^^(i  +  "37  +  "T^^  * 

quantity  which  diminishes  in  proportion  as  a  increases,  and 
which  has  for  a  limit  -^bt ;  such  is  the  minimum  thnist,  which 
obtains  when  a  is  infinite. 

If  we  would  know  when  the  tangential  thrust,  or  the 
pressure  on  tlie  imposts,  is  a  minimum,  we  shall  then  have 

floxion  of-T^  =  0,  or  (a  — V  =  0,  or  fluxion  of  |./  (a+^+O 


y 


-r-r-  =  0 ;  from  which  there  will  be  found 

a  =  v^i6V+7> 


III.     Of  Domes. 


209.  Def.  a  dome  or  cupola  is  a  roof  of  a  spherical, 
spheroidal,  or  coiioidal  form,  resembling  a  bell,  or  an  inverted 
cup.  It  is  a  species  of  arch,  or  vaulting,  the  erection  of  which, 
like  the  former,  is  a  scientific  art  depending  upon  the  principles 
of  equilibrium. 

The  most  ample  account  of  the  theory  of  domes  we  have  yet 
met  with  is  given  by  Dr.  Robison,  in  the  Supplement  to  the 
Encyclopedia  Britannica;  an  abstract  of  which  will  be  here 
given,  chieily  in  the  doctor's  own  words. 

Prop.  To  determine  the  thickness  of  a  dome  vaulting  xclitn 
the  curve  is  given,  or  the  curve  when  the  thickness  is  given. 

**  Let  bAa  (fig.  7.  pi.  X.)  be  the  curve  which  produce^ 
the  dome  by  revolving  round  the  vertical  axis  ad.  We  shall 
suppose  this  curve  to  be  drawn  through  the  middle  of  all  the 
arch-stones,  and  that  the  coursing  or  horizontal  joints  are  every 
where  perpendicular  to  the  curve.  We  shall  suppose  (as  is 
always  the  case)  that  the  thickness  kl,  hi,  &c.  of  tlie  arch- 
ttooes  is  very  small,  in  comparison  with  the  dimensions  of  the 
arch*  If  we  consider  any  portion  haA  of  the  dome,  it  is  plain 
that  it  presses  on  ihe  course,  of  which  hl  is  an  archstone,  in  a 
direction  6c  perpendicular  to  the  joint  hi,  or  in  the  direction 
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of  the  Dext  superior  element  fib  of  the  curve.  As  we  proceed 
downwards,  course  aftpr  course,  we  see  plainly  that  this  direc* 
tion  must  change,  because  the  weight  of  each  course  is  super- 
added to  that  of  the  portion  above  it,  to  complete  the  pressure  <m 
the  course  below.  Through  b  draw  the  vertical  line  bcg,  meet- 
ing /3ft,  produced  in  c.  We  may  take  he  to  express  the  pressure  of 
all  that  is  above  it,  propagated  in  this  direction  to  the  Joint  kl. 
We  may  also  suppose  the  weight  of  the  course  HL  united  in  b, 
and  acting  on  the  vertical.  Let  it  be  represented  by  br.  If 
we  form  the  parallelogram  bvoc,  the  diagonal  bo  will  repr^ 
sent  the  direction  and  intensity  of  the  whole  pressure  on  ibe 
joint  KL.  Thus  it  appears  that  this  pressure  is  continually 
changing  its  direction,  and  that  the  line,  which  will  always  coin- 
cide with  it,  must  be  a  curve  concave  downward.  If  this  be  pre* 
cisely  the  curve  of  the  dome,  it  will  be  an  equilibrated  vault- 
ing ;  but  so  far  from  being  the  strongest  form,  it  is  the  weakest, 
and  it  is  the  limit  to  an  infinity  of  others,  which  are  all  stronger 
than  it.  This  will  appear  evident,  if  we  suppose  that  be  does 
not  coincide  with  the  curve  a^b,  but  passes  without  it.  As  we 
suppose  the  arch-stones  to  be  exceedingly  thin  from  inside  to 
outside,  it  is  plain  that  this  dome  cannot  stand,  and  that  the 
weight  of  the  upper  part  will  press  it  down,  and  spring  the 
vaulting  outwards  at  the  joint  kl.  But  let  us  suppose,  on  the 
other  handy  that  be  falls  within  tlie  curvilineal  element  fta. 
This  evidently  tends  to  push  the  arch-stone  inward,  toward  the 
axis,  and  would  cause  it  to  slide  in,  since  tlie  joints  are  sup- 
posed perfectly  smooth  and  slipping.  But  since  this  takes 
place  equally  in  every  stone  of  this  course,  they  must  all  abut  oq 
each  other  in  the  vertical  joints,  squeezing  them  firmly  to^ 
gether.  Therefore,  resolving  the  thrust  be  into  two,  one  of 
which  is  perpendicular  to  the  joint  kl,  and  the  other  parallel 
to  it,  we  see  that  this  last  thrust  is  withstood  by  the  vertical 
joints  all  around,  and  there  remains  only  the  thrust  in  the 
direction  of  the  curve.  Such  a  dome  must  therefore  be  firmer 
than  an  equilibrated  dome,  and  cannot  be  so  easily  broken  by 
overloading  the  upper  part.  When  the  curve  is  concave  up- 
wards, as  in  the  lower  part  of  the  figure,  Uie  line  be  always 
falls  below  6b,  and  the  point  c  below  b.  When  tlie  curve  is 
concave  downwards,  as  in  the  upper  part  of  the  figure,  l^cf 
passes  above,  or  without  bn.  The  curvature  may  be  so 
abrupt,  that  even  iV  shall  pass  without  AV,  and  the  point  g' 
is  above  b'.  It  is  also  evident  that  the  force  which  thus  binds 
the  stones  of  a  horizontal  course  together,  by  pushing  them 
towards  the  axis,  will  be  greater  in  fiat  domes  than  in  those 
that  are  more  convex;  that  it  will  be  still  greater  in  a  cope; 
and  greater  still  in  a  curve  whose  convexity  is  turned  inwards  j 
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for  in  this  last  case  the  line  bc  will  deviate  most  remarkably 
from  the  curve.     Such  a  dome  will  stand  (having  polished 

i'oints)  if  the  curve  springs  from  the  base  with  any  elevation, 
lowever  small ;  nay,  since  the  friction  of  two  pieces  of  stone  is 
not  less  than  half  of  their  mutual  pressure,  such  a  dome  will 
stand,  although  the  tangent  to  the  curve  at  the  bottom  should 
be  horizontal,  provided  that  the  horizontal  thrust  be  double  the 
weight  of  the  dome,  which  may  easily  be  the  case  if  it  do  not 
rise  high. 

^  Thus  we  see  that  the  stability  of  a  dome  depends  on  vexy 
different  principles  from  that  of  a  common  arch,  and  is  in 
general  much  greater.  It  differs  also  in  another  very  import- 
ant circumstance,  viz.  that  it  may  be  open  in  the  middle:  for 
die  uppermost  course,  by  tending  equally  in  every  part  to  slide 
10  towards  the  axis,  presses  all  together  in  the  vertical  joints, 
and  acts  on  the  next  course  like  the  key-stone  of  a  common 
arch.  Therefore  an  arch  of  equilibration,  which  is  the  weakest 
of  all,  may  be  open  in  the  middle,  and  carry  at  top  another 
huilding,  such  as  a  lantern,  if  its  weight  do  not  exceed  that  of 
the  circular  segment  of  the  dome  that  is  omitted.  ^  A  greater 
load  than  this  would  indeed  break  the  dome,  by  causing  it  to 
spring  up  in  some  oC  the  lower  courses ;  but  this  load  may  be 
increased  if  the  curve  is  flatter  than  the  curve  of  equilibration : 
and  any  load  whatever,  which^will  not  crush  the  stones  to 
powder,  may  be  set  on  a  truncate  cone,  or  on  a  dome  formed  by 
a  curve  that  is  convex  toward  the  axis ;  provided  always  that  the 
foundation  be  effectually  prevented  from  flying  out,  either  by  a 
hoop,  or  by  a  sufficient  mass  of  solid  pier  on  which  it  is  set.'' 

''  We  have  seen  that  if  bo,  the  thrust  compounded  of  the 
thrust  6c,  exerted  by  all  the  courses  above  hilk,  aud  if  the 
force  Jp,  or  the  weight  of  that  course,  be  every  where  coin- 
cident with  6b,  the  element  of  the  curve,  we  shall  have  an 
equilibrated  dome ;  if  it  falls  within  it,  we  have  a  dome  which 
mill  bear  a  greater  load ;  and  if  it  falls  without  it,  the  dome 
will  break  at  the  joint.  We  must  endeavour  to  get  analytical 
expressions  of  these  conditions.  Therefore  draw  the  ordinatcs 
616",  bdb''',  cdc^\  Let  tlie  tangents  at  6  and  6''  meet  the  axis 
in  M,  and  make  mo,  mp,  each  equal  to  bc,  and  complete  the 
parallelogram  monp,  and  draw  OQ  perpendicular  to  the  axis, 
and  produce  6p,  cutting  the  ordinates  in  £  and  e.  It  is  plain 
that  MN  is  to  MO  as  the  weight  of  the  arch  ha/i  to  the  thrust 
6c  which  it  exerts  on  the  joint  kl  (this  thrust  being  propagated 
through  the  course  of  hilk);  and  that  mq,  or  its  equal  br,  or 
idf  may  represent  the  weight  of  the  hdf  ah. 

^^  Let  AD  be  called  x,  and  db  be  called  y.  Then  be^x, 
and  ec  =i  (because  bc  is  in  the  direction  ot  the  element  ^6)» 
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It  is  also  plaiD^  that  if  we  make  y  constant^  bg  is  tbe  second 
fluxion  of  Xj  or  bc  =  x^  and  be  and  be  may  be  considered  as 
equal,  and  taken  indiscriminately  for  x.  We  have  also  &c  s 
\/(if*+i*).  Let  d  be  the  depth  or  thickness  hi  of  the  arch- 
stones.  Then  d  v/(**+i*)  will  represent  the  trapezium  hl; 
and  since  the  circumference  of  each  course  increases  in  the 
proportion  of  the  radius  yy  dy,  ^/(x^-hi')  will  express   the 

whole  course.    If  J*  he  taken  to  represent  the  sum  or  aggregate 

of  the  quantities  annexed  to  it,  the  formula  will  be  analogous 

to  the  fluent  of  a  fluxion,  MXiAfdy*/[x^^y)  will  represent 

the  whole  mass,  and  also  the  weight  of  the  vaulting,  down  to 

the  joint  hi.  Therefore  we  have  this  proportion^ dy  ^  (•»*+i*) 

:  dy  \/(**+i*)  =  be  :  ip,  =  be  :  CG,  =  W  :  CG,  =  *  :  CG, 

Therefore  cp  =  ^f^;^ 

'^  If  the  curvature  of  the  dome  be  precisely  such  a&  puts  it  in 
equilibrium,  but  without  any  mutuid  pressure  iii  the  vertical 
joints,  this  value  of  OG  must  be  equal  to  CB,  or  to  ir,  the 
point   c   coinciding   with  b.     This   condition   will    be    ex- 

pressed  by  the  equation    J'    .V-,    .,,     =  x,  or,  more  con- 

veniently,  by  ^^^^l^,^^'^)  =  i .     But  this  form    gives    only 

a  tottering  equilibrium,  independent  of  the  friction  of  the 
joints  and  the  cohesion  of  the  cement.  An  equilibrium,  ac- 
companied by  sonte  firm  stability,  produced  by  the  mutual 
pressure  of  the  vertical  joints,  may  be  expressed  by  the  fommla 

,,/  '     ■  -a,  >  — ,  or  by  „:,    '.,  •.'  =—  H ,  where  t  is  some 

variable  positive  quantity,  which  increases  when  x  increases. 
This  last  equation  will  also  express  the  equilibrated  dome,  if  ^ 

be  a  constant  quantity,  because  in  this  case  —  is  =  o. 

"  Since  a  firm  stability  requires  that  -^  ^      ^^  shall  be 

frreater  than  x,  and  co  must  be  greater  than  cb;  Hence  we 
earn,  that  figures  of  too  great  curvature,  whose  sides  descend 
too  rapidly,  are  improper.     Also,  since  stability  requires  that 

-we  have — ^    .. — = —  greater  than  f  dy ^ {x^ -\- }%  we  learn 

that  the  upper  part  of  tlie  dome  must  not  be  made  very  heavy. 
This,  by  diminishing  the  proportion  of  6 f  to  be,  diminishes 
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the  angle  cbc,  and  may  set  the  point  «  above  b^  which  will  in- 
fallibly spring  the  dome  in  that  place.  We  see  here  also,  that 
the  algebraic  analysis  expresses  that  peculiarity  of  dome-vault- 
ing, that  the  weight  of  the  upper  part  may  even  be  suppressed. 

"  The   fluent   of  the   equation    J^^}^""^^     =  -  +  -^ 

is  most  easily  found.     It  is  l   /*  dy^{x*  -f->')  =  Li  -f-  l^, 

where  L  is  the  hyperbolic  logarithm  of  the  quantity  annexed  to 
h»  If  we  consider  y  as  constant,  and  correct  the  fluent  so  as 
to  make  it  nothing  at  the  vertex,  it  may  be  expressed  thus, 

L  y  dyyiJP'  +  ^)  —  Lfl  =  Ljr  —  Li  +  L^  This  gives  us 
■uf^^'±B  =  ^  4-*,  and  therefore  f^^^^im  =  ,  '. 

^  ''  This  last  equation  will  easily  give  us  the  depth  of  vault* 
mg,  or   thickness  d  of  the  arch,  when  the  curve  ii  given* 

For  its  fluxion  is  *2^t±!±l  =  iL*4  and  d  =  -4P^. 

which  is  all  expressed  in  known  quantities ;  for  we  may  put  in 
place  oi't  any  power  or  function  of  x  or  of  Vi  and  thus  convert 
die  expression  into  another^  which  will  still  be  applicable  to  all 
torts  of  curves. 

*'  Instead  of  the  second  member  -t-  +  -7  we  might  employ 

^,  where  p  is  some  number  greater  than  unity.  This  will 
evidently  give  a  dome  having  stability;  because  the  original 
formula  '^^'^l^'^-^?  will  then  be  greater  than  x.    This  wUl 

me  d  =    ^"  .-; — TT.     Each  of  these  forms  has  its  advantages 

when  appUed  to  particular  cases.  Each  of  them  also  gives 
rf=  .  .f,  ^.  when  the  curvature  is  such  as  is  in  precise  equili- 
brium. And,  lastly,  if  d  be  constant,  that  is,  if  the  vaulting  be 
of  uniform  thickness,  we  obtain  the  form  of  the  curve,  because 
dien  the  relation  of  ir  to  i  and  to^  is  given. 

"  '^The  chief  use  of  this  analysis  is  to  discover  what  curves 
are  improper  for  domes,  or  what  portions  of  given  curves  may 
be  employed  with  safety.  Domes  are  generally  built  for  orna- 
ment ;  and  we  see  that  there  is  great  room  for  indulging  our 
ii^ncy  in  the  choice.  All  curves  which  are  concave  outwards 
will  give  domes  of  great  firmness:  they  are  also  beautiful.  The 
Gothic  dome,  whose  outline  is  an  undulated  curve,  may  be 
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made  abuDdaotly  firm^  especially  if  the  upper  part  be  cciofez 
and  the  lower  concave  outwards. 

''  The  chief  difficulty  b  the  case  of  diis  analysis  arises  finon 
the  necessity  of  expressing  the  weight  of  the  incumbent  pwt^  or 
J'dy%^{x^+j^).  This  requires  the  measurement  of  the  coooidal 
surface,  which,  in  most  cases,  can  be  had  only  by  approsiina- 
tioQ  by  means  of  infinite  serieses.  We  cannot  expect  that  the 
generality  of  practical  builders  are  familiar  with  this  branch  of 
mathematics,  and  therefore  will  not  engage  on  it  here;  bat 
content  ourselves  with  giving  such  instances  as  can  be  undsr- 
jtood  by  such  as  have  mat  moderate  mathematical  knowledge 
which  every  man  should  possess  who  takes  .  the  name  of  en- 
gineer. 

^'  The  surface  of  any  circular  portion  of  a  sphere  is  verj 
easily  had,  being  equal  to  the  cbrck  described  with  a  radios 
equal  to  the  chord  of  half  the  ardu    This  radius  is  evidently:: 

^*  In  order  to  discover  what  portion  of  a  hemisphere  osqr  be 
employed  (for  it  is  evident  we  cannot  employ  the  whole)  when 
the  thickness  of  the  vaulting  is  uniform,  we  may  recur  to  the 

equation  or  formula  ^^^(f*-**)  ssyjty  v^(i*  +>»).     Let  # 

•_ 

be  the  radius  of  the  hemisphere.     We  have  m  =  ^  ^^%»  ^ 

obtain  the  equation ^V^C^*  -y )  ^f'i/uiZ^*  ^^  easily  obtaia 

the  fluent  of  the  second  member  =  a'— a*  v' (a*  — y*),  and  jf  = 
</\/(  — J+ v^^)*  llierefore  if  the  radius  of  the  sphere  be 
1 ,  the  half  breadth  of  the  dome  must  not  exceed  \/(  —  i  +  ^i)t 
or  0-786,  and  the  height  will  be  -GIS.  The  arch  from  tbo 
vertex  is  about  5 1""  49^  Much  more  of  the  hemisphere  cannot 
stand,  even  though  aided  by  the  cement,  and  by  the  friction 
of  the  coursing  joints.  This  last  circumstance,  by  givii^  cod- 
nection  to  the  npper  parts,  causes  the  whole  to  press  more  ver- 
tically on  the  course  below,  and  thus  diminishes  the  outward 
tlirust;  but  it  nt  the  same  time  diminishes  the  mutual  abutment 
of  the  vertical  joiiits,  which  is  a  great  cause  of  firmness  in  die 
vaulting.  A  Gothic  dome,  of  which  the  upper  part  is  a  por- 
tion of  a  sphere  not  exceeding  45^  from  the  vertex,  and  the 
lower  part  in  concave  outwards,  will  be  very  strong,  and  not 
ungraceful. 

''  Perijuaded  that  what  has  been  said  on  the  subject  con- 
vinces the  reader  that  a  vaulting  perfectly  equilibrated  through- 
out is  b}  no  means  the  best  form,  provided  that  the  base  ii 
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^cured  from  separating,  we  think  it  unnecessary  to  give  the 
investigation  of  that  fornix  which  has  a  considerable  intricacy^ 
and  shall  merely  give  its  dimensions.  The  thickness  is  supposed 
uniform,  llie  numbers  in  the  first  column  of  the  table  ex- 
press  the  portion  of  the  axis  counted  from  the  vertex,  and 
those  of  the  second  column  are  thfe  length  of  the  ordinates.    , 
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'^  The  curve  formed  according  to  these  dimensions  will  not 
kppear  vtsry  graceful,  because  there  is  an  abrupt  change  in  its 
curvature  at  a  small  distance  from  its  vertex  ;  if,  however,  the 
middle  be  occupied  by  a  lantern  of  equal  or.of  smaller  weight 
than  the  part  whose  place  it  supplies,  die  whole  will  be  elegailt, 
and  free  from  this  defect." 

Professor  Robison  concliides  with  observing,  that  "  The 
Connexion  of  the  parts  arising  from  cement  and  from  friction 
has  a  great  effect  on  dome  vaulting.  In  the  same  way  as  in 
common  arches  and  cylindrical  vaulting,  it  enables  an  overload 
on  one  place  to  break  the  dome  in  a  distant  place.  But  the 
resistance  to  this  effect  is  much  greater  in  dome  vaulting,  be- 
cause it  operates  all  round  the  overloaded  part.  Hence  it 
happens  diat  domes  are  much  less  shattered  by  partial  violence, 
^uch  as  the  falling  of  a  bomb,  or  the  like.  Large  holes  may 
be  broken  in  them  without  much  affecting  the  rest;  but,  on 
the  other  ham],  it  greatly  diminishes  the  strength  which  should 
be  derived  from  the  mutual  pressure  in  the  vertical  joints. 
Friction  prevents  the  sliding  in  of  the  arch-stones  which  pro- 
duces this  mutual  pressure  in  the  vertical  joints,  except  in  the 
very  highest  courses,  and  even  there  it  greatly  diminishes  it. 
These  causes  make  a  great  change  in  the  form,  which  gives  the 
greatest  strength ;  and  as  their  laws  of  action  are  but  very  im- 
perfectly understood  as  yet,  it  is  perhaps  impossible,  in  the  pre* 
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tent  state  of  our  knowledge,  to  detehnine  fhis  form  Mrith  toler- 
able precision.  We  see  plainly,  boi^ever,  that  it  diows  a  greatieir 
dfeviatibfi  from  Ae  best  form  thati  ttre  other  kmd  of  vatdting; 
add  domes  may  be  inside  to  rise  pefpendicuUr  tb  the  horizon 
at  the  ViaCf  althongh  of  no  great  thickness ;  a  thing  wHitfa  niUst 
not  be  attempted  m  a  plane  arch.  The  immense  ildditic/tl  of 
strength  which  may  be  derived  from  hooping,  largely  compen- 
sates for  ail  defects ;  and  there  is  hardly  any  bounds  to  the 
extent  to  which  a  very  thin  dome-vaiilting^  may  be  carried, 
when  it  is  hooped  or  framed  in  the  direction  of  the  hoTiiontal 
cour^es^  The  roof  of  the  Halle  da  Bled  at  Paris  i^  but  il  foot 
thick,  and  its  diameter  is  more  than  200^  ^et  it  appears  to  have 
abundatit  strength/'* 

*  They  who  wish  farther  to  pursue  this  intJerestiag  class  of  inrbtiga^ 
tionsy  miy  advantageously  turn  to  the  first  vol.  of  Or^  Huttt>n*s  "  Tracts,** 
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Introductory  Definitions  and  Remarks. 

210.  Dynamics  is  that  branch  of  Mechanics  which  has  for 
its  object  the  action  of  forces  on  solid  bodies,  when  the  result 
of  that  action  is  motion;  and  in  which,  since  all  motion  oc- 
cupies some  portion  of  time^  we  introduce  time  info  our  inves- 
tigations. This  department  of  science  presents  a  wide  and  varied 
field  of  discussion,  and,  when  viewed  in  its  full  extent,  exhibits 
many  questions  of  considerable  difficulty :  we  shall  not  attempt 
to  give  the  whole  of  these,  as  such  a  procedure  would  draw  us 
far  beyond  the  limits,  which  must  be  assigned  to  this  part  of  the 
work ;  but  shall  select  those  chiefly  which  appear  necessary  as 
a  preparation  to  the  knowledge  of  the  powers  and  effects  of 
machinery. 

^11.  The  sum  of  the  material  particles  of  which  a  body  is 
composed,  is  what  we  denote  by  the  word  Mass,  This  mass 
depends  on  the  volume  of  the  body  and  that  which  we  call 
Density.  We  have  already  observed  (art.  10.)  that  density  is 
directly  as  the  quantity  of  matter,  and  inversely  as  the  magnitude 
of  die  body  :  but  it  will  not  be  improper  to  deduce  concisely 
the  general  theorem  which  comprises  this  relation.  To  this  end 
it  mast  be  considered  that  as  aU  bodies  are  penetrated  with  a 
ereat  number  of  void  spaces  or  pores,  their  quantity  of  matter 
IS  not  proportional  to  their  volume ;  but  under  the  same  vokime 
Aere  will  be  more  or  less  matter  as  the  particles  are  nearer  or 
furdier  asnnder ;  and  we  say  diat  a  body  has  a  greater  or  less 
Density,  according  as  there  subsbts  a  greater  or  less  proximity 
between  its  moleculse.  Thus  we  say  a  body  is  more  dense  than 
aiioAfir  when  in  an  equal  volume  the  former  contains  more 
matter  than  the  latter :  w€  say,  on  the  contrary,  that  it  is  less 
dense  or  nmre  rare  (for  density  and  rarity  are  reciprocal  quali- 
ties) when  in  an  equal  volume  it  comprises  less  matter.  The 
density  serves,  therefore,  to  judge  of  the  number  of  material 
particles  when  the  volume  is  known :  thas^  we  may  regard  the 
dimsity  as  representing  the  aniober  of  eqiud  molecute  in  a  de- 

M  2 


164  DYNAMICS.  [Book  II. 

terminate  volume;  as  when,  for  example,  we  say  that  gold  is  19 
times  denser  than  water,  we  wish  to  be  understood  that  gold 
contains  19  times  the  number  of  particles  that  water  does  ia 
the  same  space. 

Since  we  represent  the  density  as  expressing  the  number  of 
moleculae  in  a  determinate  volume  which  we  assume  as  the  unit 
ofmagnilude ;  it  is  obvious  tliat  to  obtain  the  mass,  or  the  total 
number  of  molecular,  of  any  body  of  which  the  magnitude  ia 
known,  we  must  take  the  rectangle  of  the  density  and  magnitude. 
Thus,  if  we  represent  generally  the  body  or  mass  by  B,  its 
volume  or  magnitude  by  m,  and  its  density  by  d,  vre  'shall  have 
b=md:  whence  it  will  be  easy  to  compare  the  masses,  the 
magnitudes,  and  the  densities  of  bodies. 

In  similar  bodies  the  masses  are  as  the  densities  and  cubes  of 
the  diameters,  or  depths,  or  lengths,  ^r  of  any  like  linear  di- 
mensions. Hence,  if  l  denote  the  lineal  dimension^  we  mdilj 
deduce  these  general  proportions : 

B  a  MD  oc  DL^ 
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212.  Force  accordrng  to  our  definition  (art.  11.)  is  that 
which  causes  a  cliunge  in  the  ^tate  of  a  body ;  or,  it  is  that 
which  either  moves  or  tends  to  move  a  body :  forces,  as  we- 
there  observed,  are  no  further  known  to  us  than  by  their  effects; 
it  is  only  therefore  by  the  effect  any  force  produces  that  we  can 
measure  it.  Now  the  effect  of  a  force  is  to  give  to  every  ma- 
terial particle  of  a  body  a  certain  velocity :  if,  therefore,  all  the 
parts  of  a  body  receive  the  same  velocity  (as  we  suppose  here), 
the  effect  of  the  moving  cause  has  fpr  its  measure  the  product 
of  the  velocity  into  the  number  of  molecular  moved,  or  the 
product  of  the  velocity  and  mass:  Afoice  tlierefore  ispropor^ 
tional  to  the  velocity  zchich  it  can  impress  on  a  known  mass,  and 
that  mass  conjointly, 

Def.  Momentum^  or  Quantity  of  Motion,  is  the  rectangle 
of  the  mass  of  a  body  and  its  velocity. 

Consequently,  forces  are  measured  by  the  quantities  of  mo- 
tion  they  are  capable  of  producing. 

Thus,  if  F  denote  the  motive  or  moving  force,  b  tlie  body 
moved,  and  v  the  velocity  imparted  to  it,  we  have  f  oc  by. 

BT  W 

From  this  >ve  deddce  v  QC  — ,  aiulB  cc  -  ;  therefore,  1.  The 
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Telocity  of  a  body  in  motion^  is  as  the  moving  force  directly^ 
mfid  the  mass  inversely.  Sdlv^  The  body  or  mass  is  as  the  mov- 
ingforce  direct  It/,  a  fid  the  velocity  inversely. 

If  now,  two  bodies  be  represented  by  b,  and  b,  the  forces  by 
M'bich  they  are  moved  by  f,  andy*,  and  the  vcJocities  imparted 
to  them  by  v  and  v,  we  havey*  oc  bv,  andy  oc  Iv,  Let  b  be 
supposed  equal  iob^  then  will  f  gc  v,  andy'  a  v:  hence,  uhen 
the  masses  are  equal,  the  moving  forces  are  as  the  velocities, 
Again,  supposing  v=z;,  we  have  Fas  andy  a  b  :  therefore, 
wien  the  velocities  are  equal,  the  moving  forces  are  as  the 
masses.  Lastly,  niaking  r  =:/,  we  have  i  oc  b,  and  -J  a  i : 
consequently,  when  the  moving  forces  are  equal,  the  velocities 
§r€  in  the  inverse  ratio  of  the  masses. 

213.  The  several  deductions  in  the  preceding  article  depend, 
minifestly,'Upon  our  having  assumed  a  just  measure  of  moving 
£orce :  we  say,  that  forces  are  measured  by  the  quantities  of 
motion  they  are  capable  of  producing,  and  that  these  quantities 
of  motion  are  proportional  to  the  products  of  the  masses  and 
their  velocities.  It  follows,  therefore^  that  when  these  products 
are  equal,  the  quantities  of  motion,  or  the  equivalent  forces,  are 
equal :  but  equal  forces  acting  in  opposite  directions  produce 
an  equilibrium  (art.  35.) ;  so  that  if  bodies  which  nEiove  with 
equal  quantities  of  motion  (according  to  our  definition)  in  op- 
posite directions,  are  in  equilibrio  after  they  meet,  such  a  fact 
being  proved  will  at  the  same  time  evince  the  truth  of  the  fora- 
going  deductions.  Li  order,  then,  to  shew  the  truth  of  thi^ 
principle,  we  extract  a  paragraph  from  M.  Laplace's  Exposi- 
tion m  Sysiime  du  Monde.  L  III.  Ch.  3^ 
,  **  The  most  simple  case  of  the  equilibrium  of  many  bodies, 
is  that  of  two  physical  points  which  rencounter  with.yclocitiej» 
equal  and  directly  contrary.  Their  mutual  impenetrability, 
tlwit  property  of  matter  in  virtue  of  which  two  bodies  caimot 
occupy  the  same  place  at  the  same  instant,  evidently  annihiluUes 
their  velocities,  and  reduces  them  to  the  state  of  rest.  But,  %/' 
two  bodies  of  different  masses  strike  each  other  ZLith  opposite 
velocities,  what  is  the  relation  of  the  velocities  to  the  masses  in 
the  case  of  equilibrium'^  To  resolve  this  problem,  imagine  a 
system  of  contiguous  physical  points,  ranged  on  the  same  right 
line,  and  animated  with  a  common  velocity  in  the  direction  of 
that  line ;  conceive,  in  like  manner,  a  second  system  of  conti- 
guous material  points,  disposed  on  the  same  right  line,  and  ani- 
mated with  a  common  velocity  and  contrary  to  the  preceding, 
m  inch  a  manner  that  the  two  systems  striking  mutually  shall 
be  in  equilibrio.  It  is  obvious  that  if  the  first  system  were 
composed  of  only  one  material  point,  each  point  of  the  secoiul 
system  would  extinguish  in  the  point  struck  a  part  of  its  velocity 
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equal  to  the  ¥e1acky  of  the  tystem ;  the  velocity  of  die  point 
struck  ought  therefore  in  the  case  of  equilibrkuD  to  foe  equal  4q 
the  product  of  the  velocity  of  the  second  system  by  the  number 
of  its  points,  and  we  may  substitute  for  the  first  system  one  point 
singly  incited  to  a  velocity  equal  to  this  product,  We  may  like^ 
wise  substitute  for  the  second  system  a  material  point  animated 
with  a  velocity  equal  to  the  product  of  the  first  system  by  the 
putober  of  its  pomts.  Thus,  instead  of  these  two  systems  we 
have  two  points  which  brine  themselves  to  an  equilibrium  by 
striking  with  contrary  velocitieS|  of  which  the  one  wdl  be  the  pro- 
duct of  the  velocity  of  the  first  system  by  the  number  of  its  poinlSy 
and  the  other  will  be  the  product  of  the  velocity  of  the  points  of 
the  second  system,  by  their  number :  these  products,  therefor^i 
must  be  equal  in  the  case  of  equilibrium.'^ — **  This  product  of 
the  mass  by  the  velocity  w^  name  quantity  of  friotion ;  it  is  ifcis 
also  which  we  mean  by  deforce  of  bodies:  for  the  equilibriiMn 
of  two  bodies  or  of  two  systems  of  material  points  which  strike 
each  other  in  contrary  directions,  the  quantities  of  motion,  or 
the  forces  opposed,  must  be  equal,  and  of  consequence  the  velo- 
cities must  be  reciprocals  to  the  ma^sef.^' 

214.  We  must  not  omit  observing,  that  abpnt  a  century  m 
there  was  a  warm  dispute  among  the  mathiematicians,  in.orcwr 
to  determine  whether  we  ought  to  consider  the  force  of  foodie^ 
in  motion  proportional  to  the  velocity  or  to  the  square  of  tb^ 
velocity  :  it  b  easy,  from  what  has  preceded,  to  reduce  this 
question  to  a  simple  enunciatiop  which  will  remove  all  diflip 
culty.  The  yaord  force  denoting  any  cause  of  which  the  nature 
is  unknown,  and  of  which  the  effects  are  the  only  things  we  tan 
measure,  it  is  evident  that  by  the  term  measure  of  force,  we  can 
only  mean  that  of  its  effects  :  now  the  effects  may  be  consider- 
ed under  different  aspects,  each  comporting  with  a  species  of 
measure  particular  and  conformable  to  its  nature.  If  we  con- 
sider  the  effect  of  the  force  as  consisting  in  the  destruction  of  a 
certain  sum  of  obstacles  or  of  quantities  of  motion,  this  sum 
must,  as  above  shewn,  be  expressed  by  Bv+fcr+&c.  that  is,  it 
is  proportional  to  the  velocity  simply.  But  if  we  consider  the 
effect  of  the  force,  not  with  relation  to  the  sum  of  the  obstacles, 
but  to  their  number,  this  number  will  depend  upon  the  space 
passed  over,  tliat  is,  upon  the  time  and  thfe  velocity  at  each  in- 
stant^ and  as  will  appear  further  on,  will  be  represcrttcd  by  Jbi^ 
or  will  be  proportional  to  the  square  of  the  velocity  when  all 
the  obstacles  are  equal,  as  when  equal  solicitations  of  gravity 
fumisli  constant  obstacles  to  a  rising  body.  The  same  may  be 
represented  radier  differentlv,  tIl^s :  let  a  certain  force  f,  such 
for  instance  as  would  propel  a  body  b  with  a  velocity  u,  be  car 
pafole  by  its  instaiitaueoua  action  of  raising  a  mass  m  \ifaosp. 
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veifbt  tt  w  to  t  certain  height  ^  ;  and  let  g  denote  the  force 

of  gravity,  while  t  is  an  evanescent  element  of  time.  Then 
tjh^t  yi}^\ch  has  been  enyployed  to  raise  w  to  die  heiglit  h  will 
b(&  eqidvalwt  to  wh^  this  being  die  effect  produced.  But  u 
heiiig^  a  space  run  over>  may  be  expressed  by  the  product  of  a 
velocity  y  and  a  tin^e  T ;  and,  on  the  other  hand,  we  have  w 

pfpif,  ==  ~r,  where  gt  is  ipanifestly  the  velocity  v'  which 


sir««ld  be  generated  by  gravity  in  the  idement  of  Ume  t.    Coth 

9fiQUi(smy,  ^H  =  — r-3C  vt=vv'm  -t-  =  tt?M-r-,    u   being 

i  t  f  ^ 

the  mean  proportional  between  the  velocities  v  and  v^ :  and 
qntce  J  aqd.^  are  hoiqqgeneous  quantities,  we  shall  have  WR  a 
iffVS  W^  origipal  force  t>eing  t^us  resolved  into  ibe  product  tf 
A  iQ^  by  ibe  square  of  a  velocity,  conformably  to  the  notion 
aUiu^ed  1^  moist  foreigners  to  the  term  vis  viva.  This  force 
is,  notwitbtftand^ng,  measured  by  the  product  BU  above :  so 
^t  ih^  wyj^.^cussipns  on  the  question  wlie'ther  the  foi^^es  of 
j^KMliQa  in'aiotiqn  ougtit  to  be  eatispated  by  .ttie  product  of  a  ipa^s 
into  Its  velocity,  or  by  the  product  of  the  mass  into  the  square  of 
its  vi^pci^,  ^re  reduced  to  a  dispute  about  words.  Provided 
we  ^wayft  reason  conformably  to  either  definition  once  adbpted. 
^.fldqptfo^  ^b^^ng  reguli^ted  .by  the  nature  of  the  mdmdual 
enquiry;  die  conclusions  will  always  be  the  3ame ;  the  different 
^measures .being  reducible  to  the  s^me  origin.  ^  , 

*  The  roUovi:ii2S  ob9«rvations  of  an  able  writer  deserve  the  attention  of 
the  ttddent; '  '*  There  is  a  consideration,  which,  if  we  mistake' not,  both 
in  science  and  in  art,  will  very  much  decide  to  what  measure  of  force  the 
mechanist  must  have  recourse.  The  nature  of  the  propositions  on  which 
those  measures  are  founded,  must  be  consulted;  from  whence  it  will 
appear  whether  the  one  or  the  other  is  most  easily  applicable  to  a  given 


**  The  first  method  of  measuring  the  force  of  percussion,  is  founded  on 
this  principle,  that  if  the  pressure  or  accelerating  force,  that  acts  uniformly 
during  any  interval  of  time,  be  multiplied  into  that  time,  and  if  the  sum 
of  all  the  products  so  formed  be  taken,  that  sum  will  be  proportional  to 
the  simple  power  of  the  veUxrity  communicated.  Now,  this  theorem^  in 
Older  that  tt  may  bv;  used  readily,  requires  that  the  relation  between  the 
forces  and  the  time  should  be  known  ;  or,  in  other  words,  that  we  should 
be  able  readily  to  express  the  force  in  terms  of  the  time,  or  the  time  in 
terms  of  the  force  ;  in  either  case,  the  determinotion  of  the  velocity  is  re- 
duced to  a  problem  in  the  summation  of  series,  or  in  the  quadrature  of 
curves,  more  or  less  difficult  as  the  relation  between  the  time  and  the  force 
h  more  or  less  complicated. 

"  Again,  the  second  method  of  finding  the  velocity  communicated  by 
the  successive  impulses  of  an  acceleratin§^  force,  is  by  multiplying  each 
force  into  the  length  of  the  line  over  which  the  body  has  movecT while 
that  force  acted  on  it  5  and  the  sum  of  all  these  products  will  be  propor* 
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tional  to  the  square  of  the  Telocity,  and»  of  course^  the  square  root  of  the 
paid  sum,  to  the  yelocity  itself. 

•*  Now  it  is  obvious,  that  in  order  to  apply  ibis  theorem  to  any  case,  wt 
must  be  ab)e  to  express  the  forces  in  terms  of  the  distances  at  which  the]f 
Bct;  for  then  the  sum  of  the  products  described  in  the  theorem  will  either 
be  found  by  the  summation  ot  series,  or  the  quadrature  of  curves;  »o  that 
the  thin^  wanted  will  be  determined.  The  circupistance.  therefore^ 
-which  distinguishes  the  one  of  these^  kinds  of  dynamical  problems  from 
^he  other,  is,  whether  the  forces  that  produce  the  motion  can  he  most  ecut^ 
expressed  in  terms  of  the  time  reckoned  from  a  given  imtant,  or  in  termg  yf 
the  distance  reckoned  from  a  given  point.  Instances  of  both  cases  are  easy 
to  be  eiven.  Suppose  it  required  to  determine  the  velocity  of  a  body  aoee^ 
lerated  or  retarded  by  the  action  of  a  constant  force,  as  heavy  bodies  are  in 
their  descent  or  ascent  at  the  surface  of  the  earth  ^ — In  this  case,  either  of 
the  two  methods  may  be  employed  indifferently.  The  force  being  gjveDp 
if  it  be  multiplied  into  the  time  during  which  it  acts,  the  product  will  ht 
proportional  to  the  velocity,  accqrding  to  the  first  proposition.  And  19 
the  same  way,  if  the  given  force  be  multiplied  into  the  distance  passed 
over,  the  SNqoare  root  of  the  product  will  be  proportional  to  the  veloettir^; 
and  thus,  iu  either  way,  may  the  velocity,  with  nearly  equal  facililyp  be 
determined.  Jt  must  be  determined  in  both  ways  to  make  the  invwgi^ 
tion  complete ;  and  it  is  a  matter  of  indifference  with  which  we  begin. 

"  But  it  is  not  so  if  the  accelerating  force  is  variable,  and  expressed  by 
some  function  of  the  distance  from  a  given  point,  (as  gra\ntation  reilly  i|| 
when  YTt  take  io  a  considerable  ran^e) :  the  first  step  in  the  inquiry  most  , 
be  made  by  help  of  the  second  proposition,  that  is,  by  multiplying  the  fioiee 
into  the  6uxion  of  the  distance  from  the  said  point,  apd  making  ^e  flu^ni 
(which  vvill  easily  be  found)  equal  to  the  square  of  the  velocity.  The  ve^. 
'locity  beiiig  thus  expressed  in  terms  of  the  distance,  the  time  required  lot 
moving  over  a  given  distance  will  next  be  found.  It  is  in  this  way  tM 
ISIewton  has 'resolved  the  very  problem  here  proposed,  in  the  SQth  proposi* 
,  |ion  of  the  first  book  of  the  Pjrincipia.  It  is  tlierefore  according  a^  the  d^tn 
fn  any  problem  furnish  means  for  integrating  one  or  other  of  the  formula^ 
derived  from  the  propositions  above  mentioned,  that  the  one  or  the  othef 
must  be  employed  in  the  solution  of  that  problem/*  {Edinburgh  RepieUL 
vol.  xii. p.  127.)  /.■    .  . 
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CHAPTER  I 


On  Motion^  uniform  and  variable. 

fll5.  The  motion  of  a  physical  pointy  or  of  a  body,  is  uniform 
(art.  15.)  when  it  moves  always  in  the  same  manner,  or  when 
It  passes  over  equal  Spaces  in  any  equal  intervals  of  time  what- 
ever, iliis  motion,  the  most  simple  of  all,  and  the  most  easy 
to  conceive,  probably  exists  in  no  part  of  nature,  but  is  only  a 
pure  abstraction  of  the  mind  :*  it  is,  notwithstanding,  import- 
uit  to  consider  it,  because  motions,  were  it  not  for  obstructions, 
would  in  geiieral  be  uniform  (art-  2\.),  and  because  it  conduces 
mady  tq  the  analysis  of  all  other  motions. 

That  Section  of  motion  which  we  call  velocity  being  mea- 
sured b^  the  space  uniformly  described  in  a  given  time  (art.  15.) 
is  in  fact  a  measure  of  motion  itself,  and  is  that  which  cha- 
jacterises  each  species  of  uniform  motion :  it  is  customary  in 
mathematicill  discussions  to  fix  upon  a  small  period  of  Ume,  a 
second,  for  example,  as  a  unit,  and  to  call  the  velocity/  of  a 
numng  bodu  at  any  instafU  the  space  which  the  body  would 
describe  umformly  during  a  unit  of  time. 

Hence  it  follows,  that  in  the  uniform  motion  of  a  body,  the 
ipaces  run  over  are  proportional  to  the  times  employed.  For  if 
it  describe  v  feet  in  one  second,  it  will  describe  2v  feet  in  two 
seconds,  2)v  feet  in  three  seconds,  and  tv  feet  in  t  seconds,  T 
being  any  number  whole  or  fractional.  This  being  granted,  we 
may  now  state  a  proposition  from  which  the  whole  doctrine  of 
^nlform  motiens  will  readily  flow. 

216.  Prop.  IVhen  bodies  have  different  uniform  motions,  the 

spaces  described  are  proportional  to  the  times  and  velocities  jointly. 

Let  y  and  v  be  the  velocities  of  the  two  bodies  b  and  6,  t 

and  t  the  times  of  their  motions,  s  and  s  the  spaces  describedj 

likewise  let  /  be  the  space  described  by  b  in  the  time  t  : 

Then  s  :  4^ : :  v  :  t; 
/  :  s  : :  T  :  f 
And,  comp.  s  :  s  : :  tv  :  ^c.    That  is  s  oc  tv. 
Cqr.  1 .  The  velocity  is  as  the  space  divided  by  the  time:  for 

the  preceding  expression  gives  v  « Or,  since  the  same 

uill  hold  in  any  corresponding  indefinitely  minute  portions  of 

m 

fhe  space  and  time,  we  shall  have  v  =  — , 
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Cob.  8.  The  veiocitiet  oj  two  bodiet  moving  vntfontdy  an 
dtrecliy  as  the  spaca  and  tnvertefy  as  the  timet :  for  we  bav« 

V  ;  8  : :  —  :  -~, 

Con.  S.  In  equal  times  thevelodiia  an  proportional  to  tit 
tpara  rmi  over:  for  t=<,  gives  v  :  v : :  s  :  J. 

Cor.  4.  If  the  velocities  an  equal,  the  ^aces  patted  over 
are  proporttonal  to  the  times:  for  y^v,  gives  6t=STtOe  %i 
f.-.T.t. 

Cob.  5-  If  tie  ^aces  passed  veer  are  equal,  the  velocitiei  art 
reriproeailtf  fli  the  times :  for  when  s^s,  we  have  v  :o  :  :^ 

Cor.  6.  Since  the  areu  of  recbuijlle?  are  in  the  ratio  com- 
poupded  of  the  ratios  of  their  sides,  if  the  bases  repreteqt  V^fi 
.  velocities  of  two  motions,  and  alu^wks  the  tiines,  t^  ujei^ 
will  represent  the  spstjes  described. 

Cor.  7.  Since  it  has  hftea  shewn  that  the  forces  which  ^ve 
motiqa  to  bodies  are  proportioaal  to  their  q^uaotities  of  motigo, 
and  these  to  the  r^tangles  of  tl^e  masses  ^ad  velocities  (arJL 
212.))  that  is,  r  oc  Q  gc  Bv ;  we  may,  b;  qomtiinirig  tbia  with  the 
present  prajpositioa,  have  the  follo>uog  fonnoltc  of  relattoo  of 
the  lis  quantities,  force  f,  momentum  or  qu^utity  of  motiojri 
Q,  mass  or  quautitji  of  niatter  s,  t^ffie  T,  ^fice  s,  and  velocity 
T ;  the  forces  being  supposed  iustantaneous  or  impulsive,  aud 
the  motioqs  uniform : 

F«2  KBVa-^. 
Q  C<  V  OC  BV  CC         -. 


S  K  TV  OC  - 


211,  We  hove  before  Raid  that  we  know  nothing  more  of 
forces  than  by  their  effects  in  moving  bodies:  we  call  those 
eqiiil  forces,  however  different  they  may  be  in  their  nature, 
which  give  to  bodies  equal  momenta,  or  which,  when  the  bodies 
are  equal,  give  to  them  equal  velocities;  and  we  say  that  foicM 
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are  greater  or  UAs,  when  they  give  to  bodies  greater  or  less  mo- 
oienta,  or  wlien  they  impress  upon  equal  bodies  greater  or  less 
velocities.  Ther/efo^e,  when  different  forces  act  upon  equal 
)>odie8, /Aeybrc^s  one,  casteris  paribus,  propoftiona/  to  the  velo- 
cities  imparted:  the  velocity,  thjsn,  being  proportional  to  the 
force,  these  two  quantities  may  be  represented  the  one  by  the 
other,  and  all  which  we  have  established  in  Chap.  I.of  the  first 
Book  on  the  composition  and  resolution  of  forces  may  be  ap- 
plied to  the  composition  and  resolution  of  velocities.  Hence 
It  might  seem  unnecessary  to  give  here  the  demonstr^ion  of  &6 
most  extensive  proposition,  as  it  relates  to  velocities  and  direo- 
lions;  but,,  since  it  may  be  proved  satisfactorily  in  small  com- 
|M8S,  and  admits  of  two  or  three  useful  deductions,  we  are  un- 
iiilling  to  omit  it. 

Prop.  The  simultaneous  action  of  two  impulsvoe  forces  p, 
y,  on  a  body  ^,  which  would  impress  upon  it  separately  the  ve^ 
ioeities  v,  v%  in  the  directions  ac,  ac^,  will  cause  that  body  to 
moz^e  timformfy  over  the  diagonal  of  the  parallelogram  whose 
tides  are  in  the  directions  of  those  forces. 

Imagine  that  the  body  a  (fi^.  6.  pi.  X.)  is  placed  on  a  plane 
Accf  which  moves  uniformly  m  the  direction  ac^  with  such  a 
yelopitv  as  in  each  unit  of  time  will  carry  it  over  a  space  equal 
|o  tiie  line  ac^:  i%  is  certain  that  this  body,  considered  with  re- 
lation to  the  plane  on  which  it  is  placed,  has  no  motion ;  yet  if 
a  spectator  nxed  immoveably  out  of  that  plane  observe  the 
body  A,  he  will  attribute  to  it  a  motion  equal  and  parallel  to 
that  of  the  plane.  Now,  if  we  conceive  that  any  impulsive  force 
whatever,  p,  acts  upon  the  body  A  in  the  direction  pac,  and 
impresses  upon  it  such  a  velocity  that  in  a  unit  of  time  it  would 
pass  over  a  space  equal  to  ac,  there  can  be  no  doubt  that  if 
the  body  were  acted  upon  by  this  force  only  it  would  be  found 
at  the  point  c  at  the  termination  of  the  unit  of  time.  But 
since,  in  consequence  of  the  motion  of  the  plane,  the  line  ac 
advances  towards  c^b  by  a  motion  uniform  and  parallel,  so  that 
it  would  really  coincide  with  c^b  at  the  end  of  a  unit  of  time, 
it  is  obvious  that  the  point  c  will  then  coincide  with  the  point 
B,  and  that,  of  consequence,  the  body  A  which  partakes  of  the 
motion  of  the  plane  ought  to  be  found  in  b  at  the  end  of  the 
first  unit  of  time.  We  may  prove,  in  like  manner,  that  at  the 
end  of  any  part  or  multiple  whatever,  t,  of  this  unit,  the  body 
A,  animated  with  the  same  velocity  ac,  ought  to  run  over  a 
proportional  space  aczztx  ac,  while  the  common  motion  con- 
straras  the  line  ac  to  pass  parallel  to  itself  over  a  distance  ac^  • 
=tXac^  This  line  coincides,  therefore,  with  (^b,  and  con« 
(equently  6  is  the  place  of  the  body  a  at  the  end  of  the  time  t. 
And  it  is  manifest  that  all  the  points  k,  b;  that  may  be  d«h 
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iermined  by  the  same  reasoning,  are  found  on  the  same  diagonal 
ABi^since  ac  :cb::  AC  :  CB.  The  body  a,  therefore,  actually 
describes  the  diagonal  ab.  But,  besides  this^  its  motion  along 
this  line  must  be  uniform:  for  a6  :  ab  : :  Ac  :  AC  :  :tx  AC: 
AC : :  T  :  1 ;  that  is  to  say,  Ab  is  to  ab  as  the  time  employed  in 
passing  through  a  A  to  that  occupied  in  passing  over  ab.  Con* 
sequently  the  motion  of  the  body  A  along  the  diagonal  AB  is 
uniform..  Siuce  a  body  at  rest  on  a  moveable  plane  has  the 
game  motion  as  the  plane,  it  is  clear  that  if  the  plane  were  at 
rest,  but  that  the  body  moved  uniformly  according  to  the  right 
line  p^AC^,  with  the  velocity  ac^  equal  to  that  which  would  bi 
impressed  upon  it  by  the  force  P^>  and  received  at  the  point  A 
from  the  force  ?  a  velocity  AC  in  the  direction  pac,  it  would 
describe  uniformly  the  diagonal  ab  of  a  parallelogram  formed 
upon  tiie  sides  AC,  AC^,  wliich  represent  the  velocities  of  the 
*body  iu  those  respective  directions,  wliile  the  diagonal  AB  re^ 
presents  its  new  velocity,     q.  e.  D. 

2 1-8.  We  may  likewise  shew  that,  if  a  body  be  acted  on  by  two 
similar  variable  forces  (for  the  same  time)  zchose  directions  ami 
magnitudes  are  expressed  by  the  adjacent  sides  of  a  paraUeUh 
gram  concurring  in  the  body,  it  will  describe  the  diagonal  of 
the  parallelogram. 
/  Let  the  forces  act  by  impulses,  at  the  beginning  of  equal  par- 

ticles of  thne,  aud  let  ac',  c'c',  cV,  and  ac,  re,  cc^  be  the  rela- 
tive magnitudes  of  corresponding  impulses.  Then,  by  die  ac- 
tion of  the  two  first  impulses  the  body  will,  by  the  preceding 
article,  describe  the  diagonal  a6;  and  by  the  next  two  the 
diagonal  Z^b,  of  the  parallelogram  dd^  whose  sides  bd',  bdf  are 
equal  and  parallel  tQ  the  representatives  of  those  new  impulses; 
but  the  forces  are  similar,  therefore  the  parallelograms  cc\  dcf, 
are  similar;  and,  having  parallel  sides  aud  a  common  point  b, 
they  exist  about  the  same  diagonal  ab.  The  same  may  be 
shewn  for  a  third  pair  of  impulses  :  and  so  on,  ad  libitum,  het 
now  the  particles  of  time  be  evanescent  and  the  forces  incessant, 
aud  the  same  demonstration  will  obtain. 

Cor.  If  the  forces  by  which  the  body  is  urged  in  the  direc- 
tions AC,  Ac',  be  not  similar,  it  will  move  in  some  curve  line, 
whose  nature  will  depend  on  ihe  relation  of  the  forces.  Of  this 
many  instances  will  occur  as  we  proceed. 

2 19.  There  remains  another  general  ttieorem,  which  it  will 
not  be  amiss  to  exhibit  in  this  place ;  viz.  If  a  number  of 
bodi'js  be  moving  in  any  manner  whatever  ^  ana  an  equal  force 
act  on  each  particle  of  matter,  in  the  sam^  or  parallel  direc* 
tionsy  their  relative  motions  will  not  be  affected. 

The  motion  of  any  body  a  (fig.  8.  pi.  X.)  with  respect  to  ap- 
plher  moving  body  b,  is  compounded  of  the  real  qiotioii  q(  a 
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and  the  opposite  to  the  real  motion  of  b  :  for,  let  A  move  uni- 
formly frpm  A  to  c,  while  b  moves  uniformly  from  b  to  o ;  draw 
AE  equal  and  pntaliel  to  bd,  join  ab,  ec,  dc,  and  ed.  The 
motion  of  a  with  re^^ard  to  b  consists  in  its  change  of  position 
and  distance.  If  while  a  had  described  ak^  b  described  bu, 
there  would  be  no  change  of  relative  place  or  distance :  but  a  is 
now  at  Cy  and  do  is  its  new  direction  and  distance :  therefore, 
the  relative  (art.  12.)  or  apparent  motion  of  a  is  kg.  Let  the 
parallelogram  acfe  be  completed :  then  it  is  (evident  that  the 
motion  eg  is  compounded  of  ef,  which  is  equal  and  parallel  to 
AC,  the  real  motion  of  a  ;  and  of  ea,  the  equal  and  opposite 
to  bd,  the  real  motion  of  b. 

Now,  let  the  motions  of  a  and  b  sustain  the  same  change ;  let 
the  equal  and  parallel  motions  AG,  bh,  be  compounded  with 
the  motions  ac  and  bd:  or,  suppose  forces  to  act  at  once  on 
a  and  B,  in  the  parallel  directions  ao,  bh,  and  with  equal  in- 
tensities :  on  either  supposition  the  resulting  motions  will  be  ac^, 
JBD^,  the  diagonals  of  the  parallelograms  agc^c,  and  bhd^d. 
Then,  constructing  the  figure  as  before,  we  see  that  the  relative 
motion  is  ^^c^,  and  that  it  is  equivalent  to  eg  both  with  respect 
to  magnitude  and  direction. 

Here  we  may  again  remark  the  constant  analogy  between  the 
compositioii  of  motions  and  that  of  forces.  In  the  former  the 
rdative  motions  of  things  are  not  changed,  whatever  common 
motion  be  compounded  with  them  all :  and  in  the  latter  the 
relative  motions  and  actions  are  not  changed  by  any  external 
force,  however  considerable,  when  equally  exerted  on  all  the 
moleculae  in  parallel  directions. 

By  means  of  this  it  is  that  we  account  for  the  circumstance 
of  the  evolutions  of  a  fleet  in  a  uniform  current  being  the  same, 
Mlth  relation  to  the  several  ships,  and  produced  by  the  same 
means,  as  in  still  water :  also,  that  the  motions  and  operations 
in  a  ship,  sailing  smoothly  and  regularly  along,  are  performed 
in  the  same  manner  as  though  the  vessel  were  at  rest :  and  again, 
vniversally,  of  all  bodies  included  in  a  given  space  (for  instance, 
those  on  the  surface  of  the  earth,)  their  motions  amongst  them^ 
selves  will  be  the  same,  their  congress  the  same,  the  force  of  their 
percussion  the  same,  and  all  their  mutual  operations,  whether 
Ae  space  they  occupy  is  at  rest,  or  whether  it  moves  in  a  tra- 
jectory compounded  of  the  diurnal  and  annual  motions  about 
the  centre  of  the  solar  system;  or  lastly,  whether  these  are  com- 
bined with  a  motion  about  some  far  more  distant  centre  of  force  *. 

•Those  who  are  desirous  of  pursuing  further  the  theory  of  apparent 
«nd  retativc  motious,  particularly  as  ii  regards  the  phen  nnena  of  ;he 
motions  of  the  planets,  arc  referred  to  Chap.  IX.  of  my  Trcadfc  on  Astro- 
nomy. 
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220.  Prop.  Given  the  velocities  v^  \%  with  which  two  bodies 
move  in  the  same  line  and  towards  the  same  pointy  and  the  dsr" 
stance  s'  of  one  from  the  other  at  the  commencement  of  their 
motion^  tojind  the  time  and  place  of  their  rencounter. 

If  any  point  a  be  assumed  as  a  fixed  point  in  a  lioe^ 
from  which  vre  would  estimate  any  distances  upon  that  liiM 
through  which  a  body  passes ;  then,  if  /  be  the  distance  from 
tills  fixed  point  to  the  point  where  a  body  commences  its  mo» 
tion,  or,  as  we  may  call  it,  the  initial  space,  the  general  eqiu^ 
tion  for  uniform  motions  will  become  s  =  «'+  T^v^;  let  thia  be 
the  equation  for  the  body  which  commences  its  motion  at  the 
distance  sf  before  the  odier  body;  let  also  s=:s-|-tv,  be  the 
equation  for  that  other  body,  in  which  we  have  szzO,  and  con- 
sequently s  =  TV.  Here  the  spaces  being  both  estimated  froBi 
the  same  point  ▲,  and  the  times  of  moving  being  equal^  we  baft 
s  =  s^,  and  t  =  x^ :  we  have  therefore 

(I.)  ,  .  .  .t  =  t'=— --r,  ands  =  s'= 


T-v"  —  ^ ▼-!'• 

These  equations  manifestly  solve  the  problem. 

221.  Prop.  Let  it  be  proposed  tojind  at  wltat  time  the  twe 
moving  bodies  will  be  at  any  given  distance  ofrom  each  other. 

In  this  case  it  will  be  necessary  to  have  s  —  s^=:  ±  D,  where 
we  put  the  double  sign  ±,  because  the  bodies  may  be  at  the 
distance  d  from  each  other  either  before  or  after  their  ren- 
counter :  that  is,  we  may  either  have  s  >  s',  or  s  -<r  s'.  Now 
from  this  equation  of  condition  conjointly  with  the  precediQg 
ones  we  obtain  the  following : 

(ll.J    .    .  T=  ^^^  ,  .  .  •  S  —  V  •    ^_^  ,  •  •  .  S     —       ^^y    • 

222.  Prop.  Having  tSbo  bodies  moving  uniformly  in  thepe^ 
rimeter  of  any  complete  curve,  tojind  their  points  of  rencounter* 

Supposing  the  curve  to  be  rectified,  it  is  obvious  that  the 
solution  to  this  problem  will  be  cpm prised  in  the  equations  I. 
art.  220.  But  besides  the  point  of  meeting  which  may  ba 
found  thus,  the  bodies  may  have  several  others,  shice  they  may 
continue  to  run  along  the  curve  and  pass  agaiu  and  again  over 
the  same  poiuts,  and  in  the  course  of  tbb  motion  have  many  dif- 
ferent points  of  meeting :  now,  in  this  state,  the  first  point  of  ren* 
counter  is  taken  as  a  new  pohit  of  departure,  and  we  may  con- 
sider the  two  bodies  as  distant  from  each  other  the  whole  pe- 
rimeter p  of  the  curve.  Here  p  will  obviously  correspond  with 
/  in  equa.  I.  above,  and  the  instant  of  the  second  rencounter 

will  be  distant  from  that  of  the  first  an  interval  t^  s  — ^* 

V— r  • 
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s 

we  have^  therefore,  estimating  the  time  from  the  origin  of  the 
motion  to  that  of  the  second  rencounter,  T  = 7  + 


V— y'         V— y' 


-3^.  Reasoidng  in  the  same  manner,  for  the  thihi  rencounter 
^e  sliall  have  t=-^~^;  and  in  genend  the  fttb  rencounter  will 
happen  at  the  end  of  a  time  t  =     •«-(|«-^> 

In  like  manner  we  obtam  an  equation  for  the  time  employed 
bj  the  second  body  in  reaching  the  nth  point  of  rencounter : 
aody  comparing  the  two  equations,  we  find 

If  aeteral  bddies  move  uniformly  over  the  same  cUire,  we 
life  similar  equations  for  each  of  them,  which  must  be  cdm- 
pdred  twd  by  two;  and  the  nth  rencounter  of  the  first  and  third 
Itodj  will  be  given  by  die  equation 

Thos,  to  find  the  point  where  three  bodies  will  meet,  it  is 
necessiiry  to  make  this  value  of  t  equal  to  the  former,  which 
fittnisfaes  diis  equation 


tLJ. — :  ={_: — ,  or  ^ 


The  problem  in  this  case  obviously  becomes  indeterminate : 
but  as  the  values  of  n  and  n^  must  be  whole  numbers,  the 
number  of  solutions  is  less  considerable  than  might  at  first  be 
supposed.  The  matter,  however,  need  not  be  pursued  in  this 
place. 

228.  To  give  an  example  of  the  use  of  some  of  these  equa- 
tions: Suppose  that  we  have  a  clock  shewing  the  hours j  minutes^ 
mni  seconds:  we  may  conceive  the  extremities  of  the  three 
hands  as  three  moveable  points  moving  over  the  same  circum- 
isrence ;  the  determination  of  the  rencounter  two  and  two,  or 
of  all  tiiree  of  the  hands,  will  not  be  attended  with  any  difficulty. 
For  putting  v,  v',  v",  the  respective  velocities  of  the  second, 
flBnute,  and  hour  hands ;  taking  also  the  minute  for  the  unit  of 
ttme,  and  die  perimeter  for  the  unit  of,  space,  we  thence  have 
p  ac  1,  ▼  =s  1,  v^  =  ^«^,  v''  =  Y^Tj ;  and  the  preceding  formulas 
ghre 

For  the  ren-  i  second  and  minute  hands   t  = "^^"^     . 

counter  2  and  >  .,     . ,     ,     v 

£  of  the  ...  V  hour  and  second  hands       x  =  -^ — ^Vnr — "• 
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Rencounter C ^^ ^, .     .,^     mtnn/jt.  /    tv 

l\.A  ) 55 = m • 

lianas  .  .  .  .    ^ 

If  therefore  we  put  for  /  and  s"  their  values^  which  are  the 
distances  of  the  hands  at  the  commencement  of  the  time,  we 
shall  resolve  the  problem  completely,  if  we  satisfy  these  equa-^ 
tions  by  means  of  any  whole  numbers  n^  n,  whatever. 

II.  On  Motions  uniforfnly  varied^ 

224.  A  body  which  has  received  only  a  single  iropuhnoo 
will,  according  to  the  first  law  of  motion,  persevere  in  its  mo- 
tion \%'ith  the  same  velocity  and  in  the  same  direction  it  had  at 
the  first  instant :  but  if  it  receives  a  new  impulsion,  either  in 
the  same  direction  or  in  a  direction  contrary  to  the  firsts  it  wiH 
then  move  with  a  velocity  equal  to  either  the  sum  or  the  dif^ 
ference  of  the  two  velocities  which  it  received  successivcjjri 
If,  therefore,  we  conceive  that  at  successive  intervals  of  time 
the  body  receives  new  impressions,  either  in  the  same  or  coo- 
trary  directions,  it  will  be  transferred  to  different  parts  of  space 
xvilh  a  varied  or  unequable  motion;  its  velocity  will  be  different 
at  the  commencement  of  each  interval  of  time.  In  varia)^(e 
motions  the  velocity  undergoing  repeated  changes,  it  is  usual  to 
estimate  it  at  any  time  whatever  by  the  space  it  is  capable  of 
passing  over  during  a  unit  of  time,  if  its  motion  for  that  interval 
continued  the  same  as  at  the  instant  where  we  would  conader 
the  velocity.  Or  in  variable  motions,  the  velocity  of  a  body  at 
any  determinate  instant  is  the  space  which  it  would  run  over  in 
every  unit  of  time,  if  at  that  instant  the  action  of  the  power 
ceased,  and  the  motion  became  uniform. 

Defs.  We  call  in  general  any  force  which  acts  on  a  body  so 
as  to  make  it  vary  its  moUon  an  accelerating  force:  when,  ja 
equal  intervals  of  time,  it  acts  equably,  or  the  velocity  under^ 
goes  equal  mutations,  we  call  it  a  constant  or  uniform  aec€^ 
lerating  force,  or  a  constant  retarding  force,  according  as  it 
tends  to  augment  or  diminii^h  the  actual  velocity  of  the  moTingf 
body. 

When  a  single  body  is  acted  upon  by  a  constant  force,  there 
are  four  quantities  which  become  the  objects  of  mechanical  coo* 
sideratiou,  viz.  the  space  described,  the  time  of  description,  the 
velocity  acquired,  and  tlie  force  which  produces  it;  any  three 
of  which  being  given,  the  other  may  be  ascertained.  But 
when  different  lorces  act  upon  bodies  of  diiSFerent  masses,  these 
are  two  additional  quantities  for  consideration,  making  in  the 
whole  six  kinds  of  magnitudes  which  affect  the  discussion. 
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9QS.  Prop*  The  telocities  gentrattd  in  equal  bodies  by  the 
action  of  constant  forces  are  in  the  compound  ratio  of  the 
forces  and  times  of  acting. 

For,  when  the  times  are  the  same  the  velocities  generated 
each  instant  are  as  the  forces  of  acceleration,  and  consequently 
the  velocities  generated  at  the  end  of  equal  times  are  as  those 
forces;  and  if  the  forces  are  the  same  the  velocities  generated 
are  as  the  times  wherein  the  forces  act;  because,  when  the 
force  is  given  equal  velocities  are  generated  in  equal  times,  and 
consequentij  the  whole  velocities  acquired  are  as  the  times 
wherein  the  given  force  acts :  ^  wherefore,  both  times  and  ac- 
celerating forces  being  different,  the  velocities  generated  will 
be  as  the  forces  and  times  of  action,  jointly. 

Cor.  1 .  The  momenta  generated  in  unequal  bodies  are  also 
conjointly  as  the  forces  aim  their  times  of  action.  Thiai  is  evi- 
dent, because  momenta  in  unequal  bodies  may  be  substituted 
for  proportional  velocities  in  equal  bodies,  throughout  the 
whole  reasoning. 

'CoR.£.  T7ie  momenta  lost  or  destroyed  in  any  times  are 
likewise  conjointly  as  the  retarding  forces  and  their  times  of 
action.  For,  whatever  momenta  any  force  generates  in  a  given 
time  would  an  equal  force  destroy  in  an  equal  time,  by  acting 
m  a  contrary  direction. 

And  the  same  is  true  of  the  increase  or  decrease  of  motion, 
by  forces  that  either  conspire  with,  or  oppose,  the  motions  of 
bodies. 

Cor.  3.  T/ie  velocities  generated  or  destroyed  in  any  times 
are  directly  as  the  forces  and  times,  and  reciprocally  as  the 
bodies  or  masses.  For,  since  the  compound  ratios  of  tlie  bodies 
and  their  velocities  are  as  those  of  the  forces  and  times,  the  ve- 
locities are  as  the  forces  and  times  divided  by  the  bodies. 

920.  Prop.  In  motions  uniformly  accelerated,  when  the 
force  and  body  are  given^  the  space  described  during  a  certain 
time  is  the  half  of  that  which  the  body,  moving  unijormly  with 
the  last  acquirea  velocity,  would  describe  in  an  equal  time. 

Since  the  velocities  are  as  the  times  of  description,  when  the 
body  and  force  are  given,  the  velocities  which  a  given  body  is 
found  to  have  successively  for  the  duration  of  each  consecutive 
interval  form  an  arithmetical  progression,  g,  3g,  3g,  &c.  of 
which  the  last  term  is  gt  or  v,  the  number  of  terms  being  t, 
that  is  to  say,  being  marked  by  the  number  of  solicitations  of 
^  accelerating  force.  And  since  each  of  the  velocities  is 
nothing  else  than  the  space  which  the  body  would  describe 
uniformly  during  the  corresponding  interval,  the  total  space 
described  during  the  time  t  will  therefore  be  the  sum  of  the 
terms  of  this  .arithmetical  progression ;  which,  because  g  aad  v 
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are  the  extremes  aod  t  the  number  of  terms,  will  be  expressed 
by  ^t  (£+t^).  Or  if  s  be  the  total  space  described  by  the  body, 
then  wul  i  =  it  (g+v).  Conceive  now  that  the  accelerating 
force  acts  (as  by  hyp.)  without  intermission,  or,  which  comes 
to  the  same,  imagine  that  the  time  t  is  divided  into  an  indefinite 
number  of  infinitely  small  parts,  or  instants,  and  that  at  the 
bennning  of  each  instant  the  accelerating  force  gives  an  im- 
pulsion to  the  body.  Then  g  being  infinitely  minute  in  rela- 
tion to  V,  which  is  the  velocity  acquired  during  the  indefinite 
number  of  instants  denoted  by  ^,  must  be  omitted  in  the  equa- 
tion sssit  (g+v),  which  will  become  simply  isz^tv,  the 
space  actually  described. 

This  granted,  imagine  that  at  the  end  of  the  time  t  the  ac- 
celerating force  ceases  to  act;  then,  by  the  first  axiom,  the 
body  will  persevere  in  its  motion  with  the  velocity  v  it  has  ac- 
quired :  bdt  in  uniform  motions  the  spaces  described  are  as  the 
times  and  velocities  jointly  (art.  ^16.),  therefore  the  body 
moving  with  the  velocity  t?,  during  the  time  ty  will  describe  a 
space  s^ss  tv;  which  is  evidently  double  the  space  ^tv  described 
by  the  body  in  an  equal  time,  by  the  constant  action  of  the  ac- 
celerating force.    Q  •  E.  D. 

227.  Prop.  7%e  spaces  described  by  a  body  umformfy  ae- 
celerated  are  as  the  squares  of  the  times. 

Since  the  velocities  acquired  increase  as  the  time  expired,  if 
f  be  the  velocity  at  the  end  of  one  second,  then  the  velocity 
acquired  after  a  number  t  of  seconds  will  be  ft;  thus  we  have 
V  s  ft.  The  equation  s  =  \vty  found  in  the  preceding  article, 
becomes  therefore  s  r=  |«^.  If,  in  like  manner,  we  represent 
another  space  by  s,  whicn  is  described  by  uniform  acceleration 
during  the  time  t,  we  shall  have  s  =:  i^'r*.  Hence  we  see  that 
« ;  s  : :  Jf /* :  if  T*  : :  ^* :  T*.     q.  e.  d. 

Cor.  1.  Because  the  velocities  acquired  are  as  the  times, 
we  have  also  the  spaces  described  as  the  squares  of  the  veloci^ 
ties. 

Cor.  2*  Therefore  either  the  velocities  or  the  times  are  as 
the  square  roots  of' the  spaces  describedfrom  the  commencement 
of  the  motion. 

CoR.  8.  All  that  has  been  shewn  h^re  applies  equally  to 
motions  uniformly  retarded;  provided  that  by  the  times  we 
mean  those  which  are  to  elapse  before  the  extinction  of  tb^ 
velocity,  and  by  the  spaces  those  which  remain  to  be  described 
mitil  the  body  is  brought  to  rest.  Similar  propositions  have, 
dierefore,  been  applied  to  the  motions  of  balls  resisted  by 
banks  of  earths,  blocks  of  wood,  &c.  See  Dr.  Mutton's  Select 
Exercises^  and  Atwood  on  Motion. 

CoR.  4.  The  velocity  p  which  will  be  acquired  at  the  end  qf 
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a  second  ii  that  which  the  accelerating  force  can  generate  in  a 
second  chosen  as  a  unit  of  time;  it  is  therefore  a  measure  of  the 
accelerating  force^  and  may  of  course  be  safely  substituted  for 
that  force  tn  any, if  our  subsequent  investigations. 

SCHOUUM. 

228.  We  may  now  exhibit  general  theorems  for  resolving  all 

fToblems  relating  to  motions  aniformly  accelerated  or  retarded, 
n  order  to  this^  put  B  n  any  body  or  mass,  f  =:  the  force  act- 
bg  constantly  upon  it,  T  =  the  time  of  its  action,  ▼  =  the  ve- 
locity generated  (or  lost)  in  the  time  t,  s  =:  the  whole  space  ^ 
described,  q  =  the  momentum  or  quantity  of  motion,  at  the 
end  (or  beginning)  of  the  time :  then  the  fundamental  relations 
are  s  a  TV,  g  a  Bv,  g  a  ft,  from  which  are  the  propositions 
and  corollaries  just  laid  down,  we  have — 

tt        FT  _,  «T  _  rr*       T*  ^  ft*  ^  tt*  ^  »• 

Bo-S-a— a  — a  — a-jj-a— a— a-. 
Q  aeva  ft  a  —  a---a a  •BFsav'BFTr. 

*  TVS 

fo-a  — a  — ot  — a  — a  — or  — 

T  B  ■  f  T«  g  BIT         ^       m  ^      ft* 

sarva  — ex— en —  a-2— a —  a  V-oc — ^ 

B  B  0  F  Bf  F«T  F 

•  ft  BT  Bl  /  BB  /  Ql  Q' 

T  F  F  Q  ^      W  ^     FT  BTF 

When  any  quantities  are  given,  or  their  relations  to  some  fixed 
quantities  of  the  same  kind  known,  they  are  to  be  left  out  in 
the  general  theorems :  thus,  if  the  body  be  proportional  to  the 

force,  we  shall  have  s  a  TV  a  ft*  a  -r*  where  f'  =  ^. 

9  t*  B  . 

Hence,  in  general,  when  the  circumstances  produced  by  die 
operation  of  any  kind  of  accelerating  or  retarding  force,  as  that 
of  gravity,  are  computed  or  otherwise  ascertained,  the  ana- 
logous circumstances  produced  by  any  other  constant  force  may 
be  readily  mferred,.even  virithout  these  formulae;  it  will  simply 
be  requisite  to  compute  the  effects  of  gravity  by  the  theorems 
in  art.  227«  applied  to  some  decisive  experiment;  and  then,  by 
some  equally  decisive  experiment  assign  the  relation  of  the 
other  accelerating  force  to  that  of  gravity,  and  take  all  the  other 
circumstances  in  the  same  ratio.  Instances  of  this  may  be 
seen  in  arts.  £67, 366,  369,  Su:. 

229.  As  it  is  sometimes  necessary  to  consider  the  effect  of 
iccelerating  forces  Upon  bodies  already  in  motion,  it  will  be 
worth  while  to  deduct  a  general  formula  for  that  purpose.   To 

Ml 
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this  end  let  g  represent^  as  in  art.  226,,  the  velocity  due  to  the 
acceleration  during  each  unit  of  time,  gt  will  &en  be  the 
total  velocity  acquired  at  the  end  of  the  time  t:  dien,  if  we 
denote  by  v  the  velocity  which  the  body  has  at  the  cbmihetace- 
ment  of  the  time^  and  by  v  the  Velocity  at  the  end  of  the  time  t, 

we  htive  vzizv+gt.    Buty=4-»  both  in  uniform  and  va< 

t 

riable  motions^  the  force  or  corresponding  velocity  being  stip* 
posed  constant  for  the  indefinitely  small  time  t.    Therefore 

-r-  =:  t?  +  gt,  and  taking  the  correct  flu^nti,  we  have 

(IV,)    8=:s  +  r^  +  4g^. 
Here  the  constant  tjuantity  s  evidently  represents  the  initial 
space,  viz.  the  distance  between  the  point  of  departure  and  that 
in  relation  to  which  we  consider  me  seVaral  positions  of  die 
moving  body :  for  t  =  0,  gives  s  =  *. 

230.  The  general  equation  given  in  the  last  article  ntiay  be 
readily  constructed :  for  it  is  plain,  from  the  theory  of  conic 
sections,  that  its  locus  is  a  common  parabola.  For,  dian^g 
s  into  'x  +  Uf  and  t  into  y  +,  b,  we  have 

>  +  a  =  s  +  ry  + 1?6  +  ig  (y  +  fc/ 
Then,  determining  the  constant  quantities  a  and  b,  by  the 
equations 

V  +  bg  =  Oy  and  a  =^s  +  vb  +  igb* 

We  thence  find  6  ='— ~,  a  =  « — —  and  the  equation  (IV.) 

in  the  last  article  will  become  y^  =  —  x,  which  is  an  equation 

to  a  parabola  whose  parameter  is  — • 

Now  Ae  nature  of  the  motion  being  supposed  given,  and 
the  constant  quantities,  5,  T,  g,  being  known,  if  AE(fig.  1.  pi. 
XI.)  is  the  line  pass^  over  by  the  moveable  body,  ttnd  we 
hike  AB  =3  >,  the  initial  space  b  will  be  the  point  of  departure. 
Here  it  results  from  the  preceding  values  of  a  and  b,  that  if  we 

make  CA  = ,  CD  =  s—rr-,  and  then  construct  on  df  as  an 

axis  a  parabola  Dumm!,  whose  vertex  is  d,  and   parameter 

— ,  it  will  be  the  curve  required ;  or  that  in  which  the  orditiates 

AP,  Ap,  &c,  will  represent  the  times,  and  the  corresponding 
abscissas  pm,  pm,  &c.  the  spaces. 

If  we  draw  a  tangent  br  to  the  point  B  of  the  parabola,  it 

ynH  form,  with  at  an  angle  RBN,,  of  which  the  tangent  will 

be  =r  V.     Moreover,  if  we  set  off  frpm  any  point  r  in  at^  the 

axis  of  the  times,  two  consecutive  seconds,  or  units  of  time. 
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vp,  pp^f  and  draw  to  the  correspoodiDg  points  My  m,  of  the 
locus^  the  tangents  Mr,  m/,  we  shall  have  nrzzv  +gif  nVs  v 
+  g  (^+1),  and  consequently  Ttf/'-nrzzg.  Or,  we  may  findj 
the  length  of  g  by  another  method :  for,  since  fm  =  5  +  Vt'^r 
igt\  andpiwns-f  x^(^4-  1)  +ig{t  i-  1)%  therefore  iw/ir=tf  4 
gt  +  Ig ;  but  nr  =  v  +gt,  whence  mr  =»  |g,  and  2mr  =sg. 

Cor.  When  5  =  0,  a  coincides  with  b:  and  wbenr=:Q^  n 
coiucides  with  d,  and  rn  vanishes.     * 

III.  Variable  Motions  in  general. 

231.  When  a  moving  body  is  subjected  to  the  energy  of  a 
force  which  acts  on  it  without  interruption,  but  in  a  different 
manner  at  each  instant,  the  motion  is  called  in  general,  variable 
motion.  We  have  instances  of  variable  motions  in  the  unbend- 
ing of  springs :  although  the  velocity  continues  to  be  augmentedp, 
yet  the  degrees  by  which  the  augmentatir)n  proceeds  are  djt^ 
minishing.  It  is  the  same  with  regard  to  the  degrees  by  whicbi 
the  motion  of  a  ship  arrives  at  imiformity :  the  action  of  the 
wind  on  the  sails  diminishes  in  proportion  as  the  vessel  acquiries 
greater  velocity,  because  the  action  of  the  wind  varies  as  the  dif- 
ference between  its  velocity  and  that  of  the  sail  on  which  it  acts. 

The  different  natures  of  consitant  and  variable  accelerating 
forces,  and  their  corresponding  motions,  have  been  illustrated  by 
Dr.  Hutton  in  the  following  manner.  "  Let  two  weights,' w, 
w,  be  connected  by  a  thread  passing  over  a  pulley  at  a,  b,  of 
c(fig8.  2,  3,  4,  pi.  XI.);  and  let  the  weight  w  descend  per- 
pendicularly down,  while  it  draws  the  smaller  weight  w  up  the 
line  au,  or  bu,  or  cf,  the  first  being  a  straight  inclined  plane, 
and  the  other  two  curves,  the  one  convex,  and  the  other  con- 
cave to  the  perpendicular.  Then  the  small  weight  w  will 
always  make  some  certain  resistance  to  the  f(^e  descent  of  the 
large  weight  w,  and  that  resistance  will  be  cOiistanlly  the  same 
in  every  part  of  the  plane  ad,  the  difficulty  to  draw  it  up 
being  tlie  same  in  every  point  of  it,  because  every  part  of  it  has 
the  same  inclination  to  the  horizon,  or  to  the  perpendiciilar ; 
and  consequently  the  accessions  to  the  velocity  of  the' descending 
weight  w  .vill  be  always  equal  in  equal  times;  that  is,  iq  t)iis 
case  w  descends  by  a  uniformly  accelerating  force.  But  in  iiih 
two  curves  BE,  CF,  the  resistance  or  opposition  of  the  sniaU 
weight  w  will  be  constantly  altering  as  it  is  drawn  up  the 
curves,  beci«use  every  part  of  them  has  a  different  inclination 
to  the  horizon,  or  to  the  perpendicular :  in  tlie  former  curvfe 
the  direction  becomes  more  abd  more  upright,  or  nearer  pen* 
pendicular,  as  the  small  weight  w  ascends,  and  the  opposition 
It  makes  to  the  descent  of  w  becomes  more  im4  mure,  aiifl 
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consequently  the  accetiions  to  the  velocity  of  w  wiD  be  always 
less  and  less  in  equal  times;  that  is^  w  descends  by  a  de- 
creasbg  accelerating  force ;  but  in  the  latter  curve  cf,  as  sr 
ascends,  the  direction  of  the  curve  becomes  less  and  less  upright, 
and  the  opposition  it  makes  to  the  descent  of  w  becomes 
always  less  and  less ;  and  consequently  the  accessions  to  the 
velocity  of  w  will  be  always  more  and  more  in  equal  times ; 
that  is,  w  descends  by  an  increasing  accelerating  force.  9o 
that  although  die  velocity  continually  increases  in  all  these 
cases,  yet  whilst  it  increases  in  a  constant  ratio  to  the  times  of 
motion,  in  the  plane  ad  ;  the  velocity  increases  in  a  less  ratio 
dian  the  time  it  ascended  up  be,  and  in  a  greater  ratio  than  the 
time  increases  in  the  other  curve  cf.''  Hutton^s  Math.  Diet. 
art.  Acceleration. 

The  principles  necessary  for  the  determination  of  the  circum- 
stances of  variable  motions  are  easily  deducible  from  what  has 
been  done  with  respect  to  uniform  motions,  and  those  which 
are  uniformly  accelerated  or  retarded,  as  will  be  seen  in  the 
next  proposition* 

282.  Prop.  To Jind  the  Jiindamental  equations  which  apply 
to  variable  motions. 

In  whatever  manner  any  motion  b  varied,  if  we  consider  it 
with  relation  to  evanescent  instants,  we  may  conceive  its  ve- 
locity to  be  invariable  during  any  such  indefinitely  minute 
interval.  But  when  the  motion  is  uniform  the  velocity  is 
.  expressed  by  the  quotient  of  the  space  s,  described  during  the 
interval  of  time  t,  divided  by  that  time  (216.) :    Therefore, 

when  the  velocity  is  only  uniform  for  the  evanescent  instant  /, 

the  velocity  must  be  expressed  by  the  indefinitely  small  space  I, 
described  during  this  instant,  divided  by  the  instant  iuelt.  We 
iiaTe,  therefore, 

(I.) ..  .t;  =  4-ors  =  v^ 

The  equation  f>  =  f^  (art  227.)  which  expresses  the  relation 
of  the  velocities  to  the  times,  in  motions  uniformly  accelerated, 

gives  f  =:  — ;  that  is  to  say,  when  the  accelerating  force, 

0 

or,  ratiber  tlie  quandtjr  f  by  which  it  is  measured  (227.  cor.  4.), 
it  constant,  it  has  for  its  expression  the  quotient  of  the  velocity 
H^  which  it  generates  during  a  certain  time  t,  divided  by  thai 
time:  therefore,  if  the  accelerating  force  f  acts  differently  at 
each  instant,  we  imagine  it  to  be  constant  only  for  the  evane- 
scent instant  t,  in  which  it  would  generate  the  velocity  v,  and 
consequently. 
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(11.)  .  ..f  =  4,  orissfi. 

la  ^he  equation  v  :=:  pt  we  understand  f  to  denote  tht 
velocity  that  the  accelerating  force  generates  in  the  moving 
body  during  a  determinate  unit  of  time,  as  a  setond,  by  an 

action  continued  and  always  equal.  In  the  j^uation  v  =:  fi, 
we  ought  to  understand  the  same  thin^.  But  it  is  necessary  to 
observe,  that  the  accelerating  force  bemg  supposed  variable,  die 
quantity  f  which  represents  the  velocity  which  it  would  be 
capable  of  generating  if  it  acted  as  a  constant  accelerating 
force  during  a  second  is  different  for  every  instant  of  its  mo- 
tion. Thus  we  easily  conceive  that  when  the  accelerating  force 
becomes  smaller,  the  velocity  which  it  will  be  capable  of  ge* 
Derating  in  a  second,  by  its  action  repeated  uniformly  during 
each  instant  of  this  second,  must  be  smaller,  and  vici  versi. 

The  two  preceding  equations  readily  furnish  a  third,  which 
may  often  foe  advantageously  adopted:  for,  from  the  equa* 

i=svt,  we  deduce  /=:4-:  subatitutmg  ihia  value  of  i  in  die 

V 

equation  v=:f/,  we  readily  find 

(III.)  . .  ^i  =  w,  or  f  =  -r- 

Again  employing  the  same  equations,  since  v  =  pi,  and 
•       •  •  *  •         *  • 

vtzzs,    we    have    by  multiplication    vtv:nfti;    whence, 

•  ^  •  •     __         • 

striking  out  t,  there  remains  vv:=ifs»  But  vv  ^z  i^w)*, 
consequently, 

In  the  reasoning  by  which  we  found  the  equations  vss  fi, 
we  have  considered  the  velocity  as  increasing.  If,  therefore, 
cases  arise  iu  which  the  velocity  diminishes,  its  fluxion  will  be- 

come  negative,  and  the  equations  v  =  ft^  and  fi  =  w,  in  order 

to  accommodate  them  to  all  cases  which  may  arise,  must  be 

•         *        *  *  • 

written  with  the  double  sign :  viz.  ±«  =  f^,andfs=:  ±rr,die 

superior  sign  .obtaining  when  the  motion  is  accelerated,  and  the 

lower  one  when  it  b  retarded. 

The    equation    $  sc  vt,    or  9  ac  4-^    being    fluxed   gives 

V  33  1 4- j :  if  this  value  be  substituted  for  9  in  the  equation 
#c  =  db  V,  it  will  bjscome 
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\ 


(V.) W=±(-rj- 


And  this  equation  must  be  employed  when  t  is  sapp<»sed 

9 

variable:  but  if  we  imagine,  as  it  is  often  right  to  do^  that  t 
is  constant,  we  have  p=  =fc  — ;  wherefore 

(VL)..-?^=±V,or  f  =  y 

SCHOLIUM. 

23S.  According  to  whatever  law  the  motions  of  bodies  may 
be  varied,  M'e  may  construct  curves  as  loci  of  the  equations 
which  ccnnprise  ^e  relations  of  the  times  and  spaces :  but 
since  there  wiH  be  as  many  kinds  of  curves  as  there  may  arise 
ei}uations  comprising  the  law  of  the  variations,  it  will  be  im- 
possible to  attend  to  them  minutely  here.  All,  therefore,  tfaa^ 
wilt  be  remarked  in  this  place  is,  that  when  the  motion  is 
seeelerated,  the  correspondmg  curve  will  present  its  convexity 
to  the  axis  of  the*  time ;  while,  if  the  motion  is  retarded,  the 
concavity  of  the  curve  will  be  presented  to  that  axis ;  and  if 
in  any  instant  whatever  the  motion  becomes  uniform,  the 
curve  will  then '  degenerate  into  a  right  line,  which  will  be  a 
tangent  to  that  point  of  the  curve  which  corresponds  with  the 
iiisfant  of  time  in  which  the  uniformity  of  the  motion  com- 
mencea« 

294.  As  the  formula  7 =-r  is  of  die  utmost  importance  lo 

the  theory  of  varied  motions,  and  as  the  manner  in  which  we 
have  deduced  it  above  has  been  sometimes  objected  to;  we 
shall  here  present  a  more  rigorous  demonstration  of  the  same, 
which  was  first  given  by  the  celebrated  D'Alembert,  and  is  de- 
duced from  the  known  theory  of  curves. 

Let  AP,  Ap',  8ic.  represent  the  times,  and  pm,  p^m^  8u:. 
the  spaces  described  ^iig.  6.  pi.  XL):  call  ap,  t,  pm,  s;  and 
imagine  the  three  ordmates  pm,  p'm',  p^'^m'",  to  be  infinitely 

near  to  each  other ;  make  t  constant,  or  pp'  iz  p  V,  and  f'm' 

=  s.     This  done,  it  is  evident  that  km'=:5  will  be  passed  over 

in  the  time  pp'=  i,  and  that  qm'^i:  s,  will  be  run  over  in  the 

time  p'p"=:  t :  now  there  are  two  hypotheses  respecting  the 

acceleration  which  has  place  in  the  spaces  s,  s,  which  we  ought 
to  distinguish  with  great  care.     1.  The  augmentation  of  the 
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velocity  ^hicb  obtains  ia  these  spaces  may  be  gradually  acquired 

during  the  instant  t,  viz.  die  motion  may  be  contittiially  acee> 
lerated  from  p  to  p'^and  from  p^  to  P^^.  2dlyy  The  augmenti^l^oo 
of  the  velocity  which  takes  place  in  the  space  km  may  be  given 
it  all  at  once  in  M^^in  aixcU  a  manner  that  km  will  be  described 
by  a  uniform  motion ;  in  like  manner,  the  augmentation  which 
obtains  in  qm^^  may  be  reckoned  to  be  acquired  all  at  once  ip 
m'',  so  that  qm'^  be  described  by  a  uniform  motion,  &c.  In 
this  second  hypothesis,  the  motion  is  made  as  it  were  by  smaJU 

leaps,  which  take  place  at  the  end  of  each  instant  tf  the  motion 
retaining  its  uniformity  during  that  instant. 

The  effect  produced  at  the  termination  of  t  is  the  same  on 
either  hypothesis:   the  effect  consisting  ia  running  over  th^ 

spaces  8,  s,  See.  But  it  is  not  the  same  with  regard  to  what 
takes  pla^e  during  the  existence  of  each  instant :  for,  according 
to  the  one  or  the  other  hypothesis  tlie  elements  MM^  M^M  i 
8cc.  are  different.  In  the  first,  where  the  acceleration  of  the 
motion  is  conceived  to  be  always  taking  place  throughout  thf 

instant  ty  the  corresponding  element  of  the  curve  is  a  real 
curve  MgM^,  yi'nvL"y  &c.  different  from  the  cords  mm^  m^m^^,  8ic. 
In  the  second,  the  motion  being  considered  as  uniform  during 

the  instant  ty  the  elements  MgM^,  M^iiM^^  See.  become  recti- 
linear, and  differ  not  from  the  cords  mm^,  m'm^^,  8cc.  I^t  U| 
first  shew  what  results  from  the  former  case. 

Draw  to  the  point  m'  of  the  curve  the  rigorous  tangent 
m'r,  then  will  the  space  qr  be  that  which  the  body  would 

nm  over  during  the  instant  ty  if  tlie  velocity  acquired  at  the 
point  m'  were  continued  uniformly;  the  space  rm^^  will  be 
that  run  over  in  virtue  of  the  acceleration  which  obtains  be- 
tviecu  p'  and  p^^,  and  the  space  nf  will  be  that  passed  over,  in 
consequence  during  the  time  ^d;  we  will  examine  the  re* 
lation  which  exists  between  nr  and  m^^r  with  regard  to  tlie 
times  p'rf,  p'p''.  The  arc  m'm",  being  infinitely  small,  may 
be  considered  as  appertaining  to  any  curve  whatever,  and  of 
consequence  to  a  parabola;  where,  by  the  property  of  this 
curve,  m'r  being  a  tangent,  we  have  the  proportion  nt: 
ii^'r  :  :  p'd* :  p'p'^* ;  for,  by  Hutton's  Comes,  Prop.  ix. 
Parab.  nr  :  m"r  :  :  M'r*  :  m'r*,  and  it  b  obvious  that  m  V : 
m'b*  :  :  p'd*  :  p'p''*.  Therefore  tlie  spaces  itr,  m'^r,  are  as  the 
squares  of  the  times  Vdy  pV,  employed  in  describing  them ; 

therefore  during  tlie  instant  p'p^^  =:  /,  the  motion  is  uniformly 

accelerated.     Whence  we  have  m^^r  =  f^/%  ^  being  a  couitanl 
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qaantity  duriog  the  instant  p^p^^;  but  it  is  different  in  the  suc- 
ceeding instants. 

If  we  prolong  the  cord  mm^  to  x,  we  have  ax  =  km^=s9, 

•     •     .. 

and  Xm'^  =  qm"  —  qx  =  s  —  5 =« ;  but,  by  a  well-known  ge- 
neral property  of  curves,  xm^^=:2m^'r  (see  Emerson  on  Curve 

lines,   book  ii.  pr,   2.),   therefore  m''r  =  —  ;    and,     su^ 

stituting   this  in  the  equation   m'^r  =  ♦^S  we  have  ♦  =s  —.. 

This  expression  denotes  that  the  space  which  will  be  described 
in  a  unit  of  time,  in  virtue  of  the  uniform  acceleration  which 

has  place  during  the  instant  t,  is  equal  to  -4-  Thus  we  see, 

on  the  first  hypothesis,  the  means  of  measuring  the  acceleration 
at  each  instant. 

In  the  second  hypothesis  the  motion  being  uniform  duriog 
the  instant  pp^  and  the  element  of  the  curve  MgM^  coincid- 
ing with  the  side  mm^  of  the  inscribed  polygoi^  if  the  body 
continues  to  be  moved  with  the  velocity  acquired  in  m^,  the 
space  which  it  will  describe  during  the  following  instant  wUl  be 
QX,  since,  in  this  case,  the  tangent  ought  to  be  the  prolong- 
ation of  the  infinitely  little  side  mm'.  Hence  it  follows,  that 
the  space  passed  over  during  the  instant  p'p'^  in  virtue  of 
the  acceleration  which   has  place  at  the   point  m,  is  xm'^, 

which,  as  we  have  seen,  is  :;=  2m''|i  =  s  =  29t\  If  we 
make  2^  =  ^,  we  have,  for  the  measure  of  die  acceleration, 

the  equation  f  =  -^,  f  expressing  here  the  double  of  the  spac^ 

which  would  be  run  over  in  a  unit  of  time,  in  virtue  of  the 
acceleration  of  the  first  hypothesis.  Now  the  double  of  that 
space  is  precisely  the  velocity  acquired  by  a  like  acceleratiou 
(art.  226) ;  therefore  p  expresses  the  velocity  that  the  moving 
body  would  acquire  in  a  unit  of  time,  if  the  motion  continued 
to  be  uniformly  accelerated  by  the  quantity  witli  which  it  was 
augmented  during  the  instant  p'p  in  the  hypothesis  of  the 
ligoroos  curve;  therefore,  the  fonnuls  obtained  by  the  two 
methods  are  identical. 

We  see^  therefore,  that  whether,  supposing  the  curve  rigorr 

cna,  the  acceleratioo  is  measured  by  ~,  or,  supposing  it  poly- 
gjonal,  it  is  meaiunBd  bj  -^ ;  either  of  these  measures  ii  ixK^fr 
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ferent,  provided  that  M?e  always  estimate  by  the  same  the  dif- 
ferent effects  which  we  would  compare..  The  space  described 
by  the  moving  body  is  the  same  ou  either  hypothesis,  that  b  to 
say,  QM^durmg  the  instant  ^'p";  only  in  the  first  qr  is  nm 
over  in  virtue  of  the  motion  previously  acquired,  and  rm"  ia 
virtue  of  the  acceleration;  while  in  the  second  these  are  gx 
and  xm".  It  is,  otherwise,  easy  to  assign  a  direct  reason  why 
the  elementary  space  run  over,  in  the  hypothesis  of  the  poly- 
gonal curve,  is  the  double  of  that  described  on  the  suppositioa 
that  the  curve  is  rigorous:  namely  this; — in  the  tirst  case  the 
body  acquires  all  at  once  the  increment  of  its  velocity,  while  it 
is  obtained  in  the  second  by  a  uniform  acceleration;  it  ought, 

therefore,  during  the  same  time  /,  to  describe  a  double  space. 

*  2S5.  Having  now  deduced  the  chief  formulae  in  variable  mo- 
tions, it  remains  for  us  to  present  an  example  or  two  of  their 
use  and  application. 

I.  Suppose  that  a  material  point,  or  very  small  globe,  placed 
at  A  (fig.  7.  pi.  XL)  is  solicited  by  two  forces;  the  one  tend- 
ing to  make  it  move  from  a  towards  b,  with  a  motion  uni- 
formly varied;  the  other  tending,  on  the  contrary,  to  push  it 
back  from  a  towards  d:  the  circun^stances  of  the  motion  of 
the  globule  are  required,  on  the  supposition  that  the  repulsive 
power  impresses  upon  it  an  accelerating  force  varying  inversely 
as  the  distance  from  the  point  B.  Let  ab  =:  a,  an  =:  s  =:  the 
spuce  passed  over  at  the  end  of  the  lime  t\  the  acceleratiiur 
force  which  arises  from  the  repulsion  from  A  towards  d  will 

be  r:  — ,  m  being  a  constant  quantity  depending  uppa  the  law 

according  to  which  the  repulsive  force  acts.  Lastly,  let  g  = 
the  constant  accelerating  force  which  arises  from  jthe  impulsion 
of  the  moving  point  from  A  towards  d.  llie  force  accele- 
rating the  motion  which  we  consider  as  being  the  difference  of 
these  two  forces^  we  have  by  the  equation  (232.  VI.}  which  gives 

To  find  the  fluent  of  this  equation,  we  must  multiply  by  s, 

whence  will  arise  -r-  X  l-rl-  =  tw=:  j-j  —  gs;    and  conae- 

quently,  by  a  well-known  fon[n,  Jv*=r  jiiH'L-(fl  +«)  — g*  +  c. 
Where,  since  at  the  point  a  we  have  i;  =:  0,  and  s  =  0,  we  con- 
clude that  c  =:  —  I7IH-L  •  a.    Therefore 

V  =:  ±  i/(2mH'L  •  ^^  —  2gs). 

This  equation  determines  the  veloQty  that  the  mpviug  bodj 
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bas  when  it  h^s  run  over  the  space  a:  here  if  we  put  for  v  ib| 

yn^ue  4-|(art.  232.  i.)  and  find  the  corresponding  fluent^  we  shall 
t 

obtain  the  time  t  in  terms  of  the  space:  but  this  is  sometimes 
attended  with  considerable  difficulty. 

The  problem  just  resolved  finds  its  application  in  a  case 
which  we  shall  now  state:  if  a  heavy  body^  as  a  piston,  it 
forced  into  a  cylinder  or  vertical  tube  bd,  open  only  at  the 
extremity  d,  which  the  piston  closely  Kits,  and  if  the  part  ab  if 
lull  of  a  compressed  elastic  fluid,  or  of  an  expansive  vapour; 
then,  not  considering  the  friction  of  the  piston  against  the  >ides 
of  the  tube,  it  is  obvious  that  this  piston  will  be  subjecied  to 
the  action  of  gravity  which  t^ids  to  o^ke  U  descend  and  inir 
presses  a  constant  accelerating  force  g,  and  at  the  same  tixQCi  to 
the  repulsive  force  of  the  elasU^  fliud :  bu|  this  fluid  havijig  (ess 
spring  as  it  is  less  compressed,  viz.  as  the  piston  is  farther 
distant  from  the  extremity  B^  the  accelerating  force  thence 
ansing  varies  inversely  as  the  distance  of  th^  nioveable  pistoa 
firom  the  bottom  of  the  tube. 

We  have  an  example  of  this  species  of  motion  in  the  balk 
of  guns,  and  pieces  of  cannoq,  driyen  by  the  inflammation  of 
the  powder:  this  produces  instantaneously  a  great  quantity  of 
%n  aeriform  fluid,  of  which  the  repulsive  fprce  is  inversely  as  tbf 
space  in  which  it  is  contained.  We  here  ueglect  the  consider- 
ation of  the  weight  of  the  ball,  since  it  has  bi^t  little  effect 
upon  the  velocity  up  to  the  moiith  of  the  piece,  the  weight  be- 
ing nothing  in  theory  when  the  axis  of  the  piece  is  horizontal. 
We  therefore  make  g  n  0,  or,  which  amounts  to  the  i»aioe,  we 
consider  at  the  commencement  of  the  calculation  the  accelerat- 
ing force  as  = :  consequently, 

Making  s  to  equal  the  distance  of  the  point  a  from  the  orifice, 
this  equation  gives  us  the  velocity  with  which  the  ball  issues 
from  the  piece. 

If  the  weight  of  t()e  powder,  and  of  tl^^  b^jl,  be  taken  into 
the  computation,  it  will  of  course  become  more  intricate:  tiie 
general  principle,  however,  is  still  the  sf  m^.  i  bese  particvdi^y 
with  other  minutiae  afl'ecting  the  investigation,  are  considered 
by  Dr.  Hutton,  in  an  excellent  solution  which  may  be  seeu  in 
the  Sd  volume  of  his  8vo.  Tracts. 

236.  II.  Let  there  be  at  d  (fig.  7.)  a  material  poiiit,  or  glo- 
bule, solicited  by  an  accelerating  force  varying  inversely  as  the 
square  of  the  distance  of  the  moveable  from  the  point  b  *>  it  is 
xequired  to  find  the  equation  of  its  motion. 
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Put  BD  =  a,  t)N  =  «  =  the  space  passed  over  at  the  end  of 
the  tlme^:  when  the  globule  has  arrived  at  n,  its  distance 

from  B  will  be  a  —  s,  and  the  accelerating  force  b  ■  ^    -,  nt 

being  again  a  constant  quantity  which  depends  upon  the  nature 
of  this  force;  viz.  its  magnitude  at  a  unit  of  distanxse  from  th« 
centre  of  attraction*  Here,  then^  we  have  from  the  equation 
at  232.  vi. 


m 


•  •        • 

Multiplying,  as  before,  by  s,  we  obtain  -4-   x   {->-)    =  «w  — 


2in 


■  **  .;  whence  v*  == 1-  c.     Supposing  that  at  the  ori- 

SD  the  globule  were  not  animated  with  any  velocity,  tve 
luld  have  at  the  same  time  8  n  0,  and  vzzO;    therefore 

c  = .     Substituting  this,  and  reducing,  we  have 


^     a         ^  a  — i 


Now,  to  obtain  from  thb  equation  of  the  relations  between 
9  and  s  that  which  obtains  between  s  and  t,  we  must  substitute 

-r  for  V :  then  taking  the  reciprocal  of  the  expression,  mul- 
tiplying by  s,  and  the  quantity  affected  with  the  radical  by 
fl  —  «,  we  have  i  =     /—  x  — **"*      s,  where  the  last  factor 

is  equivalent  to     /  ""*     s  -{-  ha  x  -r — The  first  term 

has  for  its  fluent  ^/{as*—s^):  that  of  the  second  is  found  by 
transforming  s  into  ^a  '-  z;  it  is  then  Ja  x  arc  ^cos  =  — ^  : 
consequently 

Thb  requires  no  correction,  because  s  ought  to  be  nothing  at 
the  same  time  that  t  is. 

The  preceding  values  of  v  and  t  resolve  the  problem  pro- 
posed in  the  most  general  manner,  comprbing  all  the  particular 
circumstances  of  the  motion:  we  remark,  for  example,  that 

« =  fl,  gives  I?  =  00 ,  and  t  =  ^n-  x  Jaflr,  where  *  is  the  cir- 
cumference of  the  circle  whose  diameter  b  unity :  the  first  of 
these  expressions  indi^tes  that  the  velocity  of  thc^  Ir 
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18  infinite  nt  the  centre  of  attraction;  whicU  ia  natural  to  coq- 
ceive,  because  the  force  is  so  much  the  more  intense  as  the 
moveable  is  nearer  the  centre.  The  second  expression  is  pro- 
portional to  ay/a,otar;  whence  it  follows,  that  the  times 
employed  by  tvDo  bodies  in  descending  from  repose  to  the  centre 
of  attraction  are  respectively  as  the  square  roots  of  the  cubes  6/ 
the  heiffhts  fallen  from. 

In  the  case  where  bodies  fall  by  their  own  gravity  towards 
the  earth,  the  attracting  body  being  considered  as  a  point  with 
regard  to  the  distance  s^  we  shall  have  m  =  32^  (art.  242.)  and 

#  =  -785398  a  v'-". 

237.  in.  It  is  required  to  determine  the  circumstances  of 
irelocity,  time,  and  space,  with  relation  to  a  body,  which  moves 
from  quiescence  in  consequence  of  an  attracting  force  which 
varies  directly  as  the  distance  from  the  centre  of  force. 

Let  the  point  from  which  the  body  commences  its  motion  be 
F  (fig.  5.  pi.  XI.),  and  let  PC  =  £7,  its  distance  from  c  the  centre 
of  force;  let  v  =  the  velocity  at  any  variable  distance  AC  ^  s, 
and  at  a\iy  distance  d  from  c  let  y' be  the  force  compared  with 
that  unit  of  force  w  hose  representative  is  m.  Then,  by  the  na- 
ture of  the  problem,  it  will  h^  diswfx  ^,  die  force  at  the 

distance  5,  compared  with  unity,  or  ^  will  be  that  force  widi 

respect  to  the  measure  m,  corresponding  with  f  in  our  equa- 
tion 9,32,.  iii.  Hence,  snice  v  increases  as  5  decreases,  we 
2>hull  have 

mft  • 
VV  3=   —   ^5. 

This  equation  gives  us  w*  =  —  !^  s^  +  c.  Here  when  »  =  0, 
5  =3  a,  and  0  =  — ;jj~  ^*  +  c ;  therefore  c  =:  ~  a*;  and,  con- 

sequently  r*  =  -^  X  (a*  -  s*),  and  r  =     /  -j-   x    •  (a*  —  «*). 

Hence  then,  if  with  centre  c  and  radius  cp,  the  quadrant  pdb 
be  described,  and  at  the  point  A  whose  distance  from  c  is  :r  s, 
the  ordinate  ad  be  drawn,   because  ad  =  v'(cd*  —  CA*)  r: 

-j-.     So  that  the  velocity 

corresponding  to  any  space  pa  moved  over,  is  as  the  sine 
AD  of  the  circle  answering  to  the  versed  sine  pa,  the  radius 
being  pc. 

In  order  to  find  t,   we  must  adopt  the  equation  (1)  or 

/v  <=  -  5,  whence  arises  t  =  -  f  =  ^^  X  ^^^^  ^y  Now, 
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if  X  =  arc  pd,  we  have  i  :  —  * : :  a  :  V((^  -^  5*);   therefore 
.,Z  '  ^x  =  ""»  ^"^  consequently  t  =  ±    /—  :  the  fluent  of 

this  expression  b  /  =  y    7;^  =  ^    /;4 ;   which  wants  no 

correction,  because  when  t  =z  o,  z  =  0.  So  that,  while  the 
velocity  at  any  point  a  is  as  the  corresponding  sine  a  d,  the 
time  ^descent  to  that  point  is  as  the  arc  pd.     When  a  arrives 

,  PDB        id  id 

at  c  we  have  t  =  -J^/^  =  l^  J ^^  ^  *^  ^°^  ^^  *•'*- 

ing  to  the  centre.  Hence,  from  whatever  altitude  cp  the  bodj 
begins  to  fall  towards  the  centre,  its  whole  time  of  descent  wiU 

be  the  same,  — -  being  in  all  cases  =  }«*=:  1 '570796,  a  constant 

quantity. 

Cor.  If  a  body  be  acted  upon  by  a  force  which  is  every 
wbere  as  the  distance  from  c,  the  time  of  its  descent  to  that 
centre  from  any  point  p  is  to  the  time  in  which  it  would  de- 
scend through  that  same  space,  ifimpelled  by  half  the  first  force 
uniformly  continued,  as  the  circumference  of  a  circle  to  four 
diameters.  For,  on  the  first  supposition  tlie  time  is  as  the  qua- 
drantal  arc  pb  ;  and  on  the  latter  the  time  is  as  2pc;  and  pb  : 
fipc  ::  circumf.:  8pc  or  4  diameters. 

238.  On  the  supposition  that  the  earth  were  a  homogeneous 
sphere,  the  force  of  attraction  to  which  any  body  below  its 
surface  would  be  subjected  varies  as  the  distance  from  the 
centie:  if,  therefore,  a  perforation  were  made  in  a  right  line 
from  the  surface  to  the  centre,  tiie  circumstances  of  a  body 
Adliug  from  the  surface  will  be  determined  from  die  preceding 
investigation.*  In  this  case  dy  the  distance  at  which  the  effects 
of  the  force  are  known  would  be  =:  20935200  feet,  and  y  the 
effect  of  gravity  compared  uith  uuity,  or  rnf^  compared ^ith 
the  assumed  measure  m,  would  be  represented  by  32t  feet,  the 
velocity  acquired  by  a  falling  body  after  one  second.     Hence, 

when  the  body  has  fallen  to  c,  we  shall  have  v  n  CB  Kj  "^ 
—  d  \/  X  ^  ^^'i/^  =  J5950  feet,  or  4*9148  miles  per  second, 

f6r  its  velocity  there:  and  t  =  1  •370796  \J ^  =   1207^  = 

Sl^^Vf  for  ^^  ti"i®  of  falling  to  the  centre. 

239*  We  close  the  subject  of  variable  motions  \i  ith  observing 
diat  if  the  velocity  v  be  as  any  power  n  of  s  the  space  de- 
scribed, the  time  may  be  found  by  the  method  of  fluxions ;  for^ 
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tiDce  r  is  as  /,  and  t  as  -L,  it  will  also  be  as  —  ;  consequendy 

1—11 
/  =  Yir;j  +  c,  the  correction.  The  application  of  this  theo- 
rem to  any  cases  which  the  student  wishes  to  pursue  roust  be 
left  to  his  own  industry.  It  has  been  our  object  to  exhibit 
here  only  two  or  three  of  the  most  useful  examples,  to  shew  the 
utility  of  the  doctrine  of  variable  forces :  it  is  now  time  to  ad- 
vert to  other  topics. 


(     103     ) 


CHAPTER  II. 


On  the  Descent  and  J  scent  of  Heavy  Bodies,  in  ver- 
tical Lines ;  the  Motion  of  Projectiles  s  Descents 
along  inclined  Planes,  and  Curves;  the  Vibrations  of 
Pendulums,  S^c. 

240.  Thb  motion  of  heavy  bodies  at  or  near  the  sur&ce  of 
die  earth  occupies  an  extensive  portion  of  the  theory  of  me- 
chanics ;  and  its  numerous  applications  to  the  various  purposes 
of  life  renders  it  highly  worthy  the  attention  of  the  student. 
At  the  banning  of  Chap.  III.  of  our  first  Book  we  made  a 
few  such  observations  on  the  nature  of  gravity  as  were  requi- 
site in  discussing  the  subject  of  the  centre  of  inertia :  in  additioa 
to  what  was  there  stated,  we  present  a  remark  or  two,  more 
immediately  connected  with  the  business  before  us.     Gravity 
being  that  force  which  solicits  all  bodies  to  descend  in  vertical 
linesy  or  those  which  are  perpendicular  to  the  surface  of  the 
earthy  it  would  follow  that,  if  that  surface^  us  composed  of 
land  and  sea,  were  perfectly  spherical,  the  directions  of  gra- 
vity would  all  concur  at  its  centre.    The  earth,  however,  is 
not  perfectly  spherical ;  yet  is  its  variation  from  that  shape  so 
trifling,  that  with  respect  to  the  objects  we  now  mean  to  con-* 
aider,  it  need  not  be  regarded.     We  observed  in  art.  1 06,  that, 
in  most  mechanical  enquiries,  the  directions  of  gravity  may  be 
considered  as  parallel :  that  it  may  be  seen  to  what  exlent  this 
remark  may  be  applied,  let  it  be  considered  that  a  circle  whose 
radius  is  20935200  feet  (art.  238.)  will  have  more  than  6000 
feet  for  the  measure  of  a  minute  of  a  degree,  and  upwards  of 
100  feet  for  that  of  a  second ;  so  that  the  directions  of  gravity 
at  two  places  on  the  earth's  mrface,  a  mile  asunder,  will  not 
vary  one  minute  from  parallelism. 

As  to  the  magnitude  of  the  gravitating  force,  strictly  speaking, 
it  is  different  at  different  distances  from  the  equator,  and  at  dif- 
ferent distances  from  the  centre  of  the  earth :  but  the  quantities 
of  these  differences,  so  far  as  they  depend  upon  the  variety 
of  situation  on  the  earth's  surfiace,  are  very  small,  (286>  and 
need  not  yet  be  attended  to ;  and  the  differences  nai' 
different  distances  from  the  centre  of  the  «urth 

VOL,  I.  o 
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tually  describes  4S|  feet^  atid  acquires  a  Telocity  of  64^  feei; 
at  the  end  of  the  third  second  it  has  acquired  a  velocity  of  96}  ; 
and  at  the  end  of  the  fourth  a  velocity  of  128t  feet.  Now 
128f -96J  =  96J-64|  =  64|-S2i  =  32^,  is  the  invariable 
difference  of  the  determinations  to  motion  at  the  end  of  each 
successive  second  of  time  :  consequently  32^  feet,  being  a  con- 
stant quantity  naturally  arising  from  the  free  motions  occasioned 
by  gravity,  is  a  just  indication  and  proper  measure  of  its  coik 
stant  intensity  upon  bodies  subjected  to  its  operation ;  that  is, 
^,  io  our  theorems,  iss  324  f^^-  1*^^  space  passed  over  in  the 
first'second  may,  it  is  true,  be  used,  because  it  is  the  half  of  32|> 
iand  because  hsdves  have  the  proportion  of  the  wholes :  but  it 
should  not  be  forgotten  that  this  b  only  half  Hie  true  measure 
of  gravitating  force. 

243.  Hence^  if  bodies  simply  fall  from  a  quiescent  state,  not 
being  projected  downwards  by  any  additional  force,  the  veloci* 
lies  acquired  will  be  as  the  times,  and  the  whole  spaces  describ* 
ed  as  the  squares  of  either ;  in  such  manner,  that 

If  the  times  be  as  the  Nos.         1,  2,  3,    4,     5,    6,  &c. 

The  velocities  acq.  will  be,  as    2,  4,  6,    8,  10,  12,  8ce» 

The  whole  spaces,  as  1,  4,  9,  16,  25,  36,  8cc. 

The  space  for  each  time,  as        1^  3,  5,    7,    9,  II,  8cc. 

Their  constant  differences,  2,  2,  2,    2,    2,      &c. 

The  latter  answering  to  824,  ^^  value  of  g.  And  if,  while 
this  value  of  g  is  retained,  we  put  v  for  the  velocity  acquired 
at  the  end  of  any  time  ^,  and  s  for  the  space  described  from 
quiescence  during  that  time,  we  shall,  by  comparing  the  latter 
equations  in  art.  241.  with  the  general  formula  in  art  228., 
have  the  following  general  equations  for  the  free  descent  of 
heavy  bodies;  viz. 


.  To  these  theorems  reference  must  be  made  in  all  cases  where 
great  accuracy  is  required ;  but  in  many  practical  instances'the 
fraction  I  may  be  dropped,  and  the  computation  madi  facili- 
tated by  taking  g=s32  feet:  the  theorems 4nay  then  take  thii 
form :. 
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244.  Defs.  TA^  Aei^A/  due  to  a  given  velocity  is  the  height 
from  which  a  body  must  fall  freely  to  acauire  that  velocity ; 
and  the  velocity  due  to  a  given  height  is  tne  velocity  which  a 
body  will  have  acquired  after  descending  freely  through  that 
he^ht. 

It  will  now  be  easy  to  solve  the  common  questions  relating 
te  the  descent  of  heavy  bodies.  Thus,  if  it  were  required  to 
find  the  velocity  due  to  a  given  height  400  feet,  and  the  time 
of  falling  through  it;  we  should  have  x^=8\/5=s8  X20=sl60 

feet:  and  ^=-^-=  =5  seconds,  the  time  of  descent 

245.  But  if  the  body,  instead  of  falliog  from  quiescence  be 
impelled  vertically  with  any  initial  velocity  v^  we  shall  then  have 
the  equation  IV.  art.  229.  for  that  comprehending  the  circum- 
stances of  its  motion,  in  which,  if  we  reckon  the  initial  space 
ssO,  we  shall  have 

^  s-rt+igf,  or  s=zvt-hg^ 
according  as  the  velocity  is  impressed  downwards  or  upwards, 
s  being  estimated  in  the  direction  of  that  velocity.  In  the 
second  case  we  have  v^v—gt,  as  is  evident,  because  the 
velocity  impressed  by  gravity  downwards  is  gt  at  the  end  of 
die  time  t.  From  this  expression  it  appears  that  the  body  con^ 
tinues  to  rise  so  long  as  v  exceeds  gt ;  and  at  the  point  where 
vzzgt  the  body  will  have  attained  its  greatest  elevation :  lastly, 
when  v  becomes  less  than  gt,  v  will  be  negative;  that  is,  the 
body  is  descending  again,  because  the  initial  velocity  has  been 

extinguished  by  gravity.     The  maximum  of  elevation  is  -or"> 

and  the  time  employed  to  attain  it  is  — .      The  body  will 

^cend  from  the  state  of  rest  at  its  greatest  height  according 
to  the  preceding  laws,  and  the  equation  of  its  motion  will  be 
9^igt^,  estimating  the  spaces  downwards.     At  the  end  of  the 

time  t  =:-«^  the  body  will  have  run  over  the  space  -^ ;    thus 

it  will  employ  to  re-descend  to  the  point  of  departure  the  same 
extent  of  time  as  it  took  to  mount  to  its  greatest  height :  am)  ^ 
finially,  at  the  termination  of  its  fall  it  wul  have  acquired  the 
veloaty  v  of  projection. 
Hence  we  see^ 
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1  st  That  a  heavy  body  thrown  upwards  vertically  wilh  any 
velocity  will  lose  equal  velocities  in  equal  times. 

2d.  That  the  heights  lo  which  bodies  projected  upwards 
will  rise,  before  their  iiioiions  are  exttngui«>hedy  are  as  the 
squares  of  the  initial  velocities^  or  as  the  squares  of  tite  times. 

3dly.  That  those  heights  are  the  halves  of  the  spaces  which 
they  would  uniformly  describe,  in  the  same  time,  with  the  initial 
velocities. 

4tfaly.  If  a  body  be  projected  upwards  with  the  velocity  it 
acquired  in  any  time  by  descending  freely,  it  will  lose  all  its 
velocity  in  an  equal  time ;  it  will  ascend  to  the  height  £roiii 
"whence  it  fell,  and  will  describe  equal  spaces  in  equal  times 
both  in  rising  and  falling,  but  in  an  inverse  order ;  it  will  also 
have  equal  velocities  at  any  one  and  the  same  point  of  the  line 
described,  both  in  ascending  and  descending. 

We  may,  therefore,  find  to  what  elevation  a  body  throivn 
vertically  has  arisen,  v^hen  we  know  the  time  elapsed  between 
the  commencement  of  its  motion  and  its  return  o  th<  point 
from  which  it  was  projected.  For  example,  a  body  tlirown 
vertically  upwards  returns  at  the  end  of  18  seconds  ;  it  ther^ 
fore  occupied  9*  in  asceiidii^g ;  consequently  sn  Itt'^zz.  16x61  = 
19Q6  feet  nearly  theheiglit  to  which  it  ascended;  and  i7=32f=: 
32  X  9=288  feet  per  second,  the  initial  velocity. 

So,  again,  it  will  be  easy  from  the  same  principles,  to 
tell,  when  a  body  is  projected  vertically  upwards  m  ith  a  given 
velocity  and  continues  to  be  operated  upon  freely  by  die  4brce 
of  gravity  for  a  given  time,  whether  it  be  above  or  below  the 
point  of  projection  at  the  end  of  that  time.  1 .  Suppose  die 
initial  velocity  to  be  50  feet  per  second,  and  the  tune  four 
seconds.  Then  vf  —  Jgr*=200-iS57  J-zi  —  57-J- ;  consequenfly, 
at  the  end  of  the  proposed  time  tlie  body  would  be  57-}.  feet 
below  the  point  from  which  it  was  projected.  2.  But  if  the 
time  had  been  3  seconds,  we  should  have  had 

Vf- Jgf»=  200-1 44^  1=55^; 
where,  since  v^  is  the  greatest,  the  difterence  shows  the  heigbt 
at  which  the  body  is  above  the  point  of  projection  at  the  end 
of  the  given  time. 

Lastly :  Suppose  that  at  the  same  moment  a  body  begins  to 
fiall  from  quiescence  from  the  point  i>  (fig.  7.  pi.  XL),  another 
body  is  projected  upwards  from  b  with  the  velocity  due  to  tfas 
height  Bc;  it  is  required  to  find  the  point  n  at  whicli  the  two 
bodies  would  meet  Let  cb  be  denoted  by  a,  DB  by  d,  and  Djr 
by  X.    Then  will  cDzza-d,  and  cn  =a  - d+x.    Time  of  4lM 

-^.    Time  of  aicending  tl^roiv^ 
BN  (= time  down  CB*- time  down  cn)=    /— -     /Siiztti' 
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Hiese^  by  the  nilture  of  the  problem,  must  be  equftl ;  dutt  w, 

or  •ar=  Va— v'(a— d+j:) 

and  a— d+arna+x— 2v/ar. 
Whence  2/v/<ijr= J.  and  *=  -r- 

SCHOLIUM. 

£46.  The  equation  expressing  the  conditions  of  falling  bqdie^ 
has  for  its  locus  the  common  parabola  ;  being  in  fact  the  samie 
as  the  iocus  for  constant  forces,  tlie  construction  of  which  we 
have  already  explauied  in  art.  230. 

The  true  theory  of  falling  and  lising  bodies  was  tirst  given  by 
Galileo,  who  may,  indeed,  be  looked  upon  as  the  father  of  the 
science  of  Dynamics :  his  discoveries  on  these  topics  were  pub- 
lished m  a  work  entitled  Dialoghi  delle  Scienze  fiuove,  Sac. 
printed  for  the  first  time,  at  Le}(ien,  in  16.S7.  His  method  of 
investigation  (excepting  that  he  represents  the  spaces  described 
bj  the  uiiitions  of  bodies  to  be  areas,  which  is  rather  unnatural) 
18  very  el-  gant :  and  as  he  deduces  the  laws  of  their  motions 
Prom  two  theorems  only,  we  shall^  for  the  satisfaction  of  the 
itudent,  insert  them  here. 

Theor*  I.  The  time  in  which  auy  space  is  passed  over  by  a 
moving  inxij,  with  a  ^notion  uniformity  accelerated  from  rest,is 
Efuai  to  the  time  in  which  the  same  space  zcould  be  passed  over 
mf  the  same  moveable^  carried  with  a  uniform  velocity  which  is 
iai/' the  greatest  and  ultimate  velocity  of  the  former  uniformly 
accelerated  motion. 

Let  the  line  ab  (fig.  8.  pi.  XI.)  represent  the  time  in  which 
the  space  cd  is  described  by  a  moveable,  with  a  uniformly 
■ccelerated  motion  from  quiescence  at  c,  and  let  the  velocity 
icquired  at  the  end  b  of  the  time  ab  be  represented  by  the  line 
KB,  drawn  at  pleasiure  to  ab,  and  join  ae.  Divide  ab  into  any 
■amber  of  equal  parts,  and  through  the  points  of  division  draw 
as  many  lines  parallel  to  eb  ;  these  will  represent  the  increasing 
degrees  of  velocity  after  the  first  instant  a.  Bisect  be  in  F, 
and  draw  FGy  ag,  parallel  to  ba  and  bf  respectively :  then  will 
die  parallelogram  agfb  be  equal  to  the  tnangie  aeb,  and  tha^ 
aides  of,  a  b,  bisect  each  other  io  i.  For  if  the  parallels  in  the 
triangle  abb  ba  extended  to  gf^  die  aKfcresate  of  ail  those  in 
dw  qumdrilateral  will  be  eqiisl  (  "^  *ha 

triangle  ABB  i  dboK  la  the  tpri  la 
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%Ai,  and  ihose  in  the  trapezoid  aifb  being  common.  Now, 
since  all  and  each  of  the  mstantrof  the  time  ab  answer  to  iH 
and  each  of  the  points  of  the  line  ab,  and  since  parallels  drawn 
from  these  points  comprehended  in  the  triangle  abb  represent 
the  increasing  degrees  of  augmented  velocityi  Mrhile  the  paraUdi 
comprised  within  the  parallelogram  represent  in  like  manner  ii 
many  degrees  of  equable  velocity,  it  appears  that  as  many  mo- 
menta or  effects  of  velocity  were  produced  in  the  acceleratei 
motion  according  to  the  increasing  parallels  of  die  triangle 
ABB,  as  in  the  uniform  motion  according  to  the  parallels  of 
the  quadrilateral  ob:  the  deficiency  in  the  first  half  of  the  mo- 
don,  represented  by  the  triangle  aoi,  being  made  up  I7  the 
supernumerary  triangle  ieb  in  the  latter  half  of  the  time.  It  is 
manifest,  therefore,  that  those  spaces  will  be  equal  wUdi  wH 
1>e  passed  over  in  the  same  time  by  two  moveables,  one  of 
which  moves  with  a  velocity  uniformly  accelerated  from  reit, 
but  the  other  with  an  equable  motion  according  to  a  velocity 
which  is  half  the  greatest  velocity  of  the  accelerated  motion. 

Theor.  II.  If  a  moveable  body  descend  from  rest  with  a 
uniformly  accelerated  motion,  the  spaces  it  passes  over  in  anjf 
times  whatsoever  are  to  each  other  as  the  squares  of  those 
times. 

Let  the  line  ab  (fig.  9.  pi.  XI.)  represent  an  interval  of  time 
from  any  first  instant  a,  in  which  take  any  two  times  AD  and 
ae;  and  let  hi  be  a  line  in  which  the  moveable  descends  from 
rest  at  the  point  H  with  a  uniformly  accelerated  motion ;  the 
space  HL  being  passed  over  in  the  first  time  ad,  and  the  space 
HM  in  the  time  ae:  then  is  the  space' hm  to  the  space  HL 
in  the  duplicate  proportion  of  the  time  AE  to  the  time  ad. 
Draw  the  line  ac,  making  any  angle  with  ab,  and  from  die 
points  D  and  E  draw  the  parallels  do,  £p;  the  former  repre- 
f»enting  the  velocity  acquired  at  the  end  of  the  time  ad,  and 
die  latter  the  velocity  acquired  at  the  end  of  the  time  ab: 
men,  it  is  manifest,  from  the  last  theorem,  that  the  spaces  MR 
and  LH  are  the  same  which  with  equabk  motions  whose  velo^ 
cities  would  be  as  the  halves  of  pe,  and  od,  would  be  passed 
over  in  the  times  ea  and  da.  Now  it  has  been  demonstrated 
(art.  216.)  that  of  bodies  carried  with  an  equable  motion  tlie 
spaces  passed  over  are  in  proportion  to  each  other  in  the  ratio 
compounded  of  that  of  the  velocities  and  that  of  the  times:  hot 
here  the  ratio  of  the  velocities  is  the  same  as  that  of  the  times 
(for  that  proportion  which  the  half  of  pe  has  to  the  half  of  OD^ 
the  same  has  pe  to  od,  and  the  same  has  ae  to  ad),  therefore 
the  spaces  are  ip  a  duplicate  ratio  of  the  times,  or  hm  :  hl  : : 
AB* :  ad\ 
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Hence  it  b  manifest  that  the  ratio  of  the  spaces  is  likewise 
the  duplicate  of  the  ratio  of  the  ultimate  velocities ;  that  isj 
BM  :  hl::  pb^:  od\ 

CoK.  I.  Hence,  if  there  were  how  many  soever  equal  times 
taken  successively  from  the  first  instant  of  motion,  as,  for  ex- 
ample,  ad,  de,  ef,  fg,  in  which  are  passed  over  the  spaces  hl, 
LM,  MN,  Ni ;  those  spaces  will  be  to  one  another  as  the  uneven 
numbers,  viz.  1,  3,  5,  7 :  for  this  is  the  ratio  of  the  excesses  of 
the  squares  of  the  lines  exceeding  one  another  equally,  the  ex- 
cess of  which  lines  is  equal  to  the  least  of  them :  whilst,  there- 
fore, the  velocities  are  increased  according  to  the  simple  series 
of  numbers  in  equal  times,  the  spaces  run  through  in  the  same 
times  increase  according  to  the  series  of  the  uneven  numbers. 

CoR.  2.  Hence  again,  it  b  inferred,  that,  if  from  the  begin- 
ning of  the  motion  any  two  spaces  are  taken,  passed  through  in 
any  times,  those  times  shall  be  to  each  other  as  either  of  the 
said  spaces  is  to  a  mean  proportional  bet^'een  them. 

247.  Galileo  likewise  shows  that  the  same  laws  of  accelera* 
tion  obtain  in  the  motion  of  bodies  along  inclined  planes;  and 
he  illustrates  the  conformity  of  his  theory  with  nature  by  a 
relation  of  some  of  his' experiments*  *^  We  took,"  says  he, 
*'  a  prism  of  wood  about  twelve  yards  long,  half  a  yard  wide, 
and  about  three  inches  thick ;  in  which  thickness  we  made  a 
very  straight  groove  a  little  more  than  an  inch  wide,  and  to 
render  it  very  smooth  and  sleek  we  glued  within  it  a  piece  of 
vellum  polished  as  much  as  possible.  In  this  groove  we  let  fall 
a  ball  made  of  the  hardest  brass,  round,  and  well  polished. 
Then^  elevating  one  end  of  this  prism  at  pleasure  a  yard  or  two 
above  the  plane  of  the  horizon,  we  let  the  ball  descend  along 
die  groove,  observing  in  the  manner  I  shall  tell  you  presently 
the  time  spent  in  its  fall  from  top  to  bottom. 

*'  We  repeated  this  often,  in  order  to  be  certain  of  the  quan- 
tity of  time  spent  in  the  descent;  and  in  these  times  we  never 
found  any  difference  worth  mentioning,  not  even  the  tenth 
part  of  a  second:  this  being  thoroughly  established,  we  let 
the  same  ball  descend  but  a  fourth  part  of  the  length  of  the 
groove,  and  measuring  the  time  of  the  descent  we  found  it  to  be 
exactly  the  half  of  the  other:  and  then  making  trial  of  the  other 
parts,  byxComparing  the  time  of  its  descent  through  the  whole 
length  with  the  times  in  which  it  ran  through  J,  |,  ^,  or,  in  a 
word,  with  the  time  of  its  running  through  any  part  ot  its 
length,  by  experiments  nearly  a  hundred  times  repeated,  we 
always  found  the  spaces  ran  throu|^  to  be  to  one  another  as 
the  squares  of  the  times;  and  this  in  all  •»'  '^^ 

plane,  t*  e.  of  the  groove  in  whidi.4 
scend.    We  ako  observed  the  lm 
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isrent  inclinations  to  retain  the  same  proportion  to  one  aBoUier 
which  we  shall  find  demonstrated  and  assigned  to  ihfm. 

*''  NoWy  as  to  the  measuring  oi  time,  \^e  hung  on  hi>^h  a  haigb 
vessel  of  watt  r,  whichi  by  a  very  small  hole  through  the  hottom^ 
•mitted  a  small  thread  of  water,  which  was  received  by  a  smill 
cap,  all  the  time  the  ball  was  tailing  through  the  i<eiperal  paiH 
of  the  gro''ve:  then  the  small  portions  of  Mater  thus  collected 
were  weighed  every  time  in  a  very  exact  pair  of  scales^  and  ds 
differences  and  proportions  of  the  weight  exhibited  to  us  th 
•differences  and  proportions  of  the  times,  and  that^  as  I  sail 
before,  so  accurately,  that  those  trials  often  repeated  naw 
differed  any  Aing  worth  speaking  of.^    Dial.  IIL 

II.  On  the  Motion  of  Projectiles,  in  Vactm. 

248.  It  is  not  our  intention  to  cuter  at  all  largdiy  into  th 
subject  of  gunnery :  but  merely  to  present  a  brief  view  of  dK 
theory  of  the  motion  of  bodies  any  way  projected  from  the  im^ 
lace  \yi  the  earth  in  an  unresisting  medium^  and  then  to  adds 
few  remarks  on  the  disparity  between  this  theory  and  the  at- 
cumstances  attending  bodies  actually  projected  into  the  atmo- 
sphere.    In  our  discussions  on  this  subject  we  shall  pay  no  it- 
gard  to  the  motions  of  the  earthy  nor  to  the  variation  either  in 
the  direction  or  magnitude  of  the  force  of  gravity;  for  we  are  to 
determine  the  path  of  the  projectile  witli  respect  to  the  surface 
of  the  earth ;  and  the  force  of  gravity  ui>on  any  body  that  can 
be  projected  by  human  contrivances  is  at  all  times  so  nearly 
equal  and  in  parallel  directions  (art.  240.)  that  it  would  be  t 
useless  refinement  to  attend  to  the  deviations  from  equnlitj  and 
parallelism*   When  bodies  are  projected  either  directly  upwards 
or  directly  downwards  the  circumstances  of  their  motion  may 
be  ascertained  by  means  of  the  theorems  in  art.  245.  we  shall 
now  consider  the  circumstances  resulting  from  their  being  pro- 
jected obliquely;  observing  that  the  theorems  we  shall  deduce 
are  only  so  far  of  consequence  as  that  they  shew  what  would 
be  the  nature  of  the  motion  of  balls  and  shells  fired  from 
pieces  of  ordnance,  in  free  space. 

249.  Prop.  The  line  described  by  a  heavy  body  throrm  in 
any  direction  not  perpendicular  to  the  horizon  is  a  parabola. 

ijet  the  body  be  projected  from  the  point  fi  in  the  direction 
BH  (fig.  11.  pi.  XI.)  with  the  velocity  it  would  have  acquired 
by  falling  from  A  to  b^  then  will  the  continual  action  of  gravitj 
cause  the  body  to  be  continually  deflected  from  the  hne  ao  as 
to  describe  a  curve  line  concave  towards  the  horizon.  Pro- 
duce AB  both  ways  as  to  k  and  t  ;  and  through  any  two  points 
V.  and  G  of  the  curve  draw  yb^  ok,  parallel  to  bb,  anfl  vc^ 
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1^  parallel  to  ab  the  direction  of/ gravity*  Now  it  £bIlowt 
iin  tlie  composition  of  motionsi  that  the  body  will  anive  at 
B  point  V  of  the  curve  in  the  same  time  that  it  would  have 
!8crii>id  the  rglit  line  bc  by  the  uniform  projectile  motioa 
MKy  or  (he  vertical  bb  by  the  force  of  gravity  alone;  and  in 
se  manner  the  body  will  have  arrived  at  G  in  such  time  as  it 
ould  liave  uuit'ortnly  described  the  line  bh  with  Ae  original 
docity  at  b,  or  the  vertical  bk  by  falling  freely.  Btit  the 
totion  along  bh  being  uniform,  we  have  bc  :  bh  :  :  /  •  BC 
*  BH  (the  letter  t  denoting  the  time  of  describing  bc,  bh,  &c) 
:^-bb:/  -  BK  :audy  because  the  motion  along  bk  it  uni- 
M'roi;  accelerated,  we  have  be  :  bk  : :  ^^ .  be  :  <* .  bk  : :  BC* 
BH* :  :  KY^ :  kg^  Therefore,  the  cui-ve  Bvo  is  such  that 
le  absci!»s£  BE,  BK,  are  as  the  squares  of  the  corresponding 
rdinates'  ev,  kg;  or  that  the  parts  vc,  GH,  of  the  parallel 
oea  are  a^  the  squares  bc»  bh  of  the  intercepted  parts  of  the 
DC  BH  :  and  consequently  the  curve  is  a  parabola  to  which  bc 
a  tangent. 

Cob.  1.  The  horiiontal  line  Aud  drawn  through  the  point 
i$  the  directrix  of  the  parabola:  for,  let  be  be  taken  =  ab. 
lien  /  •  b  K  =  /  •  AB ;  but  bc  is  described  in  the  same  time 
idi  the  velocity  acquired  by  falling  through  AB;  therefore 
nts.  226.  242.)  bc  =  2ab,  and  £v=2be:  and  hence  bv^ 
s  4be'  =  4xBt:xBA  =  BEX  4ba  :  so  that  4a  b  is  the  para- 
leter  of  the  parabola  bvc,  and  consequently  ADdis  the  direc- 
is,  because  ab  is  one-fourth  of  the  parameter  of  the  diameter 

K. 

Cob.  2.  The  times  of  describing  the  different  portions  BV, 
G,  of  the  curve,  are  as  the  corresponding  parts  Bc,  en,  of  the 
ingent  at  b,  or  the  intercepted  parts  ad,  Drf,  of  the  directrix. 
ort  'Bvzzit '  BC,  and  ^  •  vc  =  /  •  ch,  by  the  demon,  of  the 
rop.  and  because  od  cuts  the  three  parallels  bt,  vc,  oh,  bc  is 
>  GH,  as  A  D  to  ud, 

Co  R.  3 .   The  velocitj/  estimated  horizontalli/  is  uniform. 

Cob.  4.  The  velocity  of  the  projectile  at  any  point  g  of  the 
urve,  estimated  in  the  direction  of  the  tangent  to  the  parabola 
t  that  pointy  is  as  the  secant  of  the  angle  contained  between 
\ai  tangent  and  the  horizon.  For  the  motion  in  the  horizontal 
irection  Ad  is  uniform  ;  and  Ad  is  to  tg  as  radius  to  the  cose- 
ant  of  hgt,  or  secant  of  the  angle  included  between  the  ho- 
izon  and  gt. 

CoK.  5.  The  velocity  at  the  point  c  in  the  direction  to  ts 
jual  to  t/tat  which  a  heavy  body  would  acquire  by  falling 
ftelyfrom  tlie  directrix  through  ao.  For,  let  the  points  a,  /, 
e  equidutant  from  A  and  d,  but  indefinitely  near  them,  and 
raw  the  verticals  ab^  fg :  conceive  these  to  approach  towards 
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AB,  dOy  and  ultimately  to  coincide  with  them ;  then  will  Bi 
ultimately  to  sG  as  the  velocity  in  the  curve  at  £  to  the  vdoci 
at  o.    But  B^ :  Gg :  :  BH  :  TO  : :  vel.^  at  b  :  vel.  at  G;  and^ 
the  nature  of  the  parabola  bh*  :  to*':  :  ab  :  do  :  also  AB  ii 
do  as  the  square  of  the  velocity  acquired  by  falling  Ai 
AB  to  the  square  of  the  velocity  acquired  by  ftlling  thi 
da  (art  227.  cor.  1.):  but  the  velocity  in  bh  or  in  the  P<Hiti 
of  the  parabola  is  =  the  velocity  acquired  by  fallmg  uiroi|^ 
AB  (by  hyp.);  therefore  the  velocity  in  tg,  or  in  the  point  61 
the  curve,  is  =  the  velocity  acauired  by  falling  through  dc* 

Cor.  6.  Uie  velocity  in  the  vertical  direction  at  any  pmnix 
of  the  curve  is  to  the  original  projectile  velocity  at  b  as 
to  BH.    For  the  times  in  bh  and  hg  being  equals  and  the 
locity  acquired  by  falling  freely  through  ho  being  such  ii 
would  carry  the  body  uniformly  over  2hg  in  an  equal  time; 
have  (art.  216.  cor.  3.)  bh  to  2hg,  as  the  projecule  velocity  tf] 
B  to  the  vertical  velocity  at  g. 

250.  Defs.  The  height  due  to  the  original  velocity  of  As  ' 
mojectile,  as  ab  (fig.  11.)  or  ca  (fig.  12.)^  is  called  the  Impetm^, 
la  our  general  theorems  it  will  be  denoted  by  i. 

The  distance  ab  (fig.  12.)  between  the  point  of  projecdia 
and  the  point  where  the  body  falls,  measured  on  the  plane  jjy 
is  called  the  Amplitude,  Random,  or  Range :  it  will  be  repia* 
sented  by  R. 

Some  authors  restrict  the  word  Amplitude  to  the  range  on  a 
horizontal  plane. 

The  angle  dab  made  by  the  axis  of  the  gun,  or  the  tangent 
to  the  curve  at  A,  and  the  direction  of  the  object  at  b,  is  called 
the  angle  of  Elevation  above  the  plane  ab:  it  will  be  denoted 
by  E. 

The  angle  dba  included  between  the  vertical  db  (passing 
through  the  object)  and  the  plane  ab,  is  called  its  angle  offo- 
sition:  we  represent  it  by  p. 

The  angle  zad  made  by  the  vertical  za  (passing  through 
the  point  of  projection)  and  the  direction  of  the  piece,  is  called 
the  zenith  distance:  it  will  be  denoted  by  z. 

251.  Prop.  To  give  a  general  view  of  the  relative  situatiim 
and  properties  of  such  lines  as  are  most  useful  in  considering 
the  motions  of  projectiles. —  •     • 

Let  a  body  be  projected  from  b  (fig.  13.  pi.  XI.)  in  any  di- 
rection bc  with  the  velocity  acquired  by  falling  tlirough  AB: 
this  body  by  art  249.  will  describe  a  parabola  bypm.  Product 
AB  both  ways  till  oa  =:  ab  =  bk  ;  and  with  centres  a,  b,  and 
radius  ab,  describe  the  semicircle,  odb,  ahk  :  then  with  axii 
AB  and  semiaxis  0£  i=  ab  z:  ad,  describe  the  semi-ellipse  aeb 
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if  with  focus  By  yertez  a,  diameter  ab,  and  tangent  ad,  i^ 
Del  to  the  horizon,  draw  the  semiparabok  aps.  This  done, 
I  observe 

L  The  horizontal  line  adl  i$  the  directrix  of  every  parabola 
UcA  can  be  described  by  a  body  projected  from  B  with  the  «e- 
diy  acquired  by  falling  through  ab.  This  is  evident  from  the 
Kffoing  proposition,  and  the  usual  definitions  of  the  directrix. 

II.  The  semicircle  ahk  is  the  locus  of  all  the  foci  of  these  pa^ 
Mas,  For  ba,  the  distance  of  a  point  b  of  any  parabola  from 
e  directrix  ad,  is  equal  to  bf,  its  distance  from  the  foous  f  of 
tt  parabola:  consequently,  the  foci  of  all  the  parabolas 
kich  pass  through  b,  and  have  ad  for  their  directrix,  must  be 
the  circumference  of  the  circle  whose  centre  is  b  and  radius 
I. 

III.  TjTbc,  the  line  of  direction,  cut  the  upper  semicircle  in 
and  the  vertical  cf  be  drawn  intersecting  the  lower  semicircle 
F,  then  is  f  the  focus  cfthe  parabola,  which  is  described  by 
;  body  whose  impetus  is  ab,  and  initial  direction  bc.  For,  if 
;,  bf,  be  Joined,  then  is  acfb  evidently  a  rhombus,  and  the 
gle  ABF  is  bisected  by  bc:  consequently  the  focus  is  some^ 
lere  upon  the  line  bf.  But  it  is  also  upon  the  circumfer- 
ce  of  AHK ;  and  must,  therefore,  be  at  f  the  point  where 
ey  intersect. 

when  c  is  in  the  superior  quadrant  of  ode,  f  is  in  the  su- 
rior  quadrant  of  afk  :  and  when  c  is  in  the  inferior  quadrant 
odb,  as  when  bc  is  the  initial  direction,  then  the  focus  y*  of 
)  corresponding  parabola  bvm  is  in  the  inferior  quadrant  of 

IK. 

IV.  The  semiellipse  aeb  is  the  locus  of  the  vertices  of  all  the 
rabolasy  and  the  vertex  rof  any  one  ofthemBVPM  is  in  thepoint 
iere  this  ellipse  intersects  the  vertical  cf.  For,  let  this  ver- 
id  intersect  the  horizontal  lines  ad,  ge,  bn,  in  6,  A,  n:  then, 
is  manifest  that  A|6=iN9r:MAy  and  that  xy=i9c=iNF; 
srefore,  a9— Av= J  (n8  — NP),  or  AvziJAf;  consequently  9v~  J 
f,  and  V  is  the  vertex  of  the  parabola* 

Tlie  vertex  is  at  y  or  v,  in  the  upper  or  lower  quadrant  ot 
s  ellipse,  according  as  the  focus  is  in  the  upper  or  lower  qua- 
nt of  the  semicircle  ahk. 

V.  If  from  the  point  of  projection  b  the  line  bfp  be  drawn 
"xmen  the  focus  ofUny  one  of  the  parabolas,  as  of  bym,  cut- 
'g  the  parabola  aps  in  p,  tTien  will  the  curve  bvm  touch  the 
rre  APSt'n  p.  For,  if  we  drfiw  "Piz  parallel  to  ab,  cutting  tlie 
"ectrix  02  of  the  parabola  aps  in  z,  and  the  directrix  ad  of  the 
rabola  bvm  in  i,  then  will  pb  =  vz,  by  the  nature  of  the  pa- 
>ola:  but  BF  =  BA  =  AO=:te;  therefore,  pb  — bf=p2  — ^z, 
PF  =5  pjj  and  the  point  p  is  in  the  parabola  bvm.    And  since 
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ihe  tangento  to  both  parabolas  in  p  bisect  the  angle  tPB, 
coincide:  consequently  the  two  parabolas,  having  a  coDUMil| 
tangent  in  p,  touch  each  other  at  that  point  ' 

Cor.  Ail  the  parabolas  which  can  be  described  l»y  a  boJ^ 
projected  from  B,  with  the  velocity  acquired  by  falling  frMiA|| 
to  By  will  touch  the  concavity  of  the  parabola  aps,  and  b 
wholly  within  it 

VI .  p  / « the  most  distant  pdittt  of  the  line  pb  which  can  be  simk 
by  a  body  ptvjectedfrom  a  with  the  velocity  due  to  the  Asfk 
AB.  For,  if  the  direction  be  more  elevated  than  Br,  the  mm 
of  the  parabola  which  the  body  would  describe  will  lie  betimi 
V  and  A,  and  the  parabola  will  touch  aps  in  some  point  b^ 
tween  a  and  p;  so  that,  being  wholly  wiihin  the  parabola  AH^ 
it  must  intersect  the  line  bp  in  some  point  nearer  to  b  than  n 
1(,  on  the  contrary 9  the  direction  is  less  elevated  than  BC,  lk 
parabola  described  by  the  projectile  will  touch  APt  in  soB 
point  belo  ■  p,  and  wUly  khereforey  cut  bp  in  some  point  not » 
far  distant  from  b  as  p. 

VII.  The  parabola  aps  15  the  locus  of' the  greatest  rangu  as 
Mny  planes  bp,  bs,  6fc.  and  no  point  lying  without  thisparMk 
can  be  stmck  while  the  initial  velocity  remains  unchangetL 

VIII  To  produce  the  greatest  range  on  any  plane  bp,  fk 
line  of' direction  bc  must  bisect  the  angle  obp  formen  by  thM 
plane  and  the  vertical:  for  in  this  case  the  parabola  deaciibed 
by  the  body  touches  aps  in  p,  and  its  focus  is  in  the  line  BTi 
consequenUv  tlie  tangent  bc  bisects  the  angle  obp. 

Cor.  On  a  horizontal  plane  the  greatest  range  is  m  demhe^ 
the  elevation  is  45*  or  half  a  right  angle.  And  that  greeted 
range  is  4  times  the  height  of  th  parabola  which  pioducesit. 
Because  f  the  parameter  is  4  times  the  distance  from  the  focus  to 
the  vertex, 

IX.  A  point  M  m  any  plane  as,  lying  betxveen  b  and  a,  BMjf 
be  struck  with  two  directions  bc  and  bc  ;  and  these  direcikms 
are  equidistant  from  the  direction  Bt  which  gives  the  g»eaM 
random  on  that  plane.     For,  with  centre  m  and  radius  ml  (dw 
nearest  distance  to  the  directrix)  let  a  circle  LF/*be  described; 
it  will  manifestly  either  touch  or  cut  the  circle  ahk  in  two 
points  F  andy*,  which  are  the  foci  of  two  parabolas  bvm,  bmI^ 
having  the  directrix  al,  and  diameter  abk.     Here  the  interaec- 
tions  of  the  circle  odb  with  the  verticab'FC,ycy  determine  tbi 
directions  bc,  bc,  of  the  tangents.     Now,  draw  At  parallel  Ift 
Bs,  and  join  ^b,  cc,  f/*;  then  is  qB^=ioBS,  and  Bt  the  duredka 
which  produces  die  greatest  range  on  the  plane  Bs:  but^lft 
being  a  chord  of  the  circles  described  about  the  centres  ■-■■f 
M,  is  perpendicular  to  bm;  as  is  likewise  cc  to  A/;  and  Mil 
c^=:arcb  ct ;  and  therefore  the  angle  jCB^sangle  cBt* 
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Cor.  On  a  horizontal  plane,  the  ranges  are  equal  at  angles 
of  direction  equidistant  from  45^ ;  as  at  40^  and  60^,  *^5*  and 
Q5*,  &c.  the  impetus  being  given. 

X .  Every  velocity  of  projection  ha*  a  corresponding  set  of 
paraholaSy  with  their  directions  and  ranges,  ana,  csceris  pa- 
ribus, the  ranges  on  any  plane  are  as  the  squares  of  the  initial 
velocities  For,  every  magnitude  of  velocity  has  an  an  etus 
AB  corresponding  to  it:  and,  as  the  height  due  to  any  velocity 
increases  or  diminishes  in  the  duplicate  ratio  of  that  velocity,  it 
10  obvious  that  all  the  ranges  with  a  given  direction  will  vary  in 
the  same  ratio. 

252.  Prop.  To  exhibit  the  relations  between  all  the  cir^ 
tumstances  of  velocittfy  elevation^  position,  range,  greatest 
he^ht,  and  time. 

Suppose  a  ball  or  shell  projected  from  A  (fig.  12.  pL  XL) 
with  the  velocity  due  to  the  height  cA,  in  order  to  strike  the 
nark  n  situated  in  the  given  line  ab.  Make  Az  =  4a'  »  and 
draw  BU  parallel  to  it,  or  perpendicular  to  fhe  horizon.  On 
SA.  describe  a  circular  segment  zAn  containing  an  angle  zda 
^  il  DBA,  and  draw  ad  to  the  intersection  of  this  circle  with 
BD.:  then  will  a  body  projected  from  a,  in  the  direct  on  ad, 
with  the  velocity  due  to  the  heisht  CA,  strike  the  '^^ro.t  b. 
For,  produce  ca  downwards  till  bf  drawn  paralk-i  to  da 
meets  it  in  f  ;  and  join  zd:  then,  it  is  manifest  horn  the  con- 
Atniction  that  the  ansles  adz  and  DBA  are  equal,  as  likewise 
AZD  and  DAB;  that  ^b  touches  tlie  circle  in  a,  and  that  the 
triangles  zad,  adb,  are  similar. 

Hence  nn  :  da  : :  oa  :  AZ 
And  DA^riBD  •  az 
Consequently  bf^  =  af-az=af*  4ac  : 
Therefore  a  parabola  which  has  af  for  a  diamete*^  and  AZ  it« 
parameter,  will  pass  through  b,  and  this  purdbola  will  be  the 
path  of  the  projectile. 

But  when  np  cuts  liie  circle  zda,  it  cuts  in  •  wo  po  ts  d,  d; 
80  that  there  are  two  directions  which  will  solve  the  pn^bleni. 
If  b'^d^  only  touch  the  circle  iu  d^  there  is  but  one  dircctioB, 
and  ab^  is  the  maximum  range  with  this  velocity.  I  f  the  ver- 
tical through  B  does  not  meet  the  circle,  the  problem  i'  im- 
possible; the  initial  velocity  being  too  small.  When  bV 
touches  (he  circle,  ihe  two  directions  ad',  a<^  coale  ce  mto 
one,  producing  the  greatest  range,  and  bisectm*:  the  aii^^le  zab; 
-Hid  (he  other  two  directions  AD,  Ad,  produ4-..n«>  ihe  same 
nnge  ■  ;i,  are  equidistant  from  ad';  agreeably  to  N>>s.  viii.  ix. 
of  the  pieceding  article. 

Now,  to  deduce  tk«  relationrflH 
teation  to  the  directioa  ad  btH 
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That  AS :  AD  :  :  sin  ads  :  tin  axd  : :  ttn  dba  :  tin  dab  : :  sin  p  :  tia  ■ 

AD  :  DB  :  :  sin  DBA  :  sin  dab:  : • sinvtsms    - 

DB  :  AB  ;:  sin  dab  :  sin  Adb  :: sinx:s!ni 

Therefore  comp.  ae  :  ab  : :  sin  *p  •  sin  b  t  sin  *e  •  sin  s  : :  sin  *p  :  sin  x  •  tin  s. 

Or  4i :  R  : :  sin  *p  :  sin  £  *  sin  z, 
whence  4i  •  sin  b  •  sin  z  :r  R  •  sin  *p. 
This  equttion  obviously  comprises  the  relations  of  E,  i,  Pj  n, 
and  z. 

Let  us  next  determine  the  time  of  flight ;  which  is  equal  to 
the  time  of  describing  ad  uniformly,  or  of  falling  through  OB. 
Now,  since,  ab  :  db  : :  sin  adb  :  sm  dab  :  sin  z  :  :  sin  e,  wt 

have  DB  =  — '". ,    Here  db  is  equal  to  «  in  the  genenl 

equations  =ig^ (art.  243.):  therefore — rr =  ig^l  «id 


consequently  t  =     /jL 


sini 
sin  B 


ig  •  sin  1 

Lastly,  to  find  the  greatest  height  (h)  of  the  projectile  above 
the  plane;  draw  from  q  the  middle  point  of  ab,  the  lias 
QTt  parallel  to  bdcI  :  then,  by  a  well  known  property  of  ik 
parabola,  qp=:pt,  or  QT  =  2qp  ;  and  by  similar  triaagki 
AQ  :  QT  : :  ab  (  =  2aq)  :  bd  s  2qt  =  4qp  =  4h.  But  As: 
BD  : :  sin  z  :  sin  E  : :  R :  4h  ;  consequently  4h  •  sin  z=R  •  sin || 

,  B  •  sin  B 

and  H  =  -7-^ • 

4iinB 

Let  us  now  take  from  the  general  equations,  art.  249.  tbs 
value  of  V  =  v/  2g«,  from  which,  because  5  =  i  in  the  preseot 
case,  and  v  =  v,  we  shall  have  v  =  \/2gi ;  and  comparmg  tb 
with  the  preceding  equations  in  this  article,  we  may  throw  to- 
gether the  general  theorems  relating  to  projectiles,  thus : 

Projectiles,  on  Oblique  Planes. 

—  "^  '  *'"  *     1  —  »in  B  sin  g  ^  _.  f  sin  1  ,-  ,^  4  sin  1 
^""       sin'p  *"•     fesin'F    ^""  asinB  '^""liTT"' 

^     ®  ^SsinBsinz  SsinB  sioE  V  S5" 

2 tin  B      /Si  3 sin  b  /9  sin  bb  /2h 

sinp^    g  gsinp  ^    gtxnz        ^  g  * 

sinB  sin*B  sin*B      &      .      • 

H  =  T-'—^  =  -^"^r- 1  =  -    ■   ,  V*=:toTV 
4  sins  siD*p  iZfsin*p  >^ 

—  sin*P  -,-  ^*    _    ^  •''*  *'      %       ""  *^ 
4  Sin  B  Sin  a  2g  8  sin  *b  sin  *B 

And  from  many  of  these  the  angle  of  elevation  may  readily  be 
found  *• 

*  The  case  in  which  the  plane  on  which  the  ball  falls  does  not  pass 
tUrou^  the  point  of  prqjection,  though  oot  considered  above,  is  very  eaiily 
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253.  When  the  plane  ab  ia  horizontal,  the  angle  DBA  r=  p 

tr  1^0%  and  its  sine  radius ;  also  angle  zad  s  z,  becomes  =: 

comp.  E;  therefore^  since  sin  b  cos  £  =  2 sin  2k,  sin*  Err 

.22  vers  aiaSSy  andsiu-rcosstan^  the  preceding  theorems  vrill 

assume  the  following  shape  whoa  applied  to 

Projectiles,  on  Horizontal  Planet. 

B=4i  sins  cosB  =  2i  sin 2e  =^  ■*'"^'  v*=  -^  =  -^- 

;               dams        unjB 
T:s2sinB    /— =     / =  V  =  2    / . 

H  =  j-tan  £R  =  i  sin^  = j- v*=|gT*. 

J  ^         B        ,,  ^    ^ 1. ^_        "        _•  * , 

StinSs       a^         leveiftinaa  tia<j>        8Tersatii2B 

And  from  many  of  these,  again,  die  angle  of  elevatiQn  may 
aoon  be  found.  Here  too,  as  in  the  instance  of  falling  bodies, 
g  may  be  taken  s  32,  without  leading  to  any  important  error. 

Cor.  1.  In  horizontal  ranges,  if  £=:4/>%  we  nave  Rr:4Hs=: 
8i:  consequently,  the  maximum  range  on  a  horizontal  plane 
is  equal  to  double  the  impetus^  or  to  four  times  the  greatest 
height  of  the  projectile  above  the  plane;  the  impetus  l^ing,  in 
that  case,  double  the  greatest  hei^t.    Vide  No.  viii.  art.  ibO. 

CoR.2.  When  £=:45%  its  sine  is  =  v^|;  tlierefore  T  = 

«l/-i.s34v^».i  nearly=:-35S56v^ I  nearly. 

constructed.  Let  a  be  the  point  from  which  the  ball  is  prcjected»  CB  the 
ifnf>etiis  (the  figure  may  be  readily  conceived  and  drawn),  CH  the  piaoe^ 
whether  horizontal  or  mcliued  (and  not  passing  through  a)  on  which  the 
hftU  is  to  foil,  and  bd  the  direction  in  which  it  is  projected  from  b.  Draw 
ar  making  the  angle  obf  =  dbc,  and  upon  it  take  bf  =  bc  j  then  is  p 
eridently  tlie  focus  of  the  parabolic  trajectory  of  the  bail.  Draw  from  f  a 
line  Fi  Ho  meet  gh  perpendicularly  in  I,  and  produce  it  till  i/*=5  if. 
Through  c  draw  CR  an  indefinite  perpendicular  to  bc,  it  will  be  the  direc- 
trix of  the  parabola.  Produce  IF  upwards  to  meet  the  directrix  in  i ;  and 
on  cs  set  off  from  e  towards  r,  bk  a  mean  projportional  between  bf  and 
i/.  From  K  let  fall  kp  perpendicularly  to  cr,  it  will  meet  oh,  in  p,  the 
point  where  the  parabolic  curve  will  inbeneet  that  line,  as  required.  For, 
mmuse  by  construe.  ek*=bf  •  ^,  it  follows  that  ek  is  a  tangent  and  ^a 
Raant  to  the  circle  that  passes  through  the  points  k,  p,/:  consequently, 
lince  FP,  and/p,  are  equal,  it  follows  that  both  gh  and  kp  pass  tnrough 
the  centre  of  the  circle ;  and  thence  that  t  is  that  centre,  that  kp  =  pf, 
ttd  p  a  point  in  the  parabola.  The  fbrmalac  that  are  deducible  from  this 
cocMrooiion,  simple  aa  it  is»  are  rather  too  complex  for  insertion  in  the 
pmaoi  note :  th<Migh  the  computation  rec|uisite  for  any  paiticular  exaoiple 
Bay  be  readily  eooi]^h  drawn  from  the  diagram. 

VOLk  I.  p 
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Cor.  3.  When  the  initial  velocity  is  g^en  in  feet,  add  b  = 
45%  we  have  T'  nearly  =  -y|v  =  "044194  v. 

The  expressionfl  in  thb  and  the  former  corollary  may  be  nae« 
ful  to  the  bombardier  in  cutting  the  fuzes  of  bis  shelb  to  proper 
lengths,  so  that  they  may  just  burst  at  the  very  instant  diey  come 
to  the  object  fired  at. 

CoR.  4.  When  the  elevation  is  15%  we  have  sin  2b  = 
sin  30^=:}  :  consequently  R=sin  2B 21  =  } x 2i=:i«  That  is, 
at  an  elevation  of  1 5%  the  range  on  a  horizontal  plane  is  eqml 
to  the  impetui. 

CoR.  5.  When  the  elevation  is  75"*  the  horizontal  ram  it 
equal  to  the  impetus.  For  15^  and  75^  are  equidbtant  nom 
45%  and  therefore  the  ranges  at  those  elevations  are  equal. 

CoR.  6.  In  many  cases,  where  in  appearance  a  body  has  oot 
received  any  impulsion,  but  is  abandoned  to  the  sole  action  of 
gravity,  the  body,  notwithstanding,  describes  a  parabola  fkt 
a  projectile.    Tliis,  for  example,  is  the  case  with  a  body  let  ftU 
from  the  top  of  a  ship's  mast  when  the  vessel  is  in  motion.    If 
we  notice  the  point  on  the  deck  where  the  body  falls,  we  dall 
find  it  no  further  distant  from  the  mast  than  it  would  hafS 
been  had  it  fallen  from  the  top  when  the  ship  was  at  andor; 
so  that  with  regard  to  the  mast  the  body  has  described  a  right 
line  parallel  to  it :  but  with  respect  to  a  spectator  situated  at 
rest  out  of  the  vessel,  it  has  really  described  a  parabola,  ab- 
stracting, as  in  the  case  of  projectiles,  from  the  resistance  of  the 
air.     For,  wheu  the  body  is  abandoned  to  the  action  of  gravity, 
it  has  the  same  velocity  as  the  vessel  has,  since  they  were  pre- 
viously moving  on  together :  its  actual  motion  is,  therefore,  the 
same  as  though  the  vessel  were  immoveable,  and  the  body  were 
projected  horizontally  with  a  velocity  e^ual  to  that  with  which 
the  vessel  moves,  and  in  the  same  direction. 

Other  corollaries  which  flow  naturally  from  the  preceding 
propositions  and  theorems  may  be  deduced  by  the  student  at 
his  leisure. 

On  the  Ricochet. 

254.  Def.  The  Ricochet  is  a  motion  by  which  a  projectile, 
after  having  struck  any  obstacle  whatever,  is  so  reflected  as  to 
recommence  a  motion  similar  to  that  M'hich  \\  had  at  first.  The 
word  signifies  duck-and-drake,  or  rebounding ;  because  when  a 
ball  has  this  motion  it  goes  bounding  along,  striking  the  ground 
several  times,  like  the  bounding  of  a  flat  stone  along  the  surface 
of  water,  when  thrown  almost  horizontally.  In  Ricochet  firing 
th6  ball  is  projected  widi  small  charges,  and  at  elevations  gene- 
rally between  3  and  7  degrees.  What  little  we  shall  advance 
on  this  species  of  projectUe  motion  will  be  chiefly  illustrative. 
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I.  The  less  the  angle  of  elevation  at  which  the  ball  is  project- 
edy  the  more  (cateris paribus)  is  it  in  the  state  for  the  ricochet: 
for  then  the  force  of  projection  being  exercised  more  entirely 
in  the  horizontal  direction,  will  take  much  more  time  before  it 
18  eztinguidied  bjr  the  resistance  of  the  air  and  other  obstacles. 
If  the  projectile  were  entirely  void  of  elasticity,  and  the  surface 
on  which  it  &lls  were  horizontal,  and  inflexible^  there  would 
then  be  no  ricochet :  because,  the  velocity  of  the  projectile  when 
it  arrives  at  c  (fig.  1.  pL  XIL)  according  to  any  curection  mc, 
may  be  decomposed  mto  two  others :  of  which  the  one  qc 
perpendicular  to  the  suriace  will  be  simply  destroyed  without 
anv  restitution^  the  body  having  no  springiness ;  while  the  other 
velocity  Pc  subsists  alone,  (abstracting  from  friction  and  the 
air's  resistance),  and  the  body,  instead  of  bounding,  will  slide 
alons  cz, 

IL  But  if  Acre  should  be  an  eminence  ce  (fig.  2.  pL  XIL) 
at  the  point  c  where  the  body  strike)  th^  surface,  the  motion 
according  to  mc  will  then  be  decomposed  into  a  motion  qc 
perpendicular  to  the  surface  cb  of  this  obstacle,  and  another 
PC  in  the  direction  of  that  surftce,  by  which  the  moveable  will 
advance  in  the  direction  pe,  and  may  describe  after  quitting 
the  point  E  a  new  curve  of  die  same  nature  with  that  which  it 
would  describe  if  it  were  projected  from  the  gim  at  e  with  the 
.  same  velocity ;  and  this  in  such  manner,  that  a^ter  it  is  elevated 
to  a  certain  point  it  may  again  descend  and  strike  the  earth  in 
a  new  point  1,  where  it  may  recommence  a  similar  motion  if  the 
circumstances  are  similar :  and  so  on. 

III.  If  the  obstacle  is  flexible  or  moveable,  as  the  earth,  virater, 
&c.  there  may  be  a  ricochet  even  when  the  surface  is  perfectly 
horizontal.  For  the  moveable  tends  by  its  vertical  velocity  qc 
(fig.  S.  pi.  XII.)  to  plunge  itself  more  or  less,  according  to  the 
nature  of  the  obstacle ;  while  with  the  velocity  represented  by 
PC  it  ploughs  its  way,  and  forms  a  furrow  of  which  the  depth 
continues  to  increase  till  the  vertical  velocity  qc  is  extin- 
guished. Then,  by  virtue  of  the  velocity  remaining  in  the  ho- 
rizontal direction,  it  thrusts  before  it  the  matter  which  opposes 
it,  and  becomes  gradually  turned  towards  the  side  where  it  has 
the  least  resistance :  thus,  in  its  return  from  its  greatest  depth, 
the  cavity  of  the  furrow  operates,  with  respect  to  the  body,  in 
the  same  manner  as  the  obstacle  CB  (fig.  2.)  in  the  preceding 
case.  Now  as  the  facility  of  the  escape  from  the  eartn  or  other 
obstacle  is  the  greater  (cat.  par.)  as  the  total  depth  of  the 
furrow  is  less,  and  as  this  depth  depends  on  the  vertical  ve- 
locity ac,  which  will  be  always  smaller  as  the  angle  mcp  is 
smaller,  or  as  tlM  angle  of  projection  b  smaller,  we  see  how  the 

p2 
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facility  of  the  ricochet  depends  upon  the  angle  of  projectioo 
being  small. 

IV.  The  ricochet  likewise  depends  much  upon  the  figure  of 
the  projectile.  IF  we  want,  for  example,  a  ricochet  on  the  water, 
and  the  projectile  were  globular ;  in  order  to  this  the  velocity 
MC  must  be  such  that  the  vertical  velocity  qc  may  be  entirely 
consumed  before  the  vertical  diameter  of  the  sphere  is  com- 
pletely immersed  :  for,  if  once  it  is  covered  with  water,  the  re- 
sistance of  the  fluid  will  act  equally  on  all  sides  the  directi<Hiof 
the  projectile,  in  such  a  manner  that  it  can  only  be  turned  in 
consequence  of  the  action  of  gravity,  which  will,  dierefore^  bt 
a  direct  impediment  to  tlie  ricochet. 

V.  As  the  plunging  can  only  be  made  successively  or  {[ra- 
dually,  it  is  manifest  that  during  the  time  in  which  it  is  going 
on  the  centre  of  the  ball  will  describe  a  curve  line ;  for  tiie 
direction  in  which  the  resistance  is  made  changes  continuaUy. 
If,  for  example,  when* the  centre  c  (fig.  10.  pi.  XL),  after 
having  descrilied  any  track  whatever  pc,  tends  to  move  accord- 
ing to  the  prolongation  ci  of  its  actual  direction,  we  conceive 
two  tangents  BR,  Ds,  parallel  to  that  direction;  it  is  evident 
that  only  the  part  bvl  is  subjected  to  the  resbtance ;  and  that, 
the  body  being  spherical,  the  resultant  CK  of  all  the  resbtances 
offered  to  the  different  points  of  the  surface  bvl  has  a  direc- 
tion which  tends  to  elevate  the  body  above  ci ;  in  such  manner 
that  ciEK  may  be  the  parallelogram  of  forces,  and  ce  vrill  be 
the  path  the  body  will  take,  instead  of  ci,  abstracting  frona  die 
effect  of  gravity. 

VI.  Lastly,  if  both  the  projectile  and  the  obstacle  are  flexible, 
or  both  springy,  these  circumstances  will  still  further  contri- 
bute to  the  facility  of  the  ricochet.  To  take  a  very  simple  in- 
stance— Suppose  that  the  projectile  only  is  flexible,  and  that  it  is 
perfectly  elastic,  or  restores  itself  with  a  force  equal  to  diat  of 
compression ;  still  abstracting  from  the  consideration  of  gravity. 
At  the  instant  in  which  the  body  moving  in  the  direction  AC 
(fig.  4.  pi.  XII.)  touches  the  surface,  its  velocity  is  resolved  into 
a  horizontal  velocity  oc,  which  subsists  always  the  same  (dis- 
regarding friction),  and  the  resistance  of  the  medium  in  which 
the  body  moves :  but  the  vertical  velocity  pc  tends  gradually 
to  compress  tlie  body  itself,  becoming  graduaUy  extinguished, 
while  tnat  represented  by  qc  subsists  unchanged ;  so  that  it  is 
clear  that  the  centre  c  approaches  the  plane  hz  by  degreer, 
which  are  continually  diminishing,  while  the  degrees  by  which 
it  advances  parallel  to  that  plane  remaiu  constant :  if,  therefore, 
we  conceive  at  every  instant  a  parallelogram  of  fbrces  con- 
structed, of  which  the  horizontal  side  is  to  the  vertical  sidt  as 
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the  horizontal  velocity  to  that  which  remaiiM  in  the  Tertical 
direction,  die  diagonal  of  this  parallelogram,  which  will  indi- 
cate for  each  instant  the  route  of  the  centre  c,  will  be  differ- 
entlj  situated,  so  that  the  centre  will  approach  to  zh  by  de- 
tcribins  a  curve  line  cr  during  the  Ume  of  the  compression: 
when  the  compression  ceases  the  centre  c  will  move  for  an  in- 
stant on  a  tangent  parallel  to  hz  ;  after  which  the  elastic  force 
of  the  body  counteracting  that  of  compression  restores  to  the 
body  gradually  the  velocity  by  which  it  moves  from  the  plane, 
in  the  mverse  order  of  the  degrees  by  which  it  approached  the 
plane ;  and  so  causes  ifs  centre  to  describe  the  second  branch 
BO  of  the  curve,  equal  and  similar  to  cr.  Finally,  when  it 
has  arrived  at  the  point  o,  whose  distance  from  the  plane  hz 
is  equal  to  the  radius  ci,  it  will  move  on  according  to  the 
tangent  ot  situated  in  the  same  manner  as  AC.  Hence,  tlien, 
the  oblique  stroke  of  an  elastic  body  upon  an  inflexible  and  im- 
moveable plane  is  made  (abstracting  from  gravity)  in  such  man- 
ner that  the  ansleof  reflexion  is  equal  to  the  angle  of  incidence, 
these  two  angles  being  measured  by  those  contained  between 
the  horizontal  plane  and  the  tangents  at  the  extremities  c  and 
o  of  the  curve  described  by  the  centre  during  the  compression 
and  the  restitution  of  the  spring ;  and  this  curve  is  always  the 
smaller  as  the  compression  and  restitution  approach  the  more 
nearly  to  being  instantaneous. 

VII.  If  we  pay  regard  to  gravity,  and  bd  is  the  line  accord- 
ing to  which  the  body  is  projected,  it  will  describe  the  portion 
DC  of  the  parabola  whose  tangent  is  bd  just  when  the  body 
touches  the  plane;  and  when  the  compression,  &c.  has  ceased 
and  the  centre  arrives  at  o,  it  will  describe  another  portion  so 
of  a  parabola,  equal  to  the  former,  and  similarly  situated. 

VIII.  Friction  likewise  contributes  to  the  facility  of  the 
Ricochet ;  because  it  gives  to  the  moveable  a  rotation  which 
enables  it  to  surmount  more  easily  the  difitrent  obstacles  it 
meets  with.  Such  are  the  causes  and  the  principal  circum- 
stances of  the  ricochet :  we  have  attended  to  them  rather  mi- 
nutely, tliough  popularly,  because  the  principles  here  applied 
may  often  t>e  directed  by  the  student  to  other  motions  which 

frequently  occur. 

SCHOLIUM. 
255.  The  theory  of  the  motion  of  projectiles  just  exhibited 
depends  upon  tliree  suppositions,  all  of  which  are  inaccurate. 
1st.  That  the  force  of  gravity  b  the  same  in  every  point  of  the 
curve.  2dly.  That  it  acts  in  parallel  lines.  3dly.  That  the 
body  moves  in  a  non-resisttng  medium.  Of  tfar**  •■mrw^sitioni*, 
however,  the  two  first,  as  we  observed  ir 
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error  which  deserves  notice :  but  the  third  is  a  source  of  con- 
siderable difference  between  this  theory  and  experiments,  par- 
ticularly when  the  initial  velocity  of  the  projectile  isjrreat.  The 
resistance  of  the  air  is  variable^  according  to  the  different  velo- 
cities and  magnitudes  of  the  projectiles :  on  diis  account  the 
trajectory  of  the  projectile  is  not  a  parabola,  nor  any  known 
and  r^ular  cnn'e ;  its  vertex  is  not  in  the  middle,  but  more 
remote  from  the  point  of  projection  than  from  the  other  extre- 
mity; and  the  part  of  the  trajectory  through  which  the  body 
descends  is  less  curved  than  that  through  which  it  ascends. 
These  circumstances  are  very  perceptible  to  the  sight  in  die 
modon  of  stones,  arrows,  balls,  and  shells  ;  and  even  in  a  jet 
of  water  or  mercury  we  may  trace  the  same  particulars,  unless 
the  velocity  be  small,  when  the  path  nearly  coincides  with  a 
parabola.  Besides  this,  a  body  projected  with  any  consider- 
able velocity  is  not  only  deflected  from  a  parabolic  path  in  a 
vertical  direction,  but  is  made  to  deviate  laterally,  and  change 
the  plane  of  motion :  in  some  experiments  indeed  diis  deviatioii 
,  has  been  equal  to  -^  or  {^  of  the  actual  range.  Such  material 
dbcrepances  between  the  theory  and  practice  have  induced 
several  philosophers,  at  different  time.v,  to  institute  courses  of 
experiments,  in  order  to  improve  the  theory  by  a  comparison 
with  their  results:  the  most  extensive  and  important  of  these 
are  the  experiments  by  Messrs.  Robins,  Thompson,  and  Dr. 
Hutton ;  for  accounts  of  them  the  reader  may  advantageously 
consult  Robins's  Gunnery,  or  Brown's  Translation  of  EuWs 
Gunnery,  Phil.  Trans,  for  1778  and  178 1,  and  Hutton's Tracts, 
Dr.  Hutton  has,  likewise,  touched  upon  this  subject  in  the 
second  volume  of  his  Course  of  Mathematics ;  and  as  what  he 
has  there  given  contains  much  practical  information  in  a  small 
compass,  we  shall  extract  an  article  or  two,  as  peculiarly  appro* 
priate  to  the  subject  before  us. 

256.  ''  Before  the  propositions  can  be  applied  in  resolving 
tlie  several  cases  in  the  practice  of  gunnery,  it  is  necessary  that 
some  more  data  be  laid  down,  as  derived  from  good  experiments 
made  with  balls  or  shells  discharged  from  cannon  or  mortars, 
by  gunpowder,  under  different  circumstances.  For  without 
these  those  theorems  can  be  of  very  little  use  in  real  practice, 
on  account  of  the  iuiperfections  and  irregularities  in  the  firing 
of  gunpowder,  and  the  expulsion  of  balls  from  guns,  but  more 
especially  ou  account  of  the  enormous  resistance  of  the  air  to  all 
projectiles  that  are  made  with  any  considerable  velocities.  As 
to  tne  cases  in  which  projectiles  move  with  small  velocities,  or 
^uch  as  do  not  exgeed  200,  or  300,  or  400  feet  per  second,  they 
may  be  resolved  tolerably  near  the  truth  by  the  parabolic  theorjr 
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laid  down  above.  But  in  cases  of  great  projectile  velocities  it 
is  quite  inadequate,  without  the  help  of  several  data  draWn  from 
many  and  good  experiments.  For  so  great  is  the  effect  of  the 
resistance  of  the  air  to  projectiles  of  considerable  velocity,  that 
some  of  those  which  in  the  air  range  only  between  2  and  S  miles 
at  the  most  would  in  vacuo  range  about  ten  times  as  far,  or 
between  20  and  30  miles. 

**  The  effects  of  this  resistance  zre  also  various,  according 
to  the  velocity,  the  diameter,  and  the  weight  of  the  projectile. 
So  that  the  experiments  made  with  one  size  of  ball  or  shell  will 
not  serve  for  another  size,  though  the  velocitv  should  be  the 
same;  nor  will  the  experiments  with  one  velocity  serve  for 
other  velocities,  though  the  ball  be  the  same.  And  therefore 
it  is  plain  that,  to  form  rules  for  practical  gunnery,  we  ought 
to  have  good  experiments  made  with  each  size  of  mortar,  and 
with  every  vai'iety  of  charge,  from  the  least  to  the  greatest. 
And  not  only  so,  but  these  ought  also  to  be  repeated  at  many 
different  angles  of  elevation,  namely,  for  every  single  degree  be- 
tween 30^  and  G0°  elevation,  and  at  intervals  of  5^  above  60*  and 
below  30*^,  firom  the  verticsd  direction  to  point-blank.  By  such 
a  course  of  experiments  it  will  be  found  that  the  greatest  range, 
instead  of  being  constantly  that  for  an  elevation  of  45%  as  in  the 
parabolic  theory,  will  be  at  all  intermediate  degrees  between 
45*  and  30^,  bemg  more  or  less  bodi  according  to  the  velocity 
and  the  weight  of  the  projectile;  the  smaller  velocities  and  larger 
shells  ranging  farthest  when  projected  almost  at  an  elevation 
of  45" ;  while  the  greatest  velocities,  especially  with  the  smaller 
shells,  range  farthest  with  an  elevation  of  about  30^. 

257*  ''There  have,  at  dmerent  times,  been  made  certain 
small  parts  of  such  a  course  of  experiments  as  is  hinted  at  above. 
6ueh  as  the  experiments  or  practice  carried  on  in  the  year  1 773, 
on  Woolwich  Common ;  in  which  all  the  sizes  of  mortars  were 
used,  and  a  variety  of  small  charges  of  powder.  But  they  were 
all  at  the  elevation  of  45'' ;  and  consequently  these  are  defective 
in  the  higher  charges,  and  in  all  the  other  angles  of  elevation. 

^  Other  experiments  were  also  carried  on  in  the  same  place 
in  die  years  1784  and  1786,  with  various  angles  of  elevation 
indeed,  but  with  only  one  size  of  mortar,  and  one  only  charge  of 
powder,  and  that  but  a  small  one  too :  so  that  all  those  nearly 
agree  with  the  parabolic  theory.  Other  experiments  have  also 
been  carried  on  with  the  ballistic  pendulum,  at  different  times ; 
from  which  have  been  obtained  some  of  the  laws  for  the  quan- 
tity of  powder,  the  weight  and  velocity  of  the  ball,  the  length  of 
tfie  gun,  &c.  Namely,  that  the  velocity  of  the  ball  vajries  as  the 
square  root  of  the  charge  directly,  and  as  the  square  root  of  the 
weight  of  ball  reciproc^y ;  and  that  some  rounds  being  fir^ 
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nvilh  a  medium  Idagtfa  of  one-pouiadfir  gun,  at  15*  and  45^  de« 
tataon.  and  wkb%  4,  S,  and  12  oances  of  powder,  gave  nearly 
the  WocitieSy  fanges,  and  tiiaes  of  flight,  a«  they  are  heve  lal 
down  in  the  f oJlowiog  Table. 


Powder. 


tm 


oz. 
2 

4 

8 

12 

£ 


ElevatioQ 
of  guu. 


15<^ 

15 

15 

15 

45 


Velocity 
of  ball. 


feet 
860 
1230 
1640 
1680 
860 


Range. 


Time  of* 
flight 


feet. 
4100 
5J00 
6000 
6700 
5100 


12 
14J 
1S| 
21 


\ 


*^  But  as  we  are  not  yet  provided  with  a  sufficient  nombar 
and  variety  of  experiments  on  which  to  establish  true  rules  finf 
practical  gunnery,  independent  of  the  parabolic  theory,  wa 
must  content  ourselves  with  the  data  of  some  one  certain  experi« 
mented  range  and  time  of  flight  at  a  given  angle  of  elevation; 
and  then  by  help  of  these  and  the  rules  of  the  parabolic  tbeoryi 
determine  the  like  circumstances  for  other  elevations  that  are 
not  greatly  different  from  the  former.'' 

A  copious  and  most  interesting  account  of  the  whole  of  Dr^ 
Hutton's  experiments,  may  now  be  seen  in  the  2d  and  3d  vols* 
of  his  Svo  Tracts,  recently  published.  From  these  we  venture 
to  extract,  farther^  the  following  summary  of  important  deduc* 
tions. 

'M.  From  a  general  inspection  of  this  second  course  of  these 
experiments  it  appears,  that  all  the  deductions  and  observations 
made  on  the  former  course,  are  here  corroborated  and  strength- 
ened, respecting  the  velocities  and  weights  of  the  balls,  and 
charges  of  powder,  &c.  It  further  appears  also,  that  the  ve? 
locity  of  the  ball  increases  with  the  increase  of  charge  only  to 
a  certain  point,  which  is  peculiar  to  each  gun,  where  it  is  greatr 
est;  and  that  by  further  increasing  the  charge,  the  velocity 
gfadually  diminishes,  till  the  bore  is  quite  full  of  powder*  That 
wis  charge  for  the  greatest  velocity  is  greater  as  the  gun  is 
longer,  bul  yet  not  greater  in  so  hi^h  a  proporiion  as  the  length 
of  the  gun  is ;  so  that  the  part  of  the  bore  filled  with  powder, 
bears  a  less  proportion  to  the  whole  bore  in  the  long  guu«, 
^ban  ^t  does  |n  th^  shorter  ones  \  th^  part  which  is  £Uid  ht\\\^ 
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indeed  nearljr  in  die  inverse  rado  of  the  square  root  of  tke 
empty  part. 

**  2.  It  appears  that  the  velocity,  with  equal  charges,  always 
increases  as  the  gun  is  longer;  though  the  increase  in  velocity 
is  but  very  small  in  comparison  to  the  increase  in  length;  the 
velocities  being  in  a  ratio  somewhat  less  thaI^that  of  the  square 
roots  of  the  length  of  the  bore,  but  greater  than  that  of  the 
cube  roots  of  the  saQie,  and  is  indeed  nearly  in  the  middle 
ratio  between  the  two. 

'^  3.  It  appears,  from  the  table  of  ranges,  that  the  range  io* 
creases  in  a  much  lower  ratio  than  the  velocity,  the  gun  and 
elevation  being  the  same.  And  when  this  is  compared  with 
die  proportion  of  the  velocity  and  length  of  gun  in  the  last 
paragraph,  it  is  evident  diat  we  gain  extremely  little  in  the 
range  by  a  great  increase  in  the  length  of  the  gun,  >^ith  the 
same  cluuge  of  powder.  In  fsict,  the  range  is  nearly  as  the  iltb 
root  of  the  length  of  the  bore;  which  is  so  sniall  an  met i as., 
as  to  amount  oiuy  to  about  a  7di  part  more  range  for  a  double 
length  of  gun.— From  the  same  table  it  also  appears,  that  the 
time  of  the  ball's  flight  is  nearly  as  the  range ;  the  gun  and 
elevation  being  the  same. 

**  4.  It  has  been  foimd,  by  these  experiments,  that  no  differ- 
ence is  caused  in  the  velocity,  or  rang^,  by  varying  the  weight 
of  the  gun,  nor  by  the  use  of  wads,  nor  by  different  degreea  o^ 
ramming,  nor  by  firing  the  charge  of  powder  in  different  parts 
of  it.  lout  that  a  very  great  difference  in  the  velocity  arises 
from  a  small  degree  in  the  windage :  indeed  widi  the  usual 
entablished  windage  only,  viz.  about  ^^  of  the  calibre,  no  less 
than  between  -f  and  ^  of  the  powder  escapes  and  is  lost:  and 
as  the  balTs  are  often  smaller  than  the  regulated  size,  it  fre* 
quently  happens  that  half  the  powder  is  lost  by  unnecessary 
windage.'^ 

The  valuable  work  from  which  the  above  quotation  is  taken 
will  tend  more  than  any  other  which  has  yet  appeared  to  pro- 
mote  the  true  theory  of  gunnery.  Yet,  it  must  be  ackaow- 
llMiged,  that  Dr.  Hutton's  experiments  and  investigations, 
excellent  as  they  are,  tend. by  no  means  so  completely  as  might 
be  wii^hed  to  the  determination  of  the  actual  path  of  a  military 
projectile.  But  it  is  hoped  that  much  additional  light  will  be 
thrown  upon  this  important  branch  of  enquiry,  in  the  course 
pf  die  new  experiments  on  gunnery  recently  devised,  and  now 
V^try'in^  on  at  WopUucli. 
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IIL  Descents  an  Inclined  Planes ^  and  Curve  Surfaces. 

258.  Prop.  The  force  which  accelerates  or  retards  the  nuh 
iion  of  a  body  uoon  an  inclined  plane  is  to  the  force  ofgravitjf 
as  the  height  oj  the  plane  to  its  length,  or  as  the  sine  qf  the 
plam^s  elevation  to  radius. 

Let  AD  (fig.  5.  pi.  XII.)  be  the  plane,  of  which  the  hei|^ 
is  BD|  and  the  length  ad;  and  let  c  be  the  place  of  a  body 
upon  the  plane.  From  c  draw  the  vertical  CG  to  represent  f 
the  accelerating  or  retarding  force  of  gravity,  accordmg  as  the 
body  is  supposed  to  be  moving  downwards  or  upwards,  and 
complete^  tbe  parallelogram  ccof:  now  the  force  cG  may 
obviously  be  resolved  into  the  two  cf,  ce,  of  which  the  former 
being  in  the  direction  perpendicular  to  the  plane  is  extinguished 
by  its  reaction,  but  the  latter  being  parallel  to  the  plane  has  its 
entire  etfect,  and  is  that  which  either  directly  co-operates  with 
or  ppposes  the  motion  of  the  body  along  the  plane.  But  die 
triangles  adb,  gce,  are  similar,  the  sides  of  the  latter  being  re- 
spectively perpendicular  to  die  sides  of  the  former :  thereforsi 
GC :  CE  : :  da  :  db  : :  rad  :  sin  dab.  And,  if  we  suppose  the 
bod^  at  any  other  pomt  &y  the  resolution  of  the  forces  wilt 
agam  fiumish  the  same  result.  Whence  the  proposition  is 
manifest. 

Cor.  1.  Since  the  accelerating  or  retarding  force,  on  tha 
same  plane,  is  in  a  given  ratio  to  that  of  gravity,  which  is  a 
uniform  force,  it  also  is  a  uniform  force.  . 

Co  a.  2.  Hence  the  laws  before  laid  down  for  accelerated 
and  retarded  motions  hold  good  for  those  on  inclined  planes : 
thusy  in  descending  along  the  same  plane,  or  planes  equally 
inclined,  the  velocities  acquired  are  as  the  spaces  descended 
from  quiescence ;  the  spaces  descended  are  as  the  squares  of 
the  velocities,  or  as  the  squares  of  the  times ;  and,  if  a  body  be 
thrown  up  an  inclined  plane,  with  the  velocity  it  acquired  in 
descending,  it  will  lose  all  its  motion,  and  will  ascend  to  the 
height  from  which  it  descended  in  an  equal  time,  and  will  re- 
pass any  point  of  the  plane  with  the  same  velocity  as  it  passed 
It  in  descending. 

CoR.  S.  If  A  represent  the  height  and  /  the  length  of  the 
plane,  the  accelerating  or  retarding  force  will  be  represented  by 

—  g ;  or,  if  the  angle  dab  be  denoted  by  e,  that  force  will  ba 

represented  by  g  sin  e.  Hence  if  we  substitute  this  for  g,  in 
the  values  of  s  and  v,  in  art.  243.  they  will  become  •s^s'ine 
J^^,  and  vzzgsin  et^^{2gs  sin  e)  :  and  the  equations  for  t 
will  undergo  similar  modifications.  These  will  enable  us  to 
deduce  some  useful  theorems  as  further  corollaries. 
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Cor.  4.  If  two  bodies  descend  from  the  highest  point  D  of 
the  plane  at  the  same  instant ^  one  descending  along  the  plant 
DA,  the  other  through  the  vertical  db,  their  contemporeous  posi* 
tions  c  and  i  will  alteays  be  shewn  by  the  intersections  of' a  line 
as  CI  tcith  the  two  planes,  this  line  being  constantly  perpendi* 
ailar  to  da.  This  will  appear  by  comparing  the  equation  s 
=  ig  sin  et^,  for  the  motion  down  the  plane,  with  the  correspond- 
ing equation  s'zijg^^  expressing  the  vertical  moUon  :  for,  if  we 

divide  one  of  these  equations  by  the  other,  we  have  -^zz  ^"f!^ 

which  because  t:=t%  gives  s=:i^  sin  e ;  whence /  :  s  :  :  I  :  sine, 
that  is,  Di  :  DC  :  :  rad  :  sin  dab,  which  indicates  that  di  is  the  « 
hypothenuse  of  a  right-angled  triangle,  whose  angle  i  is  equal 
to  the  elevation  of  the  plane. 

Cor.  5.  If  the  diameter  of  a  circle  be  perpendicular  to  the 
horizon,  ana  chords  be  drawn  from  either  extremity,  the  times 
of  descent  down  alt  the  chords  will  be  equal,  and  each  equal  to 
the  time  of  free  descent  through  the  vertical  diameter.  Thus 
iu  fig.  6.  pi.  XII.  the  angle  at  c  being  a  right  angle,  the  tiaie 
of  running  through  ac  on  the  inclined  plane  is  (by  the  preced- 
ing corol.)  equal  to  the  time  of  falling  through  ab  ;  and,  since 
B  and  £  are  right  angles,  the  same  will  be  true  of  die  descents 
through  AD,  and  ae  :  also,  if  ai  be  drawn  parallel  to  CB,  the 
time  of  descent  through  ai  will,  in  like  manner,  be  equal  to  that 
through  ab;  and  because  Ai=CB,  and  have  equal  elevations, 
they  w  ill  be  described  in  equal  times :  and  the  same  may  hm 
shewn  of  db,  eb,&c. 

Cor.  6.  If,  from  any  point  A  in  a  vertical  plane,  any  num-i 
her  of  lines  ac,  ad,  ab,  af,  ag.  Sic.  be  drawn  in  that  plane, 
and  bodies  be  let  fall  from  quiescence  at  a  along  these  lines, 
then  at  the  end  of  any  equal  times  whatever  these  bodies  will 
all  be  found  in  the  circumference  of  a  circle  passing  throuf^h  A 
(fig.  7.  pi.  XII.)  Tims,  when  the  body  falling  vertically  is  at 
R,  the  others  will  be  at  c,  D^  f,  g,  respectively :  asain,  when 
this  body  is  at  e,  the  others  will  be  at  c,  d^f  g,  in  the  circum- 
ference of  a  circle  touching  the  former  in  a  ;  and,  when  thii 
body  b  at  b,  the  others  will  be  at  cf,  df,J\  g^,  in  a  third  circle 
touching  the  other  two  in  a  :  and  so  on.  Ail  which  is  manifest 
from  Cor.  B* 

Cor.  7*  And  if  the  lines  diverging  from  A  are  not  confined 
to  one  plane,  but  directed  all  around,  then  bodies  descendiiur 
akmg  these  lines  wnil  at  every  separate  instant  of  time  be  aU 
fiMnid  in  the  surface  of  some  one  of  a  series  of  spheres,  which 
tooch  one  another  in  the  superior  point  a. 

Cor,  8.  If  any  line  ch  (fig.  5.  pi.  XII.)  Ae  drawn  parallel  to 
the  horizon,  and  if  two  bodies  move  from  quiescence  at  D,  the$n% 
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along  the  inclined  plane  da,  the  other  through  the  vertical  db, 
the  velocity  acquired  by  the  one  at  c  will  be  equal  to  that  ac^ 
quired  by  the  other  at  h  ;  those  velocities  being  estimated  by 
the  directions  of  their  reactive  motions.  For  the  equatioB 
comprising  the  conditions  of  velocity  of  the  body  moving  iloii| 
DA  is  v=  v^(2gs  sin  e)  (Cor.  3.)f  and  the  corresponding  eqa»- 
tion  for  the  vertical  descent  is  v^=  s/i^g^)»  I^^t  in  the  pre- 
sent instance,  v^i/f  tlierefore  2gs  sin  e  zz  2g^,  or  s  m  e  x 
/;  consequently  / :  5  :  :  sin  e  :  1,  that  is,  dh  :  DC  :  sin  dab  ; 
rad. 

Hence  ch  is  parallel  to  the  horizontal  line  ab. 

Cor.  9.  Hence,  since  the  same  might  be  shewn  of  the  cor- 
responding point  c^  of  any  otlier  plane  ad,  if  several  bodies  art 
let  fall  from  one  point  d,  without  any  impulsion^  and  run  over 
different  planes^  they  will  all  have  acquired  the  same  velocity 
when  they  arrive  at  auy  horizontal  plane. 

Cor.  10.  If  two  or  more  bodies  have  equal  velocities  at  am/ 
equal  altitudes  c,  h,  c\  their  velocities  will  be  equal  at  all  other 
equal  altitudes,  a,  b,  a\ 

Cob.  11.  Hence,  also,  the  velocities  acquired  by  descetiding 
down  any  planes  are  as  the  square  roots  of  their  heights  db. 
Thus,  tbe  velocity  at  a,  being  tne  same  as  the  velocity  at  B|  is  as 
v'db. 

Cob.  12.  The  time  of  descent  along  da  is  to  the  time  of 
descetU  through  the  vertical  db  as  da  to  db.  Here  hazzs, 
db  =z  /,  and  the  equations  are  s  =  igsin  e/\and  /=  ij^^i 
^i-hence,  if  we  convert  these  into  an  analogy,  we  have  t^i  r^  :i 

-^  :  /  :  :  -7-^  :  db.     But,  in  the  triangle  dab, ss  sine : 

8in  e  sin  e  '  ®  '     DA  ' 

therefore,  ^  :  <'* :  :  da*  :  db%  or  ^  :  /' :  :  da  :  db. 

Cor.  is.  As  the  above  proportion  obtains  whatever  b  the 
inclination  of  the  plane,  it  results,  tliat  the  times  employed  in 
passing  over  various  inclined  planes  of  the  same  height  are  ff- 
spectively  as  the  lengths  of  the  planes. 

Q.59.  Pbop.  If  a  body  descend  along  any  number  of  contigu- 
ous planes,  it  mil  uUimaltly  acquire  the  same  velocity  as  would 
have  been  acquired  by  falling  perpendicularly  through  the  height 
of  the  system;  supposing  no  velocity  lost  on  passing  from  one 
plane  to  another. 

Let  AB,  BC,  CD>  (fig.  8.  pi.  Xn.)  be  the  contiguous  planes: 
produce  dc,  cb,  the  two  lower  till  they  meet  af  parallel  to  the 
horizon  in  f  and  e  respectively.  Then,  by  Cor.  9.  of  the  pre- 
ceding prop,  the  velocity  at  b  is  the  same  uiiether  the  body 
descend  through  ab  or  bb  :  and  therefore  the  velocity  at  €  will 
be  the  same  whether  the  body  fall  through  abc  or  bc,  which  is 
also,  by  the  same  corol.  equal  to  the  velocity  acquired  by  fall* 
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ing  through  fc  Consequently  the  velocity  will  be  die  same  at 
D,  OD  this  hypothesis,  whether  the  body  passed  over  the  system 
ABCDy  or  through  the  single  plane  fd^  or,  lastly,  through  the 
irertical  fg. 

Cor.  Hence,  comparing  this  prop,  with  corol.  2.  and  1 1.  of 
the  preceding,  it  follows  that  the  velocities  acquired  in  faliing 
fk>wn  any  systems  of  planes  are  as  the  square  roots  of  their  vef^ 
tical  altitudes ;  and  that,  if  the  body  be  projected  from,  d  up  the 
planes  with  the  velocity  acquired,  it  will  ascend  through t  iis  or 
any  other  system  of  planes  (no  part  of  which  is  reciiiUV^)  to 
the  same  perpendicular  height  from  d. 

2ti0.  Prop.  When  a  body  mcroes  over  a  system  of  planes^  the 
velocity  lost  in  passing  from  any  plane  to  the  succeeding  one  is 
to  the  velocity  it  had  then  acquired^  as  the  versed  sine  of  the 
angle  made  by  the  planes  to  radius.  * 

Conceive  that  the  body  after  moving  over  the  plane  ab  (fig.  9.) 
has  such  a  velocity  as  would  carry  it  over  the  space  bf  in  the 
next  second,  or  unit  of  time,  if  the  motion  were  not  obstructed : 
from  F  draw  the  line  fd  perpendicular  to  the  second  plane  BC, 
and  complete  the  parallelogram  DE,  then  will  the  velocity  bb 
be  resolvable  into  the  two  bb,  bd  ;  of  which  the  former  is  evi- 
dently destroyed  by  the  resistance  of  the  plane,  and  of  conse- 
Joence  the  velocity  bf  will  be  reduced  to  the  velocity  bd  on 
le  plane  bc.  Now,  with  centre  b  and  radius  bf  describe  the 
arc  rii  so  shall  di:=:bf— BDzithe  velocity  lost  at  the  angle  B  ; 
and  it  is  obvious  that  di  :  bf  :  :  vers,  sin  dbf  :  rad.  As  in  the 
proposition. 

SCHOLIUM. 

S61.  When  a  body  falls  freely  by  the  continual  soIicitatioA 
of  gravity,  every  particle  in  it  is  equally  accelerated,  or  every 
particle  descends  towards  the  horizon  with  the  same  velocity, 
and,  therefore,  no  rotation  will  be  given  to  the  body.  The 
same  may  be  said  when  a  body  descends  along  a  perfectly 
smooth  inclined  plane,  if  that  part  of  the  force  which  is  in  a 
direction  perpendicular  to  the  plane  be  supported  ;  that  is,  if 
a  perpendicular  to  the  plane  drawn  from  the  centre  of  gravity 
otthe  body  pierce  the  plane  in  a  point  which  is  in  contact  with 
the  body.  But  if  this  part  of  the  force  be  not  sustained  by  the 
plane,  the  body  will  partly  roll  and  partly  slide,  till  this  force 
is  sustained ;  and  then  the  body  will  slide  wholly.  When  the 
lateral  motion  is  entirely  prevented  b^  the  adhesion  of  die  plane, 
the  body  will  keep  at  rest  if  the  vertical  from  its  centre  of  gra- 
vity fall  within  its  base  9  •but  if  it  fall  below  that  base  the  body 
will  roll.    If  the  adhesion  be  not  suCBcient  to  prevent  all  lateral 
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notiott,  tlw  body  will  partly  roll  and  partly  slide.  In  all  theie 
cases  llie  space  described,  the  time  of  motion,  &c.  must  be 
tscertuoed  by  means  of  other  principles ;  the  principal,  &c.  of 
which  will  be  explained  in  the  chapter  on  Rotation  (art.  S15.}* 

fi02.  Prop.  The  times  of  describing  two  ^siems  of  inclined 
planes  A  BCD,  abed  (fig.  8.  pi.  Xll.)?  whose  number^  imcUnn* 
tionSf  and  ratio  of  their  lengths,  are  the  same,  are  to  eackMher 
as  the  square  roots  of  the  lengths  of  the  systems. 

Because  the  planes  are  equally  inclined  to  the  direclioD  of 
die  force,  the  time  of  running  through  ab  is  to  that  through  ab 
as  v^AB  to  ^ab.  (art.  258.  cor.  11.)  And  if  bodies  fall  down 
Bc,  ec,  then  will  time  in  Bc  :  time  in  ec  : :  Vec  :  ^ec  :  :  v^ab 
:  ^abi  also,  time  id  eb  :  time  ineb  :i  \/eb  :  Veb  :  :  ^ab  : 
i^ab ;  therefore,  time  in  ec  :  time  in  ec  :  :  time  in  bb  :  time  in 
eb ;  and  hence,  the  remainder,  or  time  in  bc  :  remainder,  or  thne 
'm  bc  : :  v^AB  :  y/ab,  by  Euc.  V.  19.  And  since  (by  hyp.)  no 
motion  is  lost  in  passing  from  one  plane  to  another,  the  times 
of  passing  over  bc,  and  6c,  are  the  same,  whether  the  -bodies 
begin  to  move  at  a  and  a,  or  at  b  and  e  :  so  that  when  the  bodies 
descend  along  abc,  ahc,  it  will  be  time  in  bc  :  time  in  bc  :  : 
.v^AB  :  Vob.  In  the  same  manner  it  may  be  shewn  that  time 
ID  CD :  time  in  cd: :  v^ab  :  ^^ab.  Hence,  time  in  AB  :  time  io 
ab  : :  time  in  bc  :  time  in  ^c  :  :  tiitae  in  cd  :  time  in  cd;  and 
consequently  the  time  in  ab+  bc  +  cd  :  time  in  ab-i-bc+cd  : : 
time  in  ab  :  time  iu^i  :  :  ^au  :  x^ab  :  :  \/(ab4-  bc  +  cd)  : 
V^(ai+6c-f  erf). 

CoR.  1.  If  the  lengths  of  the  planes,  and  their  angles  of  in- 
clination ABE,  bcf,  be  diminished  indefinitely,  the  limits,  to 
which  these  systems  approximate,  are  similar  curves,  similarly 
posited,  in  which  (as  will  be  seen  in  the  next  prop.)  no  velocity 
IS  lost :  hence  the  whole  times  of  descent  through  these  curves 
mil  be  as  the  square  roots  of  their  lengths. 

Cob.  2.  The  times  of  descents  along  similar  circular  arcs, 
similarly  situated,  are  as  the  square  roots  of  the  arcs,  or  as  the 
square  roots  of  the  radii  of  their  respective  circles. 

9.63*  Prop.  If  a  body  fall  from  quiescence  dozen  a  curve 
surface  which  is  perfectly  smooth,  the  velocity  acquired  is  equal 
to  that  which  would  be  acquired  in  falling  through  the  same 
perpendicular  height. 

ror,  by  art.  260.  when  a  body  passes  from  one  plane  AB  (fig. 
9.)  to  another  bc,  the  whole  velocity:  the  velocity  iost  :  : 
radius  :  versed  sine  of  dbf.  Consequently,  when  the  angle  fbd 
is  diminished  sine  limite,  the  velocity  lost  is  diminished  sine 
limite :  and  if  the  lengths  of  the  planes  as  well  as  their  angles 
of  inclinations  be  indefinitely  dimiiifshed,  the  system  approxi- 
mates to  a  curve  as  its  limit,  in  which  there  is  no  velocity  lost : 
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ivherefbre,  the  whole  vdocitj  acqnired  will  be  eqml  to  AaC 
ivhich  a  body  would  acqmie  io  fiillmg  through  the  same  verlw 
cal  altitude.    Art  259. 

Or,  if  we  apply  the  fluxional  method  to  the  known  properties 
of  curves  in  general,  the  same  thing  may  be  shewn  thus.  Sup- 
pose the  body  moves  from  quiescence  at  c,  (fig.  10.  pL  XII.) 
and  tiiat  at  the  end  of  the  time  /  the  constant  action  of  gravity 
has  brought  it  to  the  point  M,  in  the  same  vertical  plane  yax. 
.On  the  horizontal  axu  ax  let  AP=X|  and  on  the  vertical  ay 
let  ABsA,  the  right  ordinate  to  the  point  M,  that  is,  Picsy,  and 
the  space  described  cm  =« ;  then  will  the  velocity  of  the  move- 

a 

able  in  the  direction  of  the  element  of  the  curve  at  m  be  -4~. 

f 

Gravity  acting  upon  the  body  at  m  in  the  direction  MP,  its  force 
must  be  decomposed  into  two  others,  the  one  perpendicular  to 
the  surface  in  m  will  be  annihilated  by  its  reaction,  the  other 

will  be  in  the  direction  of  the  tangent  at  m  :  and  as  the  cosine 

• 

of  the  angle  which  this  tangent  makes  with  j^x  is  -4-  or  rather 

t 

MM 

—  >T- ,  since  $  increases  as  y  decreases,  tlie  component  of  the 
gravitating  force  in  the  direction  of  the  tangent  will  be  — g  -'  • 
thus  we  have  4-  =:  — g-^-     From  this  we  find  -7-1?=  "-gi*  or 

vv  =  — gi,  because  vzs  '   (art.  232.  !.)•    Taking  the  fluent 

we  have  Ji;*=  — gy +c.  Now,  at  the  point  c,  »=0,  and  v=Ay 
therefore  c=gA,  and  consequently  «*=2gA  —  2gy=2g  (A— ^) 
s2gx  BN.  Whence  it  follows,  since  bn  here=i  in  art  243. 
diat  the  body  has  in  m  the  same  velocity  in  the  direction  of  the 
tangent  that  it  would  have  had  at  n  after  falling  freely  through 
BN.  ThuM  also  it  appears  that  the  theorem  exhibited  in  cor. 
9.  art.  258.  is  only  a  particular  case  of  the  principle  just 
deduced. 

Cor.  I.  If  a  body  be  projected  up  a  curve  (having  no  point 
of  contrary  Jlexure)  the  perpendicular  height  to  which  it  will 
rise  is  equal  to  that  through  which  it  must  fall  to  acquire  the 
'  velocity  of  projection.  For  the  body  will  always  have  its 
ascendmg  motion  retarded  by  a  force  whose  intensity  is  equal 
to  that  which  would  accelerate  the  motion  when  descending. 

CoR.  2.  If  Mzw  (fig.  10.  pi.  XII.)  be  a  curve,  whose 
lowest  point  is  z,  and  the  parts  mz,  zm,  equal  and  similar;  a 
body  by  falling  through  mz  will  acquire  such  a  velocity  as  will 
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cany  it  to  m :  andi  since  the  velocities  at  all  equal  altitudei  in  the 
descent  and  ascent  are  equal,  ttie  whole  time  of  the  ascent  wilt 
be  equal  to  that  of  the  descent. 

Ck)R.  3.  The  circumstances  of  the  last  corollarjf  will  gbtam 
in  like  manmer,  if  the  body  be  retained  in  the  curve  by  a  siruf 
which  is  in  et>ery  point  perpendicular  to  it:  for  the  string  in 
that  case  will  sustain  the  part  of  the  weight  which  in  the  fofiaer 
is  sustained  by  the  curve. 

264.  Prop.  The  velocities  acquired  in  descending  tkrauf^ 
different  ares  of  the  same  circle  are  as  the  chords  of  the  ares, 
the  tangent  to  the  lowest  point  of  each  arc  being  horixoniaL 

Let  a  body  fall  through  the  arc  ad  (fig.  1  i .  pi.  XII.),  it  wiH 
(art.  263.)  have  the  same  velocity  at  the  point  d  as  if  it  hsd 
fallen  dirough  the  vertical  fD|  af  being  horizontal :  and  a  body 
falling  through  the  arc  bd  will,  for  the  same  reason,  have  a 
.  Telocity  at  d  equal  to  that  which  would  have  been  acquired  by 
fSdling  freely  tnrough  so.  Now  if  bodies  fall  successively 
from  rest  at  f  and  k^  the  velocities  acquired  on  arrivii^  at  D 
will  be  (art  243.)  as  y/vv  and  \/de.  But,  by  a  weU-known 
property  of  the  circle,  \/df  :  v^db  :  :  AU  :  bd;  and  Qonae' 
quently  the  velocities  acquired  by  falling  through  any  aics 
ABD,  BD,  of  the  circle  terminating  in  d  the  lower  extremity 
of  the  vertical  diameter,  are  as  the  corresponding  chords  AP, 

BD. 

Cor.  1.  If  we  would  give  to  a  body  on  arriving  at  d  a  velo* 
city  double,  triple,  &c.  the  velocity  it  has  at  d,  after  felling 
through  the  arc  bd,  we  have  only  to  set  off  from  d  the  chord 
DA  double,  triple,  &c.  the  chord  bd,  and  abd  will  be  the  arc, 
after  falling  through  which  the  body  will  have  the  required 
velocity. 

CoK.  2.  If  we  wish  the  body  on  arriving  at  d  to  have  any 
proposed  velocity,  five  feet  per  second,  for  example :  then  find 
b^  the  proper  theorem  (art.  243.)  the  heights  due  to  that  velo- 
city; and  having  taken  on  the  vertical  cd  a  line  i)F  equal  to 
this  height,  from  a  point  c  above  f  attach  a  thread  of  the 
length  DC  to  the  body,  and  draw  it  aside  from  the  vertical  till 
it  cut  tlie  horizontal  line  af  in  A  ;  from  this  place  let  the  body 
fall,  and  it  will  have  at  D  the  proposed  velocity. 

265.  Prop.  The  accelerating  force  of  a  body,  gravitating  in 
a  circular  arc^  is  to  its  absolute  weight ,  as  the  sine  of  its  angu- 
far  distance  from  the  lowest  point  ^'the  cirde,  is  to  the  radius. 

Let  M  (fig.  12.  pi.  XII.)  be  the  body  descending  along  the 
«rc  MA,  whose  lowest  point  is  a  aiul  centre  c :  let  me  be  the 
sine  of  the  arc  ma,  and  let  mt  be  a  tangent  to  the  circle  at  M, 
meeting  the  vertical  ua  produced  in  t.    Then  will  the  accel^e^ 
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rating  force  of  the  body  at  m  be  tlie  same  as  if  it  were  placed 
on  the  tangent  mt,  considered  as  an  inclined  plane ;  and  will, 
therefore,  he  to  its  absolute  weight  as  et  to  mt  (art.  258,) ;  or, 
because  of  the  similar  triangles  met,  cem,  as  km  to  cm,  or,  at 
the  sine  of  the  arc  am  (the  measure  of  the  angular  distance 
MCa)  is  to  radius. 

Cor.  1.  In  the  same  circle  the  accelerating  force  is  every 
where  as  the  sine  of  the  arc  ma  ;  but  because  the  sine  and  arc 
approximate  to  the  ratio  of  equality  while  the  arc  decreases, 
we  ratio  of  the  sines  to  each  other  will  approximate  to,  and  be 
ultimately  equal  to,  the  ratio  of  their  corresponding  arcs  to  each 
other.  Therefore,  ultimately,  the  accelerating  force  is  as  the 
arc  MA,  the  distance  of  the  body  from  the  lowest  point  a,  mea- 
sured along  the  circle  io  which  Uie  body  moves. 

Cor.  2.  Hence  tlie  times  of  descent  down  unequal  arcs  Ml, 
oi,  approximate  to  equality,  while  tliose  arcs  decrease  in  iii^. 
nitunif  and  ultimately  those  times  will  be  equal.  For,  wne|i 
the  accelerating  force  varies  as  the  distances  (art.  257 •)  die* 
times  of  descent  will  be  equal  from  whatever  place  the  body 
b^ns  to  descend. 

266.  Prop.  Things  being  as  in  the  last  proposition,  draw 
MA  tlie  chord  of  the  arc  moa  ;  then  the  accelerating  force  of 
the  hodtf  upon  the  arc  at  m  will  be  to  the  accelerating  force 
of  the  bodif  placed  any  where  upqn  the  chord  ma  ultimately  as 
2  to  1. 

For,  draw  the  diameter  acA,  join  aM,  cm,  let  At  be  a  tangent 
to  the  circle  at  a,  and  mt  a  tangent  to  the  circle  at  m,  those 
tangents  meeting  at  t.  Then,  considering  the  chord  ma  and 
tangent  m^  as  inclined  planes  whose  altitudes  are  equal,  the 
accelerating  force  on  the  plane  ut  (equal  to  that  on  the  arc  at 

m)  is  to  the  accelerating  force  on  the  plane  ma,  as to , 

or  as  MA  to  M^;  or,  by  reason  of  the  similar  triangles  MAf, 
Mirc,  as  Ma  to  bic,  that  is,  ultimately,  as  2  is  to  J. 

Cor.  The  time  of*  descent  through  the  arc  moa  is  to  the  time 
of  descent  through  the  chord  ma  ultimatelif  as  3*141593  to  4, 
or  as  the  circumference  of  a  circle  is  to  four  diameters.  For, 
ultimately,  the  length  oi  the  arc  and  chord  are  equal,  and  ulti* 
matcly  the  accelerating  force  of  the  body  on  the  arc  is  every 
Inhere  as  its  distance  troni  the  lowest  point  a  (att.  265.  cor.  1.)  ; 
but  the  accelerating  force  of  the  body  on  the  chord  is  uniform, 
and  equal  to  liulf  the  lirst  force  on  tl>e  arc  at  m  by  the  prop. ; 
therefore,  (art.  237.  cor.)  the  time  of  the  descent  threugh  the 
arc  is  to  the  time  of  descent  through  the  chord  as  the  circuni- 
lerence  is  to  four  diameters. 

CoR.  2.  Supposing  the  periphery  of  a  circle  to  coincide  wilhr 
tlie  perimeter  of  a  polygon  whose  sides  are  increased  in  number, 

VOL   I.  o 


226  DYNAMICS.  [Book  II* 

and  diminished  io  nwgnitiide  in  infimium^  and  that  the  least 
possible  arc  of  a  circle  coincides  accurately  with  its  chord 
(\vhich  it  the  language  of  indivisibles),  it  would  follow  that  tfie 
time  of  a  body's  descent  in  such  aQ  arc  would  be  eqtuil  to  the 
tiobakpf  descent  down  the  chord :  and  such  is  the  conclusion  of 
Dr.  Keill  in  his  xvth  Lfecture^  and  before  him  of  M.  Parent* 
But  it  appears,  from  the  preceding  corollary,  that  in  fact  dieM 
times  are  so  for  from  being  equal,  as  Keill  and  Parent  maintuo, 
that  the  time  of  descent  down  the  arc  b  less  than  that  down 
the  chord  nearly  in  the  ratio  of  3  to  4.  And  from  the  naediod 
of  prime  and  ultimate  ratios  applied  to  this  case,  it  is  evident 
that  while  the  arc  and  chord  approximate  to  equality,  the  times 
of  descending  along  them  do  not  approximate:  for,  by  the 
doctrine  of  limitSi  no  part  of  a  curve,  how  small  soeveti  can 
ever  be  safely  taken  for  its  chord ;  but  even  when  they  so  ftr 
approach  each  other  that  their  lengthy  may  be  considmd  as 
equal,  the  curve  still  remains  a  curve;  its  inclination  is  different 
from  that  of  the  chord ;  the  accelerating  force  along  the  curve 
perpetually  varies,  and  that  in  proportion  to  the  distance  of  the 
ix)dy  from  the  lowest  point,  while  the  accelerating  force  along 
the  chord  remains  constant ;  and  therefore  the  times  of  describ- 
ing these  spaces  are  unequal,  even  supposing  the  lengths  could 
be  the  same. 

Principle  of  M.  D'Alembert. 

267.  Before  we  entirely  quit  the  subject  of  motions  along  in- 
clined  planes,  we  shall  briefly  notice  a  general  principle  which 
M.  D'AIembert  first  presented  in  his  Dynamique^  pa.  73,  and 
which  is  mentioned  here  because  we  mean  to  shew  its  applies^ 
tion  to  a  part  of  the  subject  now  under  discussion ;  not  meaning 
to  follow  it  universally.     His  proposition  is  this : 

Pbop.  "  In  whatever  manner  several  bodies  change  their 
actual  motions,  if  we  conceive  that  the  motion  which  each  bod^ 
would  have  in  the  succeeding  instant,  if  it  were  quite  free,  u 
decomposed  into  two  others,  of  which  one  is  the  motion  whuJt  it 
really  takes  in  consequence  of  their  mutual  actions,  the  second 
must  be  such,  that  if  each  body  were  impelled  by  this  force  alone 
(that  is,  by  the  force  which  would  produce  this  second  motion)^ 
all  the  bodies  would  remain  in  equtlibrio,^* 

This  is  Evident :  for  if  these  second  constituent  force  are  not 
such  as  would  put  the  system  in  equilibrio,  the  other  consti- 
tuent motions  could  not  be  those  which  the  bodies  really  take  in 
consequence  of  their  mutual  action,  but  would  be  changed  by 
the  first. 

The  use  of  this  proposition  will  appear  from  the  following; 
examples. 
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I.  Lei  there  be  three  bodies  b,  b',  b'',  and  let  the  fprces  f, 
f',  v^\  act  upon  them,  so  as  to. give  them  the  velocities,  r,  v',  v", 
in  any  directions  whatever,  producin<i^  the  quantities  of  motion 
Br,  bV,  b'V,  which  we  may  call  f,  f',f'',  because  the  momenta 
are  the  proper  measures  of  the  moving  forces.  Let  its  farther 
suppose  that  by  striking  each  otlier,  or  being  any  way  connected 
with  each  other,  they  cannot  take  these  motions  f,  r',  f^',  but 
really  take  the  motions  J\/*,  f-  It  is  obvious  that  we  may 
consider  the  motion  f  impressed  upon  the  body  b  to  be  com- 
posed of  the  motion  f  which  it  really  takes,  and  of  another 
motion  ^.  In  like  manner  f'  may  be  resolved  into  f  which  it 
actually  takes,  and  another  9^;  and  again  i"  into  f  and  p". 
The  motions  will  be  the  same  whether  b  be  acted  upon  with 
the  force  f,  or  the  constituent  forces  y  and  ^;  whether  b'  be 
acted  upon  by  f',  or  by /'  and  f';  and  b''  by  the  force  f",  or 
the  component  forces/  and  9''.  Now,  by  the  supposition,  the 
bodies  actually  take  the  motions/^y ',/'':  therefore  the  motions 
f,  ^',  f ",  must  be  such  as  will  not  derange  the  laoUousfjf'f'^: 
that  is  to  say^  if  the  bodies  had  only  the  motions  ^,  ^,  ^'\  im- 
pressed upon  them  they  would  destroy  each  other,  and  the 
system  would  remain  at  rest. 

IL  Motions  upon  dotible  inclined  planes.  Let  Ac,  cb  (fig.  7. 
pi.  VL),  represent  two  inclined  planes  of  equal  altitudes,  fiet 
back  to  back  at  dc,  the  angles  of  elevation  being  dac  =  e,  and 
DBC=e^;  and  let  the  two  weights  w,  w^  united  by  a  thread  wcw' 
passing  over  the  pulley  c,  act  the  one  upon  the  other.  Then, 
calling  w,  w\  their  masses,  or  their  weights,  let  us  determine  the 
circumstances  of  their  motion. 

At  the  end  of  the  time  t,  w  will  have  a  velocity  v,  and  gravity 

woutd  impress  upon  it  in  the  instant  t  following  a  new  velocity 
=  g  sin  ei  (art.  258.  cor.  3.),  provided  the  weight  w  were  thea 

entirely  free :  but  by  the  disposition  of  the  system,  v  will  be  the 
velocity  which  obtains  in  reality.  Then  estimating  the  spaces 
in  the  direction  cw,  as  the  body  w'  moves  with  an  equal  velocity 
but  in  a  contrary  sense,  it  is  obvious  that  the  decomposition 

may  be  made  as  follows.  At  the  end  of  the  time  t-i^t, 
we  have  for  the  velocity  impressed  upon 

fv+'o. . . ,  effective  Telocity  from  c  towirds  a. 

W v  +  gnnel,where<  .    .     . 

(^guinrt — u. . . .  velocity  destroyed. 

S  — »—». . . .  effectiTe  Telocity  from  •  towards  b. 
W..,.—c  +  ^sine'/, where <  . 

(  V  4*  g  sin  ^t . .  • .  Telocity  destroyed. 

If,  therefore,  gravity  impresses,  during  the  time  t,  upon  the 

>  .      .  . 

masses  w,t^,  the  respective  velocities g  sine/  —  v,  an«l  ^siii  «'l -f  •> 

C  2 
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the  system  will  be  in  equilibrio. .  The  quantities  of  motion  bong 
dierefore  equal^  we  have 

wg  sin  €t'-'Wv=iw'g  sin  fft-\-vfv. 
Whence  we  deduce  for  the  efiective  accelerating  force 

Thus  it  app«ar8  that  the  motion  is  uniformly  varied:  md  «e 
"   find 

(IL)...t>  =  — ;j:j^ — gt. 

(III.) . . .  5= — -^1^ — .  ige. 

Such  are  the  equation^  from  which  the  conditions  of  the  motioD 
are  determined.  If  the  two  planes  are  vertical^  then  is  e=s^sB|«; 
by  means  of  which  we  may  find  the  values  that  are  applicabk  ii 
tne  subsequent  example. 

III.  Motion  on  the  fixed  pulley.  The  weights  p  and  w  ait 
united  by  the  thread  paabw  running  over  the  pulley  a  (fig«IL 
pL  VI.) ;  the  force  of  gravity  g  which  solicits  them  canoot  pro- 
duce its  entire  effect,  because  its  action  upon  the  bodj  PS^^ 
counteracts  its  effect  upon  die  other  body  w  aeti/.    At  the  end 

of  the  time  f +^  the  velocity  of  w^  in  the  direction  from  ▲  to  t^ 
will  h%v+Vf  instead  of  v+gt,  which  it  would  have  had  if  die 

weight  had  become  free  at  the  end  of  the  time  t:  thus gt^v 
will  be  the  velocity  destroyed.  In  like  manner,  a/  having  the 
same  velocity  but    in  a  contrary   direction,  will  have  the 

velocity —  (i?+Tp)  instead  of  —  (t7+gO>  which  it  would  have 
had,  if  at  the  end  of  the  time  I  the  connection  of  the  two  bodiea 

^ceased;  so  that  gt+v  will  be  tbe  velocity  destroyed.  TheUp  as 
in  die  preceding  example,  making  the  momenta  equal,  vre  find 
for  the  effective  aecelerating  force 


This  being  an  expression  for  a  constant  accelerating;  foro^ 
conclude,  as  in  the  former  instance,  that  the  motion  is  uniformly 
varied,  and  that  the  circumstances  of  motion  and  of  velocity 
ay  be  found  by  the  equations 

In  diis  investigation  we  have  neglected  the  inertia  of  the 
string  and  the  pufiey. 
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From  fonmilae  similar  to  these  Mr.  Atwood  deduced  (in 
▼sluable  treatise  on  the  MoUon  of  Bodies)  an  ingenious  mediod 
of  verifying  the  received  theorems  relative  to  the  effects  of  gra- 
vity on  Swing  and  rising  bodies.  He  contrived  a  machine,  in 
which  two  weights  as  w  and  a/  in  our  theorems,  or  p  and  w  in 
the  figure  last  referred  to,  are  connected  by  a  thread  which  runs 
over  a  fixed  pulley  a  :  the  last  given  theorems  for  f  ,  s,  and  v^ 
shew  that  by  varying  the  weights  w  vfy  we  may  change  the  value 

of  the  fraction -j^  and  thus  reduce  the  accelerating  foree, 

and  its  consequent  velocity  and  space  in  a  given  time,  in  such  a 
ratio  with  respect  to  those  arising  from  gravity,  that  they  shall 
become  easily  measurable,  and  the  theory  verified.  Mr.  Atwood's 
apparatus  has  its  several  parts  so  adapted  as  to  be  susceptible 
of  great  precision:  but  as  this  is  not  the  place  to  enter  into 
detail,  the  reader  may  turn  to  the  article  Atwoed^s  Machine  in 
the  second  volume,  where  a  more  full  account  is  given  of  its 
mature  and  use. 

In  finding  the  ^equations  (£.)  (S.)  above,  we  supposed  that 
each  body  began  to  move  from  quiescence  at  a  pomt  taken  for 
tbe  origin  of  the  spaces  denotecl  by  9.  But  suppose  thb  is  not 
the  case,  and  that  we  inipress  upon  w  an  initial  velocity  of  v 
carrying  it  downward.  This  velocity  must  be  parted  between 
the  two  masses  vfy  ujf,  according  to  the  same  law  as  if  fr  struck 
tfie  body  v/  at  re^  with  the  velocity  v :  thus,  the  velocity  common 

to  die  .two  weights  would  he^^— ^  .    We  have  this  value  for 

the  vdocity  at  the  end  of  tbe  time  t  =  0;  therefore 

From  din  we  readily  obtain  s  in  terms  of  /:  and  the  time  may 
be  determined  by  the  equation  wy  =  (w-  nf)gt. 

IV.  Motion  on  the  Mxis  in  Penirochio.  Let  the  we^ht  p 
(fif.  4.  pi.  V.)  be  denoted  by  w,  and  die  weight  w  by  a/;  to  de- 
temine  the  circumstances  of  the  motion.  Let  the  radiui  of 
tiie  wheel =R,  that  of  the  axle  sir:  the  velocity  of  tr  at  the  end 

of  die  time  /  will  be  v-\-v,  instead  of  v+gt,  as  in  tbe  fonner 
caaet;  that  of  tr'  will  manifestly  be  to  that  of  tr  in  the  ratio 

«flttor;  it  will,  therefore,  be—  — ^I'+t'^iDfteadof  beii^  —  -^ 

(P'i'^)  •  die  velocities  lost  are  therefore  gt  —  v,  andg^—  —v. 
Tbeo,  making  the  momenta  eqoal  widi  respect  to  die  axe  £P> 
we  find 
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Consequently  the  motion  is  uniformly  accelerated  in  this  case 
likewise.  So  that  we  readily  deduce  the  equations  for  the  motko 
of  a;  or  p. 

("•>  •  •  •  ^  =  R^^^.rw  s^'  •  •  •  <''''^  •  •  • '  =i?;;r;:7w-is<  • 

And  the  velocity  and  space,  with  respect  to  zsf,  will  be 

/Thus  much  is  here  offered  on  the  application  of  M.  D'Aleo- 
bert's  principle:  the  further  use  of  some  of  these  theorems  will 
appear,  when  we  treat  of  the  maximum  of  machines  in  motioDi 
Chap.VL* 

IV.  On  the  Simple  Pendulum^  the  Cycloidal  Penduhmt 
and  the  Curve  ofSxviflest  Descent. 

268.  We  have  already  seen  (art.  263.  cor.  2.)  that  a  heavy 
bpdy  after  having  descended  through  an  arc  m  z  (fig.  10.  pi.  XII.) 
of  any  curve  czm,  will,  abstracting  from  the  effects  of  friction 
and  the  air's  resistance,  mount  up  the  opposite  branch  zni  till  it 
arrives  at  the  point  m,  whose  distance  from  the  horizontal  line 
AX  is  equal  to  mp,  the  distance  of  the  point  m  from  the  same; 
and  that  the  time  of  describing  zm  will  be  equal  to  that  of 
describing  mz.     Having  at  the  point  m  lost  all  its  motion,  it 
will  begin  to  descend  again  through  mZy  and  at  z  will  hare 
acquired  a  velocity  such  as  will  cause  it  to  rise  to  the  point  M 
where  its  motion  first  commenced,  where  again  it  will  be  in  a 
state  of  quiescence;  and  from  this  it  will  move  a  second  time 
through  Mzm,  and  back  again  through  ttizm;  and  so  on  conti- 
nually.    Such  will  be  the  motions  whether  the  body  run  over  a 
curve  surface,  in  consequence  of  the  joint  effects  of  gravity  and 
the  reaction  of  the  surface ;  or  whether  it  be  made  to  describe 
the  curve  in  consequence  of  being  fastened  to  a  string  cm 
(fig.  12.)  whose  centre  c  is  fixed.  If  we  consider  the  thread  cm 
as  inextensible,  and  without  wei<!;ht,  and  the  body  at  M  as  a 
point  with  respect  to  the  length  of  the  thread,  then  is  the 
system  known  by  the  name  of  ihc  Simple  Pendulum.     The 
motion  of  such  a  pendulum  in  one  direction  from  a  state  ,of 
rest,  till  it  begins  to  return  in  an  opposite  direction  is  called 
a  vibration  or  an  oscillation ;  and  the  time  employed  in  such 
motion  the  time  of  vibration,  or  of  an  oscillation.     Thus,  if 
the  pendulum  move  from  quiescence  at  m,  the  time  it  oc- 
cupies in  passing  through  the  arc  mait}  is  the  time  of  vibra- 

*  Analogous  to  this  is  the  principle  proposed  by  Mr.  Bazley,  in  Ley- 
bourQ*«  Eepository,  No.  9.  N.  S. ;  both  beiog,  iaileed,  immediate  aod 
obvious  consequences  of  Newtoa*s  dd  law  of  motion. 
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tioD;  and  this,  it  is  manifest,  is  double  the  time  emflcyed  in 
pasting  aver  ma.  This  being  admitted  it  would  be  easy  to 
apply  some  of  the  theorems  in  arts.  264.  •  •  266.  to  the  vibra- 
v^ons  of  pendulums  in  circular  arcs ;  as  they  would  then  assume 
the  form  below. 

I.  If  a  pendulum  vibrate  in  the  arc  of  a  circle,  the  velocity 
of  the  ball,  at  its  lowest  point,  will  be  as  the  chord  of  the  arc 
which  it  describes  in  its  descenL 

II.  The  force  which  accelerates  a  pendulum  is  to  th&force 
of  gravity,  as  the  sine  of  its  angular  distance  from  the  ftwest 
pomt  to  radius. 

III.  The  times  of  vibrations  in  very  small  circular  arcs  are 
very  nearly  equal. 

IV.  The  time  of  vibration  in  an  indefinitely  small  circular 
arc  is  to  the  time  in  which  a  body  would  fall  through  half  the 
length  of  the  pendulum,  as  the  periphery  of  a  circle  to  its  dia- 
meter. 

V.  The  time  of  vibration  is  as  the  square  root  of  the  length 
of  the  pendulum;  the  force  of  gravity  remaining  the  same. 

And  from  these  the  whole  doctrine  of  pendulums  vibrating 
in  circular  arcs  might  readily  be  deduced.  Bi^t,  as  the  suppo- 
sition that  vibrations  in  small  arcs  of  equal  circles  are  all  per- 
formed in  equal  times  is  not  quite  correct,  it  may  be  better  to 
draw  the  chief  properties  of  pendulums  from  a  distinct  investi- 
gation, by  means  of  which  we  may  abo  determine  the  magnitude 
of  the  error  which  can  occur  in  vibratious  through  any  assigned 
arc.    This  may  be  accomplished  thus. 

269.  Prop.  To  determine  the  time  of  vibration  of  a  pendu- 
lum in  any  circular  arc. 

Let  MAm  (fig.  12.  pi.  XII.)  be  the  proposed  arc;  and  let  the 
radius  or  length  of  the  pendulum  cm  =  /,  AB  =  6,  Ap  =  x,  jk) 
sy,  the  variable  arc  =5  s,  the  accelerating  force  or  force  of 
gravity  ss  f ,  and  the  velocity  due  to  the  height  £p,  or  (art. 
il6$.)  the  velocity  acquired  by  falling  through  mo,  put  =:  v  = 

-v^[2f  (6  —  x)]  (art.  248).     Now  it  is  known,  that  c  =  4  (arU 

882.  h) ;  and  comparing  these  two  values  of  v  we  find  t  = 

f        '  But  the  known  property  of  die  circle  gives  for 

the  value  of  the  element  of  the  curve  %  =  -rr^ ;%  which  is 

taken  negatively,  because  the  arc  %  diminishes  as  the  time  aug^ 
ments :  Uiis  value  of  s  introduced  into  the  preceding  equation 

— tt  — *  * 

transforms  it  to  ^  =:  v[(«te-»).a^(*-o] ""  7(5^:^  ^  V[«K«-*)] 
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•       IS     a*    ,    1.3.5     a*    ,   1-3.5.7      *«     ,    Q^    V    .     -     .      ,,      '*.""♦ 

57+ ST  •Tir  +  rTT*rT  +  ;rr7-5  'ttt  +  8cc.),thefactor(l— ^J 

Si    "   84    44«        S.4'6     8a3       2.4'b'8     16a*  ^^  ^         9v 

being  expanded  by  the  binomial  theorem. 

To  obtain  the  time  of  descent  from  m  to  a^  we  must  fiod  dit 
fluent  of  each  term  in  the  series^  in  such  manner  that  they  may 
vanish  when  x—b.  Now  we  see  at  once,  that  the  variable  factor 

oirA  the  terms  of  tliis  series  will  be  of  the  form  — ""**  ■;  that 

is  to  say,  these  factors  will  be  -jrr- r,   -rr-. r,    -rr r-r,   &c. 

Whence  it  appears  that,  taking  ir  to  1,  the  ratio  of  the  circum- 
fereoce  of  a  circle  to  its  diameter,  the  fluents  of  each  of  the 

•  terms,  taken  between  x  ==  6,  aud  j:  =  0,  are  v,  ir  •  -—9  **  *  "iT'' 

tf'  jg^^  ,  8cc.  Substitutbg  these  values  in  that  of  ^,  it  will 
become 

This,  therefore,  is  the  time  employed  by  the  body  in  de- 
scending from  M  to  A:  but  with  the  velocity  acquired  at  A 
the  body  would  proceed  along  the  equal  branch  Atn  of  the 
curve,  and  would  have  all  its  velocity  extinguished  at  m,  after 
a  time  from  a  equal  to  the  time  of  descent  from  m  to  a:  con- 
sequently, the  time  of  a  complete  oscillation  will  be  double  die 
former;  that  is, 

#—- .      //_/,,     1*        *     .    l»-3«       Ifl     ,    1«.3».5»      A»     .    o      \ 

^=' V  7  "^  C^  +  -^  •  IT  +  2m5  •  4"?  +  i^s:?.  •  ST  +  ^-^ 

TTie  relation  y  or  —  expresses  the  versed  sine  of  an  arc  of 

the  same  angular  value  as  am,  having  unity  for  its  radius.  And 
as  the  versed  sines  of  small  angles  are  exceedingly  minute^  the 

series  1  +  _ .  -j  +  _j .  _  4.  &c.  wiU  converge  very  rapidly. 
6q  that  in  almost  every  case  the  two  first  terms  will  suffice^  or 
t  nearly  =  *    /t"  ^  I  ^  +  iJ  I »  dierefore  the  times  of  vihrft- 

tions  in  different  arcs  are  as  8/  +  ^>  or  as  8  times  tlie  radius  + 
the  versed  sine  of  the  arc.  Or,  when  the  arc  is  very  small,  all 
the  terms  but  the  first  may  be  neglected^  and.  we  ahaU  bave  for 
the  duratioii  of  the  oscillation, 
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The  quantity  b  does  not  enter  into  this  value  of  t :  conse- 
quently when  the  vibrations  are  made  through  very  small  arcs, 
their  duration  may  be  considered  as  not  depending  on  the  ms^- 
nitude  of  the  arc;  and  the  oscillations  may  be  regarded  as  iso- 
chronal. 

270.  To  determine  tlie  numerical  error  which  may  be  com- 
mitted, by  assuming  tiie  isochronism  of  vibrations  in  small  arcs, 
let  us  suppose  the  aic  ma  =  5"^ ;  the  length  of  the  oscillation  of  a 

second  pendulum  would  be  expressed  by  1  =  ir  y^  —  ur  /  =9ik^ 

on  the  supposition  of  the  arc  being  extremely  small.  The  versed 

sine  of  5""  is  -0038053  =  4*:  and  4i  •  4"  =  '0004757.  As  to  the 

^  third  term,  it  is  less  than  'OOOCOOl .  We  have  therefore  for  the 
time  employed  by  the  pendulum  in  moving  through  an  arc  of 
twice  5**,  1  +  (I  X  •0004757);  and  the  time  of  oscillating 
through  an  arc  of  10^  differs  not  from  an  oscillation  in  an  infi- 
nitely small  arc  more  than  '0004757-  This  multiplied  into 
86400,  the  seconds  in  24  hours,  gives  nearly  ^l-^  seconds.  So 
that  a  pendulum  of  the  same  length  as  that  which  vibrates  in 
seconds,  through  infinitely  small  arcs,  would  lose  about  41'  per 
dny,  if  it  described  arcs  of  5^  on  each  side  the  vertical  ca.  If 
the  arcs  described  on  each  side  of  the  vertical  were  only  P,  of 
which  the  versed  sine  is  'OCX)  1523,  it  would  be  found  by  a  simi- 
lar process  that  the  daily  retardation  would  be  about  \^'.  And 
for  a  half  degree  on  each  side  it  would  be  about  -I  of  a  second. 
Or,  if  D  denote  the  degrees  the  pendulum  describes  on  each 
side  of  the  vertical,  the  time  it  would  be  retarded  in  a  second 

would  be  nearly  expressed  by  .  and  jconsequently  the  time 

lost  in  24  hours  would  be  24  x  60  x  GO  x  jj^  =  |d*  nearly. 

In  like  manner  the  time  lost  in  24  hours  by  describing  ^degrees 
on  each  side  of  the  vertical  would  be  ^  S^  nearly.  Conse- 
quently, if  a  second  pendulum  keeps  tnie  time  in  one  of  these 
arcs,  the  seconds  lost  or  gained  per  day  by  vibrating  in  the 
other  will  be  -f  (  d^  —  ^).  Thus,  for  example^  if  a  second  pen- 
dulum measure  true  time  in  an  arc  of  3^  on  each  side  of  the 
vertical,  it  will  lose  1  l-f-  seconds  per  day  by  vibrating  through 
4*  on  each  side,  and  nearly  4S  seconds  per  day  by  describing  6** 
on  each  ^de. 

Thus  then  it  appears  that  the  vibrations  in  very  small  cir« 
colar  arcs  may  be  regarded  as  sensibly  isochronal :  and  when- 
ever great  accuracy  is  required,  the  necessary  correction  may 
1>e  easily  applied,  as  above.  Reasoning  by  analogy,  we  see 
also  that  the  oscSlations  ^n  very  small  arcs  of  any  curve  what* 
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ever  are  always  sensibly  isochronal ;  because  an  arc  of  anj 
curve  will,  for  a  small  space,  coincide  with  its  circle  of  cuni- 

Uire.     The  equation  /  z=  ir  \/ —  will  furnish  some  other  ish 

portant  consequences,  which  we  shall  now  proceed  to  dednce. 

271. 1.  The  durations  of  the  vibrations  of  pendtdums  are  re- 

spectively  a?  the  square  roots  of  their  length.    For,  let  Ijt^ht 

the  lengths  of  the  pendulums,  t,  tf^  the  times  of  vibration  \  dieo, 

'Ittrt  have  t  =•  if\/ — ,  and  /'=  irv — ;  consequently, 

^  t  :  t'  ::  ty/ —  :  ^v/ —  :  2  v^/ :  \//'. 

II.  7%e  time  of  an  oscillation  is  to  the  time  in  which  a  kuxj 
body  would  fall  through  half  the  length  of  the  pendulum,  u 
the  periphery  of  a  circle  to  its  diameter.    For  in  the  fdr^ 

case  the  time  is  denoted  by  t  =^  v^ — ;  and  in  the  latter  the  tie- 
orem  /=  \/ —  (art.  243.)  when  accommodated  to  the  present 

purpose  will  be  t^  =  ^ — .     Consequently  t :  f  :  :  ir  :  I. 

III.  If  two  pendulums  of  different  lengths  are  solieiUdhi 
different  gravitating  forces,  the  times  of  oscillations  are  as  tk 
square  roots  of  the  lengths  of  the  pendulums  directly,  mid  Ha 
square  roots  of  the  quantities  expressing  the  gravitating  forca 

inversely.     For  tzzit^/—^  and  t^=  -/ — ,  give  t  if  \i  ^/^ —  : 

TO  T 

g 

I V.  I%€  lengths  of  two  pendulums  are  respectively  in  the  in- 
verse ratio  of  the  squares  of  the  number  of  oscillations  made  in 
the  same  time.  .  In  the  time  t  let  the  pendulum  make  n  oscilla- 

tions,  then  is  —  =:  the  time  of  one  oscillation :  consequently 

t=: — =ir\/ — ,  aud/=-Vr»     I"  'il^e  manner,  if  /'  be  the 

length  of  another  pendulum,  n^  its  number  of  oscillations  fad  the 
same  time  t,  the  force  of  gravity  f  being  supposed  the  same 
(as  is  always  assumed  unless  otherwise  expressed);  we  diall 

have  ^  =  -V;r-     Whence  /  :  i'  :  :  i- :  ~  :  :  w'*  :  n*. 

By  means  of  this  theorem,  the  length  of  the  seconds  pendiH 
lum  may  be  readily  ascertained  experimentally  :  for,  if  we  take 
a  pendulum  of  any  determinate  length  f,  and  count  the  num- 
ber of  vibrations  n^  which  it  makes  in  a  given  time|  lialf  an 
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hour,  for  example,  or  1800  seconds,  then  will  the  length  /  of  the 
seconds  pendulum  be  found  by  this  analogy,  (1800)* :  //*  :  :  /' 
:  /.  By  this  method,  among  others,  has  the  length  of  the 
seconds  pendulum  in  the  latitude  of  London  been  foundnSQ^ 
inches.  It  must  be  recollected  though,  that  the  length  is  not 
the  same  at  all  parts  of  the  earth's  surface  ;  the  difference  aris- 
ing from  the  inequality  of  distance  from  the  centre,  and  the 
consequent  variations  in  the  centrifugal  force  (art.  286). 

Another  good  method  of  ascertaining  the  length  of  a  pen- 
dulum to  vibrate  in  a  certain  time  is  that  which  was  first  pro- 
posed by  Mr.  Hatiort^  and  afterwards  executed  by  Mr.  White- 
nurst.  ft  consists  in  the  application  of  a  moveable  point  of 
suspension  to  the  same  pendulum  ;  which  thus  gives  die  abso- 
lute effects  of  two  pendulums,  the  difference  of  whose  lengths 
is  known,  being  the  interval  between  the  points  of  suspension  in 
the  two  cases :  and  the  ratio  of  their  lengths  is  also  known 
from  observing  the  number  of  vibrations  performed  in  a  given 
time.  Whence,  there  being  two  equations  and  two  unknown 
quantities,  the  actual  lengths  of  the  pendulums  themselves  are 
easily  deduced.  Thus,  we  shall  have  / :  f : :  n  ^ :  n%  and  / — 1=  d, 
the  measured  distance  between  the  points  of  suspension :  con- 
sequently /=  ;p— ;?  and  1'=;;^. 

V.Ifa  clock  keep  true  time  very  nearly ^  the  variation  in  the 
length  of  the  pendulum  necessary  to  correct  the  error  will  be 
equal  to  twice  the  product  of  the  length  of  the  pendulum  and 
the  error  in  time  divided  by  the  time  of  observation  in  which 
that  error  is  accumulated. 

Let  the  time  of  observation  benT,  the  time  gained  or  lost  by 
the  pendulum =^',  the  length  of  the  pendulum =/,  and  the  space 
which  the  pendulum  must  be  lengthened  or  shortened =X:  then 
we  have  /  :  /±X  :  :  (t±0*  :  t*;  and  from  this  is  found  x=: 

~ — p^ .     Neglecting  t\  which  is  very  small  with  respect  to 

2t,  the  equation  becomes  X  = ;  which  is  the  same  as  the 

rule. 

Cor.  If  the  pendulum  be  one  that  should  beat  seconds,  and 
f  the  daily  variation  be  given  in  minutes,  and  n  be  the  number 
of  threads  in  an  inch  of  the  screw  which  rabes  and  depresses 

•Ae  bob  of  the  pendulum,  then  k-^^^^^  =  -OS^Unt'  = 

3y  nt'  nearly,  for  the  number  of  threads  which  the  bob  must 
be  raised  or  lowered,  to  make  the  pendulum  vibrate  truly. 
VI.  The  length  of  a  seconds  pendulum  being  knorm  in  any 


3S6  DYNAMICS.  [3oox  |I. 

placCf  tlie  space  through  which  a  heavy  body  would  fattjreejy 
in  the  same  time  and  place  may  be  readily  found.    Tbof^  for 

London,  the  equation  t^^^/ — , becomes  Izz^V—-,  whence 

we  have  fziif^lzz^^X 394  =:: 386-14  inches  ==  326  feet  nearijir, 
tiie  appropriate  measure  of  the  force  of  gravity ;  correspondbq; 
with  the  assumed  value  of  g  in  art  242.  And  half  this,  or  16Vi 
feet,  is  the  space  descended  by  a  heavy  body  in  the  first  second 
from  quiescence. 
.  Or  the  same  conclusion  may  be  obtained  rather  diflferendy 

from  No.  II.  of  the  present  article :  for  v  :  1  :  :  T  :  —  the  time 

m  which  a  heavy  body  would  fall  through  a  vertical  Ime  of 
19/5-  inches,  and  by  die  laws  of  falling  bodies  the  spacei^ 

scribed  are  as  the  squares  of  the  times ;  therefore  -• :  1' : :  iO^^ 

:  19^^  •  fT^r:  193*07  mchesz:  16t^  feet  nearly,  the  same  as 
before. 

It  is  obvious  also,  that  by  the  reverse  of  this  method  we  m^f 
find  die  length  of  a  seconds  pendulum,  having  given  die  space 
fallen  through  by  a  heavy  body  in  the  first  second  of  time  ntMn 
quiescence.  And  thus  the  theory  and  experiments  mutually 
assist  each  other,  in  determining  data  of  such  importance  as 
these,  in  many  other  branches  of  science. 

272.  Dbfs.  If  the  circumference  of  a  circle  be  rolled  along 
a  right  line,  until  any  point  o  of  tliat  circumference  which  was 
in  contact  with  the  line  come  hi  contact  with  it  again,  that  point 
o  will  describe  a  curve  called  a  cycloid,  The  line  on  which 
the  circle  rolls  is  the  base  of  the  cycloid ;  and  the  diameter  of 
that  circle  which  is  perpendicular  to  the  base  when  the  cirde 
touches  its  middle  point,  is  the  asns  of  the  cycloid. 

The  circle  which  rolls  along  the  right  line  is  called  the  ge- 
nerating  circle. 

Cor.  The  base  of  the  cycloid  is  equal  to  the  circumference 
of  the  generating  circle. 

273.  Prop.  If  a  line  ofb  be  drawn  from  any  point  o  in  the 
cycloid f  parallel  to  its  base,  and  meet  the  generatif^  circle  d^ 
scribed  upon  the  axis  in  f,  the  circular  arc  rev  is  equal  to  the 
right  line  of. 

Let  the  generating  circle  touch  the  base  in  d  (fig.  1.  pL 
XIII.)  when  the  generating. point  is  at  o.  D£  perpendidMitf 
to  AC  and  equal  to  cv  is  the  diameter  of  the  circle  dob.  Druw 
the  chords  ob,  fv.  Then,  since  dezicv,  and  dg^cb,  the 
renuunder  ge  =:  bv  :   consequently  og  =:  V^(d6*ge)  ^nzz 
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V'(CB*By).  Add  FG  to  each  of  these  eqaab,  (hen  will  op= 
C6.  Aba  OB  =  ^(ed  •  eg)  =  vf  =r  -v/(vc  •  vb)  ;  therefore 
arc  Bto  =  arc  yev :  and  since  every  point  in  onD  has  been  suc- 
cessively in  contact  with  ad,  while  the  point  o  moved  from  a 
to  its  present  position,  ono  ==  ad,  and  eod  =  AC :  hence  Efo::: 
DC  ^  and  consequently  veF=:  Eto=:DC=OB=:OF. 

CoR.  Because  of  is  always  equal  to  the  arc  ver  or  Bto,  their 
coteroporary  increments  or  decrements  are  equal ;  that  is,  the 
initial  motions  of  the  point  cT  which  traces  out  the  cycloidal 
arc,  the  one  parallel  to  the  base  AC,  the  other  in  the  directbn 
of  the  circle  or  its  tangent  at  O,  are' equal  to  each  other. 

C74.  Prop.  If  an  ordinate  ob  be  drawn  (fig.  1.  pi.  XIII.) 
from  any  point  o  of  the  cjfcloidal  arc,  intersecting  the  circle 
CFV  in  F,  then  will  the  tangent  ob  of  the  cycloid  be  parallel  to 
the  chord  fv  of  the  generating  circle. 

Draw  the  tangent  Tt  to  the  circle  DOB  in  o,  and  produce 
BO,  DO,  to  b  and  d ;  then  are  the  initial  motions  of  the  point  o 
in  the  directions  of,  oo,  and  equal  to  each  other,  by  corol.  to 
the  foregoing  proposition.  And  if  the  parallelogram  of  motions 
be  constructed  upon  the  equal  sides  coinciding  with  of,  og,  its 
diagonal  will,  by  the  composition  of  motion,  be  in  the  direction 
of  the  tangent :  therefore,  die  contiguous  sides  of  the  parallelo- 
gram being  equal,  it  will  be  either  a  rhombus  or  a  square,  and 
Its  diagonal  will  bisect  the  angle  /OG ;  that  is,  oe  the  tangent  in 
o  will  bisect  the  angle  foG,  or  make  ^oe=eog.  But  god=odt, 
because  og  and  td  are  parallel ;  and  odt  =  tod,  because  the 
tangents  to,  td  are  equal ;  also  tod  =  tod^  being  vertical  or 
opposite  angles ;  therefore  GOD=^od.  Then  adding  equals  to 
equals,  doo+  goe  =  do<+fOE,  or  t/oE  =:  doe  ;  consequently 
OB  is  at  right  angles  to  d^,  and  meets  the  diameter  de  in  its 
extremity  e.  Again,  CD  is  equal  and  parallel  to  fo,  therefore 
do  is  equal  and  parallel  to  cf  ;  and  hence,  since  doe  =  CEvna 
right  angle,  oe  is  parallel  to  ft. 

Coe.  1.  Since  do  is  perpendicular  to  oB,  the  tangent  to  the 
cycloid  at  o,  it  coincides  in  direction  with  the  radius  of  curva- 
ture at  o. 

CoR.  2.  A  tangent  to  the  cycloid  at  the  vertex  v  is  perpen- 
dicular to  the  axis  yc,  and  parallel  to  the  base  Ac. 

The  method  of  determining  the  ^angent  to  the  cycloid  by  the 
composition  of  motion  was  first  given  by  Roberval,  in  his 
*  Observatiom  on  the  Composition  of  Motion^  and  on  the  Tan^ 

fents  of  Curve  lines"  published  in  the  Memoirs  of  the  Aca- 
emvof  Sciences,  1 666.  The  same  method  is  again  ajpplied 
to  the  case  of  cycloids  and  epicycloids,  by  Mr.  West,  m  his 
Mathematics^  published  in  1162.     Afterwards  by  Dr.  Parkin- 
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soii^  in  his  Mechanics,  published  in  1785.  And  again  by  Mr* 
Ludlaniy  in  his  Essays,  1787.  Neither  of  these  gentlemen 
seem  aware  that  their  method  is  the  same  in  principle  as  Ro- 
bervaPs. 

275.  Prop.  The  involute  of  a  semicydoid  Aou  (fig.  IS.  pL 
XII.)  is  an  equal  semicydoid  upv  in  an  opposite  direction,  the 
extremity  of  the  base  of  the  latter  being  in  contact  with  the  wr- 
tex  ofthejormer. 

From  any  point  o  draw  ob  parallel  to  AC,  cutting  the  gen^ 
rating  circle  m  f,  and  join  fu.  Dr^w  op  a  tangent  to  the 
cycloid  in  o,  and  at  e,  the  point  where  it  cuts  the  line  uw 
drawn  from  u  parallel  to  c A^  let  fall  bd  perpendicular,  to  uw, 
and  equal  to  cu.  On  ed  as  a  diameter  describe  a  circle  inter- 
secting the  tangent  op  in  some  point  p.  Then  (art.  21  \.)  ob 
is  equal  and  parallel  to  Fu ;  and  (art.  273.)  of  is  equal  to  the 
arc  Feu.  The  circles  cfu,  dpe  are  equal,  as  are  likewise  the 
angles  fub  and  uep  ;  the  chords  fd,  £p,  therefore,  are  equal, 
and  cut  off  equal  arches.  Because  ofub  is  a  parallelogram, 
UB  is  equal  to  fo,  or  equal  to  Feu,  or  equal  to  Efip.  But  if  the 
circle  epd  had  been  placed  on  the  line  uw  at  u,  and  had  rolled 
from  u  to  B,  the  arch  disengaged  would  have  been  equal  to  UB^ 
and  the  point  which  was  in  contact  with  u  would  now  be  in  P, 
in  a  periphery  of  a  semicydoid  upv,  equal  to  aou,  having  die 
line  UN  equal  and  parallel  to  ac  for  its  base,  and  nv  equal  and 
parallel  to  cu  for  its  axis :  and  since  the  same  may  be  shewn  to 
obtain  with  respect  to  any  other  point  in  aou,  the  cycloid  upt 
is  the  involute  of  aou,  as  in  the  proposition. 

Cor.  1.  The  arch  ou  of  the  cycloid  is  equal  to  twice  the 
corresponding  chord  fu  of  the  generating  circle :  for  this  arch 
is  equal  to  the  evolved  line  pEP :  and  it  has  been  shewn  that 
OE=£p;  consequently  op=ou=2oe=2fu. 

Cor.  2.  The  arch  of  a  semicydoid  is  equal  to  twice  the 
diameter  of  its  generating  circle ;  and  the  whole  cycloidal  arch 
equal  to  four  times  the  diameter  of  the  generating  circle. 

Cor.  S.  The  description  of  the  cycloid  upv  by  the  evolution 
of  the  cycloid  aou  furnishes  a  simple  method  of  determining 
the  area  of  any  cycloid.  For  since  op  is  always  parallel  to  fu, 
the  former  op  will  sweep  over  the  whole  space  aoupv,  while 
UF  sweeps  over  the  whole  surface  of  the  semicircle  ufc  ;  and 
since  op  is  always  double  the  simultaneous  uf,  the  space  aoupv 
will  be  quadruple  the  semicircle  ufc.  Also,  the  space  describe 
ed  by  oe  in  any  instant  is  manifestly  one-fourth  of  the  space 
described  in  the  same  interval  by  the  double  line  op ;  there* 
fore,  the  space  aoun  is  equal  to  the  semicircle  ufc:  each  of 
them  is  one-third  of  the  area  nupv,  or  its  equal  aouc  ; 
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id  the  space  acpuoa  is  two-thirds  of  the  semicycloid 
ouc. 

Cos.  4*  From  this  proposition  it  will  be  easy  to  make  a  pen*- 
ilum  oscillate  id  a  given  cycloid,  as  livw,  whose  base  is  pa- 
Uel  to  the  horizon.  Thus,  produce  the  axis  vn  till  VA  = 
jTN;  through  A  draw  a  line  ac  parallel  to  uw,  and  =  iuw; 
1  AC  as  a  semi-base  with  axis  cu  describe  a  semicycloid  aou  ; 
id  in  like  manner  describe  another  semicycloid  aw  turned  the 
mtrary  way:  then  a  string  whose  length  is  aou  or  av,  being 
led  by  one  end  at  a,  and  in  its  motion  coming  gradually  into 
mtact  with  oneor  ^ther  of  the  cycloidal  cheeks  aou,  aw,  will 
Mcribe  the  cycloid  uyw  by  its  other  extremity. 

216.  Pmop.  Tojind  the  time  of  a  pendulum's  oscillation,  in 
te  arc  of  a  a/chid. 

Let  uvw  (fig.  13.  pL  XII.)  be  the  cycloid  in  which  the  body 
■  to  oscillate:  then  by  the  preceding  prop,  and  corols.  VN=r 
A^  and  AOU  =:  AwaKAv  =  Jutw.  The  accelerating  force  in 
ly  point  T  of  the  curve  is  the  same  as  if  the  body  were  placed 
pen  the  tangent  Tt :  and  by  the  nature  of  the  inclined  plane, 
le  force  of  gravity :  force  in  direction  Tt  ::Tt :  tg  :  :  qy  : 
H  (by  sin.  triangles)  :  :  vn  :  vq.  In  like  manner,  taking  any 
iher  point  s  in  the  curve,  die  force  of  gravity :  force  in  the 
urve  :  :  vr  :  vi  :  :  VN  :  YR.  Consequently  the  accelerating 
orce  of  a  body  placed  on  different  points  T,  s,  of  the  curve, 
aries  as  the  corresponding  chords  vq,  vr,  of  the  generating 
ircle,  or  as  the  portions  yt,  ts,  of  the  curve,  measuring  from 
be  vertea^ :  these  portions  tt,  ts,  being  the  doubles  of  the  cor- 
espooding  chords  yq,  tr,  by  cor.  1.  of  the  last  article.  This 
voblem,  dierefore,  is  analogous  to  that  discussed  in  arts.  237- 
138.  respecting  a  body  which  is  attracted  by  a  force  which 
aries  directly  as  the  distance  from  the  lowest  point  y:  conse- 
[uendy,  in  this  case  as  well  as  that,  the  times  of  descent  from 
inj  points  on  the  arc  where  the  body  begins  to  move  from  qui- 
scence  to  the  lowest  point  y  are  equal ;  and,  as  equal  forces 
cting  in  opposite  directions  will  destroy  equal  quantities  of 
notion  in  equal  times,  the  times  of  ascent  from  y  along  the 
(tfaer  branch  of  the  curve  will  all  be  equal  likewise :  hence  the 
imes  of  oscillation  in  a  cycloid,  whedier  through  greater  or  less 
rches,  are  equal. 

The  expression  i^^/--?  in  lurt  237.  when  adapted  to  the 

iresent  case  becomes  iif v'  jjr^  '  being  equal  to  wty  or  AY  ; 
kb  denotes  the  time  of  descent  dirough  half  the  cycloid :  hence, 
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in  the  case  of  vibration,  tzz*  ^Z-r^r  for  the  time  of  Oscillation  io 

a  pendulum  whose  radius  of  curvature  at  its  vertex  is  eqnal  tD  /. 
This  expression  agrees  with  that  given  in  art.  269.  for  pendo- 
lums  vibrating  in  very  small  circular  arcs ;  consequently^  die 
chief  inferences  made  from  that  equation  will  equally  apply  to 
the  cycloidal  pendulum. 

Cob.  The  time  of  descent  through  wv  is  to  the  time  of  cb- 
$cent  through  sv  (after  having  passed  over  ws)  fl«  the  semi* 
circumference  nev  to  the  arc  rqv.  For,  on  the  radius  Af 
describe  the  quadrant  Awz,  make  vk  =  2vb,  and  draw  ^i*  JP^ 
rallel  to  u w.J  Then  is  |^vr  :  |vn  :  :  2vr  :  2vn  : :  vk  :  va.  Bat 
VK  is  the  sine  of  the  arc  lz  to  the  radius  wk,  and  yVR  ia  the  oie 
of  half  the  arc  vqr  to  the  radius  ivN;  consequently  lz  and  j-vgR 
are  similar  portions  of  their  respective  circumferences;  sai 
therefore  since  the  radii  of  the  two  circles  are  as  4?  to  1^  the  arc 
LZ  equal  2rqv.  Now,  av  being  equal  to  wsv,  and  vk=:2vbs 
TTSy  and  the  times  of  descent  throush  av,  kv,  being  as  the  arcs 
ALz,  LZ  (art.  237.)  we  shall  have,  tmie  in  wsv  :  time  in  6¥  :  s 
ALZ  :  LZ  :  :  2nrv  :  2rqv  : :  nrv  :  rqv. 

Cor.  d.  The  time  of  describing  any  arc  rrs  after  hacit^ 
fallen  through  upv,  is  to  the  time  of  describing  upv  at  the  an 
vgR  to  the  semicircular  arc  vrn.  This  is  evident,  because  the 
time  of  describing  vs  after  passing  over  upv  is  mamfestl; 
the  same  as  the  time  of  describing  sv,  after  having  run  through 
ws. 

.  The  isochronism  of  vibrations  in  cycloidal  arcs  is  demonstrate 
ed  upon  the  supposition  that  the  whole  mass  of  the  pendulum  is 
concentrated  in  a  point :  a  supposition  which  cannot  actually 
take  place  in  any  vibrating  body  ;  and  when  the  pendulum  is  of 
finite  magnitude  there  is  no  point  given  in  position  which  de- 
termines the  length  of  the  pendulum  ;  for,  that  which  is  called 
the  centre  of  oscillation  will  not  occupy  the  same  place  in  the 
given  body  when  describing  different  parts  of  the  track  it  moves 
through,  but  will  be  continually  moved  in  respect  of  the  pen- 
dulum itself  during  its  vibration.  This  circumstance  has  pre- 
vented any  general  determination  of  the  time  of  vibration  in  a^ 
cycloidal  arc  except  in  the  imaginary  case  here  considered  :  the, 
property  of  isochronism,  however,  obtaining  here,  has  occadoo- 
ed  the  name  of  Tautochrones  to  be  applied  to  cycloids. 

Many  other  reasons  have  induced  the  artists  to  abandon  the 
use  of  the  cycloidal  pendulum,  although  it  was  commonly 
adopted  for  some  time  after  its  first  invention  by  Huygem. 
The  principal  are,  the  difficulty  with  which  the  metallic  cheeks 
are  bent  into  the  true  cycloidal  form;  the  improbability  of  their 
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long  retaining  it,  supposing  it  once  given;  and  the  changes  of 
ivhich  the  pendulum  is  susceptible  in  consequence  of  the  ex- 
pansion and  contraction  by  heat  and  cold.  These  sources  of 
error  are  such  as  the  peculiar  property  of  the  cycloid  cannot 
obviate  :  and,  as  the  variations  from  isochronism  in  very  small 
circular  arcs  are  very  trifling  and  readily  computed,  the  cycloidal 
pendulum  is  now  wholly  disused  in  practice. 

Curve  of  Swiftest  Descent 

277.  At  first  view  it  might  be  imagined  that  as  a  right  line  is 
die  shortest  path  from  one  point  to  another,  so  it  should  be  the 
fine  of  quickest  descent  from  one  point  to  another  not  situated 
in  the  same  horizontal  line:  but  it  has  been  already  seen  (art. 266* 
cor.)  that  the  times  of  descent  through  arcs  of  circles  in  certain 
positions  are  less  than  the  times  of  running  down  the  chords. 
And  there  does  not  appear  any  reason  why  other  curves  may 
not  be  found  through  which  bodies  shall  pass  from  one  to  the 
other  of  two  given  points  in  less  time  than  diey  would  pass  in 
circular  arcs.  The  general  problem  was  first  propoflfed  in  1697, 
by  John  Bernoulli,  under  the  title  of  the  BrackystochronoUj  or 
^  that  curve  along  the  concave  side  of  which  if  a  heavy  body 
descend  it  will  pass  in  the  least  time  possible  from  one  point  tq 
anodier,  the  two  points  not  being  in  the  same  vertical  line.** 
The  problem  was  truly  answered  the  same  year  by  Leibnitz, 
Newton,  UHospital,  and  James  Bernoulli.  The  problem  has 
been  reconsidered  more  recently  by  Venturi,  who,  besides  arriv- 
ing at  the  same  conclusions  as  the  original  investigators,  has 
determined  that  there  is  a  minimum  of  time  of  descent  even  in  a 
circular  arc:  for  an  arc  of  a  circle  which  does  not  exceed  60 
degrees  b  a  curve  of  speedier  descent  than  any  other  curve  which 
can  be  drawn  within  the  same  arc;  and  the  arc  of  90  degrees 
is  a  curve  of  speedier  descent  than  any  other  curve  which  can 
be  drawn  without  the  same  arc.  And  many  other  theorems 
might  be  found,  particularly  if  we  were  to  assume  different 
hypotheses  of  gravity:  but  all  we  shall  attempt  here  is  to  give 
the  solution  of  the  problem  upon  the  common  supposition  of 
gravity  being  a  constant  force  acting  in  parallel  lines  *• 

Prop.  To  determine  the  curve  along  which  a  body,  solicited 
by  gravity,  will  pass  from  one  given  point  a  to  another  point  b, 
not  in  the  same  vertical  line,  in  the  shortest  time  possible.^ 

Let  AC  (fig.  2.  pi.  XIII.)  be  parallel  and  be  perpendicular 

*  For  more  concerning  these  and  kindred  enquiries,  see  Woodhouie's 
Trtatite  on  Isoperimetrical  Probkmt. 
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to  the  horizon,  intersecting  each  other  in  e,  and  let  pm  be  any 
ordinate  to  the  curve  parallel  to  eb.  Let  ap=x,  PM=y, 
AM  =  r;  then  the  velocity  at   m  \*ill  (arts.  243.  263.)  be  ex-. 

pressed  bj  y^,  and  consequently  the  tluxion  of  the  time. of 

descent  through  am  will  be  truly  defined  by-jor  its  equaiy      X 

(^xx  +»)*.  Here,  therefore,  the  fluent  of  y"*  x  (xi+i;)  • 
is  to  be  a  minimum  when  that  of  x  obtains  a  given  value  AB. 
Whence  we  must  have  y~  jrx  (^xir+iA  =  a  constaat 
quantity;  which,  in  order  that  the  terms  may  be  homologoiiiy 
may  be  denoted  by  a"*,  or-V"-  Then  a^x  =:  v'  X  (xJt+jji)^] 

therefore  x^   J"^      -,^^      -  and  ir=  ^(**+i*)=:  ■  ^^  r . 

consequentlyx=€a  —  2a •  y/a-^y.  Hence  when ^=a,  2::=2tf  ; 
fhat  is,  if  these  values  of  y  and  z  be  represented  by  CY  and  die 
arch  VMA,  the  latter  will  be  double  the  former;  which,  as  vte 
have  she>A  n  (art.  275.  cor.  2.),  is  a  property  of  Ae  cycloid  wbose 
vertex  is  v,  and  diameter  of  its  generating  circle  cv. 

When  the  point  b  falls  on  me  other  side  the  vertex  with 
respect  to  a,  as  it  roust  do  when  eb  is  less  with  respect  to  ab 
than  vc  to  ac,  or  than  the  diameter  of  a  circle  to  half  its  cir« 
cumfereiice,  the  process  will  be  the  same,  and  it  will  terminate 
in  a  similar  conclusion.  The  cycloid  therefore  is  the  curve 
required. 

Cor.  1.  If  the  celerity  be  supposed  as  any  function  f  of  the 
quantity  y,  the  problem  may  be  resolved  in  the  same  manner ; 

in  that  case,  the  equation  of  the  curve  will  be  ^^^^ — — — =— • 

Cob*  £•  From  the  above  investigation  a  very  simple  con* 
structiou  may  be  deduced.  Thus,  a  and  p  (fig.  3.  pL  XI IL) 
being  the  given  points:  through  a  draw  the  horizontal  line  AB, 
on  part  of  which  as  a  base  describe  any  inverted  cycloid  Aj9&; 
jpin  A,  p,  by  the  line  AP  cutting  the  curve  \pb  in  p;ydmpb, 
and  paiallt'l  to  it  draw  pb  meeting  ab  in  b  :  so  shall  ab  be  the 
base  of  the  inverted  cycloid  avd,  through  which  the  body  will 
pass  from  A  to  H  in  the  shortest  time  possible,  litis  con- 
struction IS  founded  upon  the  property  that  cycloids  are  similar 
curve>,  having  only  one  constant  quantity  entering  their  equa- 
tion, namely,  the  diameter  of  the  generating  circle.  We  see, 
alaOy  that  for  any  two  given  points  a,  p,  there  can  be  only  one 
cycloid  which  will  answer  the  conditions  of  the  problem  of  the 
brachystochronon . 
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It  should  be  remarked,  that  this  simple  constructioii  was 
first  given  by  Newton  in  the  Philosophical  Transactions^ 
No.  224. 

278.  Prop,  //"avp  be  the  line  of  swiftest  passage  from  a  to 
p  (fig.  4.  pi.  Xlfl.),  and  ap  the  right  une  joining  the  points  a 
and  p ;  then^  ifvs  be  drawn  perpendicular  to  the  curve  in  p,  and 
AS  let  fall  perpendicularly  from  the  point  a  upon  Ps,  the  time 
in  xchich  a  body  drawn  by  gravity  describes  the  right  line  ap,  t^ 
to  the  time  in^  which  it  would  pass  from  k  to  v  along  the  curve 
AW,  as  ap  ^0  AS. 

Through  p  draw  pn  parallel  to  the  axis  of  the  cjcloid,  and 
PT  parallel  to  the  base  ba,  meeting  the  axis  in  h,  and  a  circle 
described  on  the  diameter  rv  in  f  and  q,  and  lastly,  meeting  the 
cycloid  in  t.  Draw  the  chord  cf,  which  (art.  274.)  wiu  be 
parallel  to  ps.  Whence  pm=fc,  and  mc  =  pf=  (art.  273.)  Fv  : 
and  consequently  AM  =  rQVF.  By  art.  276.  the  time  in  arc 
ATV  :  time  in  <;v  : :  semicircumference  :  diameter;  and  by  art. 
276.  cor.  2.  the  time  of  describing  vp  (after  having  passed  oveir 
Av)  :  time  in  atv  : :  vf  :  vqc.  Therefore  time  in  avp  :  time 
in  cv  : :  arc  cqvf  :  diam.  rv.  But,  time  in  cv  :  time  in  np  or 
CH  : :  cv  :  CF ;  therefore,  by  equality,  time  in  a  vp  :  time  in  np  : : 
arc  CQVF  :  chord  cf  : :  am  :  mp  -Again,  time  of  fall  throueh 
MP  :  time  in  right  line  ap  :  :  np  :  ap;  therefore,  the  ratio  of  £e 
time  along  avp  to  the  time  in  ap  is  composed  of  the  ratios  of 
AM  to  MP,  and  of  NP  to  af;  that  is,  time  along  avp  :  time  in 
AP:-:  AM  •  np:  mp-pa.  But  am  •  np=mp-  as,  each  being  the 
doable  of  the  triangle  amp.  Consequently,  the  time  in  which 
a  body  falling  from  rest  runs  through  the  curve  of  the  cycloid 
AVP,  18  to  the  time  in  which  it  would  pass  over  the  right  line  ap, 
as  MP  •  As  to  MP  •  PA,  or  as  as  to  ap.  And  in  the  same  manner 
(itiutat.  routan.)  the  demonstration  proceeds  when  the  point  pis 
between  a  and  v. 

Cor.  1.  Since  AP  the  hypothenuse  of  the  right-angled  triangle 
ASP  is  always  greater  than  As,  the  time  of  descent  through  the 
i%ht  line  4P  is  always  greater  than  the  time  of  passing  through 
toe  arc  AP. 

Cos.  £.  When  p  coincides  with  v,  ps  and  as  coincide  with 
vc  and  AC  respectively;  and  then,  time  in  arc  av  to  time  in 
chord  iv,  as  4«  to  ^^(1  +J«*)i  or  as  1-5708  to  1-8621  nearly. 
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CHAPTER  III. 


On  Central  Forces. 

279.  Since  a  body,  when  once  put  into  motioni  will  (art  SI*), 
unless  prevented  by  obstacles,  persevere  in  that  state  widi  the 
same  velocity  and  the  same  direction,  it  follows  that  a  bod^  can- 
not describe  a  curve  line  unless  it  is  subjected  to  the  action  of 
a  constant  force,  or  meets  with  obstacles  after  obstacles  which 
change  at  every  instant  the  direction  of  its  motion.  If  the  force 
which  acts  on  a  moving  body  according  to  any  direction  Af- 
ferent from  that  in  which  it  is  moving,  act  at  finite  intervals  of 
time,  and  communicate  at  each  interval  a  determinate  velocity, 
the  body  will  describe  a  polygon.  But  if  the  body  have  re- 
ceived at  first  a  finite  velocity,  and  the  force  which  deflects  it 
from  its  pa^h  act  continually  or  without  interruption,  the  body 
will  then  describe  a  curve  line:  such  is  the  efl^ct  of  the  con- 
stant solicitation  of  gravity;  and  such  also  that  of  theresutancrf 
of  fluids. 

A  body  which  is  moving  in  a  curvilinear  track  may  be  con- 
sidered, at  any  instant  whatever,  as  if  it  were  moving  alon^  the 
tangent  of  that  point  of  the  curve  at  which  it  is  found;  and  if  the 
force  wnich  deflects  the  body  at  any  instant  ceases  to  act,  the 
body  will  persevere  in  its  motion  according  to  the  direction  of 
that  tangent. 

Dbfs*  !•  The  centre  of  attraction  or  of  force  is  the  point 
towards  which  any  body  is  solicited  or  impelled. 

2.  Ducting  force  is  the  force  which  tends  to  bend  the  course 
of  a  body  at  every  instant 

S.  Centripetal  force  is  the  force  which  tends  constantly  to  so- 
licit or  to  impel  a  body  towards  a  certain  fixed  point  or  centre* 

4.  Centrifugal  force  is  that  by  which  it  would  recede  from 
such  centre,  were  it  not  prevented  by  the  centripetal  force. 

5.  These  two  forces  are  called  jointly  Central  Fobcbs. 

Cor.  The  centrifugal  and  centripetal  forces,  being  cor- 
relatives in  circular  motions,  may  be  represented  by  the  same 
line. 

6.  Projectile  force  is  that  widi  which  the  body  would  run 
out  in  a  tangent  to  its  path,  if  there  were  no  centripetal  force  to 
prevent  it 
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Cor.  The  centripetal  and  projectile  forces  are  heterogeneous, 
and  cannot  be  compared.  For  the  action  of  the  one  is  inces- 
auntf  but  that  of  the  other  b  impulsive. 

7.  The  path  described  by  a  body  acted  upon  by  a  centripetal 
force  is  often  called  its  trajectory,  or  its  orbit. 

8.  Radius  vector  is  a  line  drawn  from  the  centre  to  which 
the  force  is  referred,  or  in  which  it  is  supposed  to  act,  to  any 
point  in  the  trajectory  wherein  the  body  is  found. 

9.  jinmlar  velocity  is  the  velocity  with  which  the  angle  is 
describedf  which  is  contained  between  any  two  positions  of  the 
radius  vector;  it  is  measured  by  an  arc  of  a  circle  whose  radius 
is  a  unit  of  distance,  and  comprehended  between  two  positionii 
of  the  radius  vector  at  the  interval  of  a  unit  of  time. 

10.  When  a  body  moves  round  a  centre  in  an  orbit  or  trajec- 
tory which  returns  into  itself,  the  time  employed  by  the  body 
after  passing  a  certain  point  before  it  returns  to  that  point  again 
18  called  the  periodical  time. 

280.  Prop.  If  from  two  points  k  andD,  equally  remotefrom 
the  centre  of  attraction  c  (fig.  5.  pK  XIII.)  two  bodies  move 
with  equal  velocities,  the  one  along  the  right  line  ac,  the  other  in 
a  curve  line  dbq,  their  velocities  at  all  equal  distancesfrom  the 
centre  will  be  equaL 

Let  DK  in  the  tangent  of  the  curve  at  the  point  d  be  the 
space  which  would  be  described  in  an  evanescent  portion  of 
time  with  the  velocity  at  d,  fg  the  arc  of  a  circle  whose  centre  is 
c,  and  GK  its  tangent;  and  whUe  af  would  be  described  with 
the  velocity  at  a,  let  fh  be  added  to  it  by  the  attractive  force. 
Draw  the  arc  hi,  and  il  a  taneent  to  it  at  i,  meeting  dk  pro^ 
duced  in  l  :  draw  also  KB  paraUel  to  do,  and  lb  perpendicular 
to  DL.  Then,  dg  :  dk  :  :  gi  :  kl  :  :  kl  :  KB,  by  similar 
triangles ;  therefore  gi  :  KB  : :  do^  :  dk';  and  consequently  Kn 
will  be  the  space  described  by  the  attractive  force,  while  dk 
would  be  described  with  the  velocity  at  d;  for  the  force  may  be 
considered  as  uniform  during  the  description  of  the  evanescent 
increments,  and  the  spaces  described  by  the  action  of  a  uniform 
force  are  as  the  squares  of  the  tiroes  (art.  227.)  Hence,  the 
resultant  will  be  db,  which  is  ultimately  equal  to  dl  ;  and  the 
whole  velocity  will  be  increased  in  the  ratio  of  dl  to  dk,  or  of 
Di  to  dg,  or  of  ah  to  af:  consequently,  since  h,  i,  and  l,  are 
ultimately  eaui-distant  from  c,  the  velocities  in  ea  and  ed  are 
always  equally  increased  at  equal  distances^  and  will,  therefore^ 
always  remain  equal  at  equal  distances. 

Cor.  The  same  thing  mav  in  similar  circumstances  be  shewn 
to  obtain  with  respect  to  the  velocities  in  ec,  and  any  other 
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curve  £  d'q'  ;  and  consequently  it  will  hold  with  regard  to  the 
two  curves :  therefore,  generally,  two  or  more  bodies  being  at^ 
tr acted  toward  a  give^  centre  with  equal  force  at  equal  dis- 
tances, if  t heir  velocities  be  once  equal  at  equal  distances,  th^ 
will  remain  aluai/s  equal  at  equal  distances,  whatever  be  their 
directions. 

28 1 .  Prop,  ji  body  revolving  in  an  orbit,  bu  the  joint  effects 
of  a  projectile  and  a  centripetal  force,  describes  by  its  radius 
vector  equal  areas  in  equal  times,  and  in  unequal  times  areas 
proportional  to  the  times. 

Let  ABCD,  &c.  (fig.  7.  pi.  XIII.)  be  part  of  an  orbit  described 
by  a  bodv,  which  is  solicited  by  a  centripetal  force  towards  the 
point  f.  If  the  projectile  force  alone  acted,  the  body  would 
move  uniformly  in  a  right  line  as  av  :  but  if  the  centripetal 
force  be  supposed  to  act  by  separate  impulses  or  solicitatioDSi 
as  at  B  c,  D,  &c.  when  the  body  receives  the  impulse  at  D  it 
will  be  dra\\n  out  of  its  course  towards  ff  and  (art.  217.)  wil 
describe  the  diagonal  bc  in  the  same  time  as  the  projectile 
force  alone  would  have  made  it  describe  bc.  After  equal 
intervals  similar  effects  will  take  place  at  c,  D,  &c.  Since  ab, 
BC,  &c.  are  the  hues  described  in  equal  times  by  the  body,  the 
areas  desc  ribed  in  equal  times  by  the  radius  vector  viill  be  Af  b, 
B^c,  &c.  Now  AB,  BC,  expressing  spaces  pubsed  over  by  a 
uniform  motion,  are  equal  bases  of  the  triangles  AfB,  b^c, 
which  l>eiiig  terminated  by  the  same  point  <p^  have  likewise 
equal  alti;udes,  and  are  therefore  equal.  And  because  the  body 
at  B  is  by  the  jomt  action  of  the  projectile  and  centripetal  forces 
carried  forwards  m  the  diagonal  bc  of  the  parallelogram  Gc, 
the  opposite  sides  gb,  cr,  aie  parallel,  and  cc  is  paralT^l  to  b^. 
But  B^  is  the  common  base  of  the  two  triangles  b^c,  b^c;  and 
these  triangles  arc  between  the  same  parallels;  therefore  they 
are  equal.  Consequently  a^b,  which  has  been  proved  equal 
to  B^r,  i'i  likewise  equal  to  b^c;  that  is,  the  areas  described  in 
equal  times  are  eqaul.  And,  by  composition,  any  sums  of  these 
areas  are  to  each  other  as  the  times  in  which  they  are  described: 
that  is,  the  areas  are  universally  as  the  times. 

Let  the  number  of  these  triangles  be  augmented,  and  their 
breadths  diminished  indefinitely,  the  centripetal  force  beii^ 
now  supposed  to  act  continually :  then  will  the  ultimate  pen* 
meter  abcd,  8cc.  be  a  curve  line,  which  is  always  concave  to- 
wards f  the  centre  of  force;  and,  the  above  reasoning  being 
still  applicable  to  those  triangles  whose  breadtlis  are  indbfinitely 
diminished,  the  areas  will  be  as  the  times. 
It  does  not  necessarily  follow^  that  the  centripetal  force 
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«hoald  cause  the  body  always  to  approach  the  centre  of  force ; 
it  may  continue  to  recede  from  it,  notwithstanding  its  being 
drawn  by  a  force  res^iding  there:  but  this  property  roust  always 
belong  to  its  motion,  that  the  trajectory  which  it  describes  be 
concave  towards  the  centre  of  force. 

CoE.  I .  The  plane  in  which  the  trajectory  lies  passes  through 
the  centre  of  force.  For  the  diagonal  nc  of  the  parullielograra 
CG  is  in  the  same  plane  as  its  sides;  therefore  bc,  Bf,  are  in  die 
same  plane:  in  the  same  manner  Bd,  CD,  c^,  are  in  one  planej 
being  the  same  as  the  former;  and  so  on. 

Cor.  2.  The  projectile  velocity  of  a  body  revolving  in  a  curve 
about  an  immoveable  centre  of  force,  is  reciprocalljf  as  the  per- 
pendicular let  fall  from  that  centre  upon  the  tangent  to  thflt 
point  of  the  orbit  where  the  bodi/  is  when  its  velocity  k  estimated. 
For  the  area  of  any  of  the  triangles  a^b,  b^,  being  constant, 
the  base  which  represents  the  velocity  is  reciprocally  as  the 
perpendicular  demitted  upon  it  from  f. 

CoK.  3.  The  angular  velocity  at  the  centre  of  force  is  re* 
ciprocally  as  tht  square  of  the  body*  s  distance  from  that  centre. 
For,  if  the  small  triangles  ^cd,  f  ba  (fig.  8.pl.  Alii.)  are  equal, 
diey  are  described  in  equal  times:  and  2  area  c^d  n^c  •  cq  ; 
also2  area^BArifS'BP:  therefore  fc*cy=^B«B P.  But,  angle 
c^D :  angle  a^b  : :  cq  icqi:  ^c-cq  :  ^c  •  rj  : :  ^b  •  bp  :9c  •  cj  : : 
area  ^ba  : :  area  fcq  : :  pB*  :  ^o**  or  ^c*. 

Cor.  4.  If  AB,  BC,  and  db,  £!•  (tig.  7.)>  the  arcs  described  in 
equal  times,  be  completed  into  the  parallelograms  ac,  dp,  the 
centripetal  forces  at  b  and  b  will  be  to  each  other  m  the  ulti- 
^mate  ratio  of  the  diagonals  nOy  ez,  when  those  arcs  are  inde- 
fiuitely  diminished.  For  the  motions  of  the  body  bc,  bf,  are 
compounded  of  the  motions  bc,  bg,  and  k/j  ez;  but  bg 
and  EZ  are  equal  to  cc  and  e/',  which,  as  ap()ears  from  this 
proposition,  are  generated  by  the  impulses  of  the  centripetal 
force  in  b  and  e,  and  are  therefore  proportional  to  those  im- 
pulses. 

CoR.o.  The  forces  with  which  bodies  are  drawn  into  curvUi- 
near  orbits  are  to  each  other  as  double  the  verse  i  sines  40B,izE, 
of  the  indefinitely  small  arcs  abc,  ok?, described  in  equal  times  ; 
and  these  versed  sinews  converge  to  the  centre  ^,  and  bisect  the 
chords  xvhen  those  arcs  are  diminished  indefnitety :  tor  such 
versed  sines  are  half  the  diagonals  of  parallelograms ;  bo,  ez, 
being  bisected  by  the  diagonals  ac,  fd. 

CoR.  6.  Conversely,  1/' Me  radius  vector  of  a  body  describe 
areas  proportional  to  the  times  about  any  point  f,it  is  urged  to* 
wards  that  point  by  the  centripetal  force.  For  if  0  be  uot  the 
centre  of  force,  let  it  be  some  other  point,  as'  s :  then,  by  the 
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prop,  the  body  will  so  move  that  its  radius  vector  will  describe 
also  areas  proportional  to  the  times,  about  the  centre  s ;  which  is 
impossible ;  for  it  is  manifest  a  body  cannot  universally  describe 
areas  proportional  to  the  times  about  two  diflferent  centres  in  tb^ 
same  plane. 

282.  Prop.  To  determine  the  ratio  of  forces  hy  which  bodia 
tending  to  the  centres  of  given  circles  are  made  to  revolve  in 
their  peripheries. 

Let  AMa  (fig.  12.  pi.  XII,)  be  the  circle  in  which  one  of  the 
bodies  moves  round  the  centre  of  force  c>  and  let  the  indefi* 
nitely  little  arch  ao  be  the  distance  it  moves  over  in  a  pveo 
or  constant  particle  of  time;  then,  cor.  5.  of  the  preceding  prop, 
the  centripetal  force  at  o  will  be  measured  by  twice  At>.  And 
by  the  nature  of  the  circle,  the  chord  and  arc  ao  will  be  ulttr 
mately  equal  in  length;  whence  ao*= Aa  •  Ap=?AC  •  2kp ;  c(m- 


A0« 


sequently,  2a/>  =  — •    And  the  same  may  bfc  shewn  with  re- 

ac 

spect  to  the  motion  in  any  other  circle.  So  that,  if  r,  andVy 
denote  the  radii  of  two  circles,  f,  and/*,  the  respective  centnl 
forces,  v  and  v,  the  velocities  with  which  the  bodies  move  in  their 

peripheries,  we  shall  have  Fry*:: —  :  — ;  therefore,  the  forces  are 

as  the  squares  of  the  velocities  directly,  and  as  the  radii  inr 
versely. 

CoR.  I,  In  a  circle  the  velocity  is  uniform^  if  the  oentre  of 
force  coincide  with  the  centre  of  the  circle,  rot  the  radius 
which  is  the  perpendicular  to  the  tangent  (cor.  2.  art.  S8i.)i:ii^ 
constant  quantity. 

Cob.  2.  Because  f  :/"::  —  :  — ,  it  follows  that 

vivi:  \/  Ymi  y/  rfy and 

vt     «• 

it      w 
Cor.  3.  Comparing  the  analogy  v  :  t; : :  Vrf  :  Vrf  with  the 

expressions  oc  —  in  uniformly  accelerated  motions,  it  follows 

that  the  velocity  is  every  where  equal  to  that  which  a  body 
would  acquire  in  falling  by  the  same  uniform  force  through 
half  the  radius. 

Cor.  4.  If  the  ratio  of  the  periodic  times  be  denoted  by  that 

of  p  to  p,  then  the  ratio  of  the  velocities  being  as  —  ^'Z9  ^^ 
shall  have  by  equality  v/rf:  Vr/::  — :— ;  whence  also 
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Cob.  5.  A  few  other  properties  of  circular  motion  under 
dUTerent  hypotheses  may  be  thrown  together ;  thus^ 

If  p  : p: :  I  :  I,  then  r  :  f:  :  Rir. 

If  V*  :  i;*  : :  r  :  R,  then  p  :/ : :  r*  !  k*  :  :  v* :  ^. 

also  p  :  p  :  :  R^  :  H. 

If  p  :/: :  1  :  1,  then  Tip::  •r  :  \/r. 

If  ▼  :  x; : :  r  :  R,  then  F  :/  :  :  r' :  r'  : :  v' :  tr*. 

CoR.  6.  If  the  measure  of  the  force,  or  the  velocity  which 
would  be  uniformly  generated  in  a  unit  of  time,  be  expounded 
by  any  power  r^  of  the  radius  ac  ^fig.  12.  pi.  XIL)>  theq  the 
distance  through  which  a  body  would  freely  descend  in  the  same 
time  by  the  constant  operation  of  that  force  will  (art.  243.)  be 
expressed  by  ir  .  Hence,  since  the  distances  descended  by 
means  of  the  same  force  uniformly  continued  are  as  the  squares 
of  the  times,  it  is  evident  if  the  time  of  moving  through  ao  be 
denoted  by  t,  that  the  distance  Ap  descended  in  that  time  will 

be  denoted  by  —  x  i-r* :  so  that  we  shall  have  ao=  v^(2aj>- ac) 

=:  -j-  X  r""*"" ;  which  being  the  distance  described  by  the  re- 
volving body  in  the  time  t,  it  follows  that  the  space  passed  over 

in  the  given  time  1,  will  be  equal  to  r"^* 

n  +  l 

CoE.  7*  Hence,  to  find  the  periodic  time  we  have  r  •  :  «•  x 

n+l  1— n 

2r  (the  whole  periphery) :  :1:  2iBr-^r'T'  =:2ir'~5~^  the  true  mea- 
sure of  the  periodic  time. 

Cor.  8.  Hence  also  it  follows  that  if  n  be  expounded  by 
1,  0,—  1,-2,  — 3  successively,  the  velocity  corresponding  will 

be  as  r,  r*,  1,  r     ,  and  r"   ;  and  the  time  of  revolution  as 
^j  ^  J  ^f  ^  t  and  r*,  respectively. 

SCHOLIUM. 

283.  From  the  preceding  proposition  and  its  corollaries  the 
velocity  and  periodic  time  of  a  body  revolving  in  a  circle,  at  any 
given  distance  from  the  earth's  centre,  by  means  of  its  own 
gravity,  may  be  deduced.  Thus,  let  the  radius  of  the  earth 
(=21000000  feet,  nearly)  be  denoted  by  r,  and  the  space 
through  which  a  heavy  body  falls  at  the  surface  (=16/,. feet) 
^1  ig^  tbc  foi'C^  of  gravity  at  the  surface  being  denoted  by  g ; 
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then  will  the  velocity  per  second  in  a  circle  at  the  surface 
(cor.  2.)  be=:  Vgr=26000  feet  nearly ;  and  the  time  of  rero- 

Sirr  /  4r 

lution  =  '~7=  =:  ^/  ~=5075  seconds.     Let  r  be  put  for 

the  radius  of  any  other  circle  described  by  a  projectile  About 
the  earth's  centre :  then,  because  the  force  of  gravitatitiu  above 
the  surface  varies  inversely  as  the  s(}uare  of  the  distuuce,  we 

have,  by  cor.  8.  r""* :  r"*  :  :  26000  feet  (velocity  per  second 
at  the  surface) :  26000  ^  X— ,  the  velocity  in  the  circle  whose 

radius  is  K.     Andr  :  R^  :  :  5075'  (the  periodic  time  at  the 

imrface)  :  5075  '/-^y  the  periodic  time  in  the  circle  whose 

radius  is  r. 

For  exaMpUy  if  r  be  assumed  equal  to  SOr^  the  distance  of 
the  moon  from  the  earth,  the  expression  for  the  velocity  wiD 
become  .5356 ^  feet  per  second ;  and  that  for  the  periodic  time 
will  become  2:560035'  or  27  ^  days,  iiearl  v . 

284.  Thus  also  the  ratio  uf  the  forces  of  gravitation  of  the 
moon  towards  the  sun  and  the  earth  may  be  estiinattd.  For 
SeS^days  being  the  periodic  time  of  the  earth  and  moon  aboul 
the  sun,  and  27-3  days  the  periodic  i.ime  of  the  moon  about 
the  earth ;  also  60  being  the  distance  of  the  moon  fr  m  the 
earth  in  terms  of  the  earth'^  radius,  and  23920  her  meau  di- 
stance from  the  sun  in  the  same  measure,  we  have,  by  cor.  4. 

23920  60  X-         r,i        t  I         .!_   .    •         «  * 

365^* ''W^  :  :  F  :/:  :  2J  :  1  nearly;  that  is,  the  moons 

gravitation  towards  the  sun  is  to  her  gravitation  towards  the 
earth  as  2|  to  1  nearly. 

285.  Again,  from  the  same  principles  the  centrifugal  force 
of  a  body  at  the  equator  arising  from  the  rotation  of  the  earth 
is  derived.  For  the  proposition  and  corollaries  apply  to  centii- 
fagal  forces  as  well  as  centripetal  ones ;  the  terms,  as  before 
observed,  being  correlatives  (when  those  two  alone  keep  th^ 
body  in  its  orbit).  And  we  have  just  iound  (an.  28.^.)  that  the 
time  of  revolution  is  6075'  when  the  centrifugal  lorce  becomes 
equal  to  the  i^ravity ;  also  (cor.  4.)  it  appears  that  the  forces  in 
circles  having  the  same  radii  are  reciprocally  as  tlie  >quare8  of 
the  periodic  times :  hence,  therefore,  since  the  earth's  rotation 
is  performed  in  23*.  56  .  or  8f)l60'.,  we  have  H6ibO*  :  5075*: : 
the  force  of  gravity :  the  centrifugal  force  of  a  body  at  the 
equator  arising  from  the  earth's  rotation  : :  1  :  tH*  t>c&>^ly- 

286.  Since  the  time  of  revolution  of  a  body  under  the  equa- 
tor EQ^  (fig.  6.  pL  XIII.},  and  in  any  parallel  of  latitude  3G| 
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is  equal,  the  centrifugal  forces  (cor.  5.)  are  as  the  distances  CE, 
A  By  from  the  axis  of  tnotion,  or,  as  radius  cb,  to  the  cosine  ab 
of  the  latitude.  But  in  any  latitude,  as  at  b,  the  centrifugal  force 
is  not  (as  under  the  equator)  opposite  to  the  whole  gravity,  but 
..only  a  part  ot  it,  which  also  is  to  the  whole  as  the  cosine  of  the 
latitude  to  radius.  For,  produce  ab  the  direction  of  the  cen- 
trifugal torce  to  D,  and  vb  the  direction  of  gravity^  till  it  meet  a 
perpendicular  let  fall  upon  it  from  d  at  f;  then  bd  represent- 
ing the  whole  centrifugal  fotce  at  b,  bp  will  represent  that  part 
of  it  which  is  directly  opposed  to  gravity;  but  bd  :  bf  : :  bc  : 
AB  :  :  rad  :  cos  be.  Therefore,  combining  these  two  ratios,  it 
follows,  that  the  diminution  of  gravity  at  the  surface  of  the 
earth  arising  from  the  centi^'ugai  force  varies  as  the  square 
of  the  cosine  of  the  latitude. 

The  law  just  stated  for  the  diminution  of  gravity  is  on  the 
supposition  of  the  earth's  sphericity;  but  as  the  pojaf  axis  of 
the  earth  is  rather  shorter  than  the  equatorial,  the  former  being 
to  the  latter  nearly  as  319  to  320,  or  what  is  technically  deno- 
minated the  compression  being  about -j-^;  and  as,  moreover, 
the  density  of  the  earth  is  different  at  different  distances  from 
its  centre ;  the  preceding  theorem  is  not  exact.  It  would,  how- 
ever, take  us  too  far  from  the  immediate  subject  of  this  chapter, 
were  we  to  trace  all  the  minutiae  here.     Let  it  suffice  if  there 

«  _ 

be  added  a  theorem  or  two  for  the  relations  of  gravity  at  differ- 
ent latitudes.  In  order  to  which,  let  y  the  gravity  under  the 
equator,  g  that  at  either  pole,  g  that  under  any  latitude  A ;  then 
^=(1  -I- .005 2848  sin  *X)  y ;  and  therefore  G=  l.Ot)52848y.  Or, 
if ^  denote  the  gravit}*  at  45%  then  for  any  latitude  A,  we  shall 
have  g=g'  ( 1  —  -002837  cos  %X).  And  the  absolute  length  of 
the  centesimal  second's  pendulum  expressed  in  metres 

=  . 739575 +0.0()40J)'*2  sin  *A  « 
287.  But  now  to  determine  more  universally  the  ratio  of  the 
force  of  a  body  revolving  in  any  given  circle  to  its  gravity;  we 

have  already  given  nf  \/—-i  for  the  periodic  time  at  the  sur- 
face of  the  earth,  when  the  gravity  and  centrifugal  force  are 
equal :  if,  therefore,  the  time  of  revolution  in  any  circle  whose 
radius  is  f  feet  be  denoted  by  t  seconds,  it  will  follow,  from  cor. 

4.of  the  prop.  Aat  vrj^ •  "^  •  •  gravity  of  body:  its  centrif. 
f^rcein  that  curcle;  which  is  as  unity  to — —-,  or  as  1  to  1-2274 


*  SeeCounaiMancedes  Teai8«  an  J8l6.  p.  332. 
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X  ^  very  nearly.    Thus,  if  the  length  of  a  sling  by  which  • 

stone  is  whirled  about  be  2  feet,  and  the  time  of  revolntioD 
half  a  second,  the  force  by  which  the  stone  endeavours  to  fly 

off  will  be  to  its  weight  as  1*2274  x-^^  to  1,  or  as  9-8198  to 

unity, 
llie  circumference  of  the  cirple  whose  radius  is  f  bdng  ^tf, 


and  /  the  periodic  time,  the  velocity  in  the  circle  will  be-^ 

and  if  this  be  put  for  v  in  the  general  expression  v=  V^T  (art 

24S.)  we  shall  have-^=  \^('2gs),  whence  sss—f-  the  space 

a  heavy  body  must  descend  freely  to  acquire  the  velocity  in  tht 

circle ;  but  it  is  manifest  that  g : — -^  : :  1  :  — -^,  the  preceding 

expression  for  the  centrifugal /orce ;  so  that  our  theorem  agreei 
with  the  comprehensive  one  first  |;iven  by  the  Marquis  de  I'Ho" 
pital,  namely,^n£(/ro;ii  what  height  the  body  must  hwefdUn 
to  acquire  the  velocity  in  the  circle ;  then,  as  the  radius  tftki 
circle  to  double  that  height,  so  is  the  weight  of  the  body  to  its 
eentrifiigal force. 

288.  From  the  general  proportion  in  the  preceding  artidei 
the  centrifugal  force  and  periodic  time  of  a  pendulum  describ- 
ing a  conical  surface  may  readily  be  found.  Hius,  let  CA  (fig. 
9.  pi.  XIII.)  the  length  of  the  pendulum,  be  denoted  by  /;  cs, 
the  altitude  of  the  cone,  by  a ;  the  semidiameter  as  of  the  base 
by  f ,  and  the  periodic  time  by  / :  then,  because  the  body  is  re- 
tained in  the  circle  by  three  different  forces,  via.  the  centiifi^al 

force  -^,  in  the  direction  sa,  the  force  of  gravity,  or  the 

weight,  1,  in  a  direction  parallel  to  cs,  and  the  force  of  die 
thread  AC,  compounded  of  the  two  former ;  it  follows  that  cs 
:  CA  or  as  a  :  6  :  :  weight  of  body  at  a  :  force  upon  the  thread 

at  A ;  also,  as  1  :  — ^  : :  cs  :  sa  :  :  a  :  £.    Whence  g^^=4«i*, 

and  /  =  2*  a/ j  =  M0784v^fl.    Consequently,  the  periodic 

time  varies  as  the  square  root  of  the  altitude  of  the  conic  pmdisif 
lum^  let  the  radius  of  its  base  de  what  it  may.  Or,  compariq; 
this  theorem  with  that  in  art.  27 1. 1,  it  appears  that  the  semipe- 
riodic  time  in  the  cone  is  equal  to  the  time  of  oscillation  of  a 
simple  pendulum  whose  length  is  the  altitude  of  the  cone. 

Because  igt*^  or  its  equal  2a«^,  represents  the  space  a  heaiy 
body  will  descend  by  its  own  gravity  in  t  seconds  (art.  243.) ;  and 
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because  1* :  v* : :  2a  :  2air*= i^/* ;  it  hence  appears,  that  as  the 
square  of  the  diameter  of  any  circle  is  to  the  square  of  its  peri- 
phery ^  so  is  twice  the  altitude  of  the  cone  to  the  distance  a 
heavy  body  will  freely  descend  in  the  time  of  a  complete  gyra-- 
tion  of  the  conical  pendulum. 

Hence  ako,  if  cs  be  to  ca  as  a  square  inscribed  in  a  circle  to 
the  square  of  its  circuraferencei  or  if  the  angle  CAS  be  nearly 
2^  Sy  \j  the  periodic  time  of  the  pendulum  will  be  equal  to  the 
time  of  free  descent  through  cs  *. 

289.  Prop.  To  determine  the  law  of  centripetalforce  tend- 
ing to  a  given  point  c,  by  which  a  body  may  describe  a  given 
curve  A¥Q. 

Draw  PT  a  tangent  to  the  curre  at  any  point  p  (fig.  10.  pi. 
XIII. )y  and  from  c,  the  proposed  centre  of  force^  demit  the 
perpendicular  cr :  let  po^  the  radius  of  cunrature  at  the  point  p^ 
be  denoted  by  b,  the  distance  or  radius  vector  cp  by  f,  and  the 

*  When  a  body  n  madfc  to  describe  a  circle  by  being  fixed  to  one  ex- 
tfemity  of  a  string  (or  of  an  inflexible  bar)»  while  the  other  extremity  is 
attached  to  an  immoveable  point,  or  bjpmoring  along  the  concave  super* 
licies  of  a  polished  sphere  or  cylinder ;  m  both  cases,  whatever  be  the  pro* 
portion  in  which  the  centrifugal  force  is  increased  by  increasing  the  Velocity 
of  the  projection,  the  reaction  of  the  string  or  of  the  surface  will  always  be 
increaaed  m  the  same  proportion,  so  that  the  body  will  describe  the  same 
dide  with  different  decrees  of  veloci^.  But  when  the  centripetal  force 
and  the  dbtance  from  tne  centre  are  given,  the  velocity  is  given  (art.  SSS. 
oor.  d.}»  being  that  which  would  be  acquired  by  falling  down  half  the 
idistanee.  If,  therefore,  the  velocity  be  increased  whilst  the  centripetal 
ibice  continues  the  same,  the  centrifugal  force  being  increased  in  the  du- 
nlicate  rado  of  the  velocity,  it  will  be  greater  than  the  centripetal ;  there- 
fore in  the  time  that  the  body  would  have  described  any  distance  mt  in 
the  tangent  (fig.  IS.  pi.  XII.)  it  will  be  drawn  to  a  greater  distance  than  a 
firom  the  centre,  and  will  have  described  a  durve  exterior  to  the  circle  mahi. 
For  a  like  reason,  if  the  velocity  be  diminished,  the  centrifugal  force  becom- 
ing less  than  the  centripetal,  tne  body  will  describe  a  curve  interior  to  the 
aide :  bat  if  the  centnpelal  force  be  at  the  same  ume  increased  or  dimi- 
nished in  the  same  proportion,  the  body  will  still  be  retained  at  the  same 
distance  from  the  centre,  and  describe  the  circle  ma  ma. 

Hence  it  is  manifest  that  when  a  body  describes  any  orbit  exterior  or  in- 
terior to  that  of  the  circle,  the  tangent  being  perpendicular  to  the  radius 
vector,  the  centrifu^l  force  of  the  TOdy  in  its  orbit  is  equal  to  the  centri- 
petal force  with  which  the  body  would  describe  a  circle  at  the  same  di- 
stance, and  with  the  same  velocity  in  the  direction  perpendicular  to  the 
radios  vector.  The  same  will  be  true  if  the  direction  be  not  perpendicular 
to  the  radius  vector :  for  in  this  case  if  the  motion  be  resolved  into  two, 
one  in  the  direction  of  the  radius  vector,  and  the  other  perpendicular  to  it, 
the  latter  is  the  only  part  which  will  increase  or  diminish  the  centrifu|^l 
iMce. 

In  this  last  case  the  body  is  retained  in  its  orbit  by  three  forces ;  the  cen- 
tripetal and  centrirugal  forces,  and  that  part  of  the  motion  in  the  tangent 
which  it  in  the  direction  of  the  radius  vector. — Newton  an  Ultimate 
iialMf. 
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perpendicular  ct  upon  the  tangent  by  p,  the  velocity  in  the  curve 
bein^  denoted  by  v.  Then,  because  the  centripetal  forces  m 
circles  are  as  the  squares  of  the  velocities  directly  and  the  radE 
inversely  (art.  282  ),  it  follows  that  the  force  tending  to  the 
point  o,  by  vihich  the  body  might  be  retained  in  its  orbit  at  p, 
which  must  manifestly  be  the  same  as  the  force  in  the  circle 

whose  radius  is  po,  will  be  defined  by  — ,  or  by  -r— ,  since  v 
is  inversely  as  />,  by  cor,  2.  art  281.  Wherefore,  by  the  reso- 
lution of  forces,  we  shall  have  cjr  (=/>)  :  CP  (=f)  :  •  "sr" 

(force  indirection  po)  :  -—— ,  force  in  the  direction  Pc. — Now, 

the  general  expression  for  the  radius  of  curvature  is  r:::-^ 

which  value  of  i^  substituted  for  it  in  the  preceding  expression 
for  F,  the  centripetal  force  towards  c,  will  transform  it  to  dui; 

F  =  -4->  ^^  equation  expressiDg  the  law  required. 

^^ 
Another  expression,  which  will  be  sometimes  useful;  may  be 

found  by  taking  the  value  of  the  radius  of  curvature  in  terms  of 
the  arc  and  its  rectangular  co-ordinates,  that  is,  r  =  J      ;   for 

this  introduced  into  the  expression  f  =-^  will  c<mvert  it  to 

^  —  pi  i*  ' 

CoR.  1.  If  the  point  c  be  so  remote  that  all  right  lines  drawn 
from  thence  to  the  cur\'e  may  be  considered  as  parallel  to  each 
other,  then  making  vr  perpendicular  to  cp  (pp  being  an  evanes- 

cent  portion  of  the  curve),  the  force  will  be  as  ,  ^^^    .orbare- 

ly  as  -p-^t  since  j =cp  may  in  this  case  be  rejected. 

This  expression  being  general  in  all  cases  where  the  force  acts 
in  parallel  directions,  it  hence  follows  that  the  force  which 
always  acting  in  the  direction  of  the  ordinate  pm  would  retain 

the  body  in  its  orbit  is  every-where  as  ■■.      ;    because    in  this 

case  PC  coincides  with  pm,  and  vr  becomes =;r. 

CoR.  2.  Since  the  force  tending  to  the  point  c  is  universally 

CP  o 

as  or  ^j-,  the  force  to  any  other  point  c  will  of  con- 


CT»  X  PO  p»  R 

i 
ct*  X  PO 


CP  »w«. 

sequence  be  as  .    Therefore,  the  forces  to  differoU 
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centres  e  and  c,  about  which  equal  areas  are  described  in  the 
same  time,  are  to  each  odier  iu  the  inverse  ratio  of  -^  to 

■      • 

Cor.  S.  Hence  also  the  ratio  of  the  velocity  at  p  to  that  by 
which  a  body  might  revolve  in  a  circle  about  the  centre  c  at  the 
distance  cp,  is  easily  obtained*  For,  since  the  vislocity  at  p  is 
that  by  which  the  body  would  revolve  in  a  circle  about  the 
centre  o,  and  the  forces  tending  to  the  centre  o  and  c  are  to 
each  other  as  p^cr  and  p=cq  ;  it  therefore  follows,  if  the  ratio 

sought  to  be  assumed  as  v  to  ti,  that :  — —  : :  p  :  f  (art  282.) 

Whence  also  v^  :u^  :  :  pxvo  (=/>R)  :  f  x  pc  (=f*);  and  con- 

•equenUy  v:u::  y/-^  :  1  :  :  ^J^  ^  ^  ^  •  /y/  -^  :  >y/f 

iL 


because  r  s 

p 

CoR.  4.  Finally,  the  law  of  centripetal  force  being  given,  the 
imture  of  the  trajectory  may  hence  be  found :  for,  since  the  force 

7  is  universally  defined  by  — ^,  it  is  manifest  that  the  fluent  of 

p'e 

'f  =  j-^,  which,  when  f  is  given  in  terms  of  g,  will  become 

known ;  and  then,  the  relation  between  p  and  o  being  given, 
the  curve  itself  is  known.  ^ 

We  now  shew  the  application  of  this  proposition  by  an 
example  or  two. 

29<).  Ex.  I.  Let  it  be  required  to  Jiml  the  force  tending  to 
the  centre  of  an  ellipse  when  a  btdy  revolvts  in  its  peiiphery. 

Let  the  semitraiisverse  C^A (tig.  1 1,  pi.  XIU.),  be  denoted  by 
tf,  the  setiiiconjugate  axe  c'e  by  6,  the  radius  vector  c'p'  by-p, 
and  its  stnuconjugate  c^R  by  n:  then,  by  the  nature  of  the 
ellipse,  (Emerson's  Con.  1.  34.)  P0-\-nnzzaa^bbf  whence  nzn 

•(a»+6»-f*):  again  (ibid.  1.37.)'*  [=^(a*+4*-f0]:*::fl:p 
(=c^/)=:  ,,.^'     ,,;  therefore  p  = ^ — p.  Consequently, 

i^« ^-  X    ("••^"T^'^'  =  -^.     So  that  the  force 

tending  to  the  centre  of  the  ellipse  is  directly  as  the  radius 
vector. 

Ex.  II.  To  find  the  law  of  the  centripetal  force  j  by  which  a 
kkfy  tending  to  the  focus  c  is  made  to  revolve  in  the  periphery 
of  an  ellipse. 


P»e 
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From  die  other  focus  f  (fig.  11.)  draw  is  paralld  to  ct, 
meeting  the  tangent  tp  at  right  angles  in  s;  jom  fp  :  then  fud 
AB=2a,  c'd=&,  as  before,  and  the  latus-rectum  or  parameter 

f J  zz  7u     Denoting   cp,   and    ct,  as   before,  we  hate 

FP=:AB-~CP=2a  — f ;  whence,  by  reason  of  the  similar  tri* 
angles  cpt,  pps,  it  will  be  f  :  p : :  tKa-j :  Fss=2L-Zil.    Bu^ 

by  the  nature  of  the  curve,  fsxctsc'd*:  whence,  ^-^ — ^ 
=6*;  and  consequently  —  =  -j; -ry-.    The  fluxion  of  die 

latter  expression  if  — ^=:  —  —.    So  that  we  have  (art  9t9.) 
^-=-^.-i=-^:    and  (art.  289.  cor.  S.)  ^^  = 

Kj        2^^    "\/  "I?'     Hence  it  appears,  that  the  ceatd* 

petal  force  is  in  this  case  reciprocally  as  the  souare  of  die 
distance  ^  or  cp;  and  that  the  velocity  at  p  is  to  mat  by  whidi 
the  body  might  describe  a  circle  at  the  distance  cp,  every»wlieit 
in  the  ratio  of  •fp  to  v^Ac'. 

Othertvise  thus  :,l^t  another  body  descending  in  a  r^t-line 
begin  to  fall  with  the  same  velocity,  then  among  the  gen^ 
equations   for  variable  motions  we  have  (art.  232.  III.)  f  s: 

• 

-4^,  where  s  is  equivalent  to^  in  tlie  present  case;  and  o  being 

considered  as  negative,  the  equation  becomes  ^=:— -^;  the 
same  being  likewise  true  in  the  curve,  by  art.  280.    Now  vx 

—  (art.  211.  cor.  2.)  and  its  fluxion  v=  SZi,  therefore  ^r: 
P        .  .  P^ 

— .  — ^  =  — ^*  which  is  the  same  expression  as  at  art,  289. 

but  deduced  from  art.  280.  The  rest  may  then  be  determined 
from  the  properties  of  the  ellipse,  as  above. 

Ex.  III.  ttequired  the  law  which  would  cause  the  body  to 
move  in  a  hyperbola,  the  farce  tending  to  the  focus. 

In  this  mstance,    proceeding   as    before,    we  .shall    have 

.2^^-^  ==6%  instead  of  .S:^^^  From 

this  we  obtain  —  =-j^+  _;  whence  there  will  result -A-= 

2 

-J— ,  the  very  same  as  in  the  ellipse. 
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Ex.  IV.  Tojind  the  law  which,  when  the  force  tends  to  the 
focus,  would  cause  the  body  to  move  in  a  parabola. 

Here  the  equation  will  be -^-i —  •   p^=^b*»  or ---=--  — 

s  ^  p         ^  — 

Q 

•|A;  and  the  force  again  as,  — ^,    But  the  measure  of  the  ve- 
locity  will  in  this  instance  become   a  /  _?L  =  a  / -^ • 

=:y^2  :  consequently  the  velocity  in  a  parabola  is  to  that  by 
which  the  body  might  describe  a  circle  at  the  same  distance 
from  the  centre  of  force,  in  the  constant  ratio  of  \/2  to  unity. 

291 .  Prop.  To  determine  the  ratio  of  the  velocities  of  bodies 
revolving  in  different  orbits,  about  either  the  same  or  different 
centres;  the  orbits  themselves  and  the  forces  tending  to  the 
centres  being  given. 

Let  APD  (tig.  11.  pi.  XIII.)  be  any  orbit  which  a  body 
describes  about  the  centre  of  force  c ;  let  the  force  itself  at  the 
principal  vertex  a  be  denoted  by  f  ;  let  r  denote  the  semipara- 
meter,  or  the  radius  of  curvature  at  a,  and  let  ct  be  perpen- 
dicular to  the  tangent  tp.  Then  (art.  282.  cor.  2.)  the  velocity 
at  a  is  always  as  v'pr ;  and  (art.  281.  cor.  2.)  we  have  or  :  CA 

i\  y/^r  (the  velocity  at  a):— \/Fr,  the  velocity  at  p.    This 

answers,  however  the  values  of  ac,  r,  and  f,  may  vary. 

CoR.  1.    If  the  centripetal  force  be  as  the  square  of  the 

distance  inversely,  or  Fa — rp,  the  velocity  at  p  will  become 
•fj  -—  or — ^      Consequently  the  velocities  of  bodies  re- 


CT 


volving  in  different  orbits  about  a  common  centre  are  directly 
as  the  square  roots  of  the  parameters,  and  reciprocally  as  the 
perpendiculars  from  the  centre  of  force  to  the  tangents  to  the 
curve  at  the  points  where  the  bodies  are. 
Cor  2.  If  the  velocity  at  p  be  denoted  by  pp,  and  cp  be 

drawn,  then,  since  ppa*^^,  it  follows  that  ^rocpp'Cr,  or  as 

the  triangle  cpp.  Hence,  tlie  areas  described  about  a  common 
centre  oj  force,  by  the  radius  vector,  in  a  given  time,  are  in  the 
subduplicate  ratio  of  the  parameters. 

Cor.  3.  And,  since  the  area  of  the  curve  apdb,  when  an 
ellipse,  is  known  to  be  as  Ac'  •  c'd,  or  as  ac^  •  ^  (r  -  a&)  ; 
whence,  if  this  be  applied  to  \/r,  expressing,  by  the  last  cor. 
the  area  described  m  a  given  part, of  time,  we  shall  obtaiu 

Acf-^Ac^  or  Ac'^  for  the  relative  measure  of  the  time  of  a 
VOL.  I.  s 
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complete  revolution.  Thereforey  it  appears,  that  theperioiie 
times,  let  the  species  of  the  ellipses  be  what  thy  wilt,  are  m 
the  sesquiplicate  ratio  of  the  principal  axes. 

This,  of  consequence,  obtains  when  the  ellipse  becomer  t 
circle :  agreeing  with  what  has  been  previously  shewn,  under 
the  fourth  case  of  cor.  8.  art.  282. 

Cor.  4.  Hence,  therefore,  it  follows  that  the  periodic  timt 
in  an  ellipse  is  the  same  as  in  a  circle  whose  diameter  is  equal 
to  the  transverse  axis,  or  radiiu  equal  to  the  mean  dist&net 

CD. 

SCHOLIUM. 

It  appears  from  this  proposition  and  corollaries  that  the 
periodic  time  of  a  planet  under  the  influence  of  a  force  vaiy- 
ing  inversely  as  the  square  of  the  distance,  depends  on  i£r 
mean  distance  alone,  and  ^ill  be  the  same  whether  the  planei 
describe  a  circle  or  an  ellipse  having  any  degree  ofexcentrid^ 
\\'hatever.  Now  suppose  the  shorter  axis  D£  of  the  ellipse 
ADBE  (fig.  ll.pl.  XIII.)  to  diminish  continually,  the  loufjer 
axis  AB  remaining  the  same:  then,  as  the  extremity  of  the  m- 
variable  line  DC  moves  from  d  towards  c^,  the  extremity  c  will 
move  towards  a,  so  that  when  D  coincides  with  c^c  will  coiii^ 
cide  with  a,  and  the  ellipse  will  be  transformed  into  a  straight 
line  AB,  the  length  of  which  is  equal  to  2c d.  In  all  the  suc- 
cessive ellipses  produced  by  this  gradual  diminution  of  c^D  die 
periodic  time  remains  unchanged,  if  the  force  acting  at  c  con- 
tinues unchanged.  Just  before  the  perfect  coincidence  of  D  with 
C^  die  ellipse  may  be  conceived  as  uudistinguishable  from  the  liiie 
AB;  and  the  revolution  in  such  ellipse  undistinguishable  from 
the  ascent  of  the  body  along  the  right  line  from  A  to  B,  aad 
the  subsequent  descent  in  an  equal  time,  from  b  to  a.     Conse^* 

?[uently  a  body  solicited  by  sucb  a  central  force  will  descend 
rom  B  to  A  in  half  the  time  of  the  revolution  in  the  eliipst 
ADBE;  and  the  time  of  descending  through  any  distance  DC 
(supposing  the  projectile  force  extinguished)  is  half  the  pe* 
riodic  time  of  a  body  revolving  at  half  ihzt  distance  from  the 
sun.  Hence  we  see  that  the  squares  of  the  times  of  falling  to 
the  sun,  or  other  centre  of  force,  are  as  the  cubes  of  the  distances 
from  it:  agreeing  with  the  conclusion  in  art  236.  To  find 
this  time  of  descent  in  particular  instances,  multiply  half  the 
periodic  time  by  the  square  root  of  the  cube  of  },  or  the  whole 
periodic  time  by  J^/j,  or  by  \^2,  or  by  "1767767.  Thii 
process  give  us  \d.  2oA.  for  the  time  of  descent  of  the  moon  to 
the  earth.  Mercury  to  the  sun  \5d.  ISA.  Venus,  S9rf.  17*. 
The  eartli,  64J.  13|/i.  Mars,  J  2 Id.  10  JA.  Jupiter, 765d.  211*. 
Saturn,  190  IcI.  22^A.    Herschell,  5433cf.  17A.    And  the  same 
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rule  MrQI  apply  to  the  descent  of  die  satellites  of  Jupiter^ 
$aturo,  &c.  to  their  respective  primaries.  See  Thorp's  Ne^- 
toiiy  -vot  I.  p.  193.  Wfabtoifs  Mathematical  Philosophy, 
p.  173. 

292.  Prop.  The  centripetal  force  tending  to  a  given  point  c 
'fig.  11.)  being  inversely  as  the  square  of  the  distance,  and  the 
iirection  and  the  velocity  of  a  body  at  any  point  p  being  given  \ 
'0  determine  the  path  in  which  the  body  moves,  and,  if  it  returns, 
^he  periodic  time. 

It  b  manifest  from  art  290.  that  the  trajectory  is  a  conic 
lection,  of  which  the  point  c  is  one  of  the  foci.  Let  the  other 
locus  be  F.  Upon  the  tangent  demit  the  perpendiculars  ct^ 
FS^  and  draw  cp^  ff.  Let  Ac'zza,  ca^^,  as  before;  the  sine 
3f  the  angle  of  direction  cPT==m^  to  radius  I  ;  and  let  the  given 
velocity  at  p  be  to  that  by  which  the  body  might  revolve  in  a 
:ircle  about  the  centre  at  the  distance  CP,  in  any  given  ratio 
rf  n  to  unity.  Then,  by  art.  290.  nil  : :  Vpf  :  \/  kc!  \  there- 
Fore,  w* :  1  : :  PP  (=^— p)  :  kdzza  :  whence  we  find  Ac's* 

r£-j.  Again,  since  CT=m»cp,  and  F8=iii«fp  (the  angles 
OPT,  FPS  being  equal),  we  have  c'D*=:GT«FS=:m*op>FP=s 
-■     ^^  ,  so  that  the  semiconjugate  axis  c^d  is  likewise  given. 

Lastly,  by  cor.  S«  of  the  preceding  article,  it  will  be  cil^  : 
bp"^ : :  T  (the  periodic  time  in  any  given  circle  whose  radius  is 

bn):  T-CP^-rCN*',  die  required  time  of  revolution  when  the 
)rbit  b  an  ellipse ;  that  is,  when  n*  is  less  than  2.    For,  when 

t*=2,  the  axis  of  the  curve  (expressed  by   ^  ^  ^  ^  becomes 

ofinite,  and  the  orbit  degenerates  into  a  paral)oia:  and  if  n^ 
sxcteds  2,   the   axis  becomes  negative,  and   the  curve  is  a 

lyperbola,  whose  principal  diameters  are  ■  tjo'"  *^d  //  «^q\ 

lenectively. 

CoK.  1.  Because  neither  the  value  of  ac'  nor  the  expression 
m  the  periodic  time  is  affected  with  77},  it  follows  that  the 
purincipal  axis  and  the  periodic  time  will  remain  invariable,  if 
die  velocity  at  P  be  the  same,  whatever  the  direction  at  that 
pohit  may  be. 

Cob.  2.  We.  may  readily  apply  this  proposition  to  the  case 
of  bodies  projected  from  the  surface  of  the  earth :  for  it  has 
already  been  shewn  (art.  283.)  that  a  body  projected  with  a 
velocity  of  26000  feet,  or  4*92424  miks,  per  second,  would 
describe'  a  circle  at  its, surface:  and  by  this  prop.  1  :  ^2  :: 

s2 
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26000  feet :  36769  feet  or  696893  miles,  velocity  of  projectioe 
M'hen  a  parabola  would  be  the  trajectory.  Hence  appears  tk 
truth  of  what  is  often  remarked  in  popular  treatises  of  astio- 
nomy;  that  if  a  body  were  projected  from  the  earth's  surfiiee 
with  a  velocity  exceeding  7  miles  per  second,  it  would  (if  not 
resisted  by  the  air)  describe  a  hyperbola ;  if  with  a  velocity  of 
rather  less  than  7  miles  per  second,  it  would  describe  a  para- 
bola; and  if  the  initial  velocity  were  between  ^  and  5  miles  per 
second,  the  body  would  describe  an  ellipsis:  if  the  velocity  be 
less  than  5  miles  (or  4  92424)  per  second,  the  body  vroald 
not  describe  a  complete  ellipse,  as  its  periphery  would  in 
part,  if  not  entirely,  fall  within  the  circumference  of  the  earth, 
and  of  course  the  moticin  of  the  body  would  be  stopped  at  tbe 
first  point  of  intersection  of  the  two  curves. 

293.  Prop.  The  attraction  of  a  corpuscle  to  a  sphere  isjmt 
the  same  as  if  all  the  matter  of  the  sphere  were  collected  itUo 
its  centre:  the  force  being  supposed  to'  vary  inversely  as  the 
square  of  the  distance. 

In  order  to  prove  the  truth  of  this  proposition,  we  must  first 
investigate  the  force  by  which  a  corpuscle  would  be  attracted 
towards  a  circular  plane.  Let  o,  therefore,  be  the  centre  of 
the  circle  abcd  (fig.  12.  pi.  XIII.)  to  Mhich  the  corpuscle  p 
18  attracted.  Suppose  abed  a  smaller  circle  in  the  same  plane 
as  ABCD)  and  havmg  the  same  centre,  and  by  supposition  the 

attraction  of  p  to  any  particle  c  will  be  as — j-.     Put  possc^ 

pc=i',  the  number  3*14159  being  as  heretofore  represented  by 
tr :  then  oc*zzjr* — d*,  and  ir  (x*  —  d*)  zz  area  of  circle  abed.  The 
fluxion  of  that  area  is  therefore  =2itxxi  and,  by  the  resolntion 


— J 


of  forces, x  :  d::  —r-  :  dx  >  the  attraction  of  P  to  c  in  the 
direction  po.  Hence  the  fluxion  of  the  whole  force  is  truly 
defined  by  Srri  x  dx"  or  its  equal  2irjr*"'jir;  and  the  force  itself 

by  J  2itx^i  :  which   when    properly  corrected   becomes 

1 — --=2ir(I J.    So  that  whenT=spc  theattrac 

tion  to  the  whole  circle  becomes  2«'  (1 )^  or  the  attrat- 

tion  varies  as  1 . 

PC 

Now,  let  ABCD  (tig.  13.)  be  a  sphere,  and  p  a  corpuscle 
attracted  towards  it.  Draw  paoc  through  the  centre  o  \  and 
let  BID  be  the  diameter  of  a  section  ctbcd  of  the  sphere  per- 
pendicular to  PC.    Put  the  radius  A0=r^  vo=sdj  AFs:a^r 
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=  c,  PI  =y  and  PB  n  pd  =  c  +  x:  then  will  Ai  rry  —  c,  ci  =i 
2r  — y  -f  Cy  and  consequently  Ai«ci  =  Bi*=:(y— c)-(2r--y+c) 
=  p  B*  —  p I*  =:  (c + j)*  —  y*.  From  this  equation  there  arises  y  zz 

~  — ,  because  a  :izr  +  c.    Whence  it 


PI 


I 1  the  value  of  the  attraction  towards  the 

orcle  aBCD  is  equal  to  Sr  (  1 r^-r r- )  =    ^.,  ^    ' :  this 

*  \  2d-(c  +  x)/  8a(c  +  i) 

multiplied  by  ^-^  =i  gives  «•  - — ^—  for  the  fluxion  of  the 

required  force.  The  fluent  of  this  is  *  i^  ,  which  expresses 
die  attraction  of  the  segment  abd.  And  this,  when  B  and  d 
coincide  with  c  and  x  =  2r,  becomes  -^,  for  the  measure  of 

the  attraction  of  the  whole  sphere,  which  therefore  varies  as 
-J 

•-^.  Now  if  the  density  S  of  the  sphere  should  vary^  the  at- 
traction must  (cat.  par.)  vary  as  } :  so  that  for  all  spheres  the 
attraction  varies  as  j^.     But  the  quantity  of  matter  q  varies  as 

tr^ ;  and  consequently  the  attraction  varies  as  ^.  Therefore^  if 

the  spheres  were  evanescent  in  magnitude,  or  the  same  quan- 
tity of  matter  condensed  into  the  centres,  the  attraction  would 
be  the  same.     q.  e.  d. 

Cor.  1.  When  d  n  r,  the  value  of  the  attraction  -r--,  be- 

Gomes  fitBr.  So  that  at  the  surface  of  the  sphere  the  attraction 
MS  directly  as  the  radius. 

Cor.  2.  If  the  molecula  of  two  spheres^  s,  s',  attract  each 
other  by  ajorce  varying  inversely  as  the  square  of  the  distance^ 
the  attraction  is  the  same  as  if  the  whole  quantity  of  matter  in 
each  sphere  were  collected  into  its  respective  centre. 

Cor.  3.  Hence  what  has  been  proved  respecting  the  attrac- 
tion of  two  corpuscles  when  the  force  varies  inversely  as  the 
square  of  the  distance,  holds  true  for  two  spheres,  the  particles 
of  which  attract  each  other  according  to  the  same  laws.  Con- 
sequently, if  the  molecula  of  two  spheres  act  upon  each  other 
according  to  that  law^  one  sphere  tpill  describe  a  conic  section 
about  the  other  in  one  of  its  foci, 

SCHOLIUM. 

294.  Smce  it  is  known  that  the  sun  and  all  the  planets  are 
nearly  spherical,  and  that  they  revolve  in  ellipses  in  one  of  the 
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foci  of  which  the  san  is  always  very  nearly ;  the  preceding  pio- 
positionSy  therefore,  furaish  astronomers  with  just  reason  for 
concluding,  that  each  planet  is  attracted  to  the  sun  by  afora 
which  is  directly  as  the  quantity  f  matter  in  the  central  ooAfp 
€nd  inversely  as  the  square  vf  the  distance  of  their  cenires :  tm 
that  the  comtitaent  particles  also  attract  each  other  by  afora 
which  varies  in  like  manner •     But  we  need  not  stop  here.  'It 
is  one  of  the  constant  laws  of  nature  (art.  21.)  that  a  body  can- 
not act  upon  another,  without  being  subject  to  an  equal  con* 
trary  reaction.    Thus,  the  planets  and  the  comets  being  drawn 
towards  the  sun,  likewise  attract  the  sim  towards  them  by  tb 
same  law :  thus  also,  the  satellites  are  attracted  towards  tht 
planets,  and  the  planets  coiitrarily  towards  the  satellites ;  and 
both  these  again  towards  the  sun.     This  attractive  property  is, 
therefore,  common  to  the  sun,  planets,  their  satellites,  and  to 
comets;  and,  of  consequence,  we  may  regard  the  mutual  gra- 
vitation of  the  celestial  bodies  as  a  property  generally  obtaining 
throughout  the  universe.     This  consideration  will  lead  to  a  few 
more  general  propositions  which  will  immediately  follow :  we 
xnay  just  observe  previousl3V  that  what  b  already  done  will  en- 
able the  student  to  understand  the  principles  on  which  the  quan- 
tity of  matter  and  density  of  the  planets  are  commonly  ascer- 
tained.    For  the  effects  of  attraction  at  different  distances'being 
as  stated  at  the  beginning  of  this  scholium,  and  the  quantity  of 
matter  being  jointly  as  the  magnitude  and  density  of  a  body;  if 
therefore  the  effects  of  the  attraction  of  different  bodies  are 
known,  and  their  diameters,  we  can  find  their  densities,  and 
thence  their  quantities  of  matter.     Now  to  find  the  densities, 
let  $  represent  the  density  of  the  central  body,  r  its  radius,  q  its 

Quantity  of  matter,  t  the  periodic  time  of  the  revolving  body, 
its  mean  distance  from  the  central  body,  and  s  the  natural  sine 
of  the  angle  under  which  r  appears  at  the  distance  d.    Then 

e  a  Sr^  while  T*a  — ,  and  this  again,  a  pj :  hence  Ja  ^j-j.  But 
s  =  J,  or-  =  -;  whence—  ae:  — ,  and  consequently }o  j^T' 

From  this  general  expression  the  comparative  densities  of  most 
of  the  planets  have  been  determined.  But  this  brief  sketch  of 
the  method  must  suffice :  for  this  is  not  a  place  to  enter  more 
into  detail. 

295.  Prop.  The  common  cetUre  of  gravity  of  two  bodia  ii 
not  affected  by  their  mutual  attractions, 

Smce  a  body  b  attracting  another  body  b'  (fig.  14.  pi.  XIII.) 
exerts  its  influence  equally  upon  every  particle  of  B,  the  acce- 
leration of  b'  to  B  b  the  same  whatever  the  quantity  of  matter 
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in  b'  inay  be,  and  will  vary  as  the  quantity  of  matter  in  b  :  the 
magnitades  of  the  bodies  being  supposed  indefinitely  small  with 
respect  to  their  distance.  Ami  in  like  manner  the  acceleration 
of  B  towards  b',  from  the  attraction  of  the  latter,  is  in  propor* 
.tion  to  its  quantity  of  matter.  Let  therefore  b  and  b'  attract 
each  other,  G  being  their  centre  of  gravity;  then  the  accelera^ 
tion  of  b'  towards  9  from  b's  action  :  acceleration  of  B  towards 
B^  from  b's  action  : :  B  :  b'  : :  gb'  :  gb  (art.  110).  Hence,  the 
spaces  Be,  bV,  which  the  bodies  pass  over  in  indefinitely  small 
portions  of  time,  in  consequence  of  their  mutual  attractions, 
will  be  as  ob',  and  gb.  Consequently  the  remainders  oe',  Ge, 
must  be  in  the  same  ratio ;  and,  therefore,  o  continues  to  be  the 
common  centre  of  gravity  of  the  two  bodies. 

Cob!  1.  If  whiU  the  bodies  act  on  eath  other  they  bepro^ 
Jectedfrom  b'  and  b  in  opposite  and  parallel  directions,  with 
"vehdties  proportional  to  their  distances  from  the  centre  ofgra- 
vityl  they  wul  describe  similar  figures  about  that  centre. 

For  let  B'lf  and  Bd  be  the  sj^aces  which  the  bodies  urged  by 
the  projectile  force  would  describe  while  their  attractions  would 
have  carried  them  to  e^  and  e\  then,  completing  the  parallel* 
ograms  efd,  ed,  the  bodies  at  the  end  df  that  time  will  be  found 
mt  V  and  b.  Now  the  spaces  described  being  as  the  velocities, 
m'i  or  ^b*  ihd  or  eb  \'.  Qe' :  oe;  hence  the  angle  bg&'  z=  bg^ 
and  consequently  b^cb  is  a  right  line :  also  aV  :  g6  : :  gb'  :  gb  ; 
so  that  G  is  the  common  centre  of  gra^aty  of  the  bodies  in  their 
new  situation  V,  b\  and  the  same  may  be  shewn  after  a  second 
and  after  a  third  interval  of  time,  and  so  on. 

CoR.  2.  If  we  conceive  each  body  to  be  acted  upon,  at  the 
same  time,  by  equal  accelerative  forces  hi  the  same  direction, 
the  relative  motions  of  the  two  bodies  will  not  be  altered,  and 
they  will  still  continue  to  describe  similar  figures  about  G  which 
is  men  in  motion.  And  by  varying  the  motion  of  the  system, 
the  absolute  initial  velocities  of  b  and  b'  may  be  varied  ad 
libitum. ,  Hence,  if  b  and  b'  be  projected  zvith  any  velocities, 
they  will  continue  to  revolve  about  their  centre  of  gravity,  and 
describe  similar  figures  about  it ;  and  the  centre  of  gravity,  not 
being  disturbed  by  their  mutual  attractions,  will  continue  to 
move  on  uniformly  in  a  right  line. 

CoK.  3.  If  the  attractions  are  inversely  as  the  squares  of  the 
distances,  the  bodies  will,  with  regard  to  their  common  centre  of 
gravity,  describe  similar  conic  sections  about  that  point  as  a 
focus. 

'  296.  Prop,  The  periodic  time  of  two  bodies  b,  b',  attracting 
jeach  other  mth  any  forces  revolving  about  their  common  centre 
^gratity  g,  is  to  the  periodical  time  of  one  of  the  bodies  a^ 
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revolving  about  the  other  urtmoveds  and  describing  a  ntnihr 
Jigure,  in  the  subduplicate  ratio  of  the  other  body  b  to  the  sum 
^the  bodies  b  +  b  . 

Let  bd'  be  the  orbit  described  about  the  centre  c  (fig.  \4i% 
and  b^d'^  that  described  about  b.  Draw  the  compion  tangent 
b'r'^  and  taking  h'i>\  b'd'\  indefinitely  small,  draw  od'r',  and 
parallel  to  it  bd"r^';  then  will  bd',  bV,  be  similar  parti  of 
the  similar  curves.  The  times  in  which  the  bodies  are  drawn 
from  the  tangent  b'r''  through  the  spaces  r'd',  r'V,  wiih  Ae 
same  force,  will  be  as  VdV  and  V'dI'^"  (art.  232),  thatis, 
because  of  the  similar  figures  gb'rV,  gb^k^^j/^,  as  v^ob'  to 
v^bb^;  or  a^ain,  since  gb'  is  to  bb^  as  b  to  »  +  ^'  (s^rt  11(K) 
the  times  will  be  as  \/b  to  ^(b  +  b').  But  time  in  r'd'  = 
time  in  y!W^  and  time  in  b'd^^  =s  time  in  r^^d^^:  also  the  whole 
periodic  times  vary  as  the  times  of  describing  similar  portions. 
Therefore  period,  time  in  wh.  curve  b'd^  :  period,  time  in  wh. 
curve  bV^  : :  v'b  :  v/  (b  +  b'). 

Cor.  Bodies  revolving  about  their  common  centre  of  gra* 
vity  describe,  by  their  radii  vectores,  areas  proportional  to  the 
times  of  description. 

297.  Prop.  Jftwo  bodies  b  and  b',  attracting  each  other 
mutually  with  forces  reciprocally  proportional  to  the  square  of 
their  distances^  revolve  about  their  common  centre  of  gravity  6 ; 
then  will  the  principal  axis  of  the  ellipse  which  the  body  b  df- 
scribes  about  the  other  sf  by  this  motion j  be  to  the  principal  axis 
of  the  ellipse  which  the  same  body  b  might  describe  about  the 
other  B^  quiescent  in  the  same  periodic  time,  asy/(B  +  b')  to 

Conceive  a  body  isf^  to  be  placed  at  g,  whose  attraction  upon 
B  shall  be  equal  to  that  of  b  :  then,  as  the  attraction  varies  as 
the  quantity  of  matter  directly  and  square  of  the  distance  in- 


B*'  If  .    .,  ^  „  .      BG« 


versely,  we  have  -— -  =  -^,  and  therefore  b''  =  b'  --t^.    Now 

the  squares  of  the  periodic  times  of  bodies  revolving  about  the 
focus  of  an  ellipse  vary  as  the  cubes  of  the  major  axes  directly, 
and  the  absolute  forces  inversely;  therefore,  if  the  periodic 
time  be  given,  the  major  axis  must  vary  as  the  cube  root  of  the 
absolute  force.  Consequently,  major  axis  of  ellipse  described 
by  B  about  b^:  major  axis  of  ellipse  described  by  b  about  b'  at 

rest  in  the  same  periodic  time  : :  b'^*-^  :  b'^  : :  bg'  :  b'b^. 

b'b^ 

Again,  by  similar  figures,  the  major  axis  of  b  about  b'  at 

lest  :  major  axis  of  b  about  b"  : :  bb'  :  bg.     1  herefore,  coni- 

ponendo,  major  axis  of  ellipse  described  by  b  when  both  bodies 
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revolve  about  their  centre  of  gravity  :  major  axis  of  ellipse  de- 
scribed by  B  about  b'  in  quiescence  in  the  same  time  : :  s'ai 

Cor.  If  two  bodies  attracting  each  other,  move  about  their 
common  centre  of  gravity^  their  motions  will  be  the  same  as  if 
they  did  not  attract  each  other,  but  were  both  attracted  with 
the  same  forces  by  a  third  body  placed  in  the  centre  of  gra- 
vity. 

298.  Prop.  If  a  body  projected  in  a  given  direction  be  con^ 
stantly  drawn  towards  two  fixed  pmits  which  are  not  both  in  the 
same  plane  with  the  initial  direction,  it  will  describe  equal 
solids  in  equal  times  about  the  right  line  joining  the  said 
points :  and  the  converse. 

Let  the  time  be  divided  into  any  number  of  equal  parts,  and 
in  the  first  moment  let  the  body  describe  the  line  aq  (tig.  1 .  pi. 
XIV.);  in  the  second,  if  not  prevented,  it  would  proceed  to 
describe  the  line  qt  equal  to  aq;  but  at  q  it  is  acted  on  by 
centripetal  forces  tending  to  the  centres  c  and  b  :  let  these 
forces  be  expressed  by  the  hues  as,  qv,  which  would  be  de- 
scribed in  consequence  of  their  individual  energy,  while  the 
body  would  be  carried  by  the  projectile  motion  from  q  to  t. 
Complete  the  parallelopiped  whose  sides  are  the  lines  as,  qv, 
QT,  the  body  by  the  joint  action  of  these  forces  will  describe 
QD  the  diagonal  of  the  parallelopiped  (arts.  64.  217.).  But 
the  solid  QCBA=:gcBT,  because  they  have  the  same  base  qcb, 
and  the  same  altitude  (for  the  line  ta  cuts  the  plane  qba  in  q, 
and  tg=:qa);  also  the  solid  qcbt  =  qcbd,  because  they 
stand  on  the  same  base,  and  are  between  the  same  parallel 
planes  qcb,  dt.  In  the  same  manner  it  is  evident  that  equal 
solids  will  be  described  in  other  equal  moments  of  time,  round 
the  same  points.  If,  therefore,  the  number  of  intervals  of  time, 
and  of  the  right  line.s  aq,  qd,  be  indefinitely  increased,  the  path 
of  the  body  will  ultimately  become  a  curve,  and  the  body  im- 
pelled by  continued  forces  will  describe  round  the  points  c,  b, 
equal  solids  in  equal  times ;  and  in  any  times  solids  proportional 
to  the  times. 

Conversely,  if  these  solids  qcba,  qcbd,  described  in  equal 
times,  be  equal,  the  line  td  will  be  parallel  to  the  plane  qcb  ; 
and  therefore  the  body  will  be  urged  by  forces  as,  qv,'  tending 
to  the  points  c,  b. 

Cor.  The  orbit  aqd  &"c.  is  not  contained  in  one  plane,  eX' 
cept  in  some  particular  cases.  For,  that  the  orbit  may  not  de- 
viate from  any  plane,  the  forces  on  both  sides  of  it  ought  to  be 
equal  and  sinularly  situated. 
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SCHOUUM. 

291K  By  meaQS  bf  the  law  just  laid  down,  philosophers  ex- 
plain the  niotioB  of  die  moon  and  satellites^  which  are  attracted 
towards  two  principal  centres.  But  it  would  be  incompatible 
with  the  objects  of  diis  work  to  enlarge  here  upon  these  and 
other  particulars,  connected  with  the  doctrine  of  attraction  and 
centripetal  forces.  The  student  who  wishes  to  obtain  a  pro- 
found acquaintance  with  such  matters  should  consult  Newton's 
Principiay  lib.  i.;  Clairaut's  Thiorie  de  la  Lune;  Euher^s 
TAeoria  Motuum  iMtue;  D'Alembert's  Recherches  sur  d^er* 
tn$  Points  du  Systhne  du  M^mde;  Simpson's  Essays  ami 
Tracts;  Dealtr/s  Fluxions;  Frisi's  Cosmographia  and  De 
Gravitate  Universali  Corporum ;  La  Place's  Mecaniqne  Ce- 
teste;  \ince*s  System  of  Astronomy ,  vol.  2.;  DawsarCs  paper 
on  the  Inverse  rroblem  of  Cenirai  Forces,  in  the  Manchester 
Memoirs,  vols.  4  and  5,  or  corrected  in  Leybourn's  Math.  Be* 
poaitoijy  Nos.  4  and  5,  N.  S. 
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CHAPTER  IV. 


On  the  Rotation  of  Bodies  about  Jixed  AxeSy  and  in 
free  Space  ;  with  Theorems  relative  to  the  Centres  of 
Oscillation  J  Gyration^  Percussion^  Spontaneous  Ro' 
tation,  S^c. 


300.  In  demonstrating  the  chief  propositions  relative  to 
rectilinear  motion^  whether  uniform  or  variable,  accelerated  or 
retarded,  we  have  either  considered  the  bodies  as  physica) 
points,  or  we  have  imagined  that  the  impelling  force  has  been 
mipressed,  and  the  resistance  exerted,  in  the  direction  of  a  right 
line,  passing  through  the  centre  of  gravity  of  the  body  moved ; 
and,  therefore,  that  every  particle  of  such  body  must  partake  of 
the  same  velocity  as  that  with  which  tlie  centre  of  gravity  moves. 
But  in  numerous  instances  which  occur  to  the  mechanist,  a 
body  or  system  of  bodies  is  so  situated  that  when  any  force  or 
any  number  of  forces  are  impressed  upon  it,  it  cannot  take  any 
other  motion  than  one  of  rotation  about  a  fixed  axis,  which  mav 
either  pass  through  the  body  or  system,  or  be  at  an  extremity 
of  it :  so  that  the  velocity  of  the  constituent  moleculae  of  the 
system  shall  be  greater  or  less  according  to  the  greater  or  less 
distance  of  any  individual  particle  from  the  axis  about  which 
the  motion  is  performed.  And  in  such  cases  it  is  necessary  to 
call  to  our  aid  other  considerations  than  what  were  required 
when  discussing  the  properties  of  acceleration  and  retardation. 

Again,  with  respect  to  the  motion  of  bodies  at  liberty  to 
move  freely  by  the  action  of  any  force  impressed,  if  any  such 
*  body  receive  an  impulsion  in  any  direction  which  does  not  pass 
through  the  centre  of  gravity,  the  motion  which  will  ensue  is  a 
rotatory  one :  for  if  at  the  same  moment  a  body  is  impelled 
according  to  any  direction  ab  (not  passing  through  the  centre 
of  gravity),  an  eaual  and  opposite  force  is  exerted  upon  the 
body,  in  a  parallel  direction,  cg,  passing  through  the  centre  of 
gravity,  the  centre  of  gravity  ynll  manifestly  be  kept  at  rest : 
nevertheless,  it  is  clear  that  the  other  parts  of  the  body  vrill  not 
be  in  a  state  of  quiescence;  because  the  two  forces,  though 
^udl,  are  not  directly  opposite : '  so  that  the  only  motion  that 
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the  body  can  have,  its  centre  of  gravity  being  at  rest,  b  evi- 
dently a  motion  of  rotation  about  that  centre.  Now,  the  fixed 
axis  round  which  a  body  revolves  is  pressed  by  the  impelling 
force  while  it  generates  rotatory  motion  ;  but  the  axis  being  (by 
hyp.)  immoveable^  reacts  equally  against  that  pressure,  and 
when  it  passes  through  the  centre  of  gravity  would,  as  above 
stated,  cause  each  particle  to  move  with  the  same  velocity,  and 
in  the  direction  of  the  force.  If,  then,  the  force  which  presses 
against  a  fixed  axis  in  given  circumstances  be  ascertained,  the 
motion  of  the  body  in  free  space  when  the  axis  is  removed  will 
be  known  :  for  the  latter oiotion  vnll  cons'ist  of  the  rotatory  mo- 
tion  about  the  axis  passing  through  the  centre  of  gravity  consi- 
dered as  fixed,  compounded  with  the  motion  of  the  centre  of 
gravity  caused  by  the  force  now  at  liberty  to  impel  that  ceotre, 
the  fixed  axis  which  passed  through  it  being  removed. 

When  a  solid  body  receives  an  impulse  on  any  one  point,  or 
that  point  is  urged  in  any  way  by  a  moving  force,  it  cannot 
move  unless  the  other  points  with  which  it  is  connected  by  the 
force  of  cohesion  move  also  (except  the  force  of  impulsion  is 
sufficient  to  overcome  that  of  cohesion;  a  case  which  is  not 
meant  to  be  considered  here).  And  whatever  is  the  motion  of 
any  particle,  that  particle  must  be  conceived  as  urged  by  a  force 
precisely  competent  to  the  production  of  that  motion,  by  acting 
immediately  on  the  particle  itself.  The  particle  immediately 
impelled  by  the  external  force  is  either  pressed  towards  its 
neighbouring  particles,  or  is  drawn  from  them;  and  by  this 
endeavour  to  change  its  place  the  connecting  forces  are  excited, 
or  brought  into  action.  We  are  but  little  acquainted  with  the 
nature  of  these  connecting  forces :  but  this  is  not  of  much  con- 
sequence in  a  mechaoical  point  of  view  ;  for  the  fact  that  the 
forces  by  which  the  moleculae  of  bodies  act  on  each  other  are 
equal  is  sufficient  for  our  present  purpose. 

In  the  propositions  we  are  about  to  enter  upon,  the  attention 
will  be  chiefly  called  to  two  objects,  viz.  The  moving  force  by 
which  the  revolving  motion  is  generated ;  and  the  inertia  of  the 
ditf'crent  parts  of  the  system  moved.  And  both  the  effects  of  the 
moving  force  and  of  the  inertia  of  the  particles  depend  upon 
their  distance  from  the  axis  of  motion,  all  other  things  being 
the  same :  if  both  these  be  ascertained  Uie  absolute  acceleration 
will  be  determined,  and  consequently  the  absolute  velocity  ge- 
nerated in  a  given  time. 

These  preliminary  observations  may  be  determined  by  re« 
marking,  that,  since  in  jotatory  motions  all  the  particles  of  a 
body  are  supposed  to  turn  together  without  changing  their  re- 
lative positions ;  therefore,  when  a  body  has  made  a  complete 
rotation,  each  particle  has  described  the  circumference  of  a 
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circle,  and  the  whole  paths  of  the  various  particles  will  be  in 
the  ratio  of  their  respective  circumferences,  or  of  their  radii ; 
and  the  same  is  true  of  any  portion  of  a  rotation :  so  that  the 
velocities  of  the  different  particles  are  proportional  to  their 
distances  from  the  axis  of  rotation,  and  are  not  adequate  mea- 
sures of  the  rotatory  velocity  of  the  body;  its  proper  measure 
is  the  angle  described  by  any  radius  vector  of  the  body  in  a  unit 
of  time. 

SOI.  Prop.  If  a  body  revolve  about  an  axis^  the  particles 

of  which  that  body  is  composed  resisty  by  their  inertia,  the 

communication  of  motion  to  any  given  point,  with  forces  which 

are  as  the  particles  themselves,  and  the  squares  of  their  distances 

from  the  axis  of  moti>fi jointly. 

Let  a  force  f  be  applied  at  any  point  A  (fig.  2.  pi.  XIV.)  in 
order  to'communicate  motion  to  a  system  of  particles  p,  p^,  p", 
Su:.  revolving  at  determinate  distances  round  the  centre  of 
motion  c.  Let  a  be  such  a  quantity  of  matter  as  will,  if  con- 
centrated in  A,  have  the  same  effect  in  resisting  the  communi- 
cation of  motion  to  that  point,  by  its  inertia,  when  any  particle 
p  is  removed  from  the  situation  p,  as  that  particle  would  have, 
revolving  at  the  dhtance  pc.  Now  the  effect  of  the  given  force 
f  acting  at  the  point  a  (in  a  direction  ^  A  perpendicular  to  ca), 
to  move  a  body  at  that  point,  is  to  its  effect  to  move  a  body  at 
p,  inversely  as  those  distances ;  or  as  PC  to  AC,  by  the  nature  of 
the  lever :  und  if  these  bodies  be  moved  with  equal  angular  velo- 
cities, their  distances  from  the  axis  being  then  (art.  300.)  as  the 
spaces  described  in  a  given  time,  the  moving  forces  are  inversely 
as  the  spaces  described.  But  taking  for  a  moment  the  notation 

of  art.  228.  we  there  have  Fa ,  or  psa  Bv*;  in  which, 

if  F  a  — ,   then  will  b  oc   —  :  consequently,  the  quantities  of 

matter  must  be  inversely  as  the  squares  of  the  velocities ;  or,  in 
the  present  case,  inversely  as  the  squares  of  the  distances  from 
the  axis ;  that  is,  a  :  p  :  :  pc*  :  ac*  ;  whence  Wte  have  a  = 

£«'  ^'- ,  which  indicates  that  the  resistance  of  the  particle  p  at  the 

distance  PC  b  equivalent  to  the  resistance  of  the  mass  — ^,  at 

the  distance  as.  In  like  manner,  taking  another  particle ;>^  at 
the  distance  p'c,  and  a  corresponding  quantity  of  matter  a'  con- 
centrated into  the  same  point  A,  we  shall  have  the  resistance  of 
the  particle/)'  at  its  distance  equal  to  the  resbtance  of  the  mass 

'^i '  ^^1  at  the  distance  Ac.    And  the  same  may  be  shewn  of 


«70  DYNAMICS.  tBooittt 

other  particlea  p'^  f'"^  &c.  Consequently,  if  we  use,  as  hitherto, 
the  character /*to  denote  the  whole  fluent,  or  sum  of  all  the  se- 
parate resistances,  we  shall  have  the  resistance  of  the  whole  re^ 

Tolving  body  expressed  byy--  ^^^    , 

CoR.  1 .  The  force  zvhich  accelerates  the  point  A  of  any  bod^ 
revolving  on  an  axis,  to  which  point  that  force  <p  is  applied,  i$ 
equal  to  the  product  of  the  force  into  the  square  of  the  distance 
£C,  divided  by  the  sums  of  the  products  of  all  the  molecule 
into  the  squares  of  their  respective  distances  from  c^  the  centre 
of  motion. 

For  the  mass  moved  \sf^'  ^    ,  and  tlie  moving  force  is  f : 

but  the  accelerating  force  is  equivalent  to  the  quotient  of  the 
moving  force  by  die  mass,  and  is  therefore  represented  by 

Cor.  2.  The  angular  velocity  of  a  system,  generated  in  a 
given  time  J  by  any  force  f  at  a,  perpendicular  to  AC,  is  propor^ 
tianal  to  the  rectangle  of  the  force  into  the  distatice  at  whkh 
it  acts,  divided  by  the  sums  of  the  products  of  all  the  molecubt 
into  the  squares  ^ their  respective  distances. 

For  the  absolute  velocity  of  the  point  A  is  as  the  acceleratii^ 
force,  and  the  angular  velocity  is  as  the  absolute  velocity  di« 
rectly  and  the  distance  reciprocally;    therefore  the   angular 

velocity  is  as^ ^  ]  ^  ^  x  — ,  or  as  ^  •  AC  -rfp  •  pc*. 

Cor.  3.  The  angular  motion  of  any  system,  generated  by  a 
unijhrmforce,  tvill  be  a  motion  uniformly  accelerated. 

This  IS  evident,  because  the  accelerating  force  is  in  a  con- 
stant ratio  to  the  uniform  force  f  • 

Cor.  4.  What  has  been  here  shewn  with  respect  to  molecule 
situated  on  a  right  line  passing  through  a  centre  of  motion  will 
hold  equally  with  regard  to  a  body  or  system  moving  upon  an 
axis :  for  all  the  particles  of  such  body  may  be  conceived  to  be 
transferred  to  the  plane  in  which  the  axis  of  suspension  cp 
performs  its  motion,  by  an  orthographical  projection,  the  lines 
of  transference  being  all  parallel  to  the  axis  of  motion ;  this 
supposition  will,  it  is  obvious,  neither  affect  the  place  of  the 
centre  of  gravity  (with  regard  to  the  axis  of  motion)  nor  the 
angular  motion  of  the  body. 

SCHOLIUM. 

302.  The  preceding  investigation  has  been  conducted  upon 
the  supposition  that  the  forces  were  each  applied  in  a  direction 
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perpendicular  to  the  line  drawn  from  each  point  of  application 
to  its  respective  centre  of  motion :  but  ^  same  conclusion 
would  result  if  the  moving  forces  Were  applied  in  any  direction^ 
provided  that,  instead  of  these  forces,  we  had  taken  their  equi- 
Talents  when  reduced  to  the  perpendicular  direction.  As  this 
proposition  and  its  corollaries  are,  however,  of  great  import* 
ance  in  all  that  depends  upon  rotatory  motion ;  and  as  the  same 
conclusions,  when  drawn  from  different  methods,  strike  the 
mind  with  greater  force ;  we  shall  here  consider  the  matter  in 
another  way. 

.  Let  an  axis  of  rotation  pass  through  c  (fig.  4.  pi.  XIV.) 
perpendicular  to  the  plane  of  the  figure,  and  let  a  body  fixed 
firmly  to  this  axis  be  acted  uppn  by  several  accelerating  forces ; 
we  are  to  enquire  into  the  circumstances  of  the  motion  pro- 
duced. Suppose,  at  fir^it,  that  a  particle  jp,  situated  at  p  in  the 
figure,  is  urged  about  the  fixed  axis  by  a  force  f ,  applied  in  the 
direction  pd  :  that  force  tends  to  impress  u^ton  the  particle  |^ 
a  certain  velocity  in  the  direction  pd,  yet,  in  consequence  of  the 
mutual  cohesion  between  the  different  moleculae  of  the  body, 
and  the  connection  of  the  whole  with  the  fixed  axis,  the  velocity 
can  only  be  produced  actually  in  the  initial  direction  pd  perpen- 
dicular to  cp.  Drawing,  therefore,  pJ  perpendicular  to  cp,  the 
force  f  must  be  decomposed  into  two  others,  in  the  directions 
l?d,  PC,  of  which  the  one  pe  will  be  extinguished  by  the  resisU 
ance  of  the  axis,  and  the  other  ^d  has  place;  where,  of  conse- 
quence, we  have  pd=p  cos  dpc/  (art.  59.).  If,  therefore,  we 
denote  the  distance  cp  of  p  from  the  axis  of  rotation  by  r,  and 
the  perpendicular  distance  pc  of  the  force  from  the  axis  by  9, 

we  havcy  in  the  triangle  cpd,  sin  dpc  =  cos  Dprf  =  — ;  and,  con- 
sequently, pd  =:  p  — .     This  expression  would  represent  the 

effective  accelerating  force  of  the  particle  p,  if  that  particle 
were  alone ;  but  the  connection  of  this  particle  with  the  otliers, 
and  the  operation  of  the  forces  acting  on  the  latter,  change  this 
effect :  if,  then,  the  arc  a  be  run  over  at  tlie  end  of  the  time  t 
by  a  particle  at  a  linit  of  distance  from  the  fixed  axis,  ar  will 
be  the  arc  described  in  the  same  time  by  the  particle  p ;  So 
that  the  velocity,  and  the  effective  accelerating  force,  (art.  232. 

I.  VI.)  of  this  latter  will  be  r  -:- ,  and  r  -r-  respectively. 

Now  comparing  this  force  with  the  fortner,  and  observing 
that  they  are  both  directed  in  the  same  right  line,  we  may  have 
recourse  to  the  principle  of  D'Alenibert,  stated  in  art.  267. 

The  accelerating  force  ^  —  which  is  impressed  in  the  direction 


»9  DYNAMICS.  [Book  IL 

of  the  initial  motion,  must  be  decomposed  into 

•  • 

r  -^  .  • .  effective  accelerating  force* 

J ^  f  accel.  force  destroyed  by  the  action  6f 

^   r  i*      '  '  \     ^^^  other  powers  in  the  system. 

Id  like  manner  M^e  may  proceed  to  investigate  the  effects  of 
other  forces  ^',  p",  file,  acting  upon  the  moleculaei  p',  jf/%  &c. 
(whose  distances  are  /,  Z^,  &c.)  in  the  directions  p'd  ,  p^V, 
tic,  and  at  the  distances  ^^  ^\  &c.  the  expressions  being  the 
same  with  the  letters  accented  similarly :  the  whole^  thereforei 
will  be  in  equilibrio  when  impressed  by  the  moving  forces 

Now  as  the  system  is  attached  to  a  fixed  axis,  only  one 
equation  (art.  98.)  is  necessary  to  express  the  state  of  equili* 
bnum.  And,  if  we  suppose  that  the  forces  f,  f\  (^'y  &c.  are 
parullel  to  the  plane  of  the  figure,  or  perpendicular  to  the  plane 
of  rotation  (and  thev  may  all  be  resolved  to  such  planes  by  an 
obvious  process),  it  will  be  merely  requisite  to  make  the  sum  of 
the  moments  of  the  powers  (art.  60.)  with  respect  to  the  fixed 
axis  equal  to  nothing.     Here,  that  of  the  first  force  will  be 

^W—   1^  t^p  and  the  moments  of  the  other  forces  will  be  ex- 

pressed  in  the  same  manner,  adding  the  accents.    Thus,  then, 
we  shall  have 

^?>p+«V/+8cc.=(r*p  +  /y+&c.)    ^ 

/«• 

Or  taking  the  characteryas  before,  and  denoting  the  angular 
velocity  by  u,  we  shall  have y^Jps:  JL.f^'^p:  whence,   *4- 

Hence,  if  the  quantityy*r*p,  which  is  the  sum  of  the  pro- 
ducts of  the  several  moleculie  into  the  squares  of  their  respective 
distances  from  the  axis,  be  called  the  momentum  of  inertia,  and 

if  — r  be  called  the  angular  accelerating  force,  the  equation 

just  given  may  be  thus  stated  in  words  at  length : 

The  angular  accelerating  for  ce  is  the  quotient  of  the  sum  cf 
the  momenta  of  the  moving  forces,  or  (art.  60.)  of  their  re$UU* 
ant,  divided  m/  the  mamentum  of  inertia. 


t 
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303.  From  the  above  equation  we  may  readily  ofytm  an  ex- 
>ress]on  for  the  angular  velocity.    For  (art.  232.  II.)  f  =  -4-i 

•  •  • 

cc.  givey^lp=  JL  ^p  =  JL  a/>  +   .£  yp^  +  Sur.  whence  we 

t  t  t 

^''^   ^=^^^tS:^  and,  taking  the  fluents, 

^rom  which  it  appears  that  cor.  2.  art  SOl.  is  not  confined  to 
I  single  Force ;  but  may  be  extended  to  as  many  forces  as  we 
ilease,  and  applied  to  tbe  body  in  any  directions  whatever. 

304.  As  to  the  part  p^  of  flie  force  p^  which  operates  as  a 
pressure  upon  the  nxed  axis,  and  is  entirely  destroyed  by  its  re- 
ctlon,  it  may  be  easily  determined.    For  pf =^  cos  dpc,  and 

»p:=^(r*— r);  therefore,  cos  DPCs  "~^  A/    f^*  "C"^)!! 

consequently,  pe=:f  •  [1  —  (—)*]• 

bid  the  same  may  be  shewn  with  regard  to  the  effect  of  any 
»ther  forces  p%  p'\  Sic.  upon  the  axis  of  motion. 

505.  Def.  llie  centre  of  oscillation  is  that  point  in  the  axis 
>(  suspension  of  a  vibrating  body  in  which,  if  all  tlie  matter  of 
he  system  were  collected,  any  force  applied  there  would  gene- 
ate  the  same  angular  velocity  in  a  given  time  as  the  same  force 
k  the  centre  of  gravity,  the  parts  of  the  system  revolving  in  their 
espective  places. 

Or,  since  the  force  of  gravity  upon  the  whole  body  may  be 
on^ered  as  a  single  force  (equivalent  to  the  weight  of  the 
KKly)  applied  at  its  centre  of  gravity,  the  centre  of  oscillation 
I  diat  point  in  a  vibratii^  body  into  which,  if  the  whole  were 
ODcentrated  and  attached  to  the  same  axis  of  motion,  it  would 
lieo  vibrate  in  the  same  time  the  body  does  in  its  natural  state. 

Cor.  From  the  first  definition  it  follows  that  the  centre  of 
•cillation  is  situated  in  a  right  line  passing  through  the  centre 
f  gravity^  and  perpendicular  to  the  axis  of  motion  \ 


*  Siaoe»  acoording  to  the  fonner  of  these  dcinitiofit,  the  eentre  of  oi- 
illation  it  a  drfinite  point,  and  according  to  the  latter  it  it  Tariable ;  it 
light,  perhafM,  t>e  better  to  nj,  that  a  body  hat  a  centre  of  oteillatioa 
rbco  it  it  attached  to  a  centre  of  motion*  and  hat  a  Hue  of  otcillation 
^hta  it  moTCS  upcai  an  aait  s  the  Utu  of  otciUataoa  in  the  latter  case 
•lag  panUel  to  the  axit  ai  motibo.  But  thit  It  a^crcly  hinted  b|  iht 
ray,  and  not  intiodiioed  into  the  text. 

WOL.  I.  T 
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666.  t^ROP.  If  a  hodjf  vtbNUe  dhout  dh  axts  hy  thtf&fct 
((f^r^i^tf^^  thedistancs  of  ike  cmtrt  of  6$ciUaiimi  from  ihtt 
axts  is  equal  to  the  quotient  arising  from  dividing  the  sum  of 
the  products  of  each  particle  into  the  square  of  its  distance 
fmim  thf6  d^sci^f  fy  the  product  of  ike  maes^lmfyinto  ike  di* 
stance  of  its  centre  of  gravity  frorA  the  axis. 

Let  AB  (fig.  3.  pi.  Xiy.)  be  a  plane  panriflg  tlKongh  die 
centre  of  gravi^  g  oi  thfe  bodjf  p^fpeftdiciiliif  to  Hih  fixil  Of 
vibration  on  which  the  body  is  orthographically  projected^  c 
the  centre  of  motion  of  tliat  pklie^  of  Of  ttfe  whole  bodj  re- 
duced tp  that  plane;  o  the  centre  of  oscillation  in  tht  Jioe  cf 
produced,  and  p,  y.  &c.  -the  constituent  mol^ule  of  the  tiodj 
thus  projected.  Tnrou^  c  draw  ex  (larallel  to  the  h<mioiif 
and  upon  that  tine  demit  the  verticals  or  perpendieulArs  fi^, 
j/if  Gg^  od,  8lc.  Now  since  the  angubr  velocity  ot  Ibe 
several  particles  is  hot  changed  by  this  projectiori,  we  fatv6 

t  'PC^+t^  •  pV+&c.  =yjp  •  pc*,  the  momentum  of  inertia 
bf  the  lA^hote  biE>dy  fi,  while  b  •  i6e^  ^  ^kJn'eM  ih«  fiMMirtfiMl 
of  inertia  of  an  equal  body  concentrated  into  the  point  o.  And 
since  the  force  cf  gravity  ip  a<^  in  thd  fmratM  directions  pd^ 
j/df,  8lc.  we  shall  have  0  •  o  •  dc+f  •  //  •  £/^c4-  &c.  for  tfie  eflnect 
bf  gfflvhy  to  tufti  th6  body  ttbout  t,  by  ))i«  itttdfe  tVf  |iArtM 
forces,  and  this  Is  tmal  to  f)  •  B  •  c^,  by  dk6  naHirto  6t  iHt  cMMM 
Of  gravity  (tkft  108.).  Afid  if  b  ^^e  ctjhticiitrhxeA  iii  tbife  frmt 
t>,  thhh  Would  <^  •  3  -  to  b^  the  ^ctdetAling  fotct  of  ghMtJf 
lb  tflrn  the  body  kbout  c.  Bat,  that  the  dbin^  Mgulttf  HlotStj 
iAky  b6  generated  itt  bdth  case^,  the  quotients  t)f  tte  td^HM' 
faig  fdl-c^^  Vilh  respect  to  c,  by  the  moili^liti^  df  itiettiit,  HtM 

iie equal  (art.  801 .  cor.  2.  808.),  that is>  -—^  «  V^J^  , 
wbeoce  oc*  3  '  ^^/^g.    ^     •     Now^  the  triangles  cog. 


CO  CO 


xoo  being  similar,  we  have  -^=  — ^ :  hence,  substitotliig  Ae 

ca         eg 

hfrtiter  ffM^n  fbt  llHs  Idttef  m  the  pre<c«iAing  ndu^  of  oe%  it 
becomes oe^ss-^  .  "  ■^.,,fa     '  =  ^ '      ^   '  : consequenily 

co=^'^  =  ^ 

B  •  CG  B'CO 

This  expression,  being  independent  of  the  line  ex,  vjU  con* 
tinue  the  safli6  for  M  inclinations  of  the  line  c6;  ad  ttiju  the 
centre  of  osoillation  o,  thus  determined,  is  ufjtcd  point,  igirte- 
'  ably  to  die  defimtibb. 

Colt.  1.  Hawemy  bodg  a«,  suspemded mt  c^  emd  vHrtdmgf 
ffiUf,  Sbfht  as  tegardi  /Atr  titHie  (f'ctdruHMi,  bt  cmM^ndw^tf 
simple  pendvUm  whose  length  ft  CO. 
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Cob.  2«  Thai  co  may  be  the  equivalent  pendulum^  and  o 
the  centre  of  oscQlatum^  o  must  he  in  the  line  co,  otherwbe  it 
would  aot  rest  in  the  sane  position  widi  the  hoAy^  whiMi  no  force 
was  keeping  it  out  of  its  vertical  position. 

Coft.  S.  If  aboAf  be  turned  about  iu  eenire  (^gravity  m  a 
direction  perpendicular  to  the  axis  of  motion ,  the  place  of  the 
Centre  of  oscttlati&n  wUl  remain  unaltered.    For  the  qittntity 

fpfi^  will  be  not  at  all  affected  foy  sucfi  a  motion  of  the  body. 

Cob.  4.  The  distance  of  the  centre  of  gravity  from  that  o^ 
oscillation  (if  the  plane  of  the  body's  motion  remaia  unaltered) 
will  be  reciprocally  as  the  distance  of  the  former  from  die  point 
of  aospension.  Jf^  therefore^  that  distance  be  found  7»hen  the 
point  (f  suspension  is  %n  the  vertex^  or  so  situated  that  the 
operation  may  become  the  most  sinifUp  the  value  thereof  ii^ 
any  other  proposed  position  of  that  point  will  likewise  be  given 
by  one  single  proportion. 

Cor.  5.  The  product  of  the  distances  of  the  centre  of 
gravity,  and  that  of  oscillation,  from  the  axis  of  motion,  is 
manifestly  a  constant  quantity  for  the  same  plane  of  vibration^ 
If  therrforCy  the  centre  of  oscillation  be  made  the  point  of 
euspenfiion,  the  point  of  suspension  wiil  become  the  centre  of 
osculation. 

Cob.  6.  Hence  also,  if  upon  the  plane  of  vibration  passing 
through  the  centre  of  gravity  of  any  body,  two  concentric  circles 
be  described,  having  the  common  centre  c,  and  radii  oc.  go,  the 
body  suspendedfrom  any  point  in  the  periphery  of  either  circle 
wiu  perforin  an  oscillation  in  the  same  time. 

Some  other  corollaries  depending  upon  the  relaMoa  sub- 
sisting between  tlie  centres  of  oscillatioo  and  of  gyration  will  bo 
given  after  we  have  treated. of  that  centre :  when  also  we  shall 
upfij  the  propositions  to  the  determinatiott  of  thess  centMs 
in  various  bodies.  Previous  to  this,  however,  we  may  here  shew 
bow 

S07.  To  find  the  distance  of  the  centre  of  oscillation  from 
the  point  of  suspension  experimentally. 

Svspend  the  body  proposed  very  freely  by  the  given  pointy 
Mid  make  it  vibrate  in  amall  arcs ;  then  const  the  number  n  of 
vibmtions  it  makes  in  a  mtnnte,  by  a  good  stop-watch,  ^PP^V'V 
when  neeessaiy  die  correcdon  indicaCed  in  aita.  269,  970; 
so  dbftU  the  disUnce  co  of  tlie  centre  of  oscHktion  and  point 

of  auspension  be  denoted  by — ^ — .    For  the  length  of  the 

Msple  second  pendulum  being  39{-  inches ;. and  the  lengths  of 
f^ndjilinm  bemg  weekfomaWj  m  the  8qnar^:of  the  number  of 
vibralioiis  made  in  a  gtfeai  time}  therefore V  :  M* : : 99i  : 

t2 
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— ^^     ■  ag — ; — ^y  die  length  of  the  ample  pendolum  ivhidi. 


oscillates  n  times  in  a  minute,  or  the  distance  co  in  the 
pound  pendulum* 

Or,  two-thirds  of  the  length  of  a  thin  cylindrical  rod,  sat- 
pended  at  one  end,  and  vibrating  in  the  same  time  as  the  bodj, 
wHl  give  CO ;  the  reason  of  which  will  soon  appear. 

308.  Prop.  In  a  compound  pendtduntf  consisting  of  severd 
bodies  revolving  about  a  common  axisj  the  centre  y^oscittaHm 
may  be  determined  by  this  process:  add  together  the  several 
products  of  each  mass  into  the  distances  of  the  respecHvc 
centres  of  oscillation  and  gravity  from  the  axis  ofmotion^  and 
divide  the  sum  by  the  product  cjthe  whole  system  into  the  dis» 
tance  of  the  common  centre  of  gravity  from  the  axis  of  motion ; 
the  distance  of  the  centre  of  oscillation  from  the  same  axis  wSl 
be  represented  by  that  quotient. 

For  it  appears  from  art.  306.  that  with  respect  to  any  body 

B  in  the  compound  mass, /pr^=B*C0'CG  ;  and  agaiui  witb 
regard  to  another  body  b'  in  the  same  systemypV^sB'-co'* 

cG^y  and  so  on;  consequently  8*y*-/>r^=y*B*co-cG;  that  iff 

the  sum  of  all  the  tn*  in  the  whole  pendulum  is  equal  to  the 
sum  of  all  the  products  in  each  part  of  the  pendulum,  which 
^rise  from  mulliplying  each  I>art  into  the  product  of  the  dis- 
tances of  its  centres  of  gravity  and  of  oscillation  from  the 
common  axis  of  motion.  If,  therefore,  this  latter  sum  be. 
divided  by  the  product  of  the  compound  mass  into  the  distance 
of  the  common  centre  of  gravity  from  the  axis  of  motion,  the 
quotient  (art.  306)  will  be  the  distance  of  the  centre  of  oscilhk 

tion  from  the  same  axis :  for  -         ■    a  —  ^^*     :  whence  cos 

/^C0'€«  B*CO'CO 

JCCL,  as  well  widi  respect  to  the  compound  mass  as  to  any  of 

its  constituent  parts. 

309.  Def.  The  centre  of  gyration  is  that  point  in  which,  if 
all  the  matter  contained  in  a  revolving  system  weie  collected, 
tirp  same  angular  velocity  will  be  generated  in  the  same  time  by 
a  given  force  acting  at  anv  place  as  would  be  generated  by 
the  same  force  acting  similarly  in  the  body  or  system  itself. 

When  the  axis  of  motion  passes  through  the  centre  of  gra* 
vity,  then  is  this  centre  called  the  principal  centre  of  |{yrt- 
tion.  I 

310.  Prop.  If  the  sum  of  the  products  formed  by  muUi- 
.  plying  eofh  particle  of  a  system  into  the  sfua^e  qf  its  diUance 
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from  the  axis  ^motiant  that  tt,  jT  the  momenium  of  inertia 
te  divided  by  the  whole  masSj  the  square  root  of  the  quotient 
wHl  be  the  distance  of  the  centre  of  gyration  from  the  axis  of 
motion. 

For,  if  CR  be  the  distance  from  the  axb  of  motion  to  the 
centre  of  gyration,  the   expressioi^  for  the  angular  motion 

>.  y^  or  J.'  '  (art.  301.  cor.  2.)  will  be  transformed  to  ^^t 
and  these  b;  the  def.  must  be  equaL    Consequently^  B'CR^s 
^pr*,  and  cr=s  a//^. 

Cor.  1.  The  distance  of  the  centre  of  gyration  from  the 
axis  of  motion  is  a  mean  proportional  bttweenthe  distances  of 
the  centres  of  oscillation  and  gravity^  from  the  same  axis. 

Vor  CK^sa-'tlH^  while  co=-^^:  therefore  co-CGr:  -^^ 

=  CR*,  and  CO :  CR : :  CR  :  co.    (Fig.  2.  pi.  XIV.) 
Cor.  2.  The  distance  between  the  centre  of  gravity  and 

principal  centre  of  gyration  is  a  mean  proportional  between  the 

distances  of  the  centres  of  motion  and  oscillation,  from  the  centre 

of  gravity. 

For  pc*=pg*+cc*±2pg«gc;  therefore,  by  art.  307,  we 

have  6cs=  fp*— — — .    But  from  the  nature  of  the 

•/    "^  B-CO 

centre  of  gravity,  y/i*PG  on  each  side  of  g  are  equal,  and, 
be<;aii8e  2cC  is  coBstant,y*±2PG -gc  nO.    Also^  because 

/p»6c*=B«GC*,  we  have  ocncc+y — 7-- — ,   and  og  = 

/"^^ — :  whence  this  corollary  is  manifest. 

CoR.  3.  The  time  in  which  a  body  vibrates  will  be  the  least 
possible  when  the  axis  of  motion  passes  through  the  principal 
centre  of  gyration. 

For  if  D  and  d  represent  the  distances  from  the  centre  of 
gravity  to  the  point  of  suspension,  and  to  the  centre  of  gyration, 

it  will  be  D:D+rf::D  +  d:  ^^ — ,  the  distance  from  the  point 

of  suspension  to  the  centre  of  oscillation  (cor.  I.),  and  this  latter 
.e&pression  will  obviously  be  a  minimum  when  D:^d* 

CoR.  4.  If  we  wish  to  know  what  quantity  of  matter  M  must 
be  placed  at  any  other  distance  ac  from  c,  so  that  the  inertia 
may  remain  the  same,  we  must  have  ac**m  =  cr'*b,  whence  \t 


BCR* 


.    AC 


t  • 
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Colt.  5.  And,  for  a  like  retaoo,  if  aii^  number  of  bodiet 
B,  B^  %'\  be  put  in  motion  about  a  common  axia  pflMunng 
through  Cy  by  a  force  acting  at  a,  the  system  will  have  tbf 
sanie  angular  velocity^  if,  instead  of  those  bodies  placed  at  tbt 
distances  cb,  cb'  cb",  there  be  aubstituted  bodies  equal  to 

cr^  cs^  cwf^ 

.  — r  B,  — r-  b' -—  fi''  all  concentrated  into  the  iioiBt  A. 

SCHOLIUM. 

SU.  Having  now  demonstrated  the  chief  properties  of  die 
centres  of  oscillation  and  gyjation,  we  may  apply  theai  to  B  km 
examples  of  finding  the  position  of  those  joints  m  bodies  of 
given  shape.    And,  first,  let  us  speak  of 

The  Centre  of  Oscillatioru 

I.  Let  cp  (fig.  2.  pF.  XIV^  be  a  right  line,  or  very  slender 
cylinder,  moving  freely  about  its  extreme  point  c  as  a  centre  of 
suspension. 

Then,  if  ca,  considered  as  variable,  be  denoted  by  4*,  the 
force  of  K  particles  at  a  will  be  defined  hyx^x;  its  fluent,  there- 
fore, that  la,  ^,  denotes  the  momentum  of  inertia  of  all  the. 
particles  in  ca  ;  and  this,  when  ca  becomes  equal  to  cp,  will 
be-|-cp'«    In  tlib  case,  too,  the  body  b=:cf,  and  co=:|CP; 

consequently  (art.  306.)  ^  =  -^  =  -^  ^  f  CPs=  CQ, 

the  distance  of  the  centre  of  oscillation  from  the  point  of  sus- 
pension. 

CoR»  In  a  line  cp  of  uniform  thickness,  but  the  density  of 
whose  particles  increases  as  their  distance  from  c  the  point  of 

suspension  increases,  we  have  co=  =     .  ^     sr  (when 

J  X  X  3* 

X=CP)  |CP. 

II.  Let  the  point  of  suspension  of  the  slender  cylinder  cp  be 
s,  to  find  the  centre  of  oscillation* 

Putcp=»,  csa==y,  ps=v— ^,  and  so=t,  thcn(i;— ^/xv 

will  express  the  fluxion  of  all  the  pr^  in  cp,  while  {v-^^yyv 
represents  the  fluxion  of  the  product  of  b*cg.      Hence  x=: 

■■  ■       . —  = ^    V  ■  ■  ,  where  y  and  v  may  be  taken  w 

any  ratio  to  each  other.  If^=0,  or  c  and  s  coincide,  theh 
jTiTyi^  3:^CP9  33  i"  ^be  preceding  example.  If  J/:^f  v., 
then  also  x=i\v^\c?\  in  which  case  o  and  pwill  coincide. 
So  that,  whether  a  vera  slender  cylinfier  be  suspended  at  one 
endy  or  at  |  oj'ils  length ,  its  vibratMis  will  be  performed  iu  the 
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^•^  tiffin,  (3e# utt'  50p.  cpr.  firjl  Wh^^y  =? }«,  Ihen  ^ i  ^^  or 
the  centre  of  oscillation  is  at  ^  infinite  distance  :  the  ttridency 
iofiseittatgwiU  then  cease ^  ani  iftmy  estraneeusfavee  proliueif 
motion  it  wHl  he  completely  rotatory. 

1^^^ ;  mutt  b<  a  mumnum;  or  its  fluxion  nia^in^  V 

variable=0.  Hence(l2}(r— 6i;iK3t;- Q;)-6i (2w*- 6i^-f-6y) 
=0,  and  y=:iv±|vv^  Whens  is  taken  between  A  anj^o 
the  nesadve  s^n  manifestly  obtains,  nndy^iv  (i  — \/-t) 

Hence  it  appears  that  the  time  of  vibration  of  a  slender 
eyimder  (however  short)  with  a  moveable  point  of  suspension, 
ma^  be  made  to  increase  from  the  time  assigned  by  the^ 
mininium  limit,  up  to  infinity:  and  the  like  would  obviously 
obtain  with  respect  to  a  wire  with  a  sphere  al  eaeh  end; 
thongh  the  absolute  time  of  vibration  would  not  be  the  same 
Mrith  us  wJ4lp9Ut  ^e  bails^  {Sefi  th§  g^n^r^J  resifi^fiiti^  ejid  p/ 
this  article.) 

.  IIU  lAt  J^i^  (6g'  fif  ifl,JiilV,)t}^  an  aogular  peiyhiliifn^ 
com|>osed  of  two  thin  cylindric  wires  AC,  cb,  vibrating  upon 
the  point  of  stis|iieaston  c,  m  the  plane  of  the  figure. 

Bisect  AC,  and  cq,  in  g^  y,  mi  $is^  g^  in  g,  sb  shall  gy  y,  g, 
be  the  centres  of  gravity  of  A.^,  cb,  and  of  Ae+CB*  In  this 
inft^upup^  jsfG  may  have  repp^rm  to  {u-t.  ^OS.    D^nglfi  AQ  or  ce 

by a^ Md  th^  9aJ»iri^  lecmt  of  s^k  A^Q^iAf^t  ^ ^i.iUim 

O  and  ()'  being  the  centres  of  oscillation  of  the  separi^t^  HJOStV^if 
AQ,  W,  yf^  bHY^  («.I)  pO:^ca'^H:9^d  fey  frigPWWKy, 

5>1 ;  rjAcrppr^-r-.     fi^e^  we  have — r^ — :-,'  ^V..^ 

*  (ac  +  cb)^ 

^  .  .  . 

Cq?*  1.  Since  co  varies  with  the  s^cajit  of  iiAcp,  it  fol- 
lows that  the  time  of  vibration  of  the  angular  penduluip  m^y 
be  increased  sine  liviite,  while  its  length  remains  constant; 
tb^  tjipe  of  vit^rat)pji  dep^iQg  Uj¥>o  tj^  n)^nitu4i^  f^f  t^^ 
angle  aco. 

Cor*  2.  When  the  nngie  Aco  vanishes,  or  Ac  «nd  en  coin- 
cide throughout,  the  time  of  vibration  will  be  equal  to  tihaC  of 
a  simple  pendulum  wb.ose  Is&g^  ')»  JAC  :  wb/s^  ago  is  a  right- 
ang;le,  the  time  of  vibration  is  infinite,  or  the  pendulum  will  rest 
upo«  «^  centre  of  gravity  in  aH  portions. 

CoR.  S.  Heoee  if  Acisey  bef^en,  aad  tfie  time  of  vibration, 
the  angle  acb  may  rtadilv  b^  found »  ^or  the  above  expression 

r  .  SCO. 

for  CO  gi;es5=:  -j- 
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Thtu,  if  ACS  15  nicbei,  tnd  the  Ume  were  1  second,  co 

iMFOuld  be  3^1  inches,  and  s  s-i^s  sec  of  75*"  1  li^  Marlj: 

hence  acb=150*  23^ 

If,  while  AC 2 15  inches^  the  time  of  Tibratioo  should  be  6 

seconds,  then  co=:25 x  39f,  and  szz  — ^^  =:9TS125  ^ sec 

of  89*^  24^';  consequently  ACB=rl78''  49}'  nearly. 
.  IV.  Let  the  solid  foraied  by  the  rotation  of  die  cunre  Timi 
about  its  absciss  V A  Tibrate  about  an  axb  passing  through  C; 
to  find  the  centre  of  oscillation. 

Put  cvssi/y  the  variable  absciss  ya^x,  its  conrespooAm 
ordinate  amzzy^  vAsa,  AHssr,  3*1416=ir;  then,  aa  may 
easily  be  shewn  (though  that  part  of  the  investigation  is  omitted, 
to  save  room,)  the  sum  of  the  products  of  each  particle  in  the 
circle  mn  into  the  square  of  i|s  distance  from  the  ajLis= 

(ca*  +  itfm*)wy=:»(  (<*  +  x)*y  +  Jj^*  ^.     Hence  vix 

{{d^xfjf^^\ff^  )  is  the  floxion  of  the  sum  of  nil  such 
products  for  tl^B  whole  body.     G)nsequeBtly  we  shaU  ha^ 

B*CO 

V.  Let  the  general  theorem  in  the  preceding  examj^e  be 
appb^  to  the  case  of  the  cone  whose  vertex  is  v,  and  radius  of 
its  base  am. 

In  this  case  v9itM  will  become  a  right  Kne,  so  that  a :  r ; :  jr : 

y='—x'=,nx^  putting  n  = — .    Hence  fwx x  (d  +  jr*  ^'+ 

4»ii*jr*  +  ^«r»*j:*.  But,  by  the  rules  of  mensuration,  the  body 
B  =  |irii*x',-  and  (art.  124.)  VGzzix,  whence  co  =  £f-f  fx. 
Therefore  B«co  =  iirrf/iV  +  ^rii*x*,  by  which  dividing  the 

preceding  fluent,  there  results  co  r:    ^^^^^^^-^^^'^^^^  j 

which  for  the  whole  cone  when  x=:a,  and  nx^yzzr,  is  trans- 
formed to  this: 

co=  — ^ 


Cor.  1.  When  c  coincides  with  v,  or  the  cone  is  suspended 
by  its  vertex,  d  vanishes,  and  the  expression  becomes 

co=vo=— 5;^  =  Ja+_, 
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Cor.  2.  If,  when  d  Tanisbes,  r  be  =>  tf^  then  witl  coxsa. 
Consequently,  ^  a  right-angled  cane  be  suspended  at  its  vertex^ 
its  centre  4>f  oscillation  wiU  coincide  with  the  centre  of  its  base, 
and  thi. cone  will  vitrate  in  the  same  time  as  a  simple  pendulum 
whose  length  it  equal  to  the  altitude  of  the  cone. 

Remark.  The  conclusion  in  the  last  corollary  flows  also 
▼ery  naturally  firom  the  geometrical  method  of  finding^  the 
centre  of  oscillation  of  a  cone  suspended  at  its  vertex;  which  is 
dik :  Bisect  an,  the  radius  of  the  base  (fig.  1.  pi.  XIV^^  in  f; 
foinyft  and  make  if=t  vf;  then  lo  drawn  perpendicular  to 
VF  will  meet  va  or  ta  produced^  in  o,  the  centre  of  oscillation. 

For  VF  =  v'vA^+ir*  =  V^hPF**  and  vi  s=  J  i/««^r«.  But 
the  triangles  vaf,  vio,  are  similar,  therefore  va  :  vf  : :  vi ; vo, 

that  is, a:  •5+p»::4  \/«*+F*  •  "^^"7^  =*tf+  "3J"=^^ 

which  is  the  same  expression  as  in  cor.  1. 

When  o  coincides  with  A,  we  have  (fig.  S.)  vt:io  ::io  : 

IF  ::  VA  :  af.  So  that  io=  ^/riu  =  \/4  ir  •  if^2if  ;  there- 
fore,  va  =  2af,  and  consequently  va  =  an,  by  construction: 
which  agrees  with  cor.  2. 

Cor.  3.  When  va  is  less  than  an,  o  falls  below  A;  and  when 
VA  is  greater  than  an,  o  falls  above  a. 

Cor.  4.  From  the  above  it  likewise  appears,  that  if  cones  be 
made  to  vibrate  as  pendulums,  about  their  vertices  as  points  of 
suspension,  the  time  of  vibration  may  be  increased  sine  limite, 
while  VN,  the  slant  side  of  the  cone,  remains  constant.     lu 

Sractice,  however,  this  cannot  be  carried  so  far  in  conical  pen- 
ulums  as  the  similar  thing  in  angular  pendulums,  uoticed  in 
cor.  1.  exam.  III. 

Cor.  3.  Whether  a  right-angled  cone  be  suspended  at  its 
base  or  its  vertex,  it  will  vibrate  in  equal  times  (art.  306. 
cor.  5). 

Iliese  examples  must  suffice  as  general  specimens  o^  the 
metiiod  of  finding  the  centre  of  oscillation :  we  shall  here  add 
the  results  of  otlier  investigations  in  some  of  the  most  useful 
cases. 

In  surfaces  when  the  vibration  is  flatwise,  or  perpendicular  to 
the  plane  of  the  figure,  the  distance  co  of  the  ceiitie  of  osciU 
lation  from  the  point  of  suspension  will  be  as  below : 

In  Ml  isosee'et  triangle  su«peode<l  at  lU  Yeclex.i,...^  the  allUiule. 

Ii  a  eirele  suspended  at  its  oircamfereace, \  the  radivt. 

In  the  commoD  parabola  suspended  at  its  Tertex,.  •  •  • )  the  aais. 

Any  parabola,  ditto Xmu>» 


2S2  DYNAMICS.  V^$.Ui 
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When  the  surfacet  are  moved  edgewisti  or  m  the  plane  of  |lie 
figure;  Iheo 

In  t  circle.,  »•••. »•••»••*«... -I  of  ihe  difm^tir, 

fn  1^  rectms^le  suspended  by  one  angle, I  of  ih»  diasonal. 

In  ft  pftraMft •   . .  its  vertex,  ........  f  axis  -f  I  pmnm. 

Ditto • i8iddt«afl>iMc«.M*|«vit-^tP«rai|i 

Iq  a  parabola  wiiose  distance  co  ahall  equal  its  avis,  >re  have 

bate^f  axis  v/ 42  s:  aiiax  1*83164.     Such  a  parab^a  will  aiat 

nifeally  vibrate  in  equal  (iuies  whether  suapeoded  at  ita  vftiaii 

or  at  the  middle  of  its  base. 

In  an  isosceles  triangle  — r- — ^,  wherea:zalt«and6=:i  baiS; 

and  if  an 6  or  tlie  A  right-angled  at  the  vertex,  co?=£r,  aa  in  tbt 
right-fingled  cone. 

In  a  square  pyramid  whose  altitude  is  a,  and  side  of  its  base 

26,  co=|a  +  —r--,  the  vibrations  being  performed  in  vertical 

planes  parallel  to  that  passing  through  a  side  of  the  base. 

If  a  sphere  whose  radius  is  r,  be  suspended  at  the  distance  ij 
from  its  centre,  then  is  ^  the  distance  from  the  point  of  suspea* 

siou  to  the  centre  of  oscillation=:  J-| — tj-*     If  the  p^iut  of  inip 

fension  be  at  the  eyiremity  of  a  radius,  then  (=;}r.  When 
and  r  are  given,  we  have  rf=4J±v^|ii-ir»;  whence  we 
Jearn  that  a  sphere  majr  be  suspended  at  two  different  distances 
from  the  axis  of  motion,  and  yet  vibrate  in  the  same  time* 
When  J  J*  =  |r*  the  radical  expression  vanishes,  and  i/  =  ||  ;= 
r  v/  J  ^  .(J32495  r  is  the  only  value  of  d ;  the  point  of  suspension 
being  dien  the  ceutre  of  gyration,  and  ^,  which  varies  with  the 
time  of  vibration,  is  a  minimum. 

If  the  weight  of  the  thread  is  to  be  taken  into  the  account, 
we  have  the  following  distance  between  the  centre  of  the  ball 
and  that  of  oscillation,  where  b  is  the  weight  of  the  ball,  dtbe 
distance  between  the  point  of  suspension  and  its  centre^  r  (be 
radius  of  the  ball,  and  w  the  weight  of  the  thread  or  wire^ 

oo  =  ^ — i-r — dp ;  or,  if  b  be  expressed  An  terms  of  m 

considered  as  a  unit,  then  oo  n  — W- 

}f  two  weights  w,  w',  be  fixed  at  the  eytreniities  of  a  rod 
of  given  length  ww^,  c  being  the  centi*e  of  motion  be^ 
tween  w  and  w^;  then  if  cf  =  cw,  D  :z:  cw^,  and  m  tbe 
weight  of  an  unit  in  length  of  tiie  rod,  we  sbaU  have  CO  :^ 

. — :; ; — — ;:—-,-  :  the  radii  of  the  balls^  beme  supposea 

»»<D^ +'<:w  D  —  m«^  —  2w<i    '  ^        •■^ 

\ury  small  in  comparison  with  the  length  of  the  rod. 
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Id  the  bob  of  a  clock  pendulum^  supposing  it  tifvo  equal 
spheric  segments  joined  at  their  bases,  if  the  radii  of  those  bases 
be  each  =:f ,  the  height  of  each  segment  v,  and  d  the  distance 
from  the  point  of  suspension  to  6  the  centre  of  the  bob,  then 

is  G0  =  4rf«  ^  ^a    it— ;  which  shews  thedbtance  of  the  ccut 

tm  of  oadUatioo  below  the  centre  of  the  bob. 
>  If  r  the  radius  of  tbe  sphere  be  known,  the  latter  expression 

Jbecomes  go=  \!llz^Zl^.    In  a  solid  of  this  form  if  rf=:40 

incbes,  r=:6,  t;=:|,  then  will  go  as  ^q^^qq^  ®^  ^^^  centre  of  os- 
cillation will  fall  about  j^,  of  an  inch  below  the  centre  of 
gravity. 

The  Centre  of  Gyration. 

SI  2*  Ex.  I.  Let  a  slender  rod  whose  length  is  cp==/(fig.  2.) 
revolve  on  the  point  c ;  to  find  its  centre  ot  gyration. 

l^t  any  variable  distance  ca=x;  then  will  the  general  ex- 
pression for  (art.  310,)^  Z-:^,   become  k/^^'^k/ '^\  v. 

and  this  when  x=/,  gives  CR=\/|/*=/v^f:= -57736/. 

The  same  conclusion  may  be  deduced  from  cor.  1.  art.  310^ 
and  ex.  1.  art  311.  For  cc=:J/,  and  co=«/:  consequently 
cR=v^(J/.4/)=/v^T=i/V3.  .      .        : 

Ex.  II.  To  determine  the  centre  of  gyration  in  a  c'u'cle^  or  in 
a  circular  wheel  of  uniform  thickness,  so  that  its  weight  may  be 
as  at  its  area. 

Let  «•  =  8-141 6,  and  r  the  radius  of  the  circle ;  then  )&  «•/•'  =: 

th^  area  of  the  circle  ;  its  fluxion  is  Q.icrr ;  and  therefore^'* = 
f^ncr^r.    Consequently   S^L.^r'^'^^y  _  ^^j    _    ^^.^2  _ 

•7W107r=cii;  the  distance  from  c  the  centre  of  motion^  ton 
the  centre  of  gyration.  Hie  same  evidently  holds  for  a  cylinder 
turning  on  its  axis. 

Ex.  111.  Let  ADDS,  and  ahde  (fig.  9.  pi.  XIV.),  be  two  con- 
centric circles  whose  respective  radii  are  r,  r ; — it  the  plane  or 
sohd  wheel  abed  be  taken  away,  and  the  ring  ABV^VLubde,  re- 
•yclve  about  an  axis  passing  through  c  perpeiuiicular  to  the 
•plaae  pf  the  figure^  it  is  thea  proposed  to  determine  the  di- 
stance cit.  .  ^ 

Here  itr*  — vr^sthe  area  of  the  annulus,  the  fluxion  of  which 

is  2iliR,  R  being  supposed  variable  :  consequently  2*r'r  is  the 
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fluxion  of  all  the  pi**    And  by  the  general  nil^  we  have  ens 

Cor.  1.  When  r  vanishes,  or  the  ring  becomes  a  drGle,  we 
have  CR=R\/i,  as  in  the  preceding  example. 

CoR.  2.  The  sectors  cab^  cab,  being  to  each  other  aa  the 
areas  of  their  respective  circles,  if  iie  be  put  for  the  correapood* 
mg  part  of  the  circumference,  the  same  result  will  be  obtained 
with  respect  to  the  sectors  as  to  the  whole  circles;  ao  that  if 
the  part  kBba  revolved  about  the  centre  c,  its  centre  of  oscit 
latioa  R^  would  be  determined  by  means  of  the  equation  Oft's 

/     «V 

Ex.  IV.  To  find  the  centre  of  gyration  of  a  cone  which  re- 
volves about  its  vertex. 

Here  we  may  again  have  recourse  to  cor.  1.  art.  310.  For 
we  know  that  vg,  the  distance  from  the  vertex  to  the  centre  of 

gravity,  i8=:|a  (art  124.);  mid  vo=4a+  —(ex.  v. art. 311.). 

Hence  vR  =  ^(vo.vo)=^i!^=}y(L»«.+i»'). 

CoR.  When  tf=r,  as  in  the  right-angled  cone,  we  sbaO 
have  vR=JV'(Va*+ia*)  =  JaV3=-86602tf. 

The  results  in  a  few  other  useful  cases  are  as  follow : 

In  the  periphery  of  a  ciicle  revolving  about  the  diam. .  CR">nid  \/|. 

In  the  plane  of  a  circle ..ditto..  CR^frad. 

Ill  the  lurface  of  a  t;pherf; ditto.  .CB^rad  V\. 

In  a  ftolid  sphere •  •«  ditto.  .CRaradVfaB^  rnearlr. 

Ill  a  cune.. ., .  theaxi8..CR«r  </|^a«*5477Sr. 

Ill  a  paraboloid. , .ditto. .  Ck  >cf  ^wb  |.57735  r. 

lo  a  straight  lever  whose  arms  are  b  und  b,  the  dibtance  ca— a  /  ^^  '^ 

If  the  matter  of  any  gyrating  body  were  actually  to  be  phccci 
as  if  in  the  centre  of  gyration,  it  ought  either  to  be  disposed  io 
the  circumference  of  a  circle  who^e  radius  is  CR,  or  mto  two 
points  R,  R^,  diametrically  opposite,  and  at  distances  from  the 
centre  each  =cr. 

For  a  practical  method  of  finding  the  centre  of  gyration,  see 
art  314.  cor.  3. 

313.  Prop.  When  a  pendulum  is  at  rest,  if  a  botfy  impimgt 
on  it  in  a  horizoiUal  direction,  the  same  velocity  tcili  be  commth 
nicaied  to  the  point  of  impact,  as  if  the  mass  of  the  pendulum 
were  removed,  and  instead  of  it  an  equivalent  mass  were  coneenr 
trated  in  the  poitU  of  impact,  the  quantity  of  the  equivalent 
mass  being  to  that  of  the  pendulum  in  a  duplicate  ratio  of  the 
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distances  of  tie  centre  of  gyration  and  the  point  of  impact 
from  the  axis  of  motion. 

Let  GADB  (tig.  10.  pi.  XIV.)  represent  Sr  pendulum  ivhose 
axis  of  motion  passes  through  c,  apd  let  any  impact  be  iih- 
pressed  upon  the  point  p,  in  an  horizontal  direction,  and  per« 
pendicular  to  the  vertical  plane  abcd,  the  pendulum  being  at 
rest.  Let  ^  be  the  quantity  of  matter  >yhich  being  concen* 
trated  in  p,  the  same  angular  velocity  will  be  communicated  by 
the  impact,  as  when  b  die  whole  body  is  concentrated  into  its 
centre  of  gyration  r.  Then,  since  the  resistances  arising  from 
the  inertia  of  the  two  masses  at  their  respective  distances  must 
be  equal,  in  order  that  the  angular  velocities  may  be  equal ;  vra 
musty  as  in  cor.  4.  art.  3 10.  make  b  •  CR*  =1  q  .  cp* ;  whence  q  = 

CP* 

CoR.  Hence  v,  the  velocity  of  the  impinging  body  I,  may 
b€  determined.  For,  let  v  be  the.  velocity  communicated  to 
the  poiut  of  impact :  then,  by  the  laws  of  the  collision  of  non- 
elastic  bodies  (chap.  v. art  S4S.),  i :  i  +  Q : :  v :  v=:v *-i^ .  To 

determine  v,  measure  the  arc  described  by  o,  the  centre  of  os« 
cillation  in  its  ascent  after  impact ;  and  call  its  versed  sine  «, 
then  (arts.  243. 263.)  the  velocity  of  the  centre  of  oscillation  at 
lis  lowest  point ss  ^/2gs:  whence,  the  velocity  of  the  point  pf 

impact = — v'  2g«. 

SCHOLIUM. 

On  the  principles  dereloped  in  this  proposition  and  corollary, 
the  celebrated  malhematician  Mr.  Benjamin  Robins  founded 
the  use  of  his  ingenious  contrivance,  the  Ballistic  Penduluvi^ 
for  ascertaining  the  velocities  of  military  projectiles.  (New 
Principles  of  Gunnery,  prop.  8.)  This  machine  consists  of  a 
large  block  of  wood  annexed  to  the  end  of  a  strong  iron  stem 
having  a  cross  steel  axis  at  the  other  end,  placed  horizontally, 
about  which  the  whole  vibrates  together.  When  ttie  machine 
is  at  rest,  a  ball  discharged  horizontally  from  a  piece  of  ordnance 
strikes  and  enters  the  block,  and  causes  the  pendulum  to  vibrate 
'more  or  less,  according  to  the  velocity  of  the  projectile;  and  by 
the  extent  of  the  vibration  the  velocity  of  the  ball  at  the  time 
of  the  impact  becomes  known.  A  more  minute  and  particular 
deacriptioB  of  this  instrument  may  be  seen  in  Dr.  Hutton's 
Tracts.    See,  also,  our  2d  volume,  art.  Ballistic  pendulum, 

314.  Prop.  If  motion  be  communicated  by  a  hanging  ueight 
to  a  system  revolving  on  a  fixed  axis  passing  through  the  centre 
of  gravity,  and  the. moting  force  act  always  at  a  giien  di^ 
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SCHOLIUM. 
The  force  by  which  spheres,  cylindersy  8cc.  are  caused  to  rs* 
volve  as  they  move  down  an  uiclined  plane  (instead  of  slidj^i) 
is  tlie  adberion  of  their  sur&ces  occasioned  by  the  pi immi 
against  the  plane :  thb  pressure  is  part  of  the  bod/s  weig|it; 
for  the  wei^t  being  resolved  into  its  components,  one  iqt  the 
direction  of  the  plane,  the  other  perpendicular  to  it,  the  latlpr 
is  the  force  of  the  pressure;  and,  while  the  same  body  raOi 
down  the  plane,  will  be  exnressed  by  the  cosine  of  die  plaaA 
elevation.  Hence,  since  the  cosine  decreases  while  the  arc  it 
angle  increases,  after  the  angle  of  elevation  arrives  at  a  ceiilM 
magnitude,  the  adhesion  may  become  less  than  what  is  neoc^ 
sary  to  make  the  circumference  of  the  body  revolve  fast  eaongb; 
in  this  case  the  body  descends  partly  by  sliding  and  pwdy  tj 
rolling*.  And  the  same  may  happen  in  smaller  devatioDS^  it 
the  body  and  plane  are  very  smooth.  But  at  all  elevations  Ae 
body  may  be  made  to  roll  by  the  uncoiling  of  a  thread  or  lib- 
band  wound  about  it. 

316.  If  w  denote  the  weight  of  a  body,  s  the  space  described 
by  a  body  falling  freely,  or  sliding  freely  down  an  inclnied 
plane,  according  as  the  supposition  is  that  in  tlie  prop,  or  in 
cor.  8.  then  the  spaces  described  by  rotation  in  the  same  time 
by  the  following  bodies,  will  be  in  these  proportions. 

1.  A  hollow  cylinder,  or  cylindrical  surface,  s  =  }« ;  tensioi 
of  the  cord  in  the  first  case  s  i  w. 

2.  In  a  solid  cylinder,  s  =  |5,  tens.  =  -j-w. 

3.  In  a  spheric  surface,  or  thin  spherical  shell,  s  :r  1$^  tens. 
=  4w. 

4.  In  a  solid  sphere,  s  n  |«,  tens.  =  ^w. 

.Something  of  the  same  kind  as  we  have  stated  in  the  propo- 
sition obtains  in  common  pendulous  bodies.  A  ball  hung  Wfa 
flexible  thread  not  only  oscillates^  bn^  also  makes  part  of  a  rotd" 
tion;  whence  its  oscillations  differ  from  those  of  a  heairy  point 
hanging  by  the  same  thread.  The  curious  reader  who  wishes 
to  see  how  oscillations  of  this  nature  are  to  be  determined, 
supposing  the  arcs  described  to  be  very  small,  is  referrcMI  tQ 
Bezoufs  Mechanics,  art.  7li2*  The  investigation,  being  long, 
is  omitted  here,  in  order  to  make  room  for  more  useful  mmtter. 

317.  Def.  The  centre  of  percussion  is  that  point  in  a  body 

*  If  a  cylinder  roll  down  a  plane  whose  elevation  is  e»  and  the  (nction 
be  supposed  lo  vary  as  the  pressures  against  planes,  then  on  another  plane 
where  the  spaces  passed  over  by  the  shding^and  rolling  mottoos  in  the  isiiie 
time  shall  be  as  n :  1,  the  elevation  B  wilfbe  knowii  bf  means  Of 'the  for- 

mula  sin  e  =    ..^^    _     ._ — ^■-  .   ,  y    Leyboura  s  RepOM(oiy»  vol.  u. 
part  2.  p.  6.  .  . 
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revolving  abput.an  ms,  at  nKhicb,  if  it  struck  an  immoveable 
obstacle,  all  its  motion  would  be  destroyed,  or  it.  would  not  in* 
cline  eitbcf  way:  so  that  if  at  the  instant  of  the.impact  tha  sup- 
ports of  the  axis  w^e  annihilated,  the  body  would  remain  m 
absolute  rest.  ... 

•  During  the  vibration  of  a  syatem  of  bodies  round  a  fixed  axis 
iMMsing  through  C  (fig.  12.  pL  XIV.)  if  .such  an  obstacle  be 
opposed  to  any  point  o,  as  entii^ly  to  destroy  the  motion  of  that 
l>oint»  ever^  other  particle  of  the  system  will  endeavour^  by  ita 
inertia,  to  proceed  ia  the  direction  .of  its  motion,  that  is,  of  the 
■tangent  of  the  circular  arc  it  was  describiog  the  instant  o  was 
•topped.  These  fofces,  therefore,  will  act.  on  the  system  to 
tum  it  round  o ;  and  if  the  sum  of  the  forces  on  each  side  of  o 
ahould  be  unequal,  the  motion  of  the  system  will  not  be  de- 
stroyed when  o  is  stopped;  but  since  the  forces  which  act 
;^>on  the  pendulous  body  between  o  and  c  have  au  effect  to 
continae  the  motion  of  the  system,  contrary  to  those  which  are 
impressed  on  the  other  side  of  o,  if  this  point  o  be  so. situated 
that  the  sum  of  the  forces  to  tum  the  system  round  o^.  on. each 
aide  of  that  point,  may  be  exactly  equal,  then  the  instant  in 
iRrhich  o  is  stopped,  the  whole  motion  of  the  system  will  be  de^ 
atroyed# 

CoR.  1.  When  a  pendulum,  vibrating  with  a  given  angular 
"Velocity,  strikes  an  obstacle^  the  effect  of  the  impact  will  be  the 
greatest  if  it  be  made  at  the  centre  of  percussion. 

For,  in  this  case  the  obstacle  receives  the  whole  revolving 
motion  of  the  pendulum ;  whereas,  if  the  blow  be  struck  in  any 
other  point,  a  part  of  the  motion  of  the  pendulum  will  be  em- 
ployed in  endeavouring  to  continue  the  rotation. 

CoK.  2.  If  a  body  revolving  on  an  axis  strike  an  immoveable 
obstacle  at  the  centre  of  percussion,  the  point  of  suspension 
will  not  be  affected  by  the  stroke. 

We  can  ascertain  this  property  of  the  point  o  when  .we  give 
a  smart  blow  with  a  stick.  If  we  give  it  motion  round  the 
joint  of  the  wrist  only,  and,  holding  it  at  one  extremity,  strike 
jnnartly.  with  a  point  considerably  nearer  or  more  remote  than  |. 
of  its  length,  wc  feel  a  painful  wrench  in  the  hand  :  but  if  we 
•trike  with  that  point  which  is  precisely  at  f  of  the  length,  no 
aach  disagreeable  strain  will  be  felt.  If  we  strike  the  blow  with 
one  end  of  the  stick,  we  must  make  its  centre  of  motion  at  | 
of  its  length  from  the  other  end;  and  then  the  wrench  will  be 
avoided. 

318.  Pitov.  The  distance  of  the  centre  of  percussion  from 
the  axis  of  motion  is  equal  to  the  distance  of  the  centre  of  oscil- 
iationfrom  the  same:  supposing  that  the  centre  of  percussion 

VOL,  I.  u 
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is  required  in  a  plane  passing  through  the  axis  of  motum  and 
centre  of  gravity. 

Let  CBB  (fig.  12.)  be  a  plane  passing  through  the  centre  of 
f^vity  G  of  the  body>  and  perpendicular  to  the  axis  of  misnoip 
■ion  which  passes  through  c ;  and  conceive  the  whole  boof  to 
be  projected  upon  thb  plane  in  lines  perpendicular  to  it,  or 
parallel  to  the  axis  of  motion ;  for  then,  as  each  Mrticde  wffl 
fall  at  the  saine  distance  from  the  axis  as  in  the  body  itaelf,  the 
•ffect  from  the  rotatory  motion  will  not  be  changed,  neither  will 
the  place  of  the  centre  of  gravity.  '  Through  c  and  o  draw  ihe 
line  CGON,  and  let  p  be  the  place  of  one  of  the  pardcles  p  con- 
posing  the  system.  Now,  since  the  ai^ular  motion  of  all  the 
pardcles  is  the  same,  the  absolute  velocity  will  be  propottianl 
to  the  distance  from  the  axis  of  motion ;  and  if  at  the  diitanoe 
1  the  velocity  be  expressed  by  unity,  the  velocity  of  ^  vnll  nuoi- 
festly  be  denoted  by  PS,  and  its  quantity  of  motion  will  be  p«PC^ 
wrhich  will  act  in  the  direction  pr  perpendicular  to  PC :  prodnee 
PR  till  it  meets  OD,  <lrawn  parallel  to  pc,  in  d;  then  the  foioe 
p  •  PC  acting  m  the  direction  pb  will  act  upon  o  as  though  it  had 
the  advantage  of  the  lever  od,  and  consequently,  p  •  pc  •  OD  will 
•represent  the  force  of  the  particle  p  to  move  the  system  round 
o.    But  by  reason  of  the  similar  triangles  cpb^  odr,  we  haie 

Bc:cp  ::  ro:od  ss  -  ^    =cp ;  and,  ifpAbeperpM- 

(riilNljbtt'  to  CO,  we  shall  have  rc  :  cp  : :  cp  :  CA  =  — .     Hence 

CR 

die  entire  force  |)«pc«od  becomes  :=  |i«pc*-  -'^'"  ■'  =p«cA' 

CO  —  J9*pc\  But,  when  o  is  the  centre  of  percussion  die 
sum  of  all  the  p-CA*co  —  pvPC%  must  be  equial  to  zero,  or 

fp^CA-co  =yp  PC*  f=/pr^.  Wheoee  it  follows  that  oo  = 
Z^^    — ;  tha  dkMWimjnritors  of  the  two  fractions  beuur 

equal,  by  arts.  108.  109.  and  this  value  of  co  obviously  cor- 
responds with  that  given  for  the  centre  of  oscillatkm  m  art. 
306. 

.  Cor.  1 .  If  the  body  be  symmetrical  with  r^ard  to  the  plane 
BOB,  or  if  it  be  a  solid  of  Totatioo^  die  centre  of  percussion 
found  in  the  axis  of  the  body  will  coincide  with  the  centre  of 
oscillation. 

Cor.  2.  If  the  centre  of  percussion  be  required  in  a  plane 
which  does  not  pass  through  g,  as  co  for  instance,  we  m^st 
proceed  thus :  from  o,  the  centre  of  gravity,  let  fidi  oaco  the 
perpendicular  eg;  and,  by  the  same  argument  as  above^  oo  st 
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■■^    -  =  ^^.     Now,  CO :  CO  : :  CG  :  c? ;  hence  the  angles  ooc 

and  Ggc  are  equal,  and,  consequently,  tlie  former  is  a  right 
angle. 

Cor.  3.  Hence  it  follows,  that  a  bodif  has  several  centres  of 
percussion  arcording  to  the  plane  passing  through  the  axis  of 
.motion  in  which  (he  impact  is  made,  and  the  right  line  oo,  at 
right  angles  to  co,  is  their  locus. 

319.  Prop.  7/" cb  (fig.  13.  pi.  X[V.)  ie  (Aeajij  o/'aiody'* 
motion,  cAo  a  plane  perpendicular  to  CB  and  passing  through 
■  the  centre  of  gravity  G,  pA  a  perpendicular  lei  fall  from  any 
particle  p  of  the  body  on  the  plane  ca,  and  v  the  centre  ofper- 

eutsion,  then  mil  po  —  cB  r:  the  sum  of  all  the  ^~z . 

For  the  Eum  of  all  the  forces  with  which  the  bod}'  is  Itabis 
to  be  turoed  in  one  direction  round  pb  as  an  axis  :=:  sum  of  alt 
thep-CA-(CB  -  Af)  =y))-CA-(c8  -  A;>),  and  the  sum  of  all 
Ihe  forces  which  tend  to  tuni  it  in  the  contrary  direction  =  sum 
of  all  the  p'CA  (Ap  —  cb)  =yp-c\{Ap  —  ca).  Therefor^ 
ID  the  case  of  no  motion  either  way,  we  have  y^J-Ac-CB  ^ 
yp'Ap-Ac.  But.y))  ■  c  u  ■  AC  =J'p-cR-CG  -\- fpc^Ch ;  and 
yp-CB-GA  =  0,  from  the  nature  of  the  centre  of  gravity.  la 
Jike  manneryjj-pA  -AC  ^ifppK-XG  +J^pp*'  -co,  aadyp-pA 
■CG  =  0:  consequently,yp-c8-CG  "X  Jp-pK-  AG;  and  cb  s 


Cos.  Hence  the  centre  of  percussion  of  a  body  turning 
round  the  asia  cB,  is  determined  by  these  conditions.  Ut,  Itu 
in  a  line  PO  passing  ihrough  the  centre  of  oscillation  and  paral- 
iel  to  CB.    2dly.  lis  distance  op  from  the  centre  of  oscillation  ti  \ 
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320.  As  several  writers  on  mechanics  have  asserted  that  the 
centres  of  percussion  and  oicillation  reside  universally  in  the 
same  point,  we  shall,  in  addition  to  the  preceding  investigatloiu^  J 
give  a  simple  instance  here,  in  which  the  contrnry  will  l>c  ob-  I 
Moui,  if  we  adhere  to  the  first  definition  in  art.  305.    To  this  I 
end  let  two  equal  balls  b,  b'  (tig.  H.  pi.  XIV.}  (of  evanesceot  I 
magnitude  witli  respect  to  their  distance  from  each  other),  be  ' 
coiraected  with  an  axis  of  motion  cc',  by  inflexible  lines  cB 
(=  3)  and  c'b'  (=  7),  void  of  gravity,  perpendicular  to  cc' 
(=  6),  and  parallel  to  each  other  i  to  find  the  respective  di- 
u  2 
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stances  of  the  centres  of  gravity,  oscillation,  and  pcrcufsiolv 
of  this  system  fiom  each  other.  Join  bb' and  bisec^t  it  inl^ 
the  centre  of  gravitj,  so  shall  6g  :=  5.     Then  (art.  306.) 

^  ""'^"•"''^^  =  ^  =  5-8  =  go,  the  distance  ef  the  cettie 

of  oscillation  from  the  axis ;  whence  go  tr  'S.  Tbrough  d 
draw  66'  parallel  to  ccf,  then  (art.  318.)  will  the  c«btre  of  per- 
cussion p  be  somewhere  in  this  line ;  and,  by  the  kuft  arbde  we 

fiod  ^o  ^tJ1^^^2^±J^^  ^^^  =  1-2.    Here  the  pro- 

idncts  6  and  fi  are  added  togedier,  because,  while  B  and  «'  M 
-on  oppoflitc  sides  of  Gg,  ihey  are  also  on  contrary  sides  of  aiine 
passing  through  c  parallel  to  cc';  so  that,  if  ba  be  +>  b'^a  will 
be  — ,  and  ag  beiftg  +,  a'g  will  be  — ,  and  consequently  ba* 
4G,  ^nd  b'a'  •  a'g,  are  bdh  affirmative  products.  -^  •  •  •  Or, 
the  centre  of  percussion  p  must  be  to  situated  that  B  •  BC  •  ilP 
•must  be  =  b'  •  bV  •  6'p ;  wlience,  since  b  =  b',  we  have  bV: 
BC : :  6p  :  p6'  =  -f  6p  =  ^  66'  =  1'8.  Consequently,  op  «  S*^ 
1-8  =  !•?;  and  gp  =  v/C8*  +  1-2*)  =  1'4422;  the  trianf^ 
Cov  being  right-angled  at  o.     See  also  arts.  392,  393. 

321.  Prop.  In  the  tcheel  and  axle,  tchen  a  weight  p  acting 
nX  th§  distance  r^  elevates  a  weight  w  acting  at  the  distunce  r, 
from  the  mathematical  axisy  the  pressure  sustained  by^kai-MXis 

nmli  6e  =:  i-w .  ^ "/  '^'\ ;  the  zeeis^ht  of  the  wheel  and  axie  ad 

the  friction  of  the  cord,  Xc.  not  being  considered*. 

Suppose  p  and  w  to  be  at  their  respective  extremities  ef  ikt 
horizontal  line  passing  through  the  centre  of  motion,  and  in 
4 at  situation  let  o  and  g  be  th^  respective  distances  of  fteir 
centres  of.oscillation  and  of  gravity  from  the  centre  ofmotioti. 
Hien,  sinoe  the  whole  system  revolves  with  the  strme  at^^uiar 
vdocity  as  if  p  +  w  were  placed  at  the  distance  o  fmm  ihe 
centre  of  motion  (art.  305.);  and,  since  the  accelerative  forces 
are  as  the  velocities  (generated  in  a  given  time  (art.  22,5«)  or  as 
the  distances  from  the  centre  of  motion ;  we  have  o  :  g  : :  p  + 

^  •  T  (^  +  ^^f  ^^®  force  with  which  the  centre  of  gravity  dc- 
.  icends.     But  o  =:  l^ltHJl  (art.  306.)  and  g  =  Sill^Ii^il^Bi. 


tare  of  tlie  centre  of  gravity.    Therefore  ~  =  — — — »^  •  — ^--^ 
and  i(p  +  w)  =  ^^^^.    Now  the  force  ^ith  wUcii  the 

*  For  au  estimate  of  the  preasure  including  ^e  fnction  aad  the  weight 
ot  the  machii^e^  see  Phil.  Trans,  vol.  jilix.  or  New  Abridgment  vol.  x. 
p.  559. 
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centre  of  gravity  tends  to  descend  is  manifestly  that  by  whicK 
the  pressure  upon  the  axis  p  +  w  arising  from  the  weight  is 
diminished  hjf  the  motion :  consequently  the  pressure  upon  the 

axis  is.=  p  +  w  -  ^— -— r  =  FW 


Cor.  1.  If  r  =:  F;  as  in  the  case  of  the  single  fixed  pulley^ 
Aen  the  pressure  = . 

CoR.  2.  The  same  reasoning  will  evidently  apply  to  the 
pressure  upon  the  fulcrum  of  a  straight  lever. 

322.  Df.f.  The  centre  of  spontaneous  rotation,  or  sponta>^ 
lieous  gyration,  is  that  point  wnich  remains  at  rest  tlie  instant 
any  body  is  struck,  or  the  point  about  which  the  body  begins  to 
jreTolve, 

When  a  foody  b  (fig.  IS*  pi.  XIV.)  of  any  shape  whatever 
receives  an  impulse,  the  direction  of  which  does  n»t  pass 
through  th^  centre  of  gravity,  and  takes,  in  consequence,  th« 
two  motions  of  which  we  have  before  spoken  (art.  300.)>  it  is 
isviderit  that,  for  an  instant  of  time,  we  may  consider  it  as  having 
only  one  motion,  namely,  a  motion  of  rotation  about  a  point  or 
^xed  axis  c,  which  may  be  either  within  the  body  or  out  of  it^ 
according  to  the  shape  of  the  body,  and  the  distaiu:e  gs  be- 
tween the  centre  of  gravity  and  the  direction  of  the  impact.  If 
while  the  line  os  is  transported  parallel  to  itself  from  GS  to 
cV,  we  imagine  that  it  turns  about  the  moveable  point  G,  as 
the  particles  of  the  body  have  greater  or  less  velocities  as  they 
are  more  or  less  distant  from  g,  it  is  manifest  that  there  is  upon 
SQ  a  certain  point  c,  which  will  be  found  to  describe  from  c^ 
towards  c  an  arc  equal  to  g.g^,  which  during  an  evanescent  in* 
stant  may  be  regarded  as  a  right  line ;  in  that  case  the  point  c 
will  have  been  carried  as  far  backward  by  its  motion  of  rotatioM 
as  it  ^vill  have  been  advanced  parallel  to  gg^  by  the  velocity 
common  %o  all  the  parts  of  the  body;  the  point  e  has,  there^ 
fore,  during  this  instant,  been  actually  at  rest  in  c^;  and  may^ 
consequently,  be  considered  as  a  fixed  point  about  which  the 
body  during  such  instant  has  a  rotatory  motion. 

328.  Prop.  The  centre  of  spontaneous  rotation  is  thesamfi 
mth  the  centre  of  suspetision  corresponding  to  the  centre  of 
percussion^  the  centre  of  percussion  being  tMtt  point  where  ih$ 
Po^  is  struck. 

The  arcs  ccf,  si,  which  the  points  c  and  s  describe  during  ai^ 
instant,  being  regarded  as  right  lines  perpendicular  to  gs  oir 
parallel  to  gg^,  the  similar  triangles  ct;G^,  o^s'i,  give  gs  ;  go  : ; 

^1  :  g«'  :  now  the  velocity  go'  will  be  expessed  by  -j,  and  thf 


■  < 
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velocity  s'l  by  S^  (art  SOI.);  therefore  os  ;  oc ; :  ^'^^  ■ ; 
-^;  and  consequently  go  s=  ^C^  ,  the  r,  r',  8cc.  being  reckoned 
from  o.     Hence  cs=gs4-  •'^^  =  b-os  -f/^   ^j^j^j^  value  of 

£•01  ^    B'Gi         ' 

cs  corresponds  with  the  value  of  co  in  art.  318 ;  because  wbca 
¥re  have  the  momentum  of  inertia  with  regard  to  an  axis  passinff 
dirough  the  centre  of  gravity  g,  we  obtain  that  momentum  wim 
regard  to  atiy  other  axis  si  parallel  to  the  former,  by  adifiiig 
to  it  the  product  of  the  mass  into  the  square  of  the  distance  at 
between  the  two  axes. 

The  same  conclusion  may  be  otherwise  deduced,  tbiis>-<* 
The  action  of  the  body  against  an  immoveable  obstacle  in  dM 
centre  of  percussion  must  have  the  same  effect  upon  the  body 
as  if  the  body  had  been  at  rest  and  the  obstacle  had  struck  it; 
in  which  latter  case  the  centre  of  suspension  would  not  be 
affected,  and  therefore  it  becomes  the  centre  of  spontaneous 
rotation. 

Cor.  1.  Since  p  the  force  does  not  enter  the  above  value  of 
CS,  we  see  that  the  position  of  the  centre  of  spontaneous  rataiim 
i$  independent  of  the  magnitude  of  the  impact. 

CoR.  2.  The  distance  cg  is  always  greater  as  the  force  f  ,  or 
the  result  of  all  the  forces,  acts  nearer  the  centre  f^  gravity; 
and  vice  versa.  So  that  when  fs  coincides  with  gg,  oc  will  be 
infinite;  or  there  will  be  no  motion  of  rotation. 

CoR.  3.  If  an  impact  be  made  on  any  point  of  the  axis  of  a 
symmetrical  body,  or  a  solid  of  rotation,  and  that  point  be 
considered  as  the  point  of  suspension,  the  corresponding  centre 
of  oscillation  will  be  the  centre  of  spontaneous  rotation. 

This  will  be  evident  on  comparing  this  proposition  with 
art.  306.  cor.  5.  and  318.  cor.  1, 

Cob.  4.  To  whatever  point  of  a  right  line  drawn  throt^k 
the  cetitre  of  gravity  of  a  body  the  impact  be  applied,  the 
velocity  of  the  centre  of  gravity  will  be  the  same. 

For  the  expression  -^  denoting  the  velocity,  contains  no 

distance.  The  san^e  thing  will  readily  appear  otherwise,  thus: 
To  whatever  point  of  qp  (fig,  J  5,)  the  lorce  f  is  applied,  die 
incipient  motion  {^'Q9  +  ?*p^  will  be  the  s|une  by  the  second 
law  of  motion,  the  particles  a,  f,  being  connected  by  the 
inflexible  line  q/  ;  and,  consequently,  the  velocity  of  fhe  cen- 
tre of  eravity,  or  gg'  is  always  the  same  as  if  both  pardeles 
were  placed  at  a,  ana  impelled  by  the  sfipie  force  f ;  for  go^s 

j^ ,  by  the  nature  of  the   centre  of  gravity.     And 

the  same  thing  may  be  shewn  of  as  many  other  pomts  as  wq 
please. 


Chap.  IV.]  Rotatum  in  free  Space.  99$ 

Coft.  5.  Hence^  in  rotations  about  a.  centre  of  spontaneous 
gj/ ration,  the  permanency  of  the  quantity  of  motion  obtains* 

524.  Prop.  When  f  8,  the  direction  of  the  impact,  passes 
through  the  centre  of  the  impelling  bodu,  the  centre  of  gravity 
of  the  body  struck  will  move  with  a  velocity  equal  to  the  pro- 
duct of  the  quantity  of  motion  of  tlte  impelling  body  into  the 
distance  between  the  centres  of  gravity  and  spontaneous  rota^ 
tion,  divided  by  the  sums  of  the  products  of  the  impelling  body 
into  the  distance  of  the  point  of  impact  from  tne  centre  of 
nnmtaneous  rotation,  ana  of  the  impelled  body  into  the  distance 
between  the  centres  of  spontaneous  rotation  and  of  gravity. 

Let  the  quantity  of  matter  of  die  impiuging  body  be  b,  its 
velocity  v,  or  bv=^;  and  when  the  body  b  is  struck  in  the 
direction  f  s  (in  which  the  centre  of  the  body  b  is  always  found,) 
let  the  velocity  of  its  centre  of  gravity  be  v,  the  centre  of 
spontaneous  conversion  being  at  c.    Then  cg  :  cs  : :  v  :  the 

velocity  of  the  point  s,  which  is  therefore  =¥ —  ;  conse« 
quently,  o— v  —  =  the  velocity  lost  by  6  in  the  direction  f  s  : 

whence^  by  the  third  law  of  motion,  b  • "  '  *  ssb-v, 

and,  by  reduction,  v=  r — . 

'       ^  ^  B*C0  4'6-CI 

Cor.  If  the  inertia  of  the  striking  body  be  evanescent,  the 
velocity  v  will  become or  -^;  being  the  same  as  would 

mm  mm 

be  generated  in  the  centre  of  gravity  if  the  body  b  impinged 
Erectly  on  it  with  the  velocity  v. 

325.  Prop.  The  conditions  in  the  last  corollary  being  retained^ 
the  angular  velocity  of  the  cefitre  of  the  sjjstem  about  the  cen^ 
ire  of  gravity,  is  equal  to  the  momentum  oj  the  impelling  body, 
dkftdm  by  twice  tne  product  of  the  mass  of  the  impelled  body 
and  the  mstance  oc,  into  the  periphery  of  a  circle  whose  diame- 
ter is  unity. 

If  a  fixed  axis  passed  through  c,  the  centre  of  gravity  would 

describe  a  circle  whose  radius  is  cg  with  the  velocity—^. 

Bnt  in  the  present  case  the  motion  of  the  system  will  (art  322.) 
be  ccmipouuded  of  the  uniform  rectilinear  motion  of  the  centre 
of  gravity  in  the  direction  Go',  perpendicular  to  cs,  and  the 
angular  motion  xG'p^GCO',  generated  round  the  centre  of 
gravity.    And,  since  the  periphery  of  a  circle  whose  radius  is 

CG  is  2ir*CG,  we  have  this  antbgy, — :  2«-co  : :  T :  -^-j^ — , 
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the  time  of  one  revohitipn  in  seconds :  whence  it'  folIo#S| 
that  the  number  of  revolutions^  or  parts  of  a  revolution,  in  ^ 

second,  or  the  angular  volocity  u,  will  be  J  -f-  — r — ^  .  t 

=5— ^-,  • 

Cor.  1.  Since  c  is  the  centre  of  percussion  to  s  as  a  centre  of 
motion,  if  Q  be  the  centre  of  gyration  with  respect,  to  o  as  i^ 
centre  of  motion,  (that  is,  if  q  be  the  principal  centre' of  gynn 

tion,)  we  have  (art.  310.  cor.  2.)  gc-gs=gq%  or  cG=  2i-;  tUf 
value  of  CG  being  substituted  for  it  in  the  preceding  express 
sion  for  the  angular  velocity,  it  becomes  u=  g^.g/q'i' 

CoR.  2.  The  centre  of  spontaneous  rotation,  during  tk§ 
motion  of  the  system,  describes  the  common  cycloid. 

For  the  inotion  of  any  point  in  the  system  is  compounded  of 
the  uniform  rectilineal  motion  of  the  centre  of  gravity,  and  of 
the  angular  motion  generated  round  that  centre ;  but  (art.  322.) 
the  velocity  with  which  the  centre  of  spontaneous  rolatioo 
would  move  roiind  the  centre  of  gravity,  if  tliere  only  existed  a 
rototory  motion  in  the  system,  would  be  equal  to  that  wid( 
which  the  centre  of  gravity  would  move  round  it,  if  the  ceqtie 
c  were  fixed:  consequently,  since  the  centre  c  has  both  a 
rotatory  and  a  progressive  motion,  each  of  which  is  equal  to  tiiat 
of  the  centre  of  gravity,  it  will  describe  a  cycloid. 

326.  Prop.  In  the  body  or  system  b  (fig.  1 5.)  to  which,  when 
quiescent,  motion  has  been  communicated  by  the  impulse  oftK 
jorce  p  without  inertia,  that  is,  rectilinear  motion  to  the  centre^ 
of  gravity  measured  by  the  space  v  which  that  centre  would 
aescribe  uniformly  in  any  given  time,  and  angular  motion 
measured  by  the  revolutions  v,  or  parts  of  a  revolution,  which 
it  would  describe  uniformly  round  q  in  the  same  time  ;  then,  ^ 
the  notation  in  the  preceding  propositions  be  retained,  and  aoe 
the  principal  centre  qfgf/ration  when  the  system  revolves  about 
its  centre  of  gravity,  the  perpendicular  distance  from  the  centre 
of  gravity  at  which  the  impelling  force  must  act  so  as  to  have 
generated  these  progressive  and  rotatory  motions  will  be 


T 


Let  f  s  be  the  direction  of  the  impulse,  and  let  (p  be  equal  td 
the  momentum  of  an  evanescent  body  b  moving  with  tbii 
velocity  v,  b  being  the  weight  of  the  system ;  then  (art.  3£4. 
cor.)  Ae  velocity  communicated  to  the  centre  of  gravity  wHI 

be  =  -^ ;  and  the  angular  velocity  generated  in  the  syst^ 
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art.  325.  cor.  !•)=  -j— — ;•     But,  by  the  prop,  the  velocity 

;aiiiiiiuiiic«ted  to  the  centre  of  gravity  i»  y,  and  the  angular 
notioi),  that  is,  the  niunber  of  revolutions,  or  parts  of  a  revo« 
utiou,  described  while  the  centre  of  gravity  passes  over  the 
ipace  v,  is  u :  so  that/  from  the  conditions  there  arises  this 

.quabon,  v=  ^.,.^^.  =  -s;j:^>  by  putting  v  for  ito  equal 
— .     Hence  gs=: . 


Cor.  If  the  body  b  be  a  sphere  whose  radius  is  r,  then^ 
irt.  312.  GQ^=|r  ,  and  if  u  be  the  absolute  velocity  of  rotation 

j(  an  tqualor  of  the  sphere,  we  have  u=i  — — ;  whence   the 
preceding  value  of  gs  is  transformed  to  this,  osrz^r  •^. 

SCHOLIUM. 

327.  This  proposition  may  be  applied  to  the  double  motioit 
of  the  planets.  The  earth  revolves  about  an  axis  passing 
^through  its  centre  6f  gravity,  while,  by  a  motion  of  translation, 
^at  centfe  is  caiiied  on  in  free  space  in  an  orbit  nearly  cir- 
cuUr.  And  a  similar  kind  of  double  motion  has'  been  disco^ 
ner^  in  /several  of  the  planets ;  and  analogy  leads  us  to 
believe  it  obtains  in  the  •thers.  Now,  supposing  the  bodies  of 
^be  planets  to  be  spherical,  as  they  are  nearly,  the  use  of 
jdiis  proposition  at  once  appeara.  Having  given,  for  instance, 
the  magnitude  of  an  impulse  with  respect  to  the  mass  of  tbe 
earth,  and  the  directiom  f  s  in  which  it  was  applied,  at  any 
given  distance  SQ  from  the  centie  of  gravity,  the  angukr 
niQtion.  round  g  would  be  inferred :  and,  conversely,  if  the 
actual  rotatory  velocity  of  the  earth's  equator  and  the  velocity 
<if  its  orbit  be  ascertained,  the  distance  gs  froni  the  centre  at 
which  it  m^y  have  received  a  single  impulse  f  s,  adequate  tm 
produce  the  double  motion,  may  readily  be  found. 

Thus,  any  point  in  the  earth's  equator  passes  over  25020 
miles  by  rotation  in  a  sidereal  day  \  aofl,  if  the  mean  distance 
of  the  earth  from  the  sun  be  9^  millions  of  miles,  the  earth 
will  pass  over  nearly  596904000  miles  by  its  orbital  motion,  in 
a  jrar^  or  about  366  sidereal  days  :  hence  596904000  *r  366  ^ 
16S08952,  will  be^  V  in  our  theorem,  while  S5030=:ti.    Con<- 

/lequently  Gs=|r  —  =  T^ro'  '^^  ^*^  '^^  ®^  impulse  be  im- 
pressed on  a  quiescent  sphere,  and  the  direction  of  the  force 
jriiouUi  be- at  a  distance  cs  from  its  centre  of  gravity  of  about 
j^j-  tfmrt  of  the  radius/ die  angular  motioii  of  uat  apbcrai  and 


\ 
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die  absolute  motion  of  its  centre,  will  have  die  same  reUtioato 
each  other,  as  those  which  aetoally  obtain  in  the  earth* 

The  time  of  the  rotations  of  Mercury,  Venus,  Heradbel,  ail 
the  odier  phinet%  is  unknown;  but  for  the  foUowio|^  planels 
it  is  ascertained;  so  diat  by  IIm  sane  theorem  we  obtain  ' 


M  a^  '  w* 

values  of  gs.  Mars  -j^j-;  Jujuter  -grjjjg-;  Saturn  -g^jj;  the 
moon  -T77-*    We  have  not  sufficient  data  to  determine  thb  for 

the  sun.  ''  But  (as  Dr.  Robison  remarks)  the  veiy  circiunstanoo 
of  his  having  a  rotation  in  27d.  7h.  47m.  makes  it  very  pio- 
bable,  that  he,  with  all  his  attending  planets,  is  also  moving 
forward  in  the  celestial  spaces,  perhaps  round  some  centre  of 
still  more  general  and  extensive  gravitation;  for,  the  perfect 
opposition  and  equality  of  two  forces,  necessary  for  givky  a 
rotation  without  a  pr^ressive  motion,  has  the  odds  against  it 
of  infinity  to  unity.  This  corroborates  the  conjectures  of  j^ 
losophers,  and  the  observations  of  Herschel  and  other  astroa^ 
mers,  who  think  that  the  solar  system  is  approaching  to  that 
quarter  of  the  heavens  in  which  the  constellation  Aquib  is 
situated.'' 

888.  Prop.  If  a  body  revolve  about  anaxi$  passing  thromgh  iis 
centre  of  gravity  vpith  the  angular  velocity  u,  whiu  tku  axu  is 
carried  round  another  axis^  also  passing  through  its  cesUre  ^ 
gravity,  with  the  angular  velocity  u,  these  two  motions  eonwose 
a  motion  of  every  particle  of  the  body  round  a  third  axis  fying 
in  the  plane  of  the  other  two,  and  inclined  to  each  of  the  former 
axes  in  angles  whose  sines  are  inversely  as  the  angular  velocities 
round  them ;  and  the  angular  velocity  y  about  this  new  axis  is 
to  that  about  one  of  the  primitive  axes  as  the  sine  of  the  tn- 
clrnation  of  the  latter  axisy  to  the  sine  of  the  inclination  of  the 
new  axis  to  the  other  primitive  axis. 

Thus,  if  a  body  turn  round  an  axis  AGa  (fig.  1.  pi.  XV.) 
passing  through  its  centre  of  gravity  g  with  the  angular  velocity 
V,  whue  this  axis  is  carried  round  another  axis  BGb  with  the 
anffular  velocity  ti,  and  if  GD  be  taken  to  ge  as  u  to  «,  (the 
points  B  and  £  being  taken  on  that  side  of  the  centre  where 
they  are  moving  towards  the  same  side  of  the  plane  of  the 
figure,)  and  the  line  de  be  drawn,  the  whole  and  every  particle 
oi  the  body  vrill  be  in  a  state  of  rotation  about  a  third  axis  CGc, 
parallel  to  de,  lying  in  the  plane  of  the  other  two;  and  the 
angular  velocity  v  about  the  axis  cgc,  will  be  to  u,  and  to  «,  as 
DE  is  to  G  D  and  to  ge. — For,  let  p  be  any  particle  of  the  body, 
and  suppose  a  spherical  surface  whose  centre  is  g  to  pass  throui^ 
p.  Draw  PS.  perpendicular  to  the  plane  of  the  figure :  then  is 
PR  the  common  section  of  the  circle  of  rotation  ipi  round  the 
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axis  Aa,  and  the  circle  Kvk  of  rotadon  round  die  axis  B&.  Let 
F  and  o  be  the  centres  of  these  circles  of  rotation,  and  it,  Kit, 
their  diameters.  Draw  the  radii  pf,  po,  and  the  tangents  pm, 
pn:  these  tangents  are  in  a  plane  mpk  which  touches  the 
sphere  in  p,  and  cuts  the  plane  of  the  axis  in  a  line  m n,  to. 
which  a  line  drawn  from  o  through  r  would  be  perpendicular. 
Suppose  PN  to  represent  the  velocity  of  rotation  of  the  point  p 
about  the  axis  bO,  while  f/  represents  its  velocity  of  rotation 
about  Aa;  and  complete  the  parallelogram  pn(/:  then  is  p^ 
the  direction  and  velocity  of  the  resultant  of  the  composition 
of  PN  and  ?f,  and  it  is  manifestly  in  the  same  plane  as  the  con- 
stituent lines.  Let  perpendiculars  yV,  /t,  be  drawn  to  the 
plane  of  the  axis,  alid  the  parallelo|pram  pn/^  will  be  ortho- 
graphically  projected  on  diat  plane,  its  projection  being  also  a 
mnilldogram  bntf,  (art.  6S.)*.  Draw  the  diagonal  rt. 
jli«n,  since  pr  is  perpendicular  to  the  plane  of  the  primidve 
axis,  Ptt/T  is  so  likewise:  and,  consequendy,  the  compound 
motion  vt  is  in  die  plane  of  a  circle  of  revolution  about  some 
axis  situated  in  the  plane  of  the  other  two.  Produce  tr,  and 
4raw  Gc  intersecting  it  perpendicularly  in  h;  and  let  lp/  be  the 
circle  of  rotation,  its  diameter  being  ii=;2i«H :  then  is  p/  a 
tangent,  and  perpendicular  to  ph;  a^  it  will  meet  rt  in  some 
point  Q  of  the  line  m  v.  The  particle  p  is  in  a  state  of  rotation 
about  the  axis  coc,  and  its  velocity  is  to  the  velocities  round 
AUf  or  b6,  as  pf  to  pf  or  to  pn.  Now  pn  the  tangent  is  perp. 
to  op,  and  pr  is  perp.  to  oar :  therefore,  op  :  pn  : :  pr  :  rn, 

and  |tN  =r  — — .  But  the  velocity  of  p  about  the  axis  R^is  ti'OP: 
whence  ?n=  — ^— ^ —  =u-pr.    In  like  manner  rf=u-pr. 

^  OP 

Consequendy  rf  :  rn  : :  u  :  u : :  gd  :  ge.  But  nt  :  rn  : :  sin 
NRT :  sin  NTR,and  gd  :  GR : :  sii>  ged  :  sin  goe  ;  hence,  sin  nrt: 
sin  NTR : :  sin  GEO  :  sin  gde.  Now  since  nr  is  perpendicular 
to  EG,  and  NT  (parallel  to  if)  perpendicular  to  dg,  we  have 
rnt=:egd.  Hence  tr  is  perpendicular,  and  cc  parallel  to  ed, 
and  the  rotation  of  the  particle  p  is  about  an  axb  parallel  to 
ED.  Also,  since  rn,  rf,  rt,  are  as  the  velocities  u,  u,  v,  about 
these  di^erent  axes,  and  vary  respectively  as  eg,  dg,  de,  we 
have  V :  u :  u :;  ED  :  GD ;  OF,  which  was  to  be  demonstrated, 

CpR.  1.  Hence,  if  every  particle  of  a  body,  whether  solid  or 
fluid,  recfeive  at  the  same  instant  two  separate  impulses,  the  one 
competent  to  the  production  of  a  motion  of  the  particle  roi^id 
an  axis  with  a  certain  angular  velocity,  and  the  other  competent 


*  The  comcideacc  of  r  with  the  centre  of  the  circk  in  is  portly 
accideauL 
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to  tlie  production  of  a  rotatory  motion  about  another  axis  wi4 
a  certain  velocity,  the  combined  effect  of  these  impulaions  wiD 
be  a  motion  of  the  whole  system  about  a  third  axis  gifen  ii 
poaition,  with  an  angular  velocity  which  is  also  given ;  and  tUi 
motion  will  obtain  without  any  separatioti  or  disunion  of  pafU, 
except  such  as  may  be  occasioned  by  the  action  of  the  cenHV 
fugal  forces  resulting  from  the  rotation.. 

Cor.  2.  Ilence^  alsoy  if  a  body  be  turning  round  any  axis,  ani 
every  particle  in  one  inataut  get  precisely  such  an  impulse  as  it 
competent  to  produce  a  given  angular  velocity  roupd  anotbeip 
axis,  the  body  will  turn  round  a  third  axis  given  in  position  wiA 
a  given  angular  velocity. 

CoR.  3.  Lastly,  when  a  rigid  body  acquires  a  rotation  aboal 
an  axis  by  an  impulse  on  one  part  of  it,  and  either  at  die  saaii 
time  or  aftervi'ards  receives  an  impulse  on  any  part,  which| 
adone,  would  have  produced  a  certain  rotation  about  anotheir 
axis,  the  joint  effect  of  these  impulses  will  be  a  rotation  about 
a  third  axis,  in  conformity  with  this  proposition.  For  when  a 
rigid  bod^  acquires  a  motion  about  an  axis,  not  by  the  nmnl? 
taneous  impulse  of  the  precisely  competent  force  on  eack 
particle,  but  by  an  impulse  on  one  part,  there  has  been  propar 
ipited  to  every  particle  (by  means  of  the  cohesive  forces)  a^ 
impulse  precisely  competent  to  the  production  of  that  motioii 
which  the  particle  actually  acquires;  and  when  a  rigid  body 
already  turning  round  an  axis  xa  receives  an  impulse  whieh 
makes  it  actually  turn  about  another  axis  cc,  there  has  been 
propagated  to  each  particle  a  force  precisely  adequate  to  thq 
production,  not  of  the  motion,  but  of  the  chmige  of  motioq 
which  takes  place  in  that  particle,  that  is,  a  force  which,  wh^ 
compounded  with  the  inherent  force  of  its  primitive  motion^ 
produces  the  new  motion;  that  is,  (by  the  prop.)  a  force  which 
alone  would  have  caused  it  to  turn  about  a  third  axis  bA,  with  a 
rotation  making  the  other  component  of  the  actual  rotation 
about  cc. 

SCHOLIUM. 

This  elegant  tlieorem,  the  enunciation  of  which  is  due  to 
P.  Frisi,  is  very  important,  and  gives  a  great  extension  to  the 
doctrine  of  the  composition  of  motion.  It  is  of  great  Use  in 
many  curious  problems,  and  particularly  that  of  the  precession 
of  the  equinoxes.  Such  as  wish  for  further  information  on 
various  points  connected  M'ith  the  subjects  of  this  chapter, 
may  consult  Sinfpsoti*s  Tracts,  Frisi's  Cosmographia^  Mr, 
Vince^s  Paper  in  the  Phil.  Trans.  1780,  Landen's  Memoirs, 
Atwood  on  the  Rotatory  Motion  of  Bodies,  the  article  Rota* 
TioN  in  the  Encyclopcedia  Britannica,  Euler's  Treatise  cfp 


* 


Cliilt*.  tV J  RotatiBH  ^Uoui  Aree  Jtes.  901 

Motu  Corporwm  ffgiidrum^  &t.  There  Aiay  bene  be  tUed, 
howtftr,  Mr.  Tttoma*  Knighfs  Analytical  View  of  the  C<ni^ 
)>ositioti  of  Rotatory  Motiont. 

Let  a  bofly  have  forces  iippfessed  on  it,  Aat  would  leparatd/ 
give  it  a  movement  of  rotation,  about  an  axis  ex,  with  the  an* 
gvlar  velocity  v ;  and  about  another  axis  cy  with  the  angular 
velocity  t/.  It  is  plain  that  a  particle  in  the  line  cywili  not  be 
affected  in  its  motion  about  cr,  by  the  other  rotation  about  cy. 
The  same  observation  (mutatis  mutatidis)  may  be  applied  to  a 
frarticle  in  the  line  cr :  but  in  any  intermediate  line  m  th^  plan^ 
ycx,  as  cmiy  the  motion  round  the  one  axis  will  impede  that 
round  the  other ;  and  if  we  can  find  a  line  in  which  all  the  parti-* 
-des  are  at  rest,  that  will  be  the  momentary  axis  of  rotation 
composed  of  and  equivalent  to  the  two  others. 

Put  cmnr,  angle  xcm^6,  angle  Jycm=S^ 
A  perpendicular  from  m  on  ex  will  be  r  sin  9. 
A  perpendiculat  from  m  on  cy  will  be  r  sin  9^,  and  k  is  plain 
that  m  will  be  at  rest  if 

r'  :  x; :  :  r  sin,  S  :  r  sin  8' :  :  sin  t  :  sin  f '  •  •  .  •  •  (a), 
which  determines^  the  situation  of  the  momentary  axis« 

To  find  the  velocity  round  this,  let  ns  suppose  ymx  to  be  a 
circle  drawn  tlirough  m,  the  centre  being  c.  Let  ay  be  the  ve* 
locity  of  the  point  y;  we  have  ay^vr  sin  arcy.     Now  the 

▼elocity  about  cm  at  the  distance  r  is  plainly  ay  ^  .^  >>  z:-jj2— ^ 

eons^uently  the  velocity  at  dbtance  unity,  or  the  angular 

Tel.   =   -fL-r=v.-^     (j3). 

r  sin  ^  iin  0'  ^    ' 

The  theorems  in  equations  (a)  and  (j8)  were  first  given  by  Frist. 
If,  besides  the  two  rotations  already  mentioned,  there  had  been 
l^ven,  at  the  same  time,  another  round  a  third  axis  cz,  with  an 
angular  velocity  ni/^;  itb  plain  that  the  axis  of  rotation,  aris* 
ing  from  these  three,  would  be  in  the.  plane  2cm,  as  -at  cm\ 
suppose  it  to  decline  from  cm  by  the  angle  ¥^,  and  from  cz  by 
C   ;  we  find,  as  we  did  (a)  and  (/3), 

^,    ^  ij]^  :  :  sin  e^^  :  sin  ft''' (y) 

sins'  ^    ' 

-  1  I      .  sin  xcy       sin  zcm  ^^ 

and  angular  velocity  =  v  •  —^  •  —pr     (oX 

If,  moreover,  a  rotation  had  been  given  round  a  fourth  axis  cii, 
with  an  angular  velocity =17^^'^,  we  should  have 

_///  sin  jCy  •  sin  tcm  •     *////       •     Af///f  /  \ 

v^  :  V  — .   J    .   ^,,     : :  sui  9"" :  sm  9 '" (e) 

sin  V .  SID  ^"  ^  ^  ^  '* 

1^^^^  and  9^^^^^  being  angles  that  the  momentary  axis  declmes  from 

,         .  ,    ,  1  t      '^  sin  i^V  *  sin  ccm  •  sid  vcm* 

cmf  and  cu ;  and  the  angular  velocity =»  ,;„  y .  ,;„  y .  .i,  y>  > 
and  thus  we  may  proceed  to  any  number  of  axes. 


We  w31  pe<#  coBwder  the  c^se  in  whidi  the  angles  xcy,  J(Cii^ 
tiCiN!^  &c*  are  right,  and  their  sines  uni^.  We.  have  ain  t:s 
cos  9^,  sm  V^zzcoB  t^^iuc.  here  («)  becomes  t^  :  v  :  :  cos  I": 

mm 

nnt^=:i/(l— sin'fOssu^^;  whence  sinJ'r:  ^^^  >■  >  Wc 
get  in  like  manner  from  (y)y  nn  y^=      ^^^  ^   ^,  and  from 

(•)  «nr^=^ff;;;';,'fjLy  «id  «»  on:  «id  if  the  number 

of  axes  be  n,  and  the  Telocities  round  those  axes  v,  xf^  %f\  • . 

•  •  •  •  f/^^"',  the  angular  Telodtj  round  the  azu  aiiring  fiui 

die  composition  of  diem  all  will  be  \/  W+t^+t/^+  •  •  •  4 

•  •  +(i^'''**')^|.  Of  this  very  genend  theorem  the  case  con- 
sidered by  La  Grange  of  three  Mxtsperpaukcular  to  each  giker, 
is  a  particular  case;  in  which  ang.  vel.s  Vi^+^+t^^ud 

r  «'= ?pT5T' -^  r  "^  v3^' *''**•• -^ "» 

being  a  ri^^t  one,  we  easily  find  that  cwf  makes  anglea  witbei^ 
ay,  cZf  whose  cosines  are 

case  treated  of  above,  the  angles  zmy  umfm,  &c.  are  any  whsl- 
soever,  and  if  th^ir  ma^tude  be  given,  the  situation  of  die 
composed  axis  is  also  given,  by  means  of  die  values  of  sin  V, 
sin  tr%  sin  r'%  &c. 
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CHAPTER  V. 


Physica-Mathematkal  Theory  ^  Percussion. 


S29.  Defs.  In  the  ordinary  theory  of  perciisnon,  or  coUbion, 
bodies  are  regarded  as  either  hard,  iop^  or  elastic.  A  hard 
body  is  that  whose  parts  do  not  yield  to  any  stroke  or  percussion, 
but  retains  its  figure  unaltered.  A  sofi  body  is  that  whose  parts 
yield  to  any  stroke  or  impression,  without  restoring  themselves 
sgain,  the  shape  of  the  body  remaining  altered. ,  An  elastic  body 
is  that  whose  parts  yield  to  any  strobe,  but  presently  restore 
themselves  agam,  so  that  the  body  renins  the  same  figure  as 
before  the  stroke.  When  bodies  which  have  been  subjected  to 
a  stroke  or  a  pressure  return  only  in  part  to  their  original  form» 
tbe  elasticity  is  then  imperfect :  but  if  they  restore  themselves 
entirely  to  meir  primitive  shape,  and  employ  just  as  much  time 
in  the  restoration  as  was  occupied  in  the  compression,  then  is 
die  elasticity  perfect. 

It  has  been  customary  to  treat  only  of  the  collision  of  bodies 
perfectly  hard  or  perfectly  elastic :  but  as  there  do  not  exist  in 
nature  any  bodies  (which  we  know)  of  either  the  one  or  the 
other  of  these  kinds,  the  usual  theories  are  of  no  service  in  prac- 
tical mechanics.  In  fact,  if  the  effects  which  are  experienced 
in  the  mutual  impact  of  such  bodies  as  nature  furnishes  were 
the  same  as  those  which  would  result  from  bodies  perfectly  hard, 
it  would  appear  impossible  to  oppose  to  the  moving  bodies  any 
pressure  capable  of  destroying  their  effects.  For  the  Quantity 
of  motion,  or  the  momentum  of  a  moving  body,  being  valued  by 
tbe  product  of  its  mass  and  velocity,  while  the  effect  produced 
by  a  body  which  merely  presses  is  estimated  bv  the  product  of 
its  mass  into  a  velocity  denoted  by  0 ;  one  of  me  factors  of  the 
latter  product  will  be  nothing,  while  both  factors  of  the  former 
will  be  finite,  and  of  consequence  the  magnitudes  are  such  as 
cannot  be  compared. 

Yet  we  may  easily  be  convinced  by  daily  experience,  that  the 
advantage  which  bodies  moving  swiftly  have  over  those  which 
oppose  merely  a  resistance  of  pressure,  though  very  great,  is  by 
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tact*".  Heoce  it  appears,  iliat  the  law  of  coDtinuity  i$  fa}« 
lowed  actually  io  the  impact  of  bodies ;  and  that  no  alteratiou 
in  their  motion  takes  place,  without  the  previous  taking  place 
of  ail  the  intcrmediatt;  .Jterations.  It  is  true  this  alteration  is 
always  produced  during  au  extremely  short  interval  of  time,  and  ' 
tfiis  occasions  the  great  disproportion  which  is  observed  between 
the  effecti»  of  impact  and  ihose  of  pressure:  but  it  is  notwith* 
standing  inconceivable,  as  Mr  ^twood  remarks,  ^^  that  any 
really  existing  body  should  pass  from  quiescence  into  finite 
motion,  or  from  one  degree  of  finite  motion  to  another,  without 
having  pos^es^hed  all  the  mtermediate  degrees  of  velocity:"  and 
hence  it  follows  that  the  plienomena  of  collision  may  be  conai^ 

*  A  very  distinct  view  of  this  process  has  been  given  .by  Dr.  Rohison 
'in  the  article  Impulsion,  Supp,  Ency,  Britan.-  from  which  the  following 
18  extracted : 

**  As  aoon  as  the  bodies  come  into  sensible  contact,  comprcsfion  mifti 
begin  ;  for  we  ii»ay  suppose  the  bodies  to  be  two  balla,  which  wIU  tbere- 
£oTe  touch  only  in  one  point.    The  mutual  preasiirey  which  is  necessary 
in  order  to  produce  the  retardation  of  a,  and  the  acceleration  of  9.  is 
exerted  only  on  the  foremost  particle  of  a,  and  the  hindmost  particle  of  a; 
bot  no  atom  of  matter  can  be  put  in  motion,  or  have  its  motion  any  way 
ohanged,  unless  it  be  acted  on  by  an  adequate  force.    The  force  urging 
any  individual  particle  roust  be  precisely  competent  to  the.  production  of 
the  very  change  of  motion  which  obiams  in  that  particle.    Except  the 
two  particles  which  come  into  contact  in  the'collisiOD^  all  the  other  par- 
tieles  are  immediately  actuated  by  the  forces  which  contiect  them  with 
each  other  ;  and  the  force  acting  on  any  one  is  generally  compounded  of 
many  forces  which  connect  that  particle  with  ihose  ac^ntng.    There- 
fore, when  A  overtakes  b,  the  foremost  particle  of  a  is  immediately  re- 
tarded :  the  particles  behind  it  would  move  forward,  if  their  mutual  con- 
nection were  dissolved  in  that  instant;  but,  this  remaining,  they  only 
approach   nearer  to  the   foremost  striking  particles,  and  thus   make  a 
oompression,  which  gives  occasion  for  the  inherent  eiaaticity  t^  eaert  it- 
8alf»  and,   by  its  reactiop, .  letard  tbe  foUowipg  particles^     Thus  each 
stratum  (so  to  conceive  it),  continuing  in  motion,  makes  a  compression, 
which  occasions  the  elasticity  to  react,  and,  by  rating,  to  retard  the 
stratum  immediately  bchiiitf  it.    This  happens  in  succession:  the  com. 
pression  and  elastic  reaction  begin  in  the  anterior  stratum,  and  take  place 
m  succession  backward,  and  the  whole  body  ^et^  iuto  a  stat$  of  com- 
pression.    Things  happen  in  the  same  manner  in   b,  but  inthe  contrary 
Srection,  the  foremost  strata  being  the  last  which  are  oonipressed.    All 
is  is  done  in  an  instant  (ns  we  commonly,  but  inaccurately,  speak), 
that  is,  in  a  very  small  and  insensible   moment  of  time ;  but  m  this 
moment  there  is  the  same  grachial  compression,  increase  of  mutual  action, 
grtttcft  com  pression,  .common  velooityj  subsequent  rc^titaiionf  and  final 
acparaiion,  as  in  the  case  of  bodies  with  a  slender  spring  interposed,  ox 
even  in  the  case  of  mutually  repelling  magnets.    In  all  the  rates,  tlie 
changes  of  motion  arc  produceo  by  the  elasticity  or  the  repulsion,  and 
not  by  the  transfusion  of  the  force  of  motion.    The  changing  force  iii 
kidetd  inherent  in  ihe  bodies,  )mt  not  because  iheyare  in  motion ;  the 
aaepf  the  mpiion  ii  to  gyre  oocasiop*  b^  coo^nucd  coqnivression,  fox  ft\% 
continued  operation  of  the  inhtvent  elupticity.** 
VOL.  I.  X 
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,  dered  of  a  kindred  class  to  those  which  are  occasioned  bj  acce- 
lerating or  retarding  forces,  and  act  by  insensible  degrees  is 
order  to  produce  a  finite  effect 

After  these  preliminary  observations,  we  shall  now  presot 
the  reader  with  a  physical  theory  of  percussion,  which  will  coan 
preii^nd  all  the  cu-cumstances  of  die  motion,  both  durine  aad 
after  the  stroke.  From  the  same  source  the  laws  of  the  colTisioB 
of  hard,  soft,  and  perfectly  or  imperfecdy  elastic  bodies,  will  be 
deduced.  All  that  we  shall  give  which  is  different  from  die 
usual  theory,  we  wish  to  be  considered  as  originally  due  to  Dei 
George  Juan^  a  Spanish  author,  and  published  in  1771,  in  i 
work  entitled  Examen  Maritimo.  The  same  theory  has  bees 
lately  adopted  by  M,  Pronjfy  and  some  other  French  authon. 
As  the  mode  of  investigation  is  analytical  throughout,  it  shiD 
be  presented  nearly  in  its  original  state,  without  announcing  tbe 
vanous  particulars  as  they  arise,  in  separate  propositions. 

330.  Dbf.  By  the  Depth  of  the  impremon  we  mean  its 
greatest  lineal  measure  in  the  direction  of  the  motion;  as  if  the 
whole  impression  were  a  spheric  segment  the  depth  would  be  iti 
versed  sine.  The  Amplitude  of  the  impression  is  the  greatest 
section  which  can  be  taken  perpendicularly  to  the  direction  of 
the  motion :  in  die  case  of  a  spherical  body  it  would  be  the  cir- 
cular base  of  a  segment. 

Through  the  whole  of  this  investigation  the  various  quantities 
will  be  thus  represented : 

m  and  fA,  the  two  bodies  which  strike  each  other ; 

b  and  0,  the  amplitudes  of  impression ; 

r  and  (,  the  comparative  hardness  of  the  bodies  ; 

.r  and  z,  the  depths  of  the  impressions ; 

f  and  f  ,  the  quantities  of  motion  which  the  bodies  acquire  in 
a  unit  of  time,  in  virtue  of  the  action  of  the  con- 
stant powers ; 

w  and  tr,  the  velocities  with  which  the  shock  commences ; 

u  and  v,  the  velocities  in  any  instant  of  the  shock  ; 

5  and  (T,  the  spaces  described  in  the  same  time ; 

r,  that  time. 

Any  other  characters  that  may  be  adopted  will  be  explained 
as  they  first  occur. 

33 1 .  Let  it  be  supposed  that  the  bod}^  m  follows  and  strikes 
the  body  f«,  and,  of  consequence,  that  the  velocity  w  is  greater 
than  w ;  without  this  the  impact  can  never  take  place,*  unless  the 
velocity  w  be  negative,  or  contrary  to  w :  but  for  the  greater 
facility,  we  shall  suppose  all  along  (except  it  be  otherwise 
expressed)  that  the  powers/'  and  ^,  as  well  as  the  velocities 
w  and  tv,  are  positive;  for  it  will  be  easy  to  render  either  of  the 
quantities  negative  in  the  result  bf  the  computation. 
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Let  it  be  supposed^  moreover^  that  tAe  two  bodies  are  moviDg 
in  tiie  same  direction,  and  that  the  impact  is  so  effected  that  it 
does  not  produce  any  gyratory  motion ;  otherwise  we  should 
render  the  investigation  very  intricate  and  perplexing. 

Finally,  let  the  bodies  m  and  /»  be  considered  as  so  large  that 
tbe  impressions  made  upon  them  by  the  shock  shall  not  pro- 
duce any  sensible  change  in  the  place  of  the  centre  of  gravity, 
or  that  the  motions  of  these  centres  shall  not  be  sensibly  af- 
fected by  the  relative  change  of  situation  in  the  various  mole- 
culae  of  the  bodies. 

322.  All  the  quantities  mentioned  in  art.  3S0.  may  be  readily 
introduced  into  the  calculus,  since  each  of  them  has  a  cei  tain 
relation  to  determinate  units ;  the  quantities  r  and  f  only,  which 
represent  the  degrees  of  hardness,  appjear  to  present  s(ime  little 
difficulty.  Now  to  form  an  idea  of  hardness  in  that  point  of 
view  under  which  we  must  consider  it,  that  is  to  say,  as  a  mfa" 
surabk  object,  we  may  observe,  that  since  this  property  is  one 
of  the  most  intimate  and  hidden  properties  of  bodies,  and  since 
to  measure  is  to  compare,  we  cannot  (properly  speaking)  mea- 
sure hardness,  because  in  an  unknown  object  we  can  make  no 
comparison.  But  as  hardness  is  only  interesting  to  us  by  its 
effects,  it  is  the  measure  of  these  effects' which  it  is  important 
for  us  to  know ;  and  this  measure  for  the  respective  bodies  we 
denote  by  r  and  o.  iv 

If  a  perfecdy  hard  body  stjrike  another  which  is  not  perfecdy 
bard,  and  if  the  surface  of  cohtact  to  which  the  direction  of  the 
motion  is  supposed  perpendicuU[r  is  plane  and  constant!  \  equal 
to  a  given  surface,  as  a  foot  sqiiiire  (the  foot  being  die  unit),  the 
resistance  of  the  body  struck  will!take  from  the  impinging  body, 

during  an  evapescent  instant  of  time  /,  a  quantity  of  motion  in- 
finitely small,  which  let  be  called  a/.  If  co  be  multiplied  by  the 
fraction  expressing  the  ratio  .of  the  unit  of  time  to  the  element 

•f  time,  die  product  w  -r  will  be  precisely  equal  to  the  quantity 

f ,  which  denotes  the  hardness  of  the  body  struck  during  the  iiK 
stant  which  corresponds  to  the  value  of  oi,  or  rather  which  de« 
notes  the  effect  that  this  hardness  would  produce  by  continuing 

its  action  for  a  unit  of  time.    We  have,  therefore,  ~  =:  ^,  or 

Thus  it  appears  that  tj  is  independent  of  die  masses  and  of 
die  velocities,  whether  absolute  or  relative  (12.  15.);  it  repre- 
sents a  quantity  of  motion  which  may  result  from  an  infinite 
number  of  combioatious  of  masses  and  velocities;  w,  therefore, 

depends  solely  on  the  nature  o(  die  body  struck :  and  although 

V  o. 
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the  masses  aud  the  relocities  of  the  two  bocbes  enter  ipto  die 
Yalue  of  ^,  they  do  so  merely  as  causes  producing  the  impfe^ 
ston,  and  we  determine  (  from  experiments  by  the  relation  wfaiok 
they  bear  to  this  impression. 

A  similar  reasoning  will  apply  to  the  quantity  r,  by  suppodsg 
that  Uie  body  struck  is  perfectly  hard,  while  the  impinging  boi^ 

is  not;  and  hence  will  arise  the  analogous  equation  or  =  rt. 

If  the  surface  of  contact  be  not  plane^  we  must  substitute  ftr 
it  the  amplitude  of  the  impression :  but  this  substitution  vi 
change  nothing;  for  all  the  points  struck  in  the  direction  of  ik 
motion  being  contained  in  the  amplitude  of  irapres^ion^  it  mtj 
represent  the  sum  of  all  those  points. 

333.  To  find  the  quantities  of  motiofi  lost,  viz.  the  values  of 
w  and  ui\  which  answer  to  any  amplitudes  of  impression  what- 

ever  b  and  0,  we  must  make  these  proportions ;  lifiiiftiP^x 

w, and  I  :b::r(:bri  :=:  »;  then  will  the  equations w  =  0^,  ail 

o/  =:  brt  obtaioy  whatever  are  the  amplitudes  of  impression. 
In  consequence  of  the  equality  of  action  and  reaction,  the 

values  w  =  0ft,  and  c/  zz  brt,  of  motion  lost  by  the  impingaii; 
bodies,  are  likewise  those  of  the  motiofi  gained  by  the  bodks 
Uruck* 

^34.  To  find  the  value  of  the  motion  lost  by  the  body^  or  ^ 
the  percussive  force,  when  neither  of  the  two  bodies  is  perfectly 
hard.    In  this  case  both  are  compressible,  and  if  f  be  the  fluxioa 

of  the  quantity  of  motion,  we  shall  have  to  determine  -r  f  or  -:. 

II 

Now  it  is  manifest  that  f  will  be  always  the  greater,  as  0f  and 
br  are  greater;  and  thence  (supposing  t  constant)  —  will  vary  as 

$^br.  So  that  when  ^  =  oc  ,  or  is  infinite,  we  must  have  r  = 
rbt  (338),  and  when  r  =  oo ,  we  have  t  =s:g0t:  let  us,  then,  mul- 
tiply 0fbr  by  such  a  quantity  r~^  as  will  satisfy  these  two  con- 
ditions, and  there  will  result  4  =  jT^-  And  if  4,  or  the  force 

of  percussion,  be  denoted  by  p,  we  have  p  =  /^ ;  an  espres- 

sion  for  the  percussive  force  in  any  instant  whatever. 

335,  The  fluxions  of  the  impressions  are  reciprocally  as  the 
degrees  of  Iiardness.   The  fluxions  bx,  0i,  of  the  impresstons  aie 

produced  at  every  instant  by  the  same  power  pf'  acting  equrily 
on  the  two  bodies ;  and  to  produce  tlH^se  dementary  imptes- 
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sions  the  force  Tt  has  to  overcome  the  powers  rt,  and  ^ ;  thus 

*  •  •         • 

the  effects  bx  and  0z  are  the  greater  as  the  powers  rt  and  ^  are 
the  less ;  and  as  these  effects  are  produced  by  the  same  cause, 

tbey  will  be  in  the  inverse  ratio  of  the  obstacles  rt  and^,  which 

•  *      •      •     • 

oppose  them ;  we  have,  therefore,  bxipzii^tirt  z:  f:r;  whence 

brx  X  (%2. 

336.  Since  the  body  m  follows  the  body  fA,  and  by  the  im- 
pact causes  impressions  in  both  whose  depths  are  x  and  z,  the 
space  s  run  over  by  the  body  m  must  be  equal  to  the  space  a 
described  by  the  body  f«  plus  the  sum  ;r  +  z  of  the  depths  of  in>- 
pression :  hence  s  =  ^  H-  jr  +  z. 

Elastic  bodies  assume  again  at  the  end  of  the  shock  the  figures 
which  they  had  at  its  commencement ;  so  that  in  this  case  the 
impressions  vanish,  and  at  the  end  of  the  thock  of  elastic  bodies 

SS7.    From  the  equation  sssr^x-k-z,  or  s^assjf  +  Zp 

•       •       »       • 

we  deduce  s  —  as=x+z:  but  the  property  of  variable  mo- 
tion (232. 1.)  gives  ut^s,  and  vt^a;  wehave, therefore, (ti—v) 

/  =  5— ^  =  a:  +  z,  and  t  ==  — r,  the  value  of  the  element  of  the 

time. 

When  the  impressions  arrive  at  their  greatest  value  we  have 

X  +  z  =  a  max.  or  *  4-  «  =  0,  and  the  equation  »  —  «:;=  •— r- 

becomes  u  —  v  ^i  0:  consequently,  in  the  instant  when  the 
greatest  impressions  are  produced  the  velocities  of  the  two 
bodies  ute  equal. 

338.  The  accelerating  forces  which  act  upon  the  body  m  are 
^and  p;  and  as  p  tends  to  retard  its  motion,  the  acceleratinff 
force  resulting  from  the  joint  operation  of  the  two  will  bey  — 
p:  for  the  s^ine  reason,  contrarily  applied,  the  accelerating 
force  of  f*  will  be  ^  +  p.  Recollecting,  therefore,  thaty^  f, 
and  p,  may  represent  the  products  of  masses  and  velocities,  we 

have,  by  the  nature  of  variable  motion  (art.  232.)  mu  =  (/—  P)f, 

and  fiV  =z{p  +  p)  / ;  the  sum  of  these  equations  is  (J'+9)i 

=  mii  +  iav,  the  fluent  of  which  is  (/+  ^)  ^  =  fnt«  +  frt?  +  c. 
To  determine  th6  constant  quantity  c,  it  may  be  observed  that 
when  ^  1=  0,  u  =  w,  and  v:=:w;  and  then  the  equation  reduces 
to  mw  +  |»Z8?  +  c  =  0 ;  so  that  en—  mw  —  iaW,  and  the  cor- 
rected fluent  is  (/+  9)  f  =  m  (m  —  w)  +  f*  (i?  —  ts?);  whence  it 

is  easy  to  obtain  v  =  v-*-»J  -*•"»   +tA.w^mu^  ^^  equation  which exr 
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presses  the  relation  between  the  velocitieSj  in  any  instant  what' 
ever  of  the  shock  of  bodies,  whether  elastic  or  nonmelastic. 

339.  If  tlie  bociies  are  not  elastic  the  shock  ceases  at  the  in- 
stant when  the  impression  is  greatest;  but  in  this  instant  the 
velocities  are  equal  (art.  337.)-  Therefore,  in  the  precedi^ 
equation,  we  must  make  uzz,v,  and  there  will  arise  « :=  9 

^:2  V   ^' ^,  an  equation  expressing  the  common  veiocw/ 

after  the  shock  of  non-elastic  bodies. 

S4().  In  like  manner  we  might  deduce  from  the  final  equa* 

tion  in  art.  338.  the  velocities  of  elastic  bodies  after  the  shojck. 

But  as  we  would  state  the  question  generally,  we  must  deler- 

iiiine  the  velocities  of  both  bodies,  whether  they  are  elastic  cr 

not,  in  any  instant  of  the  shock. 

•  •  •        • 

The  equations  (/—  ¥)tzz  mu  and  (^  +  p)^  =:f*t?(art.8S8.) 

give  u.  =51  ^•f"^'''? ,  and  v  =  i?i^.    Taking  the  latter  of  diese 

from  the  former,  we  have  m  —  i  =  O^ ^~/  ^  >  '"^^  ^"^ 

•      •  • 

multipUed  by  m^  gives  Wf*  (ti  —  v)  =  (/*/*—  m^  —  f*p  —  mr)t. 

Substituting,  in  thb  equation,  for  t  its  value  in  art.  337.  and 
for  p  and  x  their  values  in  art.  334. 335.  it  will  be  tran^foroied 

to  this,  iwf*  (ti  —  t?)  •  (m  '-v)::i(if-  >w^)^^  x  -  (m  +  ft) 
/%«.  Taking  the  fluents,  we  have  Jwf*  (i3"»*  —  w-u?*)  =  (fj^— 
mp)/^  «  -  («  +  t')/^'  Now,/^  i  =  X  +  z; 
for  -K  ^  »==^  +  «  =  Jf  +  «i  because  x  =  4^,  from  art.  3  35. 

br  or  '  br' 

Conseq.  we  have,  by  substitution,  Jw^  (ITTi*  -  w-w*)  ==  (f*^— 
m^)  .(jT  +  ^)  --  (wi  +  f«)ySf«.     Hence  m  —  t?  =  ±  (w^* 

-f  --^^^^ — ' —  —  ■  ■  ^  j  .  Here  the  positive  sign  ob- 
tains previous  to  the  instant  of  the  greatest  impression,  and  the 
negative  sign  after  th^t  instant :  for  at  the  instant  of  the  greatest 
impression  we  have  u  ^  v  (art.  331.);  and  after  that  instant 
the  re-establishing  of  the  compressed  parts  accelerates  the  mo- 
tion of  fA  and  retards  that  of  m,  and  consequently  makes  u 
fni^ler  than  v. 

If  the  value  of  v  in  art.  338.  be  substituted  for  it  in  the  pre- 
i^eding  equation,  we  shall,  after  a  little  reduction,  find 
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Andy  hj  a  Bimilar  mode  of  proceedings  we  find 

_  mw♦f4»^.(/^■<>)t  _     «     • ^       «Oif-«f)-(«+t) 

m+fA  ^  m  +  fA,  \  MfA 

Id  these  two  equations  for  the  velocities  the  superior  sign 
serves  for  any  instant  of  the  riiock  before  diat  of  the  greatest 
impression^  and  the  inferior  s^n  after  that  instant.  Thus,  at 
the  moment  of  the  greatest  impression  the  quantity  affected 
with  the  double  sign  ±  or  z^:  vanishes,  because  it  is  then  pass- 
ing from  positive  to  negative,  or  from  negative  to  affirmative. 
These  equations  manifestly  apply  for  any  instant  of  the  shock, 
whether  the  bodies  be  elastic  or  not. 

In  non-elastic  bodies  the  values  of  u  and  v  reduce  to  the 

common  value**   •*'/*»•*' v+»^  which  is  the  same  as  we  found  in 

the  preceding  article. 

841.  Bodies  perfectly  elastic,  on  the  contrary,  re-establish- 
ing themselves  in  their  primitive  state  at  the  end  of  the  shock, 

we  have  for  that  instant  x,  %y  2xAf^^  each  equal  to  Zito^  and 

thus  the  values  of  u  and  v  for  eiastic  bodies  become 

m  +  /x  m-f  jx  ^  ^  w+fx 

,,  —  nm  +  ixw^{f^f)t  in      .  X         (^-m)to4'2mW  +  (/-f-0)t 

V  =:  — — — -*-  —  IW   —  W)  ^  > 

m-^fjL  m  +  fA  ^  '  m+fx 

If  we  suppose^  +  p  =  0,  we  may  easily  deduce  from  these 
values  of  u  and  v  that  of  mu*  +  (aV*  ;  for,  by  carrying  through ' 
the  calculus,  we  have  mu^  +  ^r^  =  iww*  +  iiW\  Hence,  in 
perfectly  elastic  bodies  the  sums  of  the  products  of  the  masses 
into  the  squares  of  their  respective  velocities,  before  and  after 
impact,  are  equal. 

This  equality  was  denominated  by  Bernoulli  Conservatio 
Virium  Vivarum,  and  was  considered  as  a  general  law ;  but  it 
is  obvious  from  what  is  done  here  that  it  holds  only  in  the  case 
of  perfectly  elastic  bodies.  And,  indeed,  it  is  a  consequence  in 
itself  easily  deducible  from  the  third  law  of  motion,  according 
to  the  Newtonian  measure  of  momentum. 

842.  If  the  bodies  are  not  perfectly  elastic  tliey  will  not  re- 
store themselves  entirely  to  their  first  state,  but  there  will  re- 
main an  impression  at  the  end  of  the  shock :  to  find  the  final 
velocities  of  such  sorts  of  bodies  we  must  substitute  for  t,  x,  z, 


312  DYNAMICS.  [SootflL 

P,  and  g,  their  'proper  valnes.  Of  these,  the  hist  fouf  may  be 
ascertained  by  experiment  and  the  calcuhis;  but  the  value  of  f 
seems  more  difficult  to  appreciate ;  nevertheless,  this  value  b 
not  incalculable,  as  will  soon  be  seen.  But  it  may  be  observed, 
beforehand,  that  whenever/'  and  f  are  bot  extremely  gi^at,  ir 
are  not  modifications  of  gravity,  the  vali-e  of  t  being  v«*ry  sroaD 
indeed,  the  quantity  {f+  f)t  may  be  neglected  without  sen<«ible 
error.  This  quantity  was  made  to  enter  the  preceding  fcirniube 
in  order  to  give  them  all  possible  strictness,  and  that  none  of 
the  physical  circumstances  of  tde  motion  might  be  neglected. 
Now,  dropping  {f  ■{■  f)t  from  the  exprcssi*  n  for  the  final  velo- 
city of  the  body,  we  have,  for  non-elastic  bodies  w  =  ^; 

and  for  bodies  perfectly  elastic  u  =s  JHZJt ^  and  t^  ss 

■^rr*"  "t.  *"   ,  These  are  the  values  of  the  final  velocities  wUdt 

m  +  juc 

are  commonly  given  by  writers  on  mechanics,  and  from  which 
the  Uvsual  theorems  readily  flow. 

S4d.  The  general  theottm  for  non-elastic  bodies  may  be  Aus 
expressed  : 

mW±<xw 
U  =  tl.. 

In  this  we  consider  w:=zO  for  the  case  where  the  body  stni(^ 
is  at  rest :  the  Kuptrior  sign  njust  be  taken  for  tlie  crtse  in  which 
the  bodies  both  move  the  same  \^  ay,  and  the  interior  sign  for 
the  case  in  which  they  meet  each  other. 

Hence  we  deduce  these  conclusions : 

I.  If  wt    suppose  /M  to  be  at  rest,  the  equation  becomes 

u  r: m  which  it  is  obvious  u  will  decrease  as  a  increases; 

80  that  when  ^=00,  infinity,  we  have  u  zzO. 

II.  If  bodies  of  equal  masses  are  movnig  in  opposite  direc- 

tions,  our  equation  becomes  u  =  — — :  thus  the  two  bodies 

move  on  together  m  the  direction  oj  that  zchich  is  movhtg  most 
szciftly,  with  a  velocitif  equal  to  half  the  dijjeraice  oj  the  pri" 
mitive  velocities, 

III.  If  the  velocities  of  the  two  bodies  are  equal,  we  have 

11  =  Av  •  — ^,    In  the  case  where  both  bodies  move  in  the  same 

direction,  the  superior  sign  being  taken,  we  have  1/  =:  w;  as  is 
evident  enough,  since  there  can  be  no  shock. 

ly.  The  centre  of  gravity  of  a  system  of  two  globules,  or 
physical  points,  which  strike  each  other,  lias  an  interesting  pro- 
perty of  great  use  in  various  mechanical  disquisitions.  ^  The 
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distance  x  of  diis  <)eiitr6  from  way  one  of  die  points  of  Hie  line 
described  is  x  = ^  (art,  108.),  d  and  ^  denoting  the  respeo 

^W  T*  ^A 

live  distances  of  the  moTeables  from  that  point.     No^a  when 
these  bodies  are  animated  by  the  velocities  w,  w,  we  have  for 

diese  velocities  (art.  232.)  the  corresponding  values  -?  and-r; 
consequently  that  of  the  centre  of  gravity  will  be 

•  •       •  •       •  ' 


I  m-i-f/i  m  +  fA 

This  expression  being  constant,  justities  the  conclusion  that 
the  centre  of  gravity  of  a  system  of  two  bodies  striking  each 
other  has,  bodi  before  and  after  the  shock,  a  uniform  inntion. 
Iliis  answers  to  what  the  foreign  mathematicians  call  th.  co/i" 
servation  of  the  ctutre  of  sravity.  And  it  is  certainly  ..t  im- 
portance to  know  that,  whether  bodies  mutuaify  attract  each 
other,  (*295.  cor.  2.),  or  whether  they  impinge  upon  each  uther^ 
their  common  centre  of  gravity  willy  if  in  motion,  continue  to 
move  on  unifhrmly  in  a  right  line. 

344.  Tlie  general  equations  for  perfectly  elastic  bodies  may 
be  stated  thus : 

m+fd.  m  +  fx 

The  most  important  consequences  they  furnish  are  these. 
I.  If  one  of'- the  two  bodies  is  at  rest,  then  making  tc?  =:  0  we 
find, 

m'-u.  2mw 

ti  =  w  •  — ^    .    .    .    .    t?  n  . 

m+fji  m  +  fA, 

1.  If  the  bodies  are  equal,  that  which  impinges  remains  at 
rest,  and  the  body  struck  moves  with  the  velocity  which  the 
other  had.     For  m  :=^  ft,  gives  u  =  0,  and  v  =:  w. 

Cor.  Hence  it  follows,  that  if  several  perfectly  elastic  bodies 
A,  B,  c,  D,  &c.  of  equal  masses,  are  placed  in  juxta-position 
and  at  rest«  and  if  a  body  m  of  equal  mass  is  made  to  strike  a, 
all  the  bodies  remain  at  rest  except  the  last,  which  goes  off 
with  the  velocity  of  m  :  for  the  body  a  transfers  all  its  velocity 
to  By  B  its  to  c,  and  so  on. 

2.  If  the  bodies  decrease  in  magnitude,  each  will  go  forward 
after  the  stroke.     For  if  m  7  f«,  «  and  v  are  positive. 

3.  If  they  increase  in  magnitudt  each  will  be  reflected  bdck, 
except  the  last,  and  the  quantity  of  motion  will  cojitinnaily  in- 
crease.    For  m  /L  (A  renders  u  negative,  and  the  last  r  positive. 

4.  Here  too  we  might  shew  that  the  increase  of  motion  will 
be  a  maximum  when  the  bodies  increase  in  geometrical  pro* 
portion;  and  if  the  number  of  bodies  be  increased  without  limit, 
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the  idtimate  ratio  of  the  velociues  of  a  and  z  (the  fint  and  hni 
will  be  that  of  Vz  to  v^A.  But  such  theorema,  thoo|^  »- 
doubtedlj  curious,  are  of  too  little  utility  to  tempt  as  to  dgrea 
widely  from  the  main  purpose  of  this  chapter*. 

II.  I/the  bodies  both  move  the  same  way^  then  we  concfadi 
from  the  theorems : 

1.  The  body  struck  moves  with  a  greater  velocity  after  ik 
stroke.  ^  ^  ^ 

2.  If  the  masses  are  equal  the  bodies  chanse  their  vdocdia 
during  the  shock,  and  continue  to  move  in  the  same  dirtcAm, 
Por  m  =:  fA  gives  uznw,  and  v  =  w. 

ill.  //  the  bodies  move  in  contrary  directions  the  inferior 
^igns  must  be  taken,  and  then 

1.  If  the  masses  and  velocities  are  equal/ the  bodies  go  back 
with  the  same  velocities  that  each  had  before  the  shock.  For 
m  zi  fjk,  and  w  =  w,  give  ii  =:  —  w,  and  v  zz  w. 

2.  If  the  velocities  are  equal  we  have  u  =:  !!^—  w.  and  v 


Sm— 


f* 


-  w.     Whence  we  conclude  that  ^  will  stop  a  body  of  a 


m  +  fx 

triple  mass,  but  will  recoil  with  a  double  velocity:  For  if  in  = 
SfAf  u  =  0,  and  v  =  2w.  But  if  f*  7  Sm,  the  mass  m  does  not 
stop,  but  recoils. 

3.  If  the  masses  are  equal  the  bodies  will  both  recoil,  after 
having  exchanged  velocities.    For  then  «=—«?,  and  »  =s  w. 

4.  The  impinging  body  is  stopped,  continues  its  route,  or  re- 
coils,  according  as  w  (iw  —  ft)  ts  equal,  greater,  or  less,  than 
2iaW,    And  the  same  thing  holds  with  regard  to  the  body  strocL 

Many  other  theorems  might  readily  be  deduced  from  the 
equations  at  the  head  of  this  article ;  but  it  is  time  to  return  to 
the  general  investigation  which  we  have  brought  down  to  art 
342. 

345.  When,  in  the  equation  given  in  art.  340.  namely, 

}w?^(JII?  —  wl^*  =  (^  —  ^9)  •  (^  +  2)  -  (m  +  ^)fPii> 
Me  suppose  the  hardness  ^  invariable,  we  thence  find 

But  )3i  being  the  element  of  the  impression,  ypi  will  be 
the  total  impression  of  which  this  equation  will  furnish  the  va- 
lue for  any  instant  whatever  of  the  shock,  the  hardness  betug 
constant. 

In  this  equation  making  11  =  %;,  we  have 

•  Many  of  them  arc  elegantly  exhibited  in  Bridge's  Mathemalical  Prin* 
ciples  of  Natural  Philosophy.    Led.  5. 
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[    And  this  Taltie  otjfik  answers  to  the  instaot  of  the  greatest 
impression. 

When  the  bo^  struck  is  immoveable,  we  have  only  to  sup- 
pose ft  =sao  y  w=^0,  and  f =0,  and  the  preceding  equation  wiU 


become/ei=  ±:^'J!i^. 


S4f6.  Since  /*  is  the  quantity  of  motion  which  the  accele- 
rating force  will  produce  in  the  body  m  in  the  unit  of  time,  if 
we  suppose  that/ is  gravity,  and  the  second  is  the  unit  of  time, 
the  English  foot  being  that  of  space,  we  shall  have  f=:SQ^m, 
and  the  latter  equation  will  become 

If  A  be  the  height  due  to  the  velocity  w,  we  have  w^=:  64j  h, 
and 

Whenx+^is  very  small  with  respect  to  w*  or  taA,  which 
^  commonly  happens,  even  in  bodies  which  are  not  very  hard, 

the  value  of y*|9  z  will  be  sensibly  proportional  to  w*  or  to  A;  so 

that  the  impressions  will  be  nearly  as  the  squares  of  the  velocities, 
or  as  the  heights  due  to  those  velocities.  This  will  be  still  nearer 

the  truth  when  x=0  and/gi=  —  (J  w*+32ixj)  =32^ -i 

(A+z):  whence  we  conclude,  that  when  a  hard  body  falls  oft 
another  body  which  is  immaoeabUf  the  impression  made  in  the 
latter  is  inversely  as  its  hardness  of  resisting  force,  and  directly 
as  the  height  due  to  the  velocity  and  the  mass  of  the  impinging 
body  conjointly. 

xhis  conclusion  corresponds  with  those  deduced  from  very 
different  processes,  at  p.  180.  of  Dr.  Huttou's  Select  Exercises, 
and  p.  52  of  Mr.  Atwood's  Treatise  on  the  Motion  of  Bodies. 

From  die  equationy^irr— (Jw*+32iz)  it  appears  that  how- 

ever  small  the  initial  velocity  w  may  be,  provided  it  be  a  finite 
quantity,  it  will  always  make  an  impression,  unless  ^  is  infinite. 
It  will  not  be  the  same  if  w=0:  for  from  thence  will  rendt 

ffizzz?^  or  ^^  =  32f  — =  ^ ;  when  /0i=O,  the  depth 

of  the  impression  will  be  also  nothing,  and  the  equation  will 

become  -=32^  —  =  —  ;  now  —   being  equal   to  what   we 

please,  the  impression  may  consequently  be  =0,  while  m,f,  and 
f,  are  any  quantities  whatever. 
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*  In  fact,  we  may  see,  i  priori,  Aatf  and  e  being  quatttitiet  of 
the  same  nature,  the  effect  of  each  being  a  pressure,  may  ciestrof 
each  otlier  at  the  first  instant ;  and  that  it  is  not  the  same  witk 
regard  to  w,  which,  ocea«ioning  a  shock,  can  onl}'  be  destrojil 
after  it  has  produced  an  impression. 

The  preceding  formulae  accord  very  accurately  with  experi* 
ments ;  as  will  be  sufficiently  obvious  to  those  who  will  coii- 
pare  them  with  the  experiments  described  in  s'Gravesande'i 
Physices  Elementa  Matheniaticaj  %  S33,  &c.|  and  Mn  AtwocxTi 
Treatise  just  refer led  to,  passim. 

If  the  two  striking  masses  are  equal,  and  during  the  shock  are 
.  not  subjected  to  the  action  of  any  power  (but  their  mutual  resist- 
ances only)  we  have  ?w=f*,  /=0,  ^=0,  andygi=j-(w— »)*; 

and   when  w=0,y^«=: -j— .,    Which  again  is  confirmed  hj 

many  experiments. 

Now  since  experiments  correspond  with  these  formulae,  pot 
only  in  the  case  of  soft  bodies,  as  clay,  but  even  in  those  of 
bodiesnmperfectly  hard  and  elastic,  when  the  hardness  f  is  sup- 
post  d  constant;  it  is  evident  that  in  these  cases  the  hardness  if 
very  nearly  constant,  and  that  we  may  safely  suppose  it  suchi  as 
i\e  shall  henceforth  do. 

347.  The  hypothesis  of  invariable  hardness  transforms  the 
equation  in  art.  340.  repeated  at  the  beginning  of  art.  345.  to 
this  : 

whence  we  get  •  =  J""^  i^^^^-'^^v")  +  (f^/-  m^)^(x^z) 
and,  in  the  case  of  the  greatest  impression, 

i m pt(W— u')  ^-h  (/x/— mj))(x-f  z) 

Though  the  first  of  these  equations  contains  variables  which 
do  not  enter  the  second,  they  will,  notwithstanding,  give  always 
the  same  result^  provided  dierebe  substituted  the  proper  values 

of  M,  V,  X,  z,  and  y*  /3«,   at  any  instant  of  the  shock.     This 

naturally  results  from  the  hypothesis  of  invariable  hardness, 
which  we  uee  so  much  reason  to  adopt. 

348.  If  the  body  struck  be  immoveable,  then  i^^  oo  ,  and  2&=0, 

and  the  preceding  value  of  ^  will  become  g=         ///      '  * 

Now  if  h  be,  as  before,  the  height  due  to  the  velocity  w,  we 
have  w*=64jA=2gA  (art.  213.)  g  being  =  32|.     Substituting 
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^n 


this  value  of  w*  for  it,  we  have  e  —  ^^  t'T.  ;  wid  if  the 

body  fall  vertically,  their1s/=gm;  whence  arises  ^  rr       .t**^  "■ 
-    ^'.      :  thus  the  hardness  or  resisting  force  g  will  be  to 

gravity f J  as  A+a:+z  toffizy  or  as  1  to  fc+r+x' 

Here,  however,  we  must  not  lose  sight  of  the  circumstance  that 
it  is  dot  the  relation  of  these  powers  considered  in  their  nature 
but  solely  in  their  effects,  that  may  be  ascertained ;  and  that  fis  • 
the  product  of  a  mass  and  velocity. 

After  we  have  found  the  value  of  ^,  we  may  readily  find  that 
of  r,  from  the  equation  6rx=gj«  (art.  335.):   for  this  gives 

r/bx=gf^z,   and  consequently  ^=?  J^  ^'p/"^' 

Formulae  such  as  these  may  be  rendered  very  useful  in  de- 
termining the  relative  hardness  or  resisting  force  of  different 
bodies.  A  table  of  the  relative  hardness  of  materials  united 
with  a  table  of  their  relative  densities  (or  specific  gravities) 
would  be  of  great  utility;  and  particularly  in  the  construction 
of  arches,  sluices,  8cc. 

We  have  all  along  taken  m  as  the  capacity  of  a  sphere, 
because  in  bodies  of  the  same  matter  the  capacities  vary  as  the 
weights:  in  bodies  of  different  matter  in  order  to  obtain  a 
constant  value  of  p,  we  must  make  m  a  cube  of  diameter  x 
Penalty. 

349.  At  the  instant  of  the  greatest  impression  the  fluxion  of 

p  or  its  equal  P^  (art  334.)  is  equal  to  nothing  \  that  is, 
r^lf^piHl^^l.)-irfi,  i^^ri) ^  ^     Performing  the  multiplka- 

tions  at  length,  suppressing  the  quantities  which  destroy  each 

_  •  • 

other,  and  divided  by  77— ^-r*.  we  have  p  0^6 -fr  6^/3=;  0:  now 

(ft  *♦*  ^)  ^ 

thb  quantity  cannot  =0  except  the  floxionsft  and  j?  are  like- 
wise =0,  that  is,  unless  the  amj^tiides  b  mxi  0,  and  conse<- 
quently  the  impressions,  have  received  all  the  augmentation  of 
^ich  they  are  Susceptible^  Therefore,  the  greatest  force  of , 
percussion  is  that  which  obtains  at  the  moment  when  the  im- 
pression is  a  maximum. 
>    S50.  The  force  of  percussion  in  any  instant  of  the  ahock  is  p = 

T^'  ♦  Making,  thefi,yUi=:i,  andy^/?i=t,  which  will  make 
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r  (art.  MQ.)  =f  -r  ;  and  introducing  this  value  of  r  for  it  in  Ai 

value  of  p,  it  becomes  p=r  ■  ,^^\  \ .—  =  o     l-»      Lastly,  auk 

stituting  for  p,  in  this  equation,  its  final  value  in  art.  M7«  vr 
thence  obtain 

Here  it  must  be  remarked,  that  although  we  have  used  tint 
.  value  of  Q  which  suits  the  greatest  impression,  \et  as  o  is  cos- 
stanty  the  vahie  of  P  would  refer  not  less  to  any  other  instaat  . 
of  the  shock.  As  x  and  z  are  introduced  by  the  substitudoA 
of  Pf  they  are  constant,  and  express  the  greatest  depths  of 
impression :  thus  there  are  no  oth^r  variable  quantities  m  tbe 
value  of  p  than  6  and  6. 

551.  When  the  body  struck  is  immoveable,  wehavefirroQ  * 
cr=0,  and  ^=0.    And  if  we  suppose,  moreover,  that  the  bodj 
struck  is  sufficiently  hard  to  receive  no  impression,  then  wBI 
1=0,  and  x=0;  whence  we  AvM  find  in  this  case 

v^-^ilmvf^i-fz). 

552,  Here  also,  taking  A  the  height  due  to  the  velocity  w,or 
w*2=2gA,  and/  for  the  gravity,  or  f:=gm ;  then  will  the  value  of 

-p  become  pr:  —gm  (A+z)  =  -^^(h+z) :  whence  flows  this 

proportion,?  :/:  :^  (A+z):gm::-^(A-h2;):  I.     Andthisit 

tbe  relation  of  the  percussive  to  the  gravitating  force, 

353.  Retaming  always  the  immobility  of  the  body  struck,  if 
the  impinging  body  is  susceptible  of  impression,  the  equation 
which  furnishes  the  value  of  the  force  of  percussion  will  be 

whence  it  appears  that/:  p : :  1 :      ^     (A+x+t). 

If  when  the  body  struck  is  immoveable  we  have  very  nearly 
b=fi,  1=1,  and  jr=2:,then  will  P=|j(iw»w*+2/z);  and  when 

/is  gravity,  p=a  -^  (A +22) :  so  that,  in  this  case,  the  perctis* 

sion  will  be  to  gravity  as  -^  (AH-2z)  to  unity. 

S54.  When  two  very  hard  bodies,  as  two  of  iron,  for  ex- 
ample, are  made  to  strike  one  another,  the  impression  t  which 
is  made  in  each  is  nearly  infinitely  small  with  respect  to  i^ 
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(A-f  2z) ;  therefore,  in  this  case,  the  force  of  percussion  is  almost 
infinite  widi  respect  to  gravity.  Take,  for  example,  the  stroke 
of  a  hammer  on  an  anvil:  since  t  represents  die  magnitude  of  die 
impression,  which  must  vary  as  the  product  of  0  into  a  quantity 
proportional  to  its  depth,  which  wa  know  by  experience  to  be 

extremely  small ;  we  may  suppose  i=s^0  — ,  «  expressing  any 

number  whatever,  such  that  —  is  less  than  the  depth  of  the 

impression,  supposed  less  extended  at  the  bottom  than  at  the. 
surface.    This  depth  when  i^is  at  the  greatest  cannot  fairly  ex- 
ceed the  riwc  or  rnvv  of  ^  foot.    Substituting,  therefore,  for 

I,  its  value  -^,  the  force  of  gravity  will  be  to  that  of  percussion 

as  1  :  /5  (h+2z)  ^  -^,  or  as  1  :  ^  (A  +  2  js ),  or  finally  f  ne- 

glecting  2x  because  of  its  extreme  minuteness),  as  1  : } « A. 
Now,  if  the  velocity  of  the  hammer  be  equivalent  to  that  which 
would  be  acquired  by  falling  freely  10  feet,  we  shall  have  A=:  10, 
and  making  0;=  12000  only,  there  will  result  )|tt;A=:60000;  that 
is,  the  weight  of  the  hammer  will  be  to  the  force  of  percussion 
as  1  to  60000.  Thus  die  effect  of  the  hammer  is  at  least 
equivalent  to  what  would  be  caused  if  at  the  same  point  \vhere 
the  blow  was  directed  a  weight  were  laid  sixty  thousand  times 
at  great  as  that  of  the  hammer.  This  will  suffice  to  show 
the  prodigious  effects  of  the  force  of  percussion,  even  with  so 
moderate  a  velocity  as  that  due  to  a  free  descent  though  10 
feet. 

355.  The  duration  of  the  shock  is  an  interesting  particular, 
to  the  determination  of  which  we  may  next  proceed :  Now  we 

•        • 

found  (art.  331.)  t—  ^,  and  (art  340.)  the  equation  u— o=  ±  ' 
(„-„>y+M=::±kl^-  ^ti>ih£E\i  And  if  we  put  for 
«•- V  in  the  first  equation  its  value  in  the  second,  at  the  same 
time  making  ^S^=ii^  =£,  {w-wy=y,  and  '^""♦^  =*,  we 

shall  have  t  =  — j: — ^.     z\-ifBk]^ '  *°  equation  the  integration 

of  which  will  depend  upon  the  value  of  P,  and  the  relation  of 

X9ndz* 

W|  may  at  first  suppoje  xzzO,  and  xr:0 ;  then  will  the  equa- 
tion become  tss *  We  may  also  imagine  x:^z, 
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and  then  will  t  = 7.    Now  it  is  manifest  tbt 

by  finding  the  fluents  in  this  second  hypothesis  solely  we  may 
readilx  infer  the  value  of  /  in  the  first;  it  vv^l  merely  be  necessaiy 
to  take  half  the  term  which  contains  9,  and  after  that  to  takehalT 
the  vulue  of  t, 

Tlie  value  of  0  depends  on  the  figure,  the  disposition,  and 
the  recipro<;aI  hardness  of  the  striking  bodies.     So  that  we  may 

eoiiceivey*0z  equal  to  atfy  function  of  z  with  constant  quantk- 

ties;  for  although  it  is  ilot  possible  that  this  supposition  can 
suit  all  bodies,  jet  we  may  always  determine  to  what  bodies  it 
may  be  accommodated. 

Supposing,  then^y*^i;*=c2^,  c  being  a  constant  quaiiti^,we 

\  IC  ^    l*C»    l«C»^  ^     «c  / 

in  which  we  hare  added  -—  -^  Jl  ^0,  to  the  denombator,  b 
order  that  its  three  last  terms  with  their  signd  changed  should 
form   a  complete  square.    Making  ^  +  ^^  =  R*,  we  obtn 

I 

after  a  little  reduction  t  = 


fc    •   re* 

3  nk 


±(;K-.(x--i.).-j4 


i  vir 


Kow  it  is  known  that  if  x  be  an  arc  of  a  circle  whose  radius 
is  vmtyi  and  s  ijts  sine,  we  have  universally  x=i  — -^ — •_ ;   find 

that  the  fluxion  of  die  supplement  of  x  b  equal  to  ■  ■  ■*»■■ 

-\/ 1  -i»* 

Hence  the  last  value  of  t  expresses  the  product  of  -;^  into  the 

fluxion  of  an  arc  of  a  circle  whose  radius  =  1,  and  sine  =  — ^ 

-*-  ,  or  into  the  fluxion  of  the  snpplement  of  that  arc,  accord- 
ing n  the  denominator  of  the  second  member  has  the  positive 
or  it-t   negative  sign.     Thus  then,  the  fluents  of  this  equation 

will  >     /  =  —7—  arc  sm  ( — )+m. 

.    •   * 

To  determine  the  constant  quantity  MJt  oiust  be  remarked  that 
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Mrhen  t^O  the  d^pth  ofimpreBsion  i:^0  also;  in  this  case,  there- 
fore,  obseiring  that  negative  sines  answer  to  negative  arcs^' 

we  have-^  arc  sin  --—  +  m=»  0,  or  M=  -^  arc  sin—. 
Thus  the  value  of*/  is 

*  =  T7~"  ^c  sm  ( —  )  +  arc  sin  {• 

Hence,  restoring  the  values  of  y,  i,  and  s,  we  have 
^=  A  /  —T-^^—r  Tare   sin  (-  —  ^^^"""^  \    •    •--,    - 

This  is  the  value  of  t  when  the  positive  sign  is  taken  to  the 
denominator  of  the  second  member  of  the  preceding  lluxional 
equation;  and  it  then  expresses  any  time  elapsed  from  th« 
commencement  of  the  shock  to  any  instant  previous  to  the 
greatest  impression.  To  have  the  time  which  elapses  from  the 
commencement  of  the  shock  up  to  the  instant  afier  the  greatest 
impression,  we  must  take,  instead  of  the  expression  arc  sin 

il  ■"  >^II^))>  ^^  supplement,  that  is,  *  -  arc  sin  (^_ 

."^ ^  ■ ),  r  representing,  as  heretofore,  3*141593  the  semicir^ 
cumference  to  radius  1.   Hence,  for  the  latter  case,  we  have  tzi 

These  two  expressions  for  the  time  ought  to  be  equal  for  the 
instant  of  the  greatest  impression:  we  have,  therefore,  for  that 

mstant ....  Jir  =  arc  sm  (--— ^-^-p. 

Substituting  this  value  in  either  of  the  preceding  equations 
for  tf  we  shall  have  for  the  time  from  the  comnieticement  of'  the 
shock  to  the  instant  of  greatest  impression 

In  bodies  perfectly  elastic  the  impression  diminishes  till  znO; 
substituting,  therefore,  this  value  of  z  in  the  second  equation  for 
the  time,  we  have  for  the  whole  duration  of  the  shock  in  such 

bodies  ^  ==i  Y/^J?^)^*+^  "^"^  "^^^^^ 

Whence  it  appears  that  the  whole  time  is  double  that  whicli 
elapses  from  the  commencement  of  the  shock  to  the  instant  of 

VOL.  I.  ^ 
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greatest  impression :  thas  shewing  the  exactness  of  the  hit 
condition  in  the  definition  of  perfect  eUsticity  (Art.  529.^ 

In  bodies  void  of  elasticity ^  the  total  duration  of  the  shock 
is  equal  to  die  time  which  elapses  between  the  conimencenient 
of  the  shock  and  the  instant  of  greatest  impression. 

If  the  bodies  are  not  subjected  to  the  operation  of  any  actife 
power,  we  havey*=:0;  and  ^=0 :  whence  the  whole  duration  of 

tlie  shocl^  for  non-ehstic  bodies  will  het=lif  k/  JTiirTZJ*  ■™' 

for  elastic  bodies /==•  Y/^C^fe' 

The  quantity  r  which  contains  the  mitial  velocities,  not  en- 
tering either  of  these  expressions,  we  see  that,  when  no  actite 
power  animates  the  bodies,  the  time  of  ^ura^tori  of  the  shock  is 
always  the  same  (cset.  par.)*  whatevei  are  the  initial  velocities^ 

The  value  of  r  is,  as  we  have  seen. 

Now  if  w.be  ==  0,  and  a;=0,  that  is,  if  tlie  bodies  are  merely 

actuated  by  powers,  the  value  of  r  will  become  R  n    ^,'* — r* 
...  ««(*•***> 

Substituting  this  value  in  the  expressions  for  the  whole  time, 

they  will  become. 

Far  non-elaslJc  bodies  t=V^     ,    ^    ^  (fir  +  arc  ain  (I)  )  =«  ^^"      ^     - 

c^m  +  fA.)  ^*  ^  ^/  ^  Cgtm  +  ^J 

For  elastic  bodies  /«2«\/ —  • 

C^m  +  fx) 

Here  it  will  be  observed  that  sin  (l)  =:  radius,  and  arc  sin  (1) 
=  90*.  Hence  it  follows,  Ist,  That  the  duration  of  the  shocks 
when  the  bodies  are  only  actuated  by  powers,  or  acceleratiug 
forces,  witliout  iuitial  velocities,  is  double  the  duration  of  the 
shock  when  they  only  move  with  certain  velocitieF.  2dIy,That 
tlie  value  of  these  powers  or  acceleratuig  forces,  not  entering 
tlie  above  equations,  die  duration  of  the  shock  is  the  same,  what* 
ever  are  the  powers  or  accelerating  forces  which  act  upon  the 
bodies.  It  must  be  recollected,  though,  that  tlie  accelerating 
forces  are  supposed  constant. 

356.  The  quantities  c  and  f  which  enter  the  preceding  cqua* 
tions  being  embarrassing  in  the  computation,  it  will  not  he  im« 
proper  to  tiod  values  of  t  which  do  not  contain  those  quantities, 
and  by  means  of  which  we  may  deduce  the  value  of  /  immedi> 
ately  from  experiment'^. 

Let  X  be  die  greatest  depth  of  impression ;  then,  because 

f^iz:cz\wc  have  cx^izi;  and  from  the  hypothesis  of  xm 
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we  bare  f  =  h^(^*->y*irihH*)^^     whence  we  find 
(m+f>)fc:=  »V<w-i^)'^/ftf--^)«'  .    We  have  alio 

MiiltiplyiDg  the  two  terms  by  [cf  (m+^)]*,  substituting  For 
Cf  (iM+ft)  its  value,  reducbg  the  whole  to  a  fraction^  and  ei* 
racting  Uie  roots,  we  shall  have  at  length 

Substituting  these  values  of  RCf^  and  of  c^,  io  the  preceding 
values  of  t^  we  have,  for  non-elustic  bodies, 

j^udior  perfectly  elMic  bodies, 

iiii,x(w-«)«+x(^/-iiif)/* 

In  these  equations  neither  c,  fi  nor  r,  is  to  be  found;  so  that 
they  comprise  merely  such  quantities  as  result  at  once  from 
experience. 

Wheny=0,  and  ^:=()>  the  preceding  equations  become,  for 

non-elastic  bodies  t=  ~ — :  for  elastic  bodies  tss     *'  » 

w— w 

difference  w  — tr  may  remain  the  same,  though  the  absolute 
values  of  w  and  ie;  vary;  so  that  this  equation  by  no  means  con- 
tradicts the  observation  made  in  the  precedmg  article,  that, 
when  the  accelerating  forces  vanish,  the  times  are  independent 
of  the  initial  velocities. 

If  the  bodies  are  only  animated  by  powers,  or  only  act  by 
mutual  pressure,  then  are  w=0  and  ra:0;  and  the  values  of  t 

become  t=i9  J  ^;;p;;^  and  *  =  2»  y-^/Z^iif :  >f  the  body 
strack  is  immoveable,  these  equations  become  <=«  /y>  ^*\d 
^=r2if   /"7^»     If  we  suppose  y  to  be  gravity,  then  y  =g///, 

y2 


It  must  be  observed   that  in  the   equation  t-n  -^  the 
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and/nir    /j,  or  '=2«'    /j,  in  the  respective  cases  of 

non-elastic  and  elastic  bodies;  g  denoting  as  usual  52}. 

'  Retaining  the  hypothesis  of  the  immobility  of  the  body 
struck,  we  have  f«=  oo ,  and  of  consequence  tr=:0;  then  will  the 
expiession  for  the  time  of  greatest  impression  become 

If  the  striking  body  is  moved  by  gravity,  h  being  the  heigM 
due  to  the  velocity  w,  we  have  w* = 2gk,  mdfsigm.  Substitute 
ing>  these  values  of  w*  aady  for  them,  there  will  result 

t  =:— =r==:  |  4ir+  arc  sin-rrr  j . 
When  X  is  extremely  small  with  respect  to  h,  this  equation 


ICJC 


will  become  /  =  7--^  =  '390791  x  -y/ A.     This  theorem  would 

apply  to  the  ca^e  of  a  hammer  striking  on  an  anvil. 

,S57.  In  a  similar  manner  we  may  find  the  time  in  which  the 
greatest  impressions  are  formed,  on  the  supposition  that  xssQ, 
aud  xzzO :  for,  we  have  seen  (art.  353.)  that  in  order  to  this  we 

must  take  the  half  of  the  term  multiplied  by  ^  =  JfiLZ!!!L^  and 

then  take  half  the  value  of  / ;  thus  we  shall  have 

^=  ^   mKW-iz;/+2(^i/-«,^)x    [i'^  +   ^rC   sm 

>iinx( w — »)  •  +  (/*/—  mp)  X  /• 

The  metliod  will  be  the  same  for  every  other  case,  by  finding 
the  fluents  of  tlie  general  equation, 

±["(11-    aT)M   ^^/-'"^^^-l-'j -("+'') t/^»]*' 
We  have  found  (art.  340.)  the  equation 

if  in  this  equation  we  suppose  p  constant,  its  fluent  will  be  M^ 
(M^r)=  [fk/ — »»f  —  (wt+f4)^+  F ;  when  p/=:0,  t/z=w,  and  r=w, 
whence  we  have  then  nifA  (w  — 2^)=:?,  and  consequently  IR^ 
[(tt— v)--(w  — a7)]=[)^y— m9— (/w+ft)p]  t,  or,  by  division,  t= 

m  fx\  u-v)  -  [w-  w  I  ^  ^^  ^j^^  instant  of  the  greatest  impression 
u— «  nOj  and  the  equation  becomes  t=^  ". —  "'^^.II!^ — — ^« 
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If  the  body  strucl^  is  ironiavemble^  f  =:  ci^cpsO,  and  f =0 ; 
wherefore  t^ 


mw 


When/=  0,  and  f«0,  then  f  =  -^—^ :  and  iC  /i  =  «, 

and  07=0.  f=:  -^^, 

p 

In  these  eqaations  the  value  of  p  may  be  found,  as  in  arts. 
350—355. 

358.  The  application  of  the*  preceding  calculus  depends 
principally  on  the  determination  of  the  impression :  and  this 
determination  is  sometimes  attended  with  difficulties.  For^ 
notwithstanding  that  many  authors  have  supposed  that  die 
figure  of  the  impression  is  generally  the  same  as  that  of  the 
impinging  body,  it  is  manifest  that  this  supposition  will  not  be 
accurate  with  regard  to  hard  and  tenacious  bodies.  In  a  great 
number  of  these  latter  the  amplitude  of  the  impression  is 
always  much  the  largest ;  for  the  parts  contiguous  to  the  sur- 
face of  contact,  being  not  easily  detached  from  the  neigh- 
bouring parts,  yidd  to  the  impulsion  at  the  same  time  that  this 
surface  carries  before  it  those  which  touchy  and  so  on  suc- 
cessively. Hence  tlie  diameter  of  the  actual  impression  is 
always  ^eater  than  the  diameter  of  the  surface  of  contact ;  so 
that  it  IS  difficidt  to  obtain  an  exact  measure  of  the  real  im- 
pression. 

This  remark,  however,  true  as  it  is,  cannot  be  applied  to 
all  cases  without  some  modification ;  because  there  are  some 
forms  of  the  impinging  body,  such  as  the  spherical,  and  con- 
vex forms  in  general,  which  greatly  diminish  this  excess  of  the 
diameter  of  the  impression  over  that  of  the  surface  of  contact : 
indeed  this  excess  may  often  be  considered  as  entirely  va- 
nished, when  the  body  struck  is  not  of  an  extreme  hardness  and 
tenacity. 

359.  It  w^l  appear,  from  the  perusal  of  this  chapter,  that 
the  theory  is  made  to  flow  from  facts  adverted  to  in  art.  3€9. 
and  serves  for  their  explication.  We  hence  see  that  when  we 
know  the  physical  circumstances  of  a  percussion  we  may 
always  assign  an  equivalent  ptessure,  which  will  put  itin  equi- 
librto.  It  is  not,  therefore,  absurd  to  say  that  we  can  weigh 
or  balance  the  blow  of  a  mass,  or  the  stroke  of  a  hammer;  it 
is  solely  necessary  to  observe  that  tlie  stroke  of  a  hammer  or 
other  mass  is  not  an  absolute  weight,  but  that  such  weight 
depends  on  the  hardness,  the  form,  and  the  nature  of  the  bodies 
striking  and  struck.  Thus,  in  general,  when  a  resistance  of 
pressure  is  equivalent  to  a  very  considerable  weight,  it  will  resi^ 
the  shock  of  a  mass  whose  weight  is  small  in  comparison  with 
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the  former,  and  of  which  the  Telocity  is  th^t  due.  to  a  moderate 
height. 

360.  It  has  been  all  along  supposed  that  the  direction  of  the 
stroke  is  the  same  as  that  of  the  motion:  but  this  is  far  from 
being  always  the  case;  and  when  it  b  not,  the  impact  is  called 
oblique.  To  consider  this  in  its  utmost  extent  would  carry 
us  very  far  indeed :  but  we  have  not  room  for  a  particular 
investigation.  We  shall,  therefore,  just  mention  two  or  diree 
general  facts  already  proved ;  and  from  them  deduce  a  few 
easy  cases.  These  facts  are;  Ist^  That  the  actions  of  bodies 
on  each  other  depend  upon  their  relative  motions.  2dl7,  ^liat 
the  motion  of  the  common  centre  is  not  changed  by  the  collision. 
By  these  we  can  reduce  all  to  the  case  of  a  body  in  motiofr 
striking  another  at  rest.  Now  the  relative  motion  may  be  de- 
termined by  the  construction  in  art.  219-  and  to  this  must  be 
superadded  the  common  motion  which  changes  the  relative  inta 
tiie  true  motions. 

Jf,  for  example,  two  bodies  a  b,  (fig.  2.  pi.  XV.)  describe 
the  lines  a  d,  bd,  and  meet  in  d,  the  collision  is  the  same  as  if 
B  had  remained  at  rest,  and  a  had  struck  it  with  the  direction 
and  velocity.  A  B.  In  the  mean  time,  the  common  centre  of 
inertia  has  described  cd  with  a  imiform  velocity,  which  at  the 
end  of  an  equal  portion  pf  time  will  carry  it  to  r,  cd  being  :=i)r» 
If  the  bodies  are  non-elastic  they  remain  together,  and  will 
proceed  along  di*;  their  common  velocity  being  represented  by 
vCf  while  AD,  »D,  represent  the  individual  velocities  of  a  and 
B  previous  to  the  impact.  If  the  bodies  are  imperfectly  elastic, 
draw  through  c  the  line  ab  parallel  to  ab  ;  make  AC  to  aCj  as 
the  force  of  compression  to  the  force  of  restitution,  with 
regard  to  the  body  a  ;  and  make  BC  to  be  as  the  force  of  com* 
p^es^ion  to  the  restitutive  force,  relatively  to  b  ;  join  Da,  T>b,  and 
those  lines  will  be  the  paths  of  the  bodies  after  collision.  If 
the  bodies  are  perfectly  elastic,  make  ri=CB,  <7f==Ac;  and 
Da,  Db,  will  b^  the  paths  of  the  bodies.  If  ab  be  perpendi- 
cular to  cc,  then  will  angle  ADCs=aDc,  and  ipc:;=iDc.  And  in 
a  similar  way  it  naturally  follows,  that  if  a  body  a,  perfectly 
elastic,  impinge  upon  a  perfectly  hard  plane  cc,  in  the  direc-^ 
tion  AD,  it  will  rebound  from  d  in  such  a  line  Da,  that  the 
a  titles  of  incidence  and  rejiection  a  or,  adc,  shall  be  equal, 

b61.  On  this  latter  principle  depends  the  solution  of  the 
problems  often  proposed  relative  to  the  game  of  billiards ;  the 
reader  may  take  the  following  as  a  specimen. 

Tctjind  in  vhat  points  c,  d,  on  the  txco  sides  kl,  li,  of  a 
rectangular  billiard  table,  an  elastic  ball  placed  at  b  must 
strike,  so  that  it  matf  hit  a  ball  placed  at  a,  after  a  double  rf» 
fle^iotf^ 
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From  the  point  A  (fig.  S.pl.XV.)  draw  ah  perpendicular 
to  iL,  and  produce  it  till  ihsia  :  parallel  to  li  draw  hp,  and 
make  it  equal  to  Sgh,  the  point  o  being  in  kl  produced.  Join 
tlie  points  f,  b,  b^  a  right  line  cutting  kl  in  c,  and  join  the 
points  Cy  Hy  by  a  nght  line  cutting  li  in  d  ;  then  shall  c  and  d 
be  the  points  required.  For  tlie  angles  adi,  cdl,  are  each  equal 
to  lOHy  and  the  angles  FCGt  OCH,  each  equal  to  bck;  nhence 
the  truth  of  the  construction  is  obvious. 

After  methods  slightly  varied  might  several  entertaining 
problems  be  solved:  but  such  great  simpUcity  is  not  to  be 
expected  in  many  of  the  cases  of  oblique  collision  which 
actually  occur.  We  shall,  therefore,  conclude  this  chapter 
with  a  general  proposition  (from  Dr.  Robison),  by  means  of 
which  the  different  motions,  whether  progressive  or  rotatory, 
may  in  general  be  determined  without  much  trouble;  and 
which,  in  fact,  requires  merely  a  combination  of  some  of  the' 
principles  already  exhibited  in  the  preceding  and  present 
chapters. 

362.  Let  the  body  a  (fig.  4.  pi.  XV.)  moving  Kith  the  Telocity 
V  iti  the  direction  ao,  strike  tlie  body  b  at  rest ;  to  determine  tke 
circumstances  resultingfram  the  shock. 

Let  p  be  the  point  of  mutual  contact,  and  Aph  a  plane 
touching  both  bodies  in  p.  Draw  afp  perpendicular  to  this 
tangent  plane,  and  through  G,  the  centre  of  position  of  b, 
draw  PGc  perpendicular  to  pp,  and  gi  parallel  to  pp.  Let  r, 
in  the  line  pg,  be  the  spontaneous  centre  of  conversion  cor- 
responding to  the  point  of  percussion  f.  Join  cf.  Let  the 
direction  cut  the  tangent  plane  in  H,  and  pf  in  A  ;  and  let  ah 
represent  the  velocity  v. 

The  impulse  is  made  at  the  point  p,  in  the  direction  af  or 
Fp ;  and  the  centre  of  inertia  of  tlie  body  b  will  advance  in 
the  direction  oi,  parallel  to  pp,  the  direction  of  the  effective 
impulse.  But,  because  this  does  not  pass  through  the  centre 
C,  the  body  will  advance,  and  will  also  turn  round  an  axis 
passing  through  o,  perpendicular  to  the  plane  of  the  lines  cp, 
FF,  and  die  spontaneous  axis  of  conversion  will  pass  tlirou^h 
.some  point  c  of  the  line  pg,  and  will  also  be  perpendicular  to 
the  same  plane.  Complete  the  parallelogram  afiie.  It  is 
pWin  that  the  motion  aii  is  equivalent  to  ae  and  af.  By  the 
motion  ae,  a  only  .slides  along  the  surface  of  b  without  press- 
ing it,  or  causing  any  tendency  to  motion  iii  that  direction,  cx- 
ropt  perhaps  a  little  arising  from  friction.  It  is  by  the  motion 
AP  alone  that  the  impulse  is  made.    Therefore  let  v  be-sv 

m 

'^;  and  then  A*v  may  be  called  the  efficient  impulse  of  the 
body  A  in  tlie  present  circumstainces,  and  v  tlie  efficient  vf* 
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tocity.  This  will  be  diminislied  by  the  coUisioD.  Let  xht 
die  unknown  velocity  remaining  in  a  after  the  collisioiiy  or 
rather,  in  the  instant  of  the  greatest  compressioD  and  cofnaoa 
motion  of  the  touching  points  of  a  and  b,  estimated  in  the 
direction  fp.  The  effective  momentum  lost  by  A  must  tbers- 
fbre  be  A  (v-^x) :  but  the  same  ihust  be  gained  by  b,  and  iU 
centre  c  must  move  in  the  direction  gi,  parallel  to  fp,  ihlh 

this  momeatum ;  and  therefore  with  the  velocity  — ^^«  13iit 

this  may  be  the  case,  the  point  of  percussion  F  must  yield  wiA 
the  velocity  x,  because  the  bodies  are  in  contact.  But  because 
c  is  the  spontaneous  axis  of  conversion,  every  particle  is 
beginning  to  describe  an  arch  of  a  circle  round  this  axis. 
Tnerefore  f  is  beginning  to  move  in  the  direction  Fg,  perpen- 
dicular to  the  momentary  radius  vector  CF.  Let  Fg  be  a  very 
minute  arch,  described  in  a  moment  of  time.  Draw  g^  perpen- 
dicular to  FP.  Then  pf  is  the  motion  Fg  reduced  to  the  direc- 
tion FP,  and  will  express  the  yielding  of  b  in  the  direction  of^tbe 

impulse,  while  g  describes  a  space  equal  to   ■  *^       ,  and  a  d&> 

scribes  a  space  x.  Therefore  Fg  will  express  jr.  Let  tv  be  the 
space  described  in  the  same  time  that  vg  is  described.  Draw  pc, 
putting  GK  io  the  point  i.    oi  is  the  yieldmg  of  the  body  B  to 

the  impulse,  and  must  therefore  be  equal  to   ■    ^^  , 

The  triangles  Fy*gand  cpf  are  similar;  for  the  angle  cfp 
is  the  complement  oi  fvg  to  a  right  angle :  it  is  also  the  com- 
plement of  POP  to  a  right  angle.  Therefore  Fg  :  f/'  :  :  fc  :  cp. 
jiut  Fg  :  p/> : :  FC :  CP;  because  the  little  arches  Fg,  pp,  have  the 
same  angle  at  c.     Therefore  p/?— f/',5=x.    It  is  plain  that 

CG  :  CP  : :  Gi  :  pp.     Therefore  cg  :  cp  :  ■  ^  ^^'    :  jr,  and  x  = 

a(p-x)cp  A-CP  A-CP  ,  - 

-^ ,  orxni;---- J^— r-;  wherefore   ;ifB'CG-f  jr»A-cs 


A*CP 


sst'A'CP,  and  jr  (b*co  -f  a»cp)  =  i?«  a»cp,  and  jrni?  — 
zz  the  velocity  remaining  in  A,  estimated  in  the  direction  fp. 
And  w,  the  velocity  with  which  g  will  advance,  is  ;r  — ;  for 

CP  ' 

CP  :  CG  ; :  p/) :  GI :  :  x ;  ti.  It  is  evident  that  A  will  change  its 
direction  by  the  collision ;  for  in  the  instant  of  greatest  com- 
pression it  was  reacted  on  by  a  forces  a  (v— x)  iu  the  direc- 
tion FA.  This  must  be  compounded  with  a*v,  in  the  direction 
j^H,  in  order  to  obtain  the  new  motion  of  a  ;  or  it  may  be  found 
by  compounding  x^  which  is  retaioed  by  A;  with  f»,  which  has 
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suffered  no  change  by  the  collision.  The  bodies  will,  therefore,' 
separate,  although  they  be  unelastic.  If  tlicy  are  perfectly 
elastic  we  double  these  changes  in  each. 

If  B  were  also  in  motion  before  the  collision,  die  motion  of 
A  must  be  resolved  into  two,  one  of  which  is  equal  and  parallel 
to  the  motion  of  b  ;  and  ihe  otlier  must  be  employed  in  the  same 
manner  as  ah  in  the  preceding  part  of  this  article. 


[   sso   1 


CHAPTER  VI. 


t 


On  (he  Motion  of  Machines,  and  their  Maximum 

Effects. 


363.  When  forces  acting  in  contrary  direction^  or  in  any 
sfiich  directions  as  produce  contrary  effects,  are  applied  to  ma- 
chinesy  there  is,  with  respect  to  every  simple  machine  (and.  of 
consequence  with  respect  to  every  combination  of  simple  ma« 
chines)  a  certain  relation  between  the  powers  and  the  distances 
at  which  they  act,  which^  if  subsisting  in  any  such  ^machine 
when  at  rest,  will  always  keep  it  in  a  state  of  rest,  or  of  statical 
equilibrium  (art.  28.) ;  >^nd  for  this  reason,  because  the  eflbrts 
of  these  powers,  when  thus  related,  with  repard  to  magnitiMfe 
and  distance,  being  equal  and  opposite,  annihilate  each  otheri 
and  have  no  tendency  to  change  the  state  of  the  system  to  which 
tliey  are  applied.  So  also,  if  the  same  machine  have  been  put 
into  a  state  of  uniform  motion,  whether  rectilinear  or  rotaloryi 
by  the  action  of  any  power  distinct  from  those  we  are  now  coo* 
sidering,  and  these  two  powers  be  made  to  act  upon  the  ma- 
chine in  such  motion  in  a  similar  manner  to  that  in  which  diey 
acted  upon  it  when  at  rest,  their  simultaneous  action  will  pro* 
serve  it  in  that  state  of  uniform  motion,  or  of  dj/namical  equi* 
librium  (art.  28.);  and  this  for  the  same  reasou  as  before,  be* 
cause  their  contrary  effects  destroy  each  other,  and  have  there- 
fore no  tendency  to  change  the  state  of  the  machine.  But,  if 
at  the  time  a  machine  is  in  a  state  of  balanced  rest,  any  one  of 
the  opposite  forces  be  increased  while  it  continues  to  act  at  tfie 
same  distance,  this  excess  of  force  will  disturb  the  statical  equi- 
librium, and  produce  motion  in  the  machine ;  and  if  the  same 
excess  of  force  continues  to  act  in  the  same  manner*  it  will, 
like  every  constant  force,  produce  an  accelerated  motion ;  or, 
if  it  should  undergo  particular  modifications  when  the  machine 
is  in  different  positions,  it  may  occasion  such  variations  in  the 
motion  as  will  render  it  alternately  accelerated  and  retarded. 
Or  the  different  species  of  resistance  to  which  a  moving  ma- 
chine is  subjected,  as  the  rigidity  of  ropeb,  fi;iction,  resistance 
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^  the  air,  8cc.  may  so  modify  a  motion  as  to  change  a  regular 
"  irregular  variabie  motion  into  one  M^hich  is  uniform. 

364.  Hence,  then,  the  motion  of  machines  may  be  consi-. 
ised  as  of  three  kinds,  1.  That  which  is  gradually  accelerated, 
Bucb  obtains  commonly  in  the  first  instants  of  the  communis 
^tion.  2.  That  which  is  entirely  uniform.  3.  That  which  is 
Lleraately  accelerated  and  retarded.  Pendulum  clocks,  and 
feAcbines  which  are  moved  by  a  balance,  are  related  to  the  third 
Bass.  Most  other  machines,  a  short  time  after  their  motion  is 
lOmmenced,  fall  under  the  second.  Now  although  the  motion 
»f  a  machine  is  alternately  accelerated  and  retarded,  it  may, 
M>|with6tandiag,  be  measured  by  a  uniform  motion,  because  of 
be  periodical  and  regular  repetiUon  which  may  exist  in  the  ac- 
:#|eration  and  retardation.  Thus  the  motion  of  a  second  pen- 
ialun,  considered  in  relation  to  a  single  oscillation,  is  accele- 
■^uted  during  the  first  half  second,  and  retarded  during  the  se- 
Dond :  but  the  same  motion  taken  for  many  oscillations  may  be 
Considered  as  uniform.  Suppose,  for  example,  that  the  extent 
of  each  oscillation  is  five  inches,  and  that  the  pendulum  has 
made  ten  oscillations :  its  total  effect  will  be  to  have  run  over 
50  inches  in  10  seconds;  and,  as  the  space  described  in  each 
second  is  the  same,  we  may  compare  the  effect  to  that  produced 
by  a  moveable  which  moves  for  10  seconds  with  a  velocity  of  5 
inches  per  second.  We  see,  therefore,  that  the  theory  of  ma- 
chin^  whose  motions  are  uniform,  conduces  naturally  to  the 
estimation  of  the  effects  produced  by  machines  whose  motion 
is  alternately  accelerated  and  retarded ;  so  that  the  problems 
comprised  in  this  chapter  will  be  directed  to  those  machines 
whose  motions  fall  under  the  first  two  heads;  such  problems 
being  of  far  the  greatest  utility  in  practice. 

36^.  Defs.  1.  When  in  a  machine  ther/e  is  a  system  of 
forces  or  of  powers  mutually  in  opposition,  those  which  pro- 
duce or  tend  to  produce  a  certain  effect  are  called  movers,  or 
ffwving  potcers ;  and  those  which  produce  or  tend  to  produce 
an  effect  which  opposes  those  of  the  moving  powers  are  called 
resistances.  If  various  movers  act  at  the  same  time,  their  equi- 
valent (found  by  th«  theorems  in  book  I.  chap,  i.)  is  called  in- 
dividually the  moving  force ;  and,  in  like  manner,  the  resultant 
of  all  the  resistauces  reduced  to  some  one  point,  the  resistance. 
This  reduction  in  all  cases  simplifies  the  investig£[tion. 

2,  The  impelled  point  of  a  machine  is  tliat  to  which  the  ac- 
tion of  the  moving  power  may  be  considered  as  immediately 
applied;  and  the  working  point  is  Uiat  where  tlie  resistance 
arising  from  the  work  to  be  performed  immediately  acts,  or  to 
which  it  ought  all  tp  be  reduced,  llius  in  the  wheel  and,  axle 
(fig.  6.  pL  V.)  where  the  movmg  power  p  is  to  ov**^-        »*»' 
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weigfit  or  remtattoe  w^  by  tlie  flpplicalioB  of  the  coidi  li 
wheel  and  to  the  ule,  A  is  the  impdled  poM,  mad  m  th^ 
ing  point. 

3.  The  Ttlodtf  ^^^  movifigpoMr  it  diesme  m  thiiih|Cc] 
city  of  the  impelled  point;  the  vdocity  ofrediiame€  the 
as  that  of  the  working  pooit. 

4.  Thep€i/oniiaire^orr^%c^of  anmchineyOrdiewifftAa^^ 
is  measured  hy  the  product  of  the  renstanoe  into  die 
the  working  point;  the  momenium  of  impulse  is 
the  product  of  the  moving  force  into  the  vdocity  of 
polled  p<Mnt« 

These  definitions  being  established,  we  may  now 
few  of  the  most  useful  problems,  ginng  ak  nrach  vaiiety  hi 
solutions  as  may  render  one  or  otlier  of  the  methods  ef 
application  to  any  other  cases  which  nay  occur. 

S66.  Prop.  If  r  and  r  be  the  diMtances  i^ike  power  P|  aail 
the  fKiehi  or  rtshtance  vr  from  the  fulcrum  w  of  m  etnUi 
lever  (jSg.  1.  pi.  IV.),  then  will  the  velociiy  of  the  power  um^^ 

the  weight  at  the  end  of  any  time  t  he  ^^7^  gt,  and  ^jj^ft 


respectively  J  the  weight  and  inertia  of  the  lever  itself  not  Aetiif 
considered. 

If  the  effort  of  the  power  balanced  that  of  the  resistance,  f 

would  be  equal  to  -  •     Consequently,  the  difference  belweca 

this  value  of  ?  and  its  actual  value,  or  p  -*-  -^  w  will  be  the 

force  which  tends  to  move  the  lever.  And  because  thb  power 
applied  to  the  point  a  accelerates  the  masses  P  and  vr,  the 

mass  to  be  substituted  for  w  in  the  point  a  must  be  — ;-  w  (sit 

310.  cor.  4.)  in  order  that  this  mass  at  the  distance  R  may  be 
equally  accelerated  with  the  mass  w  at  the  distance  iu    Hence 

the  power  p  —  -^  w  will  accelerate  die  quantity  of  flutter 
p  +  ^  w ;  *^  the  accelerating  force  p  :r  (p  —  —  w)  -r 
^v  +  -^  w)  =  ^^.     But  (art.  228.)  1^  a  F/  or  is  =  gtr, 

V  liich  in  thb  case  =  Rap^"^  ^^  ^^  velocity  of  P.  And,  be- 
rause  veloc.  of  p :  veloc.  of  w  ::  k  :  r,  we  have  veloc.  of  w  ^  - 

Vi  loc.  of  p  =:  —  . st  =:  gt, 

CoK.  1.  The  space  described  by  the  power  in  the  time  f  will 
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^Si:    ,p""^-  •  Igl* ;  the  space  described  by  w  b  die  same 

fCSoR.  2.  I(K:r::n:l,  then  will  the  force  which  accelerates. 


M*— Wn 


^CoR.  3.  If  at  the  same  time  the  bertia  of  the  movbg  force 
feMi  =:  0,  as  in  mtiscubr  actbn^  the  force  acceleratbg  A  will 

k  sr  — ^-^,  obvbusly  greater  than  the  former* 

'  CoR.  4.  If  the  mass  moved  have  no  weight,  but  possess  ia^ 

ronly^  as  when  a  body  is  moved  along  a  horizontal  plane, 

fu$  force  which  accelerates  A  will  be  =:  --r— -•  And  either  of 

Wpe  values  may  be  readily  introduced  into  the  bvestigatjon.   > 
^  Cor.  5.  The  work  done  in  the  time  t,  if  We  retab  the  ori- 


P 


notation,  will  be  =  rr— rrg/  X  w  =    ..,^^    gt. 


a*l»  +  r»wo  B<P  +  r*W 

^  Cor.  6.  When  the  work  done  is  to  be  a  tnaximum,  and  ^-e 
liish  t6  know  the  weiglit  when  p  is  given,  we  must  make  the 
liuuon  of  the  last  expression  =  0.     Then  wc  shall  have  raV 

*-  2r*R*pw  -  r*w*  =  0  and  w  =  p  (    /(^  +  ^')  -  7). 

Cor.  7.  If  r  :  r  ::  n  :  I,  the  preceding  expression  will  be- 
come w  =:  p  r\/(/i*  +  1*0  ""  "*]• 

Cor.  S.  nhen  the  arms  of  the  lever  are  equal  in  length,  that 
la,  when  n  =  1,  then  is  w  =:  p  (y^S  —  1}  =  '414214  p,  or 
Dearly  ^^  of  the  moving  force, 

SCHOLIUM. 

S67.  If  we  compare  tlie  values  of  i  and  v  in  this  proposition 
and  first  corollary  ^  i^h  those  in  the  fourth  example,  art.  267. 
which  relates  to  motion  on  the  axis  in  peritrochio,  it  will  be 
•eeDi  as  ought  evidently  to  be  the  case,  that  the  expressions  cor- 
respond exactly.  Hence  it  follows,  that  when  it  is  required  to 
proportion  the  power  and  weight  so  as  to  obtain  a  maximum 
effect  on  the  wheel  and  axle  (the  weight  of  the  machinery  not 
being  considered),  we  may  adopt  the  conclusions  of  cors.  6  and 
7  of  this  prop.  And  in  the  extreme  case  where  the  wheel  and 
axle  becomes  a  pulley,  the  expression  in  cor.  8.  may  be  adopted. 
The  like  conclusions  may  be  applied  to  machines  b  general,  if 
s  and  r  represent  the  distances  of  the  impelled  and  working 
points  from  the  axis  of  motion ;  and  if  the  various  kinds  of 
fesiatance  arisbg  from  friction^  stiffness  of  ropes,  &c.  be  pro- 
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perly,  reduced  to  their  equivalents  at  die  working  point% 
to  be  comprehended  in  the  character  w  fof*  resistance 
come.  »my 

^  367.  A.  If  instead  of  being  required  to  6nd  the  yeaMit|Ji 
sible  momentum  by  means  of  a  Jixed  pulley  in  a  given  t 
it  had  been  required  to  find  the  greatest  toad,  whidi  c 
raised  by  a  given  weight  through  a  given  space  t  in  a  ^ 
time  t ;  then  the  portion  to  be  raised  each  time  may  be^^ 
found.    Let  f  the  time  of  one  ascent,  it  the  number  of 

then  /  =:  nt^,  or  it  =:  7- :  P,  as  above,  the  given  wdgh^  sal 
the  weight  to  be  raised.    Then,  by  die  thecnrems  for 
rating  forces,  we  have  f  n    j -^ ;  and  consequendy  n  ^y^ 

t^    l—^t    l^-t    /i-x     /^^^.  because —i 
manifestly  equal  to  F.     But  the  whole  load  is  equal  to  tr;] 
hence  t    /•£•  x      /^^^  x  w  is  to  be  a  max.  or,  strikingcsft] 

the  constant  quantities,  and  squaring,  — --^ —  =  a  max.    u 

fluxions,  (2?ww  —  Sw*w)  (P  +  w)  —  w  (pw*  —  w')  —  fll 
Hence  w*  —  pw  —  P*  =:  0,  and  w  n  Jp  {y/S  —  1^  or  P'W 
: :  8  :  5,  very  nearly.  Consequently  the  greatest  quantity  of 
materials  which  will  be  raised  in  a  given  time  under  the  speci- 
fied conditions,  will  be  when  the  quantity  raised  at  each  ascent 
will  be  about  -^tbs  of  the  given  weight.  This  corresponds  widi 
the  residt  of  a  more  general  proposition  treated  in  art.  575, 

368.  Prop.  Given  r  and  r,  the  arms  of  a  straight  lever  % 
and  m,  their  respective  weights,  and  p  the  pozcer  acting  at  the 
extremity/  of  the  arm  r,  to  Jind  the  k  eight  raised  at  the  extn- 
mity  of  the  other  arm  when  the  effect  is  a  maximum. 

In  this  case  -^  is  the  weight  of  the  shorter  end  reduced  to  b 
(fig.  1.  pi.  IV.),  and  consequently  —  is  the  weight  which,  ap- 

plied  at  A,  would  balance  the  shorter  end :  therefore,  5-  +  "^ 

w,  would  sustain  botli  the  shorter  end  and  the  weight  w  in 
equilibrio.    But  p  +  }m  is  die  power  really  acting  at  the  longer 

end  of  the  lever;  consequently  p  +  Jm  —  (^  +  ^  wY  istbe 

absolute  moving  power.     Now  by  art.  312.  the  distance  of  the 

3  (a  +  r/ 
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^let  be  denoted  by  f ;  then  fby  cor.  4.  art.  310,)  i;.  .<m  +  m) 

r  .  * 

will  represent  the  mass  equivalent  to  the  beam  or  lever  when 
pieduced  to  the  point  A;  while  the  weight  equivalent  to  Vi, 

Lwhen  referred  to  that  point>  will  be  --r  w.    Hence^  proceeding 
Pas  in  the  last  prop,  we  shall  have  -^  •  (m  +  ♦»)  +  p  +  —  w  for 

?ihe  inertia  to  be  overcome:  and  (p  +  Jm  —  ^  —  —  w)-t-  -? 
r  ^ 

(m  +  m)  +  p  H — ;•  w  —  the  accelerating  force  of  p,  or  of  w 

"  reduced  to  a.    Multiply  this  by  w,  aud^  for  die  sake  of  sim* 

plifying  the  process,  put  g  for  p  +  Jm  —  p,  and  »  for  p  +  -^ 

^  (w  +  *w)  then  we  shall  have ~ — ,  a  quantity  which  varies 

n  +  —  w 
a* 

as  the  effect  varies,  and  which,  indeed,  when  multiplied  by 

gt,  deuotes  the  effect,  itself.      Putting  the  fluxion  of  this 

equal  to  nothing,  and  reducing,  we  at  length  find  w  ::=  ~ 

Cor.  When  r  z:  r,  and  m  Lt  fu,  if  we  restore  the  values  of 
n  and  g  the  expression  will  become  w  =  •(2p*  +  2mv  -h-Jw*) 

-  (P  +  f "»)• 

•  369.  Prop.  Giveti  the  Ungth  I  nnd  angle  e  of  elevation  of 
an  inclined  plane  bc  (fig.  5.  pi.  XV.),  tojind  the  length  l  of 
another  inclined  plane  ac,  along  zvhich  a  given  voeight  w  shall 
be  raised  f rani  the  horizontal  line  ah  to  the  point  c,  in  the  least 
time  possible,  bi/  means  of  another  given  ue'tght  p  descending 
along  the  given  plane  <:b  :  the  two  weights  being  connected  bjf 
an  inextensible  thread  pcw  running  always  parallel  to  the  tuo 
planes. 

Let  the  angle  of  elevation  cad  be  denoted  by  E,  and  let  tb^. 
expression  for  the  space  passed  over  in  a  given  time,  found  art. 
207«  II.  be  accomnioduted  to  the  present  notation ;  it  will  then 

be  S  = Igt^.      This   gives    /*  =    r-; ^ '—. r . 

p+  w  *'^  ®  ^  (p «in  e  —  w  sin  c) ' 

But  iii  the  triangle  abc  we  have  AC  :  BC  : :  sin  e  :  sin  A,  that 
is,  Is :  /  : :  sin  t  :  sii^  E ;  hence  ±  L  =5  sin  r,  and  ;^  /  =  sin  B  ;  m 
being  a  constant  quantity  always  determinable  from  the  data 

given.    And  /*  becomes  J!tith-^iiiV    ^^^  when  any  quau- 
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titj,  as  t,  is  a  minimum^  its  sq^uare  is  maoifeHtly  a  mioi- 
muin :  so  tiiat^  substitudng  for  s  its  equal  l,  and  strilrii^  oat 

the  constant  factors,  we  have  .  =  a  inin.  or  its  fliiini 

^^(piZZiy»^  ^  =  0.     Here,  as  in  all  similar  cases,  ttace tk 

fraction  vanishes,  its  numerator  must  be  eaual  to^O;  conse- 
quently 2pl*  -  2w/l  —  PL*  =r  0,  PL  =  2w/,  or  L  :  /:  :£w:p. 

Cor.  1.  Since  neither  sin  e  nor  sin  e  enters  the  final  eaoa* 
tion,  it  follows,  that  if  the  elevation  of  the  plane  bc  is  notgiici 
the  problem  is  unhmited. 

Cor.  2.  When  sin  ^  ==  l,  bc  coincides  with  the  perpemfi- 
cular  CD,  and  the  power  p  acts  with  all  its  intensity  upon  the 
weight  w.  This  is  the  case  of  the  present  problem  which  ha 
commonly  been  considered. 

SCHOLIUM. 

370»  This  proposition  admits  of  a  neat  geometrical  demon- 
stration. Thus,  let  C£  (tig.  5,  pi.  XV.)  be  the  plane  upoo 
which,  if  w  were  placed,  it  would  be  sustained  in  equilibrio 
by  the  power  p  upon  the  plane  CB,  or  the  power  p^  hanging 
freely  in  the  vertical  CD ;  then  (art.  154.  cor.  5,  6.)  bc  :  cd  :  cs 
: :  p  :  p^ :  w.  But  w  is  to  the  force  with  which  it  tends  to  de- 
scend along  tlie  plane  ca  as  ca  to  CD;  consequently,  the 
weight  p^  is  to  that  force  as  CA  :  CB ;  or  the  weight  p  upon  the 
plane  bc  is  to  the  same  force  in  the  same  ratio ;  because  either 
of  these  weights  in  their  respective  positions  would  sustain  w 
on  CE.  Iliereforc  the  excess  of  p  above  that  force  (which  ex- 
cess is  the  power  accelerating  the  motions  of  p  and  w)  is  to  P 
as  cA  —  CE  to  CA  ;  or,  taking  ch  =  ca,  as  eh  to  ca.  Now, 
the  motion  being  uniformly  accelerated,  we  have  s  oc  ft^,  or 

T*  a  —  :  consequently,  the  square  of  the  time  in  which  ac  is 
described  by  w  will  be  as  AC  directly,  and  as  —  inversely;  and 
will  be  least  when  —  is  a  minimum;  that  is,  when l-w 

CE* 

+  2cE,  or  (because  vJce  is  invariable)  when  ~-  +  £H  is  a  mi- 

EH 

nimum.  Now,  as  Mhen  the  sum  of  two  quantities  is  given 
their  product  is  a  maximum  when  they  are  equal  to  each  odier; 
so  it  is  manifest  that  when  their  product  is  given  their  sum  must 

be  a  minimum  when  they  are  equal.     But  the  product  of  — 

and  EH  is  ce*,  and  consequently  given ;  therefore,  tlie  sum  of 

~  ,  and  EH  is  least  when  tliosc  parts  are  equal ;  tliat  is,  when 
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£H  =  CB^  or  CA  s  2cE«  So  that  the  leogth  of  the  plane  CA 
is  double  the  length  of  that  on  which  the  weight  w  would  be 
kept  in  equilibrio  by  p  acting  along  cb. 

When  CD  and  cb  coincide  the  case  becomes  the  same  as  that 
considered  by  that  admirable  mathematician  Mr.  Maclaurin, 
in  his  Fi^  of  Newttnfs  Philosophical  Discoveries^  pa.  183^ 
8vo.  ed.  Whence,  with  a  very  slight  variation,  the  method  in 
this  scholium  was  deduced. 

371.  Prop.  Let  the  given  weight  p  (fig.  /;.)  descend  along 
CBy  and  by  means  of  the  thread  pcw  (running  parallel  to  the 
planes)  draw  a  xoeight  w  up  the  plane  ac  :  iV  is  required  to  find 
the  value  of  w,  when  its  momentum  is  a  maximum^  the  lengths 
and  positions  of  the  planes  being  given. 

The  general  expression  for  the  velocity  is  x?  =  "^ — ! —  gt 

(art.  267.  ex.  II.) v  which,  by  substituting  i^L  for  sin  e,  and 

±  /  for  sin  e,  becomes  v  =  ^^ gt.    This  multiplied  into 

w  gives  "^ ' — '  gt ;  which,  by  the  prop,  is  to  be  a  maxi- 
mum. Or,  striking  out  the  constant  factors,  J^,  g/,  we  have 
— '^ —  =  a  max.     Putting  this  into  fluxions,  and  reducing,  w^ 

have  p*L  —  2pw/  —  w*/  =  0,  or  w  =  p  \/ (Jr  +  l)  —  p. 

Cor.  When  the  inclinations  of  the  planes  are  equal,  l  and 
/  are  equal,  and  w  =  P  ^2  —  p  =  p  (y'2  —  l)  «  '4142  p; 
agreeing  with  the  conclusion  of  the  lever  of  equal  arms,  or  the 
extreme  case  of  the  wheel  and  axle,  i.  e.  the  pulley.  Art.  366. 
cor.  7.  art.  367. 

372.  Prop.  Given  the  radius  Rofa  wheels  and  the  radius 
r  of  its  axle,  the  weight  of  both,  w,  and  the  distance  of  the  centre 
of  gyration  from  the  axis  of  motion,  p;  also  a  given  power  P 
acttn^  at  the  circumference  of  the  wheel;  to  find  tlie  weight  w 
raised  by  a  cord  folding  about  the  axle,  so  that  its  mometUum 
shall  be  a  maximum. 

The  force  which  absolutely  impels  the  point  A  (fig^  6.  pi.  V.) 
is  p,  while  w  acts  in  a  direction  contrary  to  p,  with  a  force 

=r  —  ;   this,    therefore,   subducted  from  p,  leaves  p 

=  ,  for  the  reduced  force  impelling  the  point  a.    And 

the  inertia  which  resists  the  communication  of  motion  to  the 
point  A  -will  be  the  same  as  if  ttic  mass  ^ jp — r—  were  CQ» 

VOL.  L  z 
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centrated  in  tbe  point  A  (art.  S 10.  cor.  4.  f .)    If  the  former 
of  these  be  divided  by  the  latter,  the  quotient      ^^^J^  b 

the  force  accelerating  a:   multiplyii^  this  by  ^,  we  have 

RfP-  w_^  ^^^  ^^  ^^^^^  which  accelerates  the  weight  w 

in    its    ascent.      Consequently  the    velocity  of   w   will   be 

gt:  which  multiplied  into  w  gives 


?. 


""    g«w  +  »«w+a«P°    *  '^  ^  g«»  +  r«W  +  «^ 

jf/  for  the  momentum.  As  this  is  to  be  a  maximum^  its  fluuon 
will  =  0 ;  whence  we  shall  obtain  w  = 

V(R*P*  -f  2R<Pg*io  +  e*tp»  +  Ptoarg*  +  P<R3r)— R«p— g*ig 

Cor.  1 .  When  r  :r  r,  as  in  the  case  of  the  single  fixed  palky, 
then  w.=:    /(2p*e'  +  2nTfw  +  -^  tc*  +  FWRf^  -  -^^  w — 

Cor.  2.  When  the  pulley  is  a  cylinder  of  uniform  matter 
j>*=  iR%andthe  expression  becomesw=  '/[H\2T*+ivw+{a^)] 
—  Jw  —  p. 

Cor.  3.  If  in  the  first  general  expression  for  the  momentum 

oF  w  we  put  Q  z:  r*p  +  p*?r,  we  shall  have     ^^^^ — =amax. 

Which  fluxed  and  reduced  gives  w  n  ■;:;-v/[Q'(Q  +  Brp)]— -fi. 

CoR.  4.  If  tlie  moving  force  be  destitute  of  inertia,  then  will 
Q  ss  2^Wf  and  w,  as  in  tbe  last  corollary. 

373.  Let  a  given  power  p  be  applied  to  the  circumference 
a  wheels  its  radius  r,  to  raise  a  weight  w  at  its  axle^  whou 
radius  is  r,  it  is  required  tojind  the  ratio  of  r  and  r  when  w  i* 
raised  with  the  greatest  momentum ;  the  characters  w  a^d  f  dt- 
ndting  the  same  as  in  the  last  proposition. 

Here  we  suppose  r  to  vary  in  the  expression  for  the  mo- 

meutum  of  w, ; j-  gt.    And  we  suppose  that  by  tlie 

conditions  of  any  specified  instance  we  can  ascertain  what 
quantity  of  matter  q  shall  make  r^q  =  fWy  which,  in  fact, 
may  always  be  done  as  soon  as  we  can  determine  ^.  The  ex- 
pression for  the  work  will  then  become  ^^^,"7^  .  ^'«  The 
fluxion  of  which  being  made  =  0,  gives,  after  a  little  reductioD, 

RV'rp'w«  +  P3(^  +  W)]  — PW 
r  SHB        ■  ■ ■  »i  ■  .    , 

P(9  +  W) 

_  • 

Cor.  When  the  inertia  of  the  machine  is  evanescent,  with 
respect  to  that  of  p  -f  w,  then  is  r  =  r  \/ (^  +  ~)  -  *• 
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374.  Proi».  In  any  machine  whose  motion  accelerates,  the 
weight  will  be  moved  with  the  greatest  velocity  when  the  ve/b- 

city  of  the  power  is  to  that  of  the  weight  asl+p  /(^+.""^ 

to  i;  the  inertia  of  the  machine  being  disregarded. 

For  any  such  machine  may  be  considerecL  as  reduced  to  a 
lever,  or  to  a  wheel  and  axle  whose  radii  are  r  and  r ;  in  which 

B^  D  ^^  v^  W 

the  velocity  of  the  weight  -^ — -;-  gt  (art.  366.)  is  to  be  a 

maximum,  r  being  considered  as  variable.  Hence,  then,  fol- 
lowing the  usual  rules,  we  shall  find  pr  =  r  [w  -f  \/iyf^  +  pw)]. 
From  which,  since  the  velocities  of  the  power  and  weight  ar^ 
respectively  as  r  and  r,  fiie  ratio  in  the  proposition  imme- 
diately flows. 

Cor.  1.  When  the  weight  moved  is  equal  to  the  power,  then 
M  R  :  r  : :  I  +  \/2  :  1 : :  2-4142  :  1  nearly. 

Cor.  2.  When  the  weight  is  4puble,  triple,  guadruplCf  &c. 
the  power,  the  preceding  ratio  becomes  2  +  v^6,  3  +  y/l2f 
4  +  \/20,  &c.  respectively  to  1. 

375.  Prop.  If  in  am/ machine  whose  motion  accelerates,  the 
descent  of  one  weight  causes  another  to  ascend,  and  the  descend^ 
ing  weight  be  given,  tlie  operation  being  supposed  continually 
repeated,  the^ect  will  be  greatest  in  a  given  time  when  the  as^ 
cending  weight  is  to  the  descending  weight,  as  1  to  1-618,  in 
the  case  of  equal  heights;  and  in  other  cases,  when  it  is  to  the 
exact  counterpoise  in  a  ratio  which  is  always  between  I  to  1^ 
and  I  to  2, 

LfCt  the  space  descended  be  1,  that  ascended  5;  the  descend- 
ing weight  I,  the  ascending  weight  i :  then  would  the  equili- 
brium require  w  =i  s  (art.  363.);  and  1  —  -  will  be  the  force 
acting  on  1,  Now  the  mass  i  reduced  to  the  point  at  which 
the  mass  1  acts  will  be  =  —  s*  =  — ;  consequently  the  whole 

mass  moved  is  equivalent  to  1  H y  ^^d  the  relative  force  is 

(^  -  "^)  "^  0  +  v^  =  ^  But,  the  space  being  given, 
the  time  is  as  the  root  of  the  accelerating  force  inversely, 
that  is,  as  \/  -—  •  and  the  whole  effect  in  a  given  time 
being  directly  as  the  weight  raised,  and  inversely  aa  th«  ***'*^ 
of  ascent,  will  Be  as  i  \/  "~7'  which  aiuat^l 


z'i 
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to— « 


mum.    Consequently  its  square  -; — ^r:  must  be  a  majciinum 

likewise.  This  latter  expression  fluxed  and  reduced  gifci 
w^i  (\/(s*+10s  +  9)  -II+  S). 

Here  its  =z  \,w  =  --^ — :  but  if  3  be  diminished  without 

limit,  to  =  |s;  if  it  be  au^mpnted  without  limit,  then  vil 
V^(j*  -f  ^^^  +  ^)  approach  indefinitely  near  tos  +  5,  and  con- 
sequently w  =  28.  Whence  the  truUi  of  the  propositioo  b 
knanifest. 

376.  Prop.  Lei  f  denote  (he  absolute  effort  of  any  mowtg 
force,  when  it  has  no  velocity^  and  suppose  it  not  capablt  rfasnf 
effort  when  the  velocity  is  w ;  let  F  be  the  effort  answertng  to 
the  velocity  \,  then,  ff  the  force  be  uniform,  f  mil  bezsif 

(1  -  ^)\ 

For  it  is  the  difference  between  the  velocities  w  and  v 
which  is  efiicient,  and  the  action  being  constant,  will  vary  is 
the  square  of  tiie  efficient  velocity.  Hence  we  shall  have  this 
analogy,  f  :  F  : :  (w  —  0)* :  (w  —  v)* :  consequently,   F  =  f 


(=?)• = '  (•  -  i)'- 


Although  the  pressure  of  an  animal  is  not  actually  uniform 
during  the  whole  time^of  its  action,  yet  it  is  nearly  so  :  so  diat 
in  general  we  may  adopt  this  hypothesis  in  order  to  approxi- 
mate to  the  true  nature  of  animal  action.  On  which  supposi- 
tion the  preceding  prop,  as  well  as  the  remaining  one,  m  thii 
chapter,  will  apply  to  animal  exertion. 

Cor.   Retnhiing  the  same  notation  we  have  W  =         ^t  • 

'^This,  applied  to  the  motion  of  animals,  gives  this  theorem : 
The  utmost  velocity  with  which  an  animal  not  impeded  can  more, 
2s  to  the  velocity  nith  which  it  moves  when  impeded  by  a  given 
resistance,  as  the  square  root  of  its  absolute  force ^  to  the  differ- 
ence  of  the  square  roots  of  its  absolute  and  efficient  forces* 

377.  Prop.  To  investigate  expressions  by  means  of  which  the 
maximum  effect,  in  machines  whose  motion  is  uniform,  may  be 
determined. 

I.  It  follows,  from  the  observations  made  in  art.  363.  and 
the  definitions  in  art.  365.  that  when  a  machine,  whether  sim- 
ple or  compound,  is  put  into  motion,  tlie  velocities  of  the  im- 
pelled and  working  points  are  inversely  as  the  forces  which  are 
in  equilibrio  when  applied  to  those  points  in  the  direction  of 
their  motion.  Consequently,  if  y*  denote  the  resistance  when 
reduced  to  the  working  point,  and  v  its  velocity;  while  f  and 
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V  denote  the  force  acting  at  the  impelled  point,  and  its  velocity; 
\ie  shall  have  fv  ^fv,  or  introducing  t  the  time,  Fvf  =fvt. 
Hence,  in  all  working  machines  which  have  acquired  a  uni- 
form motion^  the  performance  of  the  machine  is  equal  to  the  mo- 
mentum  of  impulse. 

IL  Let  F  be  the  effort  of  a  force  upon  the  impelled  point  of 
a  machine  when  it  moves  with  the  velocity  v,  the  velocity  being 
w  when  f  =  0,  and  let  the  relative  velocity  w  —  v  =  i«.   Then 

•                                        /'w— v\* 
amce  (art,  37C.)  f  z:  ^  I \ ,  the  momentum  of  impulse  fv 

will  become  vp  (—-y  =  f  *  -^  (w  —  w) ;  because  v  r=  w  —  ii. 

Making  this  expression  for  fv  a  maximum,  or,  suppressing  the 
constant  quantities,  and  making  ti*  (w  —  ti)  a  max.  or  its  fluxion 
=  0,  when  u  is  variable,  we  find  2w  =:  3ii^  or  u  as  |.w.  Whence 
v  =  w  —  ti  =  w  —  \vf  =  ^w. 

Consequently,  wnen  the  ratio  of  v  to  v  is  given  by  the  con^ 
st ruction  of  the  machine,  and  the  resistance  is  susceptible  of 
variation,  zee  must  load  the  machine  more  or  less  till  the  velo- 
city of  the  impelled  point  is  one-third  of  the  greatest  velocity  of 
theforce\  then  will  the  work  done  be  a  maximum. 

Or,  the  work  done  by  an  animal  is  greatest  when  the  velocity 
with  which  it  moves  is  one^ihird  of  the  greatest  velocity  with 
which  it  is  capable  of  moving  when  not  impeded. 

III.  Since  f  =  ^  -^  =  9  v  i)  =  ^?>  *"  ^^^  ^^^^  ^^  ^^  max- 
imum, we  have  fv  =  %fy  =  ^9'-^^  =  -sV^^'j  ^^'  ^^^  momen- 
tum of  impulse,  or  for  the  work  done,  when  the  machine  is  in 
its  best  state.  Consequently  when  the  resistance  is  a  given 
quantity  we  must  make  v  :  r : :  9f:  4^ ;  and  this  structure  of 
the  machine  will  give  the  maximum  eject  5=  t7^w. 

IV.  If  we  enquire  the  greatest  efiecton  the  supposition  that 
f  only  is  variable,  we  must. make  it  infinite  in  the  above  ex- 
pression for  the  work  done,  which  would  then  become  wf,  or 

W     f,  or  w  — ftf  including  the  lime  in  thefonnuja.     Hence 

we  see,  that  the  sum  of  the  agents  employed  to  move  a  machine 
may  be  injinite,  while  the  ej^ect  is  finite:  for  the  variations  of 
f  which  are  proportional  to  this  sum,  do  not  influence  the 
above  expression  for  the  effect. 

SCHOLIUM, 

37S.  The  propositions  now  delivered  contain,  it  is  hoped, 
the  most  material  principles  in  the  theory  of  machines.  The 
manner  pf  applying  several  of  them  is  ver}-  obvious :  the  appli- 
cation of  some,  bemg  less  manifest,  may  be  briefly  illustratedj 
and  the  chapter  concluded  with  two  or  three  observations. 
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The  last  dieorem  may  be  applied  to  the  action  of  tnem  mod  of 
horses,  with  more  accuracy  than  might  at  first  be  supposed. 
Observations  liave  been  made  on  men  and  horses  drawinf  a 
lighter  along  a  canal,  and  working  several  days  together.  Tht 
force  exerted  was  measured  by  the  curvature  and  we^t  of 
the  track-rope,  and  afterwards  by  a  spring  steelyard.  The  pro- 
duct of  the  force  thus  ascertained,  into  the  velocity  per  hour, 
was  considered  as  the  momentum.  In  this  way  the  actkui  of 
men  was  found  to  be  very  nearly  as  (w  —  v)'  :  the  actioB 
of  horses  loaded  so  as  not  to  be  able  to  trot  was  nearly  as 

(w  —  v)  ,  or  as  (w  —  v)^.  Hence  the  hypothesis  we  have 
adopted  may  in  many  cases  be  safely  assumed. 

According  to  the  best  observations,  the  force  of  a  man  at  rest 
is  on  the  average  about  70  pounds;  and  the  utmost  velodtj 
with  which  he  can  walk  is  about  (}  feet  per  second,  taken  at  a 
medium.  Hence,  in  our  theorems,  ^  =  70,  and  w  =  6.  Conse- 
quently F  =  4^  =  3 1-^  lbs.  the  greatest  force  a  man  can  exert 
when  in  motion :  and  he  will  then  move  at  the  rate  of -j-w,  or 
2  feet  per  second,  or  rather  less  than  a  mile  and  a  half  per 
hour. 

The  strength  of  a  horse  is  generally  reckoned  about  six  times 
that  of  a  man ;  that  is,  nearly  420  lbs.  at  a  dead  pull.  His 
utmost  walking  velocity  is  about  10  feet  per  second.  There- 
fore his  maximum  action  will  be  ^  of  420  =  1 864-  lbs.  and  be 
will  then  move  at  the  rate  of  j-  of  1 0,  or  3y  feet,  per  second,  or 
nearly  2^  miles  per  hour.  In  both  these  instances  we  suppose 
the  force  to  be  exerted  in  drawing  a  weight  along  a  horizontal 
plane ;  or  by  raising  a  wei^^hi  by  a  cord  running  over  a  pulley 
which  makes  its  direction  horizontal.  Other  methods  of  exert- 
ing animal  force  will  be  spoken  of  in  the  second  volume,  art. 
6fi,  &c. 

379.  The  tlieorems  just  given  may  serve  to  shew  in  what 
points  of  view  machines  ought  to  be  considered  by  those  who 
would  labour  benelicially  for  their  improvement. 

The  first  object  of  tlie  utility  of  machines  consists  in  furnish- 
ing the  means  of  giving  to  the  moving  force  the  most  commo- 
dious direction  :  and,  when  it  can  be  done,  of  causing  its  action 
to  be  applied  immediately  to  the  body  to  be  moved.  These 
can  rarely  be  united :  but  the  former  can  be  accomplished  in 
inost  instances ;  of  which  the  use  of  the  simple  lever,  pulley^ 
and  wheel  and  axle,  furnish  many  examples.  Sometimes  local 
circumstances  do  not  permit  the  employment  of  that  machine 
>vhich,  considered  in  itself,  would  be  most  proper  to  accomplish 
the  desired  effect;  yet,  with  correct  theory  and  a  little  prac- 
tice, it  will  scarcely  ever  be  difficult  to  fix  upon  the  machine 
which  in  the  given  state  of  things  will  be  most  advantageous  in 
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practice.  The  second  object  gained  by  the  use  of  machines  is 
an  accommodation  of' (he  vetocity  ofthejwork  to  be  performed 
to  the  velocity  with  which  alone  a  tuUural  power  can  act.  Thus, 
whenever  the  natural  power  acts  with  a  certain  velocity  which 
cannot  be  changed^  and  the  work  must  be  performed  with  a 
greater  velocity,  a  machine  is  interposed  moveable  round  a  fixe4 
support,  and  the  distances  of  the  impelled  and  working  points 
ore  taken  in  the  proportion  of  the  two  given  velocities. 

But  the  essential  advantage  of  machines,  that,  in  fact,  which 
properly  appertains  to  the  theory  of  mechamcs,  consists  in 
augmenting,  or  rather  in  modifying,  the  energy  of  the  moving 
power,  in  such  manner  that  it  may  produce  effects  of  which  it 
would  have  been  otherwise  incapable.  Thus  a  man  might  carry 
up  a  flight  of  steps  twenty  pieces  of  stone,  each  weighing  30 
pounds  (one  by  one)  in  as  small  a  time  as  he  could  (with  the 
same  labour)  raise  them  all  together  by  a  piece  of  machinery, 
that  would  have  the  velocities  of  the  impelled  and  working 
points  as  20  to  1 ;  and,  in  this  case,  the  instrument  would  fur- 
nish no  real  advantage,  except  that  of  saving  his  steps.  But  if  a 
large  block  of  20  times  30,  or  600  lbs.  weight,  were  to  be  raised 
to  the  same  height,  it  would  far  surpass  the  utmost  efforts  of  die 
man,  without  the  intervention  of  some  such  contrivance. 

The  same  purpose  may  be  illustrated  somewhat  differently; 
.  confining  the  attention  all  along  to  machines  whose  motion  is 
uniform.  The  product /v  represents,  during  the  unit  of  time, 
the  effect  which  results  £rom  tne  motion  of  the  resistance;  this 
motion  being  produced  in  any  manner  whatever.  If  it  be  pro- 
duced by  applying  the  moving  force  immediately  to  the  resist- 
ance, it  is  necessary  not  only  that  the  products  Fv  Hudfv  should 
be  equal;  but  that  at  the  same  time  P  ^y,  and  v  zzv:  if, 
therefore,  as  most  frequently  happens,  y  be  greater  than  f,  it 
will  be  absolutely  impossible  to  put  the  resistance  in  motion  by 
applying  the  moving  force  immediately  to  it.  Now  machines 
/urnish  the  means  of  disposing  the  product  fv  in  such  a  mannev 
that  it  may  always  be  equal  iofo,  however  much  the  factors  of 
FV  may  differ  from  the  analogous  factors  in  /b;  and,  conse^ 
i^uently,  of  putting  the  system  in  motion,  whatever  is  the  excess 
oifovtT  f. 

Or,  generally,  as  M.  Prony  remarks  (Archi.  Hydranl.  art* 
50'k),  machines  enable  us  to  dispose  the  factors  of  ft/  in  such 
a  manner,  that  while  tliat  product  continues  the  same  its  factors 
may  have  to  each  other  any  ratio  we  desire.  Thus,  to  give 
another  example :  Suppose  that  a  man  exerting  his  strength 
immediately  upon  a  mass  of  26  lbs.  can  rwe  it  vertically  widi 
a  velocity  of  4  feet  per  second ;  the  same  man  actine  upon  a 
mass  of  1000  lbs.  cannot  |pve  it  any  vertical  motion  though  he 
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exerts  his  utmost  strength,  unless  he  has  recourse  to  some  ma- 
chine. Now  he  is  capable  of  producing  an  effect  equal  to  25 
X  4  X  ^ :  the  letter  t  being  introduced  because  if  the  labour  is 
continued  the  value  of  t  wOl  not  be  indefinite,  but  comprised 
within  assignable  limits.  Thus  we  have  25  x  4  x  ^  =  1000 
X  V  X  t;  and  consequently  v  zz^  of  r  foot.  This  man  may, 
therefore,  with  a  machine,  as  a  lever,  or  axis  in  peritrochb| 
cause  a  mass  of  1000  lbs.  to  rise  iV  of  a  foot,  in  the  same  time 
that  he  could  raise  25  lbs.  four  feet  without  a  machine ;  or  he 
may  raise  the  greater  weight  as  far  as  the  less,  by  employing  40 
times  as  much  time. 

From  what  has  been  said  on  the  extent  of  the  effects  which 
may  be^ttained  by  machines,  it  will  be  seen  that  so  long  as  a 
moving  force  exercises  a  determinate  effort  with  a  velocity  like- 
wise determinate,  or  so  long  as  the  product  of  these  is  constant, 
the  effect  of  the  machine  will  remain  the  same :  thus,  under 
this  point  of  view,  supposing  the  preponderance  of  the  effort  of 
the  moving  power,  and  abstracting  from  inertia  and  friction  of 
materials,  the  convenience  of  application,  &c.  all  machines  are 
equally  perfect  But,  from  what  has  been  shewn,  (arts.  376. 
377.)  a  moving  force  may,  by  diminishing  its  velocity,  augment 
its  effort,  and  reciprocally.  There  is,  therefore,  a  certain  effort 
of  the  moving  force,  such  that  its  product  by  the  velocity  which 
comports  to  that  effort  is  tlie  greatest  possible.  Admitting  the 
truth  of  the  law  assumed  in  the  articles  just  referred  to,  we 
Jiave,  wljen  the  effect  is  a  maximum,  v  zz  ^w,  or  f  z=  ^p ;  and 
these  two  values  obtaining  together,  their  product  -^fw  ex- 
presses the  value  of  the  greatest  effect  with  respect  to  the  unit 
of  time.  In  practice  it  will  always  be  advisable  to  approach 
as-  nearly  to  these  values  as  circumstances  will  admit ;  for  it 
cannot  be  expected  that  they  can  always  be  exactly  attained. 
liut  a  small  variation  will  not  be  of  much  consequence :  for,  by 
a  well-known  property  of  those  quantities  w  hich  admit  of  a 
proper  maximum  and  minimum,  a  value  assumed  at  a  moderate 
distance  from  either  of  these  extremes  will  produce  no  sensible 
change  in  the  effect. 

If  the  relation  of  f  to  v  followed  any  other  law  than  that 
which  we  have  assumed,  we  should  find  from  the  expression  of 
that  law  values  of  f,  v,  &c.  different  from  the  preceding.  The 
general  metiiod,  however,  would  be  nearly  the  same. 

With  respect  to  practice,  the  grand  object  in  all  cases  should 
be  to  procure  a  uniform  motioity  because  it  is  that  from  which 
(citteris  paribus)  the  greatest  effect  always  results.  Every  irre- 
gularity in  the  motion  wastes  some  of  the  impelling  power;  and 
it  is  the  greatest  only  of  the  varying  velocities  which  is  equal  to 
that  wliich  the  machine  \vouId  acquire  if  it  moved  uniformly 
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throughout:  for,  while  the  motion  accelerates,  the  impellii^ 
force  is  greater  than  what  balances  the  resistance  at  that  time 
opposed  to  it,  and  the  velocity  is  less  than  what  the  machine 
would  acquire  if  moving  uniformly ;  and  when  the  machine  at- 
tains its  greatest  velocity,  it  attains  it  because  the  power  is  not 
then  acting  against  the  whole  resistance.  In  both  these  situa-i 
tions,  therefore,  the  performance  of  the  machine  is  less  than  if 
the  power  and  resistance  were  exactly  balanced,  in  which  case 
it  would  move  uniformly  (art  363.).  Besides  this,  when  the 
motion  of  a  machine,  and  particularly  a  very  ponderous  one,  is 
irregular,  there  are  continual  repetitions  of  strains  and  jolts 
.which  soon  derange  and  ultimately  destroy  the  whole  structure. 
Every  attention  should,  therefore,  be  paid  to  the  removal  of  all 
causes  of  irregularity.  Some  of  the  most  successful  methods 
^of  ensuring  a  uniformity  of  motion  will  be  given  in  the  second 
volume.    We  must  now  turn  to  other  subjects. 
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HYDROSTATICS. 


BOOK  IIL 

Introductory  DefiniUons  and  Hemarks. 

wo.  According  to  the  general  division  marked  out  in  art« 
^0,  we  now  proceed  to  die  subject  of  Hydrostatics,  which 
comprises  the  doctrine  of  the  pressure  and  the  equilibrium  of 
non-elastic  fluids,  as  water,  mercury,  8cc.  and  that  of  the  weight 
and  pressure  of  solids  immersed  in  them. 

Def.  Ajiuid  is  a  body  whose  parts  are  very  minute,  yield  to 
any  force  impressed  upon  it  (however  small),  and  by  so  yielding 
are  easily  moved  among  themselves. 

This  is  nearly  the  same  as  the  definition  given  by  Newton, 
in  the  PrincipiUf  book  2.  sect.  5.  and  is  adopted  here  because, 
in  conjunction  with  two  or  three  established  facts,  it  may  serve 
as  a  basis  for  all  which  distinguishes  the  doctrines  of  hydro- 
statics from  those  of  pure  mechanics.  The  writers  on  the 
continent,  however,  though  they  admit  that  the  minuteness  of 
fluid  raoleculse,  and  their  excessive  mobility,  are  characteristics 
common  to  all  such  bodies,  yet  they  have  recourse  to  a  difierent 
definition.  Thus  the  celebrated  Euler  in  the  New  Comment 
iaries  of  St.  Petersburgh^  vol.  13.  takes  for  the  basis  of  his 
analysis  the  following  consideration :  '^  The  distinguishing 
nature  of  fluids  consists  in  this  property,  namely,  that  when  it 
is  subjected  to  any  pressure  whatever  that  pressure  is  so  distri- 
buted throughout  the  mass,  that  while  it  remains  in  equilibrio  all 
hs  parts  are  equally  pressed/'  And  M.  D'Alembert  in  his 
Traiti  de  i'Equilibre  et  du  Mouvevient  des  Fluidcs,  as  well  as 
M.  Prody  in  his  Architecture  HydrauHque,  adopt  the  same  pro- 
perty as  a  definition,  it  is  strictly  consistent  with  experiment 
(though,  as  will  soon  be  seen,  it  is  rather  a  proposition,  capable 
of  proof,  than  a  definition)aud  furnishes  a  natural  foundation  for 
an  algebraical  calculus,  by  which  the  whole  doctrine  of  hydro- 
statics may  be  exhibited  in  a  few  equations.  But  this  method, 
though  it  possesses  some  advantages,  is  not  entirely  pursued 
here,  from  a  firm  conviction  that  a  judicious  combination  of  the 
geometrical  and  algebraical  methods  is  far  more  likely  to  con- 
vey distinct  ideas  to  the  student  than  the  Biodem  analysis  merely. 
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Perfect  fluidity,  according  to  the  Newtonian  system,  aritei 
from  a  want  of  any  sensible  cohesion  between  the  constitueiil 
particles  of  the  fluid;  and  this  want  of  cohesion  is  commonly 
attributed  to  the  spherical  figure  of  the  particles.     The  nature 
of  this  work  does  not  require  that  we  should  enter  into  minute 
disquisitions  on  the  formal  cause  of  fluidity.     We  shall  meidf 
state  that  die  late  Dr.  Black  of  Edinburgh  speaks  of  fluiifitj 
as  an  eflfect  of  heat:  and  before  him  Boerhaave  pleaded  stremi- 
ously  for  the  same  opinion.     According  to  this  view  of  the 
matter,  fluidity   may  be  caused  by  a  certain  degree  of  fiic^ 
which,  when  employed  for  this  purpose,  seldom  manifests  itself 
by  any  other  perceptible  effiect :  not  dilating  the  volume,  bat 
resisting  the  particular  attachment  of  the  parts.     Some  strifi 
to  give  mechanical  ideas  of  a  fluid  body,  by  comparing  it  to  a 
heap  of  saud :  but  the  impossiibility  of  giving  fluidity  by  any  kind 
of  mechanical  comminution  will  appear  by  considering  two' of 
the  circumstances  necessary  to  constitute  a  fluid  body:  l.lliit 
the  parts,  notwithstanding  any  compression,  may  be  moved  ia 
relation  to  each  other,  with  the  smallest  conceivable  force,  or 
will  give  no  sensible  resistance  to  motion  within  the  mass  in  aoj 
direction.    '2.  lliat  the  parts  shall  gravitate  to  each   otheri 
whereby  there  is  a  coustaut  tendency  to  arrange  themselvei 
about  a  common  centre,  aud  form  a  spherical  body ;  which,  ti 
the^  parts  do  not  resist  motion,  is  easily  executed  in  small  botfies. 
Hence  the  appearance  of  drops  always  takes  place  when  aflmd 
is  in  proper  circumstances.     It  is  obvious  that  a  body  of  sand 
can  by  no  means  conform  to  these  circumstances. 

Different  fluids  have  different  degrees  of  fluidity,  according 
to  the  facility  with  which  tlie  particles  may  be  moved  amongst 
each  other.  Water  and  mercury  are  classed  among  the  most 
perfect  fluids.  Many  fluids  have  a  very  sensible  degree  of  tena- 
city, and  are  thereforce  called  viscous  or  imperfect  fluids. 

381.  Def.  Fluids  may  be  divided  into  compressible  and  tii- 
compressibUf  or  elastic  and  uon-elastic  fluids.  A  compressible  a 
elastic  fluid  is  one  whose  apparent  magnitude  is  diminished  as 
the  pressure  upon  it  is  increased,  and  increased  by  a  diminution 
of  pressure.  Such  is  air,  and  the  different  vapours.  An  tw- 
compressible  or  non-elastic  fluid  is  one  whose  dimensions  are 
not,  at  least  as  to  sense,  affected  by  any  augmentation  of  pres- 
sure. Water,  mercury,  wine,  8ic.  are  generally  ranged  under 
this  class. 

It  is  not  unusual  to  apply  the  term  fluid  to  that  class  solely 
which  are  elastic,  and  liquid  to  such  as  are  non-elastic ;  thus 
making  air  a  fluid  and  water  a  liquid :  but  the  distinction,  though 
it  may  have  some  advantages  in  chemical  uomenclaturei  need 
not  be  insisted  upon  h^e. 
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Although  the  use  of  that  well-known  instrument  the  ther^ 
momettr  is  founded  upon  the  circumstance  of  different  degrees 
of  heat  and  cold  causing  a  corresponding  dilatation  or  condensa- 
tion in  spirits  of  wine,  mercury,  and  some  other  fluids ;  a  fact 
which  it  might  be  supposed  would  have  led  to  tlie  opinion  that 
such  fluids  were  compressible  by  other  means ;  yet  has  it  been 
universally  believed  and  asserted  till  within  the  last  half  century, 
that  after  the  fluid  was  freed  from  all  air  no  art  or  violence 
could  press  it  into  less  space.  This  opinion  has  been  grounded 
chiefly,  if  not  altogether,  on  a  gross  and  inadequate  experiment 
made  by  the  Academi  del  Cimento,  at  Florence;  in  which  water 
.when  violently  squeezed  made  its  way  through  the  fine  pores  of 
a  globe  of  gold,  rather  than  yield  to  the  compression.  £ven  so 
lately  as  1790,  so  skilful  a  mathematician  and  philosopher  as 
M.  Prony  speaks  of  the  incompressibility  of  water  with  an 
obvious  allusion  to  the  Florentine  experiment,  as  though  he 
^ere  not  at  all  conscious  of  its  insufliciency,  and  seeming  quite 
ignorant  of  any  contrary  experiments.  For,  says  he,  '*  Si  une 
quantity  d'eau  est  renferm6e  dans  un  vase  de  capacity  et  de 
forme  quelconque,  et  qu'on  Ty  comprime  avec  toute  la  force 
qu'on  voudra,  jamais  6n  ne  pourra  la  reduire  k  occuper  un 
espace  moindre  que  celui  qu'elle  occupoit  d*abord.  Tout  le 
monde  connott  les  experiences  qu'on  a  faites  pour  constater 
cette  propri6t6;  on  sait que  leau etant  renferm^ dans des globes 
de  ra6tal,  quelnue  percussion  ou  quelque  pression  qu'on  emploie 

1>our  le  faire  duninuer  de  volume,  on  n'y  parvient  jamais,  et  que 
orsque  la  resistance  qn'elle  oppose  k  de  pareils  efforts  ne  lui 
fait  pas  briser,  son  enveloppe,  elle  se  fait  jour  d  travers  les 
pores  du  m^tal,  d*oii  elle  sort  en  forme  de  ros^e." 

But  our  ingenious  countryman,  Mr.  Canton,  attentively  con- 
sidering this  experiment,  found  that  it  was  not  sufiiciently  accu- 
rate to  justify  the  conclusion  which  had  always  been  drawn 
from  it;  since  the  Florentine  philosophers  had  no  method  of 
determining  that  the  alteration  of  figure  in  their  globe  of  gold 
occasioned  such  a  diminution  of  its  internal  capacity  as  Mras 
exactly  equal  to  the  quantity  of  water  forced  into  its  pores. 
To  bring  this  matter  therefore  to  a  more  accurate  and  decisive 
trial,  he  procured  a  small  glass  tube  of  about  two  feet  long, 
with  a  ball  at  one  end^  of  an  inch  and  a  quarter  in  diameter. 
Having  filled  the  ball  and  part  of  the  tube  with  mercury,  and 
brought  it  exactly  to  the  heat  of  50°  of  Fahrenheit's  thermo- 
meter, he  marked  the  place  where  the  mercury  stood  in  the 
tube,  which  was  about  six  inches  and  a  half  above  the  ball ;  he 
then  raised  the  mercury  by  heat  to  the  top  of  the  tube,  and 
there  sealed  the  tube  hermetically;  then  upon  reducing  the 
merbury  to  the  same  degree  of  heat  as  before,  it  stood  in  the 
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tube  ^^  of  an  inch  higher  than  the  mark.  Hie  same  eipe- 
riment  was  repeated  widi  water  exhausted  of  air,  instead  of 
viercury^  and  the  water  stood  in  the  tube  i^  of  an  inch  aboie 

the  mark.  Since  the  weight  of  the  atmosphere  on  the  outside 
of  the  ball^  without  any  counterbalance  from  within,  will  com- 
press the  bally  and  equally  raise  both  the  mercury  and  water^it 
appears  that  the  water  expands  -yV'^  of  an  inch  more  than  (he 
mercury  by  removing  the  weight  of  the  atmosphere.  Haviu 
thus  determined  that  water  is  really  compressible,  he  proceedeq 
to  estimate  the  degree  of  compression  corresponding  to  aoj 
given  weight.  For  this  purpose  he  prepared  another  ball,  wila 
a  tube  joined  to  it;  and  finding  that  the  mercury  in  -j^^of  aa 
inch  of  the  tube  was  the  hundred  thousandth  part  of  that  con- 
tained in  the  ball,  he  divided  the  tube  accordingly.  He  thei 
filled  the  ball  and  part  of  the  tube  with  water  exhausted  of  air; 
and  leaving  the  tube  open,  placed  his  apparatus  under  the  i^ 
ceiver  of  an  air-pump,  and  observed  the  degree  of  expansion  of 
the  water  answering  to  any  degree  of  rarefaction  of  the  air:  aod 
again  by  putting  it  into  the  glass  receiver  of  a  condeniiif 
engine,  he  noted  the  degree  of  compression  of  the  water  cor* 
responding  tp  any  degree  of  condensation  of  the  air.  He  tfaiu 
found  by  repeated  trials,  that,  in  a  temperature  of  50%  and 
when  the  mercury  has  been  at  its  mean  height  in  the  barometer, 
tlie  wat«r  expands  one  part  in  21740;  and  is  as  much  com* 
pressed  by  the  weight  of  an  additional  atmosphere;  or  the  com- 
pression of  water  by  twice  the  weight  of  the  atmosphere,  is  one 
part  in  10870  of  its  whole  bulk.  Should  it  be  objected  that 
the  compressibility  of  the  water  was  owing  to  any  air  which  it 
might  be  supposed  to  contain,  he  answers,  that  more  air  would 
make  it  more  compressible;  he  therefore  let  into  the  ball  a 
bubble  of  air,  and  found  that  the  water  was  not  more  com- 
pressed by  the  same  w^^ight  than  before. 

In  some  further  experiments  of  the  same  kind,  Mr.  Canton 
found  that  water  is  more  compressible  in  winter  than  in  sum- 
mer;  but  he  observed  the  contrary  in  spirit  of  wine,  and  oil  of 
olives. 

The  following  table  was  formed,  when  the  barometer  was  at 
29  inches  and  a  half,  and  the  thermometer  at  50  degrees. 

Compression  of                 Millionth  parts.  Spec.  gra?. 

Spirit  of  wine  ......     66 846 

Oil  of  olives     48 g\s 

Rain  water 46 lOOO 

Sea  water     40 1028 

Mercury     3      .....  13595 

See  F/nl.  Tramac.  for  176*2  and  1764. 


Introductory  Remarks.  S5t 

Tiuleed  it  seems  reasonable  to  conclude,  independent  of  all 
experiments,  that  no  fluids  are  absolutely  incompressible :  for  all 
bodies  being  porous,  their  parts  may  be  brought  nearer  to  each 
other:  and  a  liquid  being  an  assemblage  of  solid  bodies,  should, 
therefore,  be  compressible.  Hence,  then,  the  usual  distinction 
of  fluids  iuto  compressible  and  incompressible  is,  strictly  speak- 
ing,  ioaccurate.  Nevertheless,  as  the  compression  of  the  liquids 
in  the  preceding  table  is  very  small  compared  with  their  mass, 
it  may  safely  be  neglected  in  most  practical  cases,  so  that  the 
fluids  usually  considered  as  incompressible  maystillbe  reckoned 
so  in  the  investigations  we  are  about  to  enter  upon;  and  the 
consideration  of  air,  and  other  easily  compressible  and  elastic 
fluids,  may  be  properly  referred  to  the  separate  head  of  Aero* 
statics  or  Pneumatics. 

3S2.  We  know  so  little  of  the  essential  nature  and  constitution 
of  fluids,  that  it  would  be  by  no  means  advisable  to  apply  to 
them  the  principles  of  equilibrium  and  of  motion,  as  they  have 
been  stated  in  the  preceding  part  of  this  work,  without  first 
enquiring  whether  there  is  not  some  other  general  law  which  ap- 
pertains to  fluids  only,  anii  firom  which,  in  conjunction  with  the 
principles  just  adverted  to,  the  doctrines  of  hydrostatics  may 
readily  be  deduced.  For  the  actions  of  fluids  upon  each  other 
differ  so  essentially  in  some  particulars  from  the  mutual  Actions 
of  solid  bodies,  that  some  distinct  principle  must  be  sought,  to 
account  for  such  varying  effects.  The  parts  of  a  solid  are  so 
connected  together  as  to  form  but  one  and  the  same  whole ; 
their  effort  is,  according  to  its  nature,  concentrated  into  one 
point,  as  the  centre  of  gravity,  centre  of  gyration.  See. ;  which 
IS  by  no  means  the  case  with  fluids,  their  particles  being  ex- 
tremely moveable,  and  entirely  independent  of  each  other* 
Again:  no  statical  equilibrium  can  take  pi  ace  between  two  bodies 
of  different  weights,  unless  the  lighter  body  acts  at  some  me- 
chanical advantage ;  whereas  a  very  small  weight  of  fluid  may^ 
without  acting  in  so  advantageous  a^  position,  be  made  to 
balance  any  weight  however  large.  Solid  bodies,  again,  when 
left  to  themselves,  press  only  in  the  direction  of  gravity  ;  while 
fluids  press  equally  in  all  directions.  This  property  indeed  is 
one  of  the  most  remarkable  which  we  meet  with  in  fluids, 
and  from  it  most  oF  the  other  properties  may  be  readily  in- 
ferred ;  on  which  account  the  continental  philosophers  assume 
it  as  a  kind  of  definition.  The  Newtonian  definition  is  more 
simple,  and  naturally  leads  to  this  property,  which  cun  only  be 
conceived  to  arise  from  the  extreme  freedom  with  which  the 
particles  move  against  each  other.  But  the  most  satisfactory 
proof  results  from^  experiment;  to  which  it  is  proper  to  have 
recourse  in  the  establishment  of  the  first  principles  of  Hydio- 


$52  HYDROSTATICS.  [Book  III. 

staUcs^and  which  ivill  at  once  furnish  the  general  law  necessny 
to  be  combined  with  the  received  principles  of  propler  me- 
chanics. ^ 

383.  Def.  The  specific  gravity  of  any  solid  or  fluid  body  ii 
the  absolute  weight  of  a  known  volume  of  that  substance^  name* 
ly,  of  that  which  we  take  for  unity  in  measuring  the  capacities 
of  bodies. 

Comparing  this  definition  with  that  of  density  (art.  10.)  k 
will  appear  that  the  two  terms  density  and  specific  gratfity  ex- 
press the  same  thing  under  different  aspects  ;  the  former  b&Bf 
more  accurately  restrained  to  the  greater  or  less  vicinity  of  parti- 
cleSy  the  latter  to  a  greater  or  less  weight  in  a  given  volume ; 
hence  as  weight  depends  upon  the  closeness  of  particles,  the  den- 
sity varies  as  the  specific  gravity,  and  the  terms  may  in  most  cases 
be  indiscriminately  used.  The  specific  gravities  of  fluids  are 
usually  considered  without  any  regard  to  the  empty  spaces 
between  the  particles,  though  if  the  particles  of  fluids  are  sphe- 
rical, the  vacuities  make  at  least  {•  of  the  whole  bulk.  But  it  is 
sufficient  that  we  know  precisely  in  what  sense  the  specific  gn- 
vity  of  fluids  is  tmderstood. 
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CHAPTER  L 

On  the  Pressure  of  non-elastic  Fluids. 


384.  Prop.  The  upper  surface  of  a  homogeneous  heavy  fluid 
in  any  vessel^  or  any  system  of  communicating  vessels,  is  hori- 
zontaL 

Tins  is  a  matter  of  universal  Experience;  and,  as  it  is  easily 
observed,  may  be  taken  for  the  distinguishing  property  of 
fluids.  Thus,  if  ABCD£F(fig.  7*  pi.  XV.)  be  a  vessel  in  which 
the  branches  cdh,  efg,  have  a  free  communication  with  the 
part  AB;  then,  if  water,  or  mercury,  or  wine,  or  any  other  fluid 
commonly  reckoned  non-elastic,  be  poured  in,  either  at  A,  c,  or 
E,  and  when  the  whole  is  at  rest,  the  surface  of  the  fluid  stands 
at  IK  in  the  larger  trunk;  if  the  line  likm  be  drawn  parallel  to 
the  horizon,  the  surface  of  the  fluid  will  stand  at  l  in  the  branch 
£F,  and  at  m  in  the  branch  cd;  and  this  whatever  are  the  in- 
clinations of  those  branches,  or  the  angles  at  f  and  d,  g  and  h« 

Remark.  This  is  usually  explained  by  saying,  that,  since  the 
parts  of  a  fluid  are  easily  moveable  in  any  direction,  the  higher 
particles  will  descend  by  reason  of  their  superior  gravity,  and 
raise  the  lower  parts  till  the  whole  comes  to  rest  in  a  horizontal 
plane.  Now  what  is  called  the  horizontal  plane  is,  in  fact,  a 
portion  of  a  spherical  surface  whose  centre  is  the  centre  of  the 
earth:  hence  it  will  follow  ^ih&t  if  a  fluid  gravitate  towards  any 
centre  it  will  dispose  itself  into  a  spherical  Jigure,  the  centre  of 
which  is.  the  centre  of  force, 

385.  Prop.  Ifafluid,  considered  without  weighty  be  contained 
in  any  vessel  whatever,  and  an  orifice  being  made  in  the  vessel, 
any  pressure  whatever  be  applied  thereto,  that  pressure  will  be 
distributed  equally  in  all  directions. 

Through  any  point  N  (fig.  1.)  taken  at  pleasure  below  the 
surface  of  the  fluid  likm,  imagine  the  horizontal  plane  PNoa 
to  pass.  It  is  obvious  the  weight  of  the  fluid  contained  in  the 
vessel  below  pnoq  contributes  nothing  to  the  support  of  the 
columns  lp,  io,  mqj  so  that  the  equilibrium  would  obtain  in 
like  manner  if  the  flmd  contained  in  that  part  of  the  vessel  below 
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PNOQ  had  lost  its  weight  entirely.  We  may,  therefore,  regard 
this  fluid  as  being  solely  a  mean  of  communication  between  the 
columns  lp,  id,  and  mq  ;  in  such  manner  that  it  will  transmit 
the  pressure  resulting  from  the  columns  lp,  mq,  to  the  column 
ID,  and  reciprocally.  If,  now,  instead  of  the  columns  lf,  iO| 
MQy  of  the  fluid,  {)i8ton8  were  applied  to  the  siirfeces  p,  no, 
and  Q)  and  were  separately  urged  by  pressures  re^>ecdidy 
equal  to  the  pressures  of  the  columns  lp,  io,  mq,  the  eqoili- 
briuni  would  manifestly  obtain  in  like  manner.  Or,  if  a  pres^ 
sure  equal  to  that  of  the  column  mq  be  applied  at  o,  while  (he 
columns  LP,  ID,  remain,  the  equilibrium  will  still  obtain;  and 
this  whatever  are  the  directions  of  the  several  branches,  and 
their  sinuosities  at  d,  f,  Sec.  whence  the  proposition  is  e?i- 
dent. 

Cor.  !•  Not  only  is  the  pressure  transmitted  equally  in  sll 
directions,  but  it  acts  perpendicularly  vpon  every  paint  cfthe 
surface  of  the  vessel  whicn  contains  the  fluid. 

For  if  the  pressure  which  acts  upon  the  surface  were  not 
exerted  perpendiculariy,  it  is  easy  to  see  that  it  could  not  be 
entirely  anmhilated  by  die  reaction  of  that  surface;  the  surphu 
of  force  would,  therefore,  occasion  fresh  action  upon  the  particles 
of  the  fluid,  which  must  of  consequence  be  transmitted  intU 
directions,  and  thus  necessarily  occasion  a  motion  in  the  fluid : 
that  is,  the  fluid  could  not  be  at  rest  in  the  vessel,  which  is  co»> 
trary  to  experience. 

Cor.  2.  Hence,  also,  if  the  parts  of  a  fluid  contained  in  any 
vessel  A  BCD  (fig.  6.  plate  XV.),  open  towards  the  fdrt  ab, 
are  solicited  by  any  forces  wliatever,  and  remain  notzvUhstand^ 
ingin  equilibrio,  these  forces  must  be  perpendicular  to  the  sur* 
face  AB.  For  the  equilibrium  would  obtain  in  tike  manner  if 
a  cover  or  a  piston  of  the  same  figure  as  the  surface  a  b  were 
applied  to  it ;  and  it  is  manifest  that,  in  this  latter  case,  the 
forces  which  act  at  the  surface,  or  their  resultant,  must  be  per- 
pendicular to  that  surface. 

Cor.  3.  If,  therefore,  the  forces  which  act  upon  the  particles 
of  the  fluid  are  those  of  gravity,  we  shall  see  that  the  direction 
of  gravity  is  necessarily  perpendicular  to  the  surface  of  a  tran- 
quil fluid ;  consequently,  the  surface  of  a  heavy  fluid  must  be 
horizorUal  to  be  in  equilibrio,  whatever  may  be  the  figure  of  the 
vessel  in  which  it  is  contained. 

Thus,  again,  we  see  the  reason  of  the  fact  stated  in  art.  S83. 

Cor.  4.  If  a  vessel,  as  abcd  (fig.  6.  pi.  XV.)  closed 
throughout,  except  at  a  small  orifice  o,  be  full  of  a  fluid  with- 
out weight ;  then  if  any  pressure  be  applied  at  o,  the  resulting 
pressure  on  the  plane  surface  or  bottom  cD  will  neither  depend 
upon  the  quantity  of  fluid  in  the  vessel  nor  on  its  shape;,  bu^ 
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2iiiice  the  pressure  applied  at  o  is  transmitted  equally  in  all 
directions,  the  actual  pressure  upon  cd  will  be  to  the  pressure 
at  Of  as  the  area  of  en  to  that  of  the  orifice. 

Cor.  5.  In  the  s^^uie  manner  will  the  pressure  applied  at  o 
be  exerted  in  raising  the  top  ab  of  the  vessel;  so  that  if  the 
top  be  a  plane,  of  which  o  forms  a  part,  the  vertical  pressure 
tending  to  force  ab  upwards  will  be  to  the  force  applied  at  o^ 
as  the  surface  ab  to  the  area  o. 

386.  Prop.  The  pressure  of  a  fluid  on  the  horizontal  base  of  a 
vessel  in  which  it  is  contained  is  as  the  base  and  perpendicular 
altitude,  whatever  be  the  figure  of  the  vessel  that  contains  it: 
the  upper  surface  (f  the  fluid  bein^  supposed  horizontal. 

Let  any  horizontal  plane  gh  (ti%,  10.  pi.  XV.)  be  supposed 
drawn,  and  conceive  the  fluid  contained  in  the  part  oc  dii  of 
the  vessel  to  be  void  of  weight ;  then  it  is  evident  from  cor.  3« 
of  the  foregoing  proposition,  that  any  vertical  filament  what- 
ever, £1  of  the  heavy  fluid  ab UG,  exerts  at  the  point  i  a  pressure 
M'hich  is  distributed  equally  through  the  fluid  Gcoa ;  and  that  this 
pressure  acts  equally  upwards,  to  oppose  theactionof  each  of  the 
other  filaments  which  stand  vertically  above  gh  ;  therefore,  the 
filament  Ei  alone  keeps  in  equilibrium  all  the  other  filaments  of 
the  mass  aghb:  consequently  the  mass  gcdh  being  still  sup* 
posed  without  weight,  there  will  not  result  any  other  pressure 
on  the  bottom  CD  dian  that  of  a  single  filament  Bi,  which,  being 
transmitted  equally  ta  all  the  points  of  CD,  will  make  the 
pressure  upon  cd  to  that  upon  the  base  i  of  the  filament  ei  at 
the  area  cd  to  the  area  i.  If,therefore,  we  imagine(fig.9.  pL  XV.) 
a  heavy  fluid  contained  in  acb  to  be  divided  into  horizontal 
laminae,  the  upper  lamina  will  commimicate  to  the  bottom  cD 
no  other  action  than  would  be  communicated  by  the  single 
filament  ab ;  and  the  same  thing  obtaining  with  respect  to  each 
lamina,  the  bottom,  therefore,  is  pressed  in  the  same  degree  as 
it  would  be  by  the  combined  operation  of  the  filaments  ab,  be,  cd, 
&c.  Whence,  as  this  pressure  is  transmitted  equally  to  all  the 
points  of  CD,  it  will  be  equal  to  the  product  of  cd  into  the  sum 
of  the  pressures  which  the  filaments  ab,  be,  cd,  are  capable  of 
exercising  on  the  same  point,  or  it  will  be  proportional  to  cdx 
{ab  +  bc  +  cd  '+  &c.) 

Cor.  1.  Hence,  if  the  fluid  contained  in  the  vessel  abdc  be 
homogeneous,  the  pressure  on  the  bottom  cd  will  be  expressed  by 
CD  X  EC ;  and  will  be  measured  by  the  weight  of  the  prism  or 
cylinder  whose  base  is  cd  and  height  ec. 

Cor.  2.  Hence,  also,  when  the  heights  are  equal,  the  pres^ 
sures  (of  the  same  fluid)  are  as  the  bases :  when  the  bases  are 
equal  tne  pressures  are  as  the  heights :  when  both  heights  and 
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bases  are  equal  the  pressures  on  the  horizontal  bottoms  are  equal 
in  ally  hx)wever  irregular  the  shape  and  different  the  capacitia 
of  the  vessels  may  6e. 

Cor.  3.  In  different  vessels  containing  different  Jiuids,  tie 
pressures  are  as  the  areas  of  the  bottoms  x  depths  x  specific 
gravities. 

Cor.  4.  If  the  lamina  ah,  gk,  See.  be  of  different  denn* 
ties,  or  specijic  gravities,  d,  d,  $,  &c.  then  will  the  pressure  on 
the  bottom  cd  be  equal  to  cdx  (ab-D+  bc«d  +  cd-^+&c.). 

SCHOLIUM. 

387.  Upon  the  two  principles  that  fluids  press  eaually  in  all 
directions,  and  in  proportion  to  their  perpendicular  depdis, 
depends  the  explanation  of  the  peculiarity  known  by  the  title 
of  the  hydrostatic  paradox,  which  is  this :  any  quantity  of 
water  or  other  fuid,  how  small  soever,  may  be  made  to  iulance 
and  support  any  quantity  or  any  weight,  however  great :  a  cir- 
cumstance which  has  been  converted  to  a  useful  pur[>ose  in  the 
construction  of  some  machines.  (See  Bramah's  Machine, 
vol.  ii.)  A  well-known  contrivance  to  illustrate  this  principle 
is  the  hydrostatic  bellows.  It  consists  of  two  thick  boards  ef, 
CD,  (iig.  8.  pH  XV.)  about  sixteen  or  eighteen  inches  diameter, 
covered  or  connected  firmly  with  pliable  leather  round  the  edges, 
to  open  and  shut  like  common  bellows,  but  without  valves; 
a  pipe  AB  about  three  feet  high  being  fixed  into  the  bellows  at 
B.  Now  let  water  be  poured  into  the  pipe  at  a,  and  it  will 
run  into  the  bellows,  gradually  separating  the  boards  by  raising 
the  upper  one.  Then,  if  several  weights  (three  hundred  v\  eights, 
for  instance)  be  laid  upon  the  upper  board,  the  water  being 
poured  in  at  the  pipe  till  it  be  full,  will  sustain  all  the  weights, 
though  the  water  in  the  pipe  should  not  weigh  a  quarter  of  a 

f»ound.     For  the  narrower  the  pipe  the  better  (beyond  certain 
imits),  provided  we  make  it  long  enough,  the  proportion  being 
always  this : 

As  the  area  of  the  orifice  or  section  of  the  pipe. 
To  the  area  of  the  bellows  board,  fe  : 
So  is  the  weight  of  water  in  the  pipe,  AG, 
To  the  weight  it  will  sustain  on  the  board. 

For  the  fluid  at  b,  the  bottom  of  the  tube,  is  pressed  wi^h  a 
force  varying  as  its  altitude  ab:  and  this  pressure  is  communi- 
cated horizontally  to  all  the  particles  in  the  space  fe,  and  then 
distributed  equally  throughout  the  fluid  in  the  bellows:  conse- 
quently, the  pressure  upward  at  fe  is  equal  to  the  weight  of  a 
cylinder  of  the  fluid  whose  base  is  fe  and  altitude  ab;  while  the 
actual  weight  of  water  borne  up  is  only  that  of  the  cylinder  whose 
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base  is  fe  and  height  bg  ;  and  hence  no  weights  laid  upon  CD 
that  (io  not  exceed  the  weight  of  a  cylinder  of  the  fluid  whose 
base  is  ef  and  altitude  AG  will  disturb  the  equilibrium* 

388.  Prop.  If  two  immisceableffuids  are  included  in  a  bent 
tube^  and  balance  each  other,  their  perpendicular  altitudes, 
estimated  from  an  horizontal  plane  drawn  through  the  common 
surface  where  they  are  in  contact,  will  be  reciprocally  as  their 
specific  gravities. 

Let  A  BCD  (fig.  l.pl.  XVI.)  be  such  a  bent  tube^  its  form 
and  dimensions  being  arbitrary;  and  let  the  common  surface  of 
the  two  immisceable  fluids  be  gh;  one  fluid  occupying  the  space 
EFHG,  the  other  the  space  ghbcki.  Let  the  specific  gravity 
of  the  fluid  in  efiig  be  s,  that  of  the  other  s.  Through  the 
siu-face  (.H  draw  the  horizontal  plane  ghlom,  then  it  is  manifest 
(art.  384.)  that  the  part  ghbcml  is  naturally  in  equilibrio:  in 
«rder,  therefore,  that  the  equilibrium  may  exist  in  the  whole, 
the  pressures  exerted  upon  gh  by  the  fluids  contained  in  efhg, 
iKML,  must  be  equal,  Now  (art.  386.  cor-  3.)  the  former  of 
these  pressures  is  denoted  by  gh*fh*5,  and  the  latter  by  gh*no-s* 
Consequently  gH'FH  'snGH-NCS,  or  fh«5  =  no«s;  whence 
flows  the  proposition,  i.  e.  fh  :  no  : :  s  :  5.  , 

SCHOLIUM. 

389.  Before  we  commence  the  investigation  of  the  pressure 
of  fluids  on  oblique  and  curvilinear  surfaces,  we  may  just 
remark  with  respect  to  pressures  upon  the  horizontal  bottoms 
of  vessels,  that  it  is  necessary  to  distinguish  between  the  pres- 
sure which  the  plane  cd  (fig.  6.  pi.  XV.)  would  sustain  as 
arising  from  the  fluid,  and  that  which  it  would  have  to  sustain 
if  it  carried  the  vessel.  If  the  bottom  cd  were  detached  from 
the  vessel,  in  prder  to  prevent  the  escape  of  the  water  th«.Te,  the 
bottom  CD  must  be  pressed  upwards  with  a  force  equal  ip  the 
weight  of  the  cylinder  cd^f  of  the  fluid:  but  if  we  would  sup- 
port the  vessel,  it  will  require  a  force  equal  to  the  \\  eight  both 
of  the  vessel  and  tlie  fluid  it  contains.  Thus,  when  tlie  vessel 
is  narrowest  at  bottom  it  wxW  require  more  force  to  support 
the  vessel  than  to  keep  its  bott6m  from  falling :  while,  if  the 
vessel  is  widest  at  botlom,  it  may  be  supported  with  a  less  effort 
than  would  be  necessary  to  prevent  the  bottom  from  separating 
from  the  sides  of  the  vessel.  But  the  pressure  of  tlie  fluid  on 
the  bottom  of  an  upright  prismatic  vessel  is  equal  to  its  weight. 

390.  Prop,  /iny  plane  surface  immersed  in  a  heavy  f  aid, 
of  which  the  upper  surface  is  horizontalj  is  perpendicularly 
pressed  with  a  force  equal  to  the  weight  of  a  column  of  that 
Jfiiid,  having  the  suff ace  pressed  for  its  base,  and  the  depth  of 
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ii$  centre  of  gravity  nnder  the  surface  of  the  fluid  for  iti 
altitude. 

Let  A  BCD  (fig.  10,  11.  pi.  XV.)  be  a  vertical  sectioii  of  a 
vessel  teimiDatedby  surfaces  either  plane  or  curved,  and  aujway 
inclined  to  the  horizon ;  and  let  the  vessel  be  filled  with  a  fluiil 
virhose  upper  surface  intersects  the  section  abcd  in  the  hori- 
zontal line  AB.  If  Gnhg  be  an  indefinitely  thin  lamba  of  die 
fluid,  we  may  consider  it  abstractedly  from  its  weight,  and  diei 
conceive  this  lamina  as  pressed  by  the  supeiior  fluid.  Now 
this  pressure  is  distributed  equally  through  all  the  particles  of 
the  lamina,  and  acts  perpendicularly  and  equally  upon  all  the 
points  of  the  faces  eg,  hA:  hence,  because  this  force  is  the 
same  as  would  be  occasioned  by  the  filament  £i  alone,  the 
pressure  yihich  is  exerted  perpendicularly  upon  eg  will  be  ex- 
pressed by  Gg  •  EI :  and  the  name  will  manifestly  obtain,  if, 
instead  of  regarding  Qg  as  an  evanescent  right  line,  we  consider 
it  as  an  evanescent  surmce.  Therefore,  in  general,  the  pressure 
which  is  exerted  perpendicularly  upon  any  evanescent  surface, 
by  a  heavy  homogeneous  fluid,  is  estimated  by  the  continual 
product  of  that  surface,  its  distance  from  the  horizontal  ^urfacei 
and  the  specific  gravity  of  the  fluid. 

Hence  it  will  follow,  that  the  total  pressure  exerted  upon 
any  plane  surface  whatever,  whether  vertical  or  oblique,  is  equal 
to  the  product  of  the  specific  gravity  into  the  sum  of  tlie  pro* 
ducts  of  the  evanescent  parts  of  this  surface  into  their  respec- 
tive  distances  from  the  upper  surface  of  the  fluid :  but  by  the 
nature  of  the  centre  of  gravity  (art.  108.)  the  sum  ot  these  latter 
products  is  equal  to  the  product  of  the  whole  surface  into  the 
distance  of  its  centre  of  gravity  from  the  horizontal  surface  of 
the  fluid:  so  that  the  whole  pressure  will  be  denoted  by  the 
continual  product  of  the  surface  pressed,  the  distance  of  its 
centre  of  gravity  from  the  upper  surface,  and  the  specific  gra- 
vity of  the  fluid  ;  which  is  the  proposition  in  other  words. 

Cor.  1.  The  entire  lateral  pressure  of  a  vessel  whose  sides 
are  perpendicular  to  the  base,  is  equal  to  the  weight  of  the 
fluid  contained  in  a  rectangular  prism^  whose  altitude  ts  that 
of  the  Jiuid,  and  base  is  a  parallelogram y  one  side  of  which  is 
equal  to  the  altitude  ofthejiuid,  ami  the  other  to  the  semiperi" 
meter  of  the  vessel, 

CoR.  2.  The  pressure  against  one  side  of  a  cubical  vessel 
filed  with  a  fluid  is  eaual  to  half  the  pressure  against  the 
bottom.  And  the  whole  pressure  against  the  sides  and  bat" 
torn  is  tqual  to  three  times  t/ie  weight  of  ih&  fluid  in  the 
vessel. 

Cob.  3.  TjTabcd,  cdbf  (fig.  2.  pi.  XVI.),  are  two  rectangles 
whose  common  breadth  is  cd,  standing  vertically  in  a  fluids 
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who$e  upper  surface  is  ss^,  then  mil  the  pressures  upon  the 
rectangles,  abgd  and  cdef  be  as  ac^  and  ae**  AC^ 

For  if  G  and  g  be  the  respective  centres  of  gravity  of  the 
two  rectangles^  we  shall  have  pressure  upon  abcd  :  pressure 
upon  CDEF : :  ascd  •  ig  :  cdef  •  ig  : :  ac  •  |  ac  :  ce  •  ( Ac+i<^£) 
: :  AC*i  ac:(ae  — Ac)«i(AS+Ac)::  ac*:ae*— ac^. 

Cor.  4.  Hence,  if  ae  be  to  ac  as  ^  2  to  I,  the  pressures 
upon  abcd  and  cdef  mil  be  equal. 

391.  Def.  Tbecentre  of  pressure  is  that  point  of  a  surface 
against  which  any  fluid  presses,  through  which  the  resultant  of 
all  the  individual  pressures  passes,  or  to  which,  if  a  force  equal 
to  the  whole  pressure  were  applied  in  a  contrary  direction,  it 
would  keep  the  surface  at  rest. 

392.  Prop,  If  a  plane  surface  which  is  pressed  by  a  fluid 
be  produced  to  the  horizontal  surface  of  it,  and  their  common 
intersection  be  regarded  as  the  axis  (fsuspension^the  centre  of 
percussion  unll  be  the  centre  of  pressure. 

Let  ABCD  (fig.  3.  pi.  XVI.)  be  the  horizontal  surface  of  the 
fluid  which  presses  upon  the  plane  BiF:  produce  this  plane  till 
it  meets  the  surface  of  the  fluid  in  the  line  mn;  and  let  o  be 
the  centre  of  pressure.  From  any  point  p  of  the  surface  pressed 
draw  the  vertical  pm,  meeting  the  horizontal  surface  in  m ; 
and  in  the  plane  cb  draw  from  m  the  line  mm  perpendicular 
to  M9.  The  pressure  upon  j^  (art.  390.)  is  as  p  -pm,  and  its 
effect  to  turn  tne  plane  about  MN  is  as  p^pm^pM,  by  the 
nature  of  the  lever :  also,  its  efiect  to  turn  the  plane  about 
Ni  'la^sp-pm^  MN.  In  like  manner,  if  the  plane  eif  be 
supposed  to  revolve  about  the  axis  mn,  and  to  strike  an 
obstacle  at  o,  the  percussive  force  of  the  particle  p,  by  which 
it  endeavours  to  move  the  plane  about  mn,  will  be  asp  •pi»» 
or  as  p'pm»pM;  and  its  force  to  turn  the  plane  about  ni 
will  be  as  p  •  pM  •  mn,  or  as  p  -pm  *  mn.  And  the  like  cor- 
respondence between  the  percussive  and  the  pressive  forces, 
of  any  other  pa^'ticles  in  the  plane  ef,  may  be  shewn  in  the 
same  manner*  Consequently,  the  percussive  forces  of  the 
whole  of  the  particles,  whereby  jthey  endeavour  to  move  the 
plane  in  the  two  directions,  have  the  same  relation  as  the  forces 
of  pressure,  and  therefore  the  centres  of  pressure  and  percussion 
^re  coincident.' 

CoR.  1.  Hence,  the  theorems  given  for  the  t:entre  of  per- 
cussion in  arts.  318,  319*  may  be  applied  to  the  determination 
of  the  centre  of  pressure. 

CoR.  2.  Hence  also  appears  the  mistake  of  those  who  assert 
that  the  centres  of  percussion  and  of  pressure  do  not  coincide. 
They  are  the  centres  oi  oscillation  zixA  oi pressure  which  do  not 
(coincide  universally.    See  airn.  320. 
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SCHOUUM. 

893.  To  adopt. the  general  formuls  for  the  centre  of  peKui- 
sion  to  the  instance  of  the  centre  of  pressure,  it  will  be  pnqicr 
to  make  a  slight  change  in  the  notation.  Let  d  be  the  dutaaos 
from  MN  of  any  particle,  or  of  any  horizontal  lanuna  of  the 
fluid  in  contact  with  the  plane  eif  ;  let  /  be  die  lei^th  of  sack 

lamina,  and  i  its  depth  (bebg  considered  as  evanescoitX  thea 

will  Id  be  its  area ;  also,  let  1  be  the  distance  of  the  coitre  of 
gravity  of  the  plane  eif  from  the  line  mn,  where  that  pbae 

intersects  the  surface;  and  let  the  horizontal  distance  of  Id 
from  the  line  ni  be  denoted  by  h:  then,  with  respect  to  die 

line  MN  the  formula  (art*  318.)  will  become-^^ — r  or  <^-— r: 

"^  '  fidd        "'•* 

and  with  respect  to  the  line  ni,  the  formulae  (art.  319.)  iriB 

,  fladk         fludd 

become  -77-7-  or  ,„  .. 

A  few  examples  are  here  added  to  illustrate  the  use  of  these 
theorems. 

I.  Let  a  reservoir  which  contains  water,  or  any  other  fluid 

(its  specific  gravity  being  5),  have  one  of  its  sides  plane  and 

vertical :  if  we  imagine  a  right  line  drav^m  vertically  upon  thii 

plane,  its  length  being  X,  and  the  distance  of  its  centre  of 

gravity  from  the  surface  of  the  fluid  ^,  the  pressure  exerted 

upon  this  line  will  be  5  ^X  (art.  890.)*   Let  the  distance  of  the 

superior  extremity  of  the  line  X  from  the  surface  of  the  fluid 

be  a,  and  make  a-|-^=^,  so  shall  e  be  the  distance  of  the  lower 

extremity  of  the  line  X  from  the  horizontal  surface  of  the 

fluid.     Then,  to  find  the  centre  of  pressure  of  the  line  X, 

J"     . 

we  take  the  complete  fluent  of  the  expression :-  (/  beii^ 

constant)  which  is  ^7-^ — rr>  or,  when  the  variable  d  becomes 
equal  to  e  we  have  g^3;4,  for  the  distance  of  the  centre  of 

pressure  from  the  horizontal  surface  of  the  fluid.  When  one 
of  the  extremities  of  the  line  X  coincides  with  tliis  surface  we 
ha%'e  a=0,  and  e =X,  and  the  distance  of  the  centre  of  pressure 
becomes  j-  X. 

II.  If  upon  the  vertical  line  X  we  construct  a  rectangle,  of 
which  the  horizontal  base  is  h,  the  whole  pressure  upon  it  will 
be  sk^X,  and  the  distance  of  the  centre  of  pressure  from  the 


C II A  Pi.  I.]  Centre  of  Pressure.  36 1 

surface  of  the  fluid  will  be  ^/^    "  ,  the  same  as  we  have  just 

found.  AuA  this  centre  must  evidently  be  found  upon  the 
vertical  line  which  divides  the  parallelogram  into  two  equal 
parts. 

If  the  upper  horizontal  side  of  the  parallelogram  coincide 
with  the  surface  of  the  fluid  (as  the  side  a  b  of  the  parallelo- 
gram ABCDy  fig.  2.  pi.  XVI.)  its  tendency  to  turn  about  its 
base  will  be  J5AA*  •  4^A  =^s//A',  and  its  tendency  to  turn  about 
one  of  its  vertical  sides  will  be  JsAA*  •  JA=fsA*A*:  thus  the 
first  of  these  efibrts  will  be  to  the  second  as  {sh7\?  :  4^*A*A*,  or 
as  2A :  3A ;  which  reduces  to  2  :  3,  when  the  rectangle  becomes 
a  square. 

III.  To  determine  the  centre  of  pressure  in  the  triangle  cab 
(fig.  4.  pi.  XVI.)  whose  side  ab  is  horizontal,  and  which  is 
placed  vertically  in  a  fluid  whose  horizontal  surface  is  ss^. 
Through  c,  the  summit  of  the  triangle,  draw  the  vertical  line 
scPy  also  the  line  eg  bisecting  the  base  ab,  and  any  line  tr 
parallel  to  ab.  Make  cp  =  A,  ab  =  A,  cs  =  a,  sp  zra  +^  =^» 
the  distance  of  the  horizontal  line  in  which  lies  the  centre  of 
gravity  of  the  triangle  from  s=^  (that  is,  if  cg-=:\c%  the 
distance  between  ss'  and  g"=^),  the  angle  pea— k,  SM=d,  tr 
=/,  CM=c=:rf  — cr. 

The  w  hole  pressure  upon  this  triangle  will  be  represented  by 
S'ihK'^  :=!  is^h.  And  to  find  the  depth  of  the  centre  of 
pressure  below  ss^  we  must  find  the  fluent  of  the  expression 

J. or  -^ .     In  order  to  this  we  have  cp :  ab  :  :  cm  : 

ABC  . ) '  §*xfc 

TR,  or  A :  A : :  c  :  /  =—  =  — (d— a),  which  substituted  for  /  in 

A  A 

/ld%  gives— /(d'-ad»)<i  =  -^(id*-iad')  +  c.     The  con- 

stant  quantity  c  may  be  determined  by  considering  that  the 
fluent  nmst  vanish  at  the  point  c,  that  is,  when  /  =  O,  or  when 
d^a  =  0,  that  is,  when  d  zz  a.  Hence,  making  the  substitu- 
tion, we  have 

— (^a*— 4^*)  +  c  =  0,  whence  c  =^2x0* 
and  the  correct  fluent  is— (tC?*  — |^d'  +  tt«'*)- 

A 

Hence  then,  for  the  whole  triangle,  in  which  sm  =  sp,  or 
J  =  e,  we  substitute  e  for  d  in  the  fluent,  and  divide  by  the  de- 
nominator I^AA  of  tlie  general  expression,  which  gives  for  the 
depth  of  the  centre  of  pressure  of  the  whole  triangle  the  value 

ijLa^        ,  which  is  evidently  independent  of  the  base  A  of 
the  triangle. 
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When  the  vertex  of  the  triangle  is  at  the  horizootal  surfiMa 
of  the  fluid  e  n  A,  a  =  0,  ^  =  |A,  and  the  expres^on  becomei 

IV.  To  determine  the  distance  of  the  centre  of  pressure  ttcm 
the  vertical  line  cp.     Here  we  must  take  the  formula^ — r^ 

in  which  h  represents  mn  =  c  tan  Ae  =  (d  — a)  tan  iL    Sak 
stituting  this  value  of  h^  and — {d~a)  for  I,  its  value  foaa^ 

above,  we  have  fl^dd  == r{^^  —  2arf*  +  €Af)  i  = 

iL!!l±  (^4-  i^^j  +  |^»d*)  +  c     In  this  case,  also,  the  flocat 
vanishes  when d^a\  whence  we  have  g^  -^  c  =  0, «4 


A  tan£ 

A  tan  it 


C  = r:— a'*: 


SO  that  the  correct  fluent  is (lei*  —  T«^+ia*#  •* 

A 

Hence^  making  d^t^  and  dividing  hyfld^  zz  iihh,  we  haia 
for  the  distance  sought,  tan  k  •  ^  ~  '^    "^^ '  "^ . 

1.  When  the  triangle  is  isosceles  the  angle  A  =0,  and  the 
preceding  value  vanishes,  as  it  obviously  ought  to  do ;  for  ii 
that  case  the  triangle  is  S3^mnietrical  with  respect  to  cp,  and  die 
pressures  are  in  equilibrio  about  that  line. 

2.  When  the  triangle  is  right-angled,  and  has  its  base  or 
horizontal  side  ab  =:  A  one  of  the  sides  about  the  right-angle, 
that  is,  when  CA   coincides  with  cp,  then  is  A  =  ^  tan  h^ 

or  tan  ft  =  — ,  which  transforms  the  expression  for  the  centra 

of  pressure's  distance  from  sp 

3.  Finally,  vhen  tlie  vertex  of  the  triangle  is  at  the  surfMS 
ss'  of  the  fluid,  a  =:  0,  e  =X,  ^  =  ^A,  and  the  expression  be^? 
comes  IK  tan  k ;  wliich,  for  the  riglit-angled  triangle,  reduces 
to  JA. 

4.  When  the  triangle  has  its  vertex  at  the  horizontal  surfoce 
of  the  fluid,  the  tendency  to  turn  about  the  base  is  to  that  to 
turn  about  the  perpendicular  let  fall  from  the  vertex  upon  the 
base  as  1  to  3  tan  k ;  and,  in  the  case  of  the  right-angled  tri- 
angle, as  2A  to  3A :  which,  when  the  legs  of  the  triangle  are 
equal,  reduces  to  the  ratio  of  2  to  3.  As  in  the  case  of  tho 
rectangle  and  square. 
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If  c  and  AB  lie  on  different  sides  of  ss^  that  is,  if  part  of 
Aie  triangle  is  out  of  the  fluid,  no  other  change  will  be  neces- 
wmry  in  die  preceding  expressions  than  a  change  of  signs  in  those 
bcrms. which  contain  uneven  powers  of  a.  So  that  this  simple 
brmnsftinnation  will  accommodate  the  preceding  general  the- 
orems to  the  case  of  trapezoids. 

V.  If  the  radius  of  a  circle  be  r,  and  ^  the  distance  of  its 
•entre  below  the  Kurface  of  the  fluid  in  the  plane  of  the  circle, 
dien  is  the  distance  of  the  centre  of  pressure  from  the  upper 

surface,  in  the  same  plane^  expressed  by  ^  +  t~;  \vhich  when 

die  upper  part  of  the  circle  just  touches  the  surface  becomes 
^.  The  investigation  of  this  is  left  for  the  student's  exercise. 
-  It  is  hardly  necessary  to  remark,  that  the  results  of  the  oper- 
Btioas  in  this  scholium  may  be  safely  applied  in  the  analogous 
enquiries  relative  to  the  C4  ntre  of  percussion. 

'  394.  Prop.  To  enquire  geiterally  into  the  results  of  all  the 
press uresy  upon  anjf  surface  plane  or  curved,  regular  or  irre-- 
gmlarf  both  in  the  vertical  and  the  horizontal  direction. 

XI its  IS  usually  performed  by  foreign  authors,  by  means  of 
she  calculus  of  partial  differences.  But  another  mode  of  in« 
▼estigation  is  pursued  here,  which  is  likely  to  carry  more  con- 
idctiou  to  the  mind  of  a  learner.  Had  the  vertical  pressure 
adone  been  the  object  of  investigation,  it  might  be  determined 
fin*  uiore  concisely. 

I.  Whatever  the  flguie  of  a  body  may  be,  we  may  always 
imagine  it  to  consist  of  an  assemblage  of  an  iniinite  number  of 
kideliiiitely  small  laminae  respectively  parallel,  and  the  surface 
eif  each  lamina  as  an  assemblage  of  many  trapezoids,  their 
number  indeed  being  intinite  likewise,  when  the^aurface  in  con* 
tact  with  the  fluid  is  curved.  Hence,  to  estimate  the  result  of 
the  pressures  of  a  fluid,  whether  upon  the  interior  surface 
of  a  vessel  which  contains  it,  or  upon  the  exterior  surface  of 
a  bod}  immersed  in  it,  we  must  flrst  estimate  the  result  of 
the  pressure  upon  the  siuface  of  a  trapezoid  whose  height  is 
eTanescent. 

Conceive,  therefore,  abed  (fig.  5.  pi.  XVI.)  a  trapezoid 
whose  two  parallel  sides  are  a6,  cd,  and  whose  height  hk  is 
iniinitely  small  with  regard  to  those  sides.  To  resist  the  pres- 
sure upon  this  surface  we  must  apply  to  the  centre  of  gravity 
g  of  the  trapezoid  a  force  p  perpendicularly  to  its  plane,  the 
^alue  of  which  is  expressed  by  the  product  of  the  surface  of  the 
trapezoid  into  the  distance  iig  of  its  centre  of  gravity  from  the 
horizontal  sunavc  abcu  of  the  fluid. 

To  determine  the  effect  of  this  force  P  both  in  the  vertical 
and  the  horizontal  direction^  conceive  a  vertical  plane  cd  fe  to 


/    . 
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past  tfarougb'the  line  cd^  and  a  horizontal  plane  ab  ef  thnMfjk 
the  line  ab ;  the  common  intersection  of  these  planes  being  ir: 
then,  having  drawn  the  vertical  lines  rs,  ap,  naeeting  '^^ 
horizontal  plane  in  e  and  f,  join  6b  and  av :  again,  thn 
the  direction  pg  of  the  force  p,  conceive  a  plane  kih  pciyi 
dicular  to  cdy  and  of  which  HgK  and  hi  are  the  intersectiaii 
with  the  two  planes  abed  and  vEcd :  this  plane  will  be  mh 
pendicular  to  the  planes  abed  and  vEcd^  because  €d  is  uir 
common  intersection :  finally,  from  the  point  k,  where  ab  wd 
Bg  meet,  draw  ki  perpendicular  to  the  plane  F^a/,  this  bl 
must  necessarily  be  perpendicular  to  |ii. 

The  construction  effected,  resolve  the  force  p  (reprasoriei 
hy  gv)  into  two  others  which  are  also  in  the  plane  KiHf^df 
which  the  horizontal  one  is  gL,  and  the  vertical  one  gUm  01- 
ing  these  component  forces  l  and  m,  we  have,  by  the  nam 
of  the  parallelogram  of  forces  p  :  l  :  M  : :  gN  :  gt, :  guiifl 
:  gL  :  LN  : :  HK  :  HI  :  ik,  the  triangles  gLN,  hik^  bang 


dently  similar.     Multiplying  the   tliree  latter  terms  bj^ 
•  Ggy  which  will  not  change  the  ratio,  we  shall  have  p :  l:||:i 


ab  +  cd  ab  +  cd  ab  +  cd 

HK.-^--Gg:Hi.-^ — G^:iK:— — -Gg. 


oB-i-cd' 


Now  it  may  be  observed,   1st.  That  hk — i — istheiar- 

face  of  the  trapezoid  abed.  2dly.  That  since  cb  and  dv  are 
parallel,  as  likewise  cd  and  ef,  we  have  ed  =  fe,  therefore 

tth+rd  a6  +  EF         ,  .   ,  ^  .       . 

IK«  — 3 — =:iKX — - — ,  which,  of  consequence,  is  the  sur- 
face of  the  trapezoid  abEF,  3dly.  That,  becaose  the  height 
of  the  trapezoid  abed  is  evanescent  with  respect  to -the  sides  it 
and  cdy  ef,  which  is  equal  to  cd,  may  be  taken  both  for  ei 

and  for  ai;  so  that  hi  — - —  reduces  to  hi  -ef,  which  is  tbe 

surface  of  the  rectangle  Ecr/p.  We  have,  therefore,  p  :  l  :  X :: 
abed  -  Gg  :  Ecdv  •  Gg :  aFnb  •  Gg,  But  we  have  supposed  that 
the  force  ?  is  expressed  by  abcd»Gg;  consequently,  the  hori- 
zontal force  L  is  denoted  by  EcdF  •  eg,  and  the  vertical  force  X 
by  flFEi-Gg. 

As  the  triangle  may  be  considered  as  a  trapezoid,  of  whidi 
one  of  the  parallel  sides  vanishes,  the  same  thing,  thereforei 
obtains  for  any  evanescent  triangle.  "^ 

Conceiving,  noM',  that  from  the  angles  a,  d,  c,  6,  lines  are 
drawn  to  fall  perpendicularly  upon  the  plane  abcd,  these  per- 
pendiculars  will  be  the  edges  of  a  prismatic  frustrum,  of  wUcfc 
the  horizontal  base  is  equal  to  avEb,  and  the  inclined  bM 
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mbcd;  or,  as  ai  and  cd  are  supposed  indefinitely  near,  the  so- 
lidity of  tne  prismatic  fruslrum  will  not  differ  sensibly  from  that 
of  the  prism  which  has  the  same  horizontal  base,  and  whose 
beiglit  is  Gg:  but  this  latter  is  equal  to  avvA'Gg,  which  is 

Eecisely  the  expression  above  found  for  the  vertical  force  m. 
ence  it  appears,  that  this  force  is  equal  to  the  weight  of  a 
fprismatic  f rostrum  of  the  jiuid  whose  inclined  b.se  is  nhcd, 
mnd  horizontal  base  the  projection  of  abed  upon  the  horizontal 
Wurface  abcd. 

II.  Let  us  next  consider  any  solid  whatever  cut  into  an  in- 
^finite  number  of  horizontal  laminae,  such  as  ABDE/z6r/^(fig. 
^  pi.  XVI.),  and  that  perpendicularly  to  the  centre  of  gravity 
of  the  surface  of  each  trapezoid  into  which  the  contour  of  the 
laminse  is  divided,  forces  are  applied,  each  represented  by  the 

Sroduct  of  the  surface  of  the  corresponding  trapezoid  intQ  the 
[stance  of  its  centre  of  gravity  from  the  horizontal  surface 
AfD^.  These  forces  are  the  pressures  of  a  heavy  fluid,  sus- 
tained bv  the  interior  surface  of  the  laminae  ABDuabde  of  a 
vessel  which  contains  it;  they  are  also  the  pressures  of  such  a 
fluid  which  would  be  sustained  by  the  exterior  surface  of  a 
solid  whose  contour  is  the  same,  and  which  is  immersed  to  the 
same  depth.  But  it  is  manifest  that  if  each  of  those  forces  p, 
p^,  p'',  &c.  were  decomposed  into  two  others,  the  one  vertical, 
the  other  horizontal^  each  vertical  force  would  be  represented 
by  the  weight  of  a  prismatic  frustrum  of  the  fluid  whose  in- 
clined base  is  one  of  the  trapezoids  in  the  contour  of  the  lamina, 
and  its  horizontal  base  the  projection  of  that  trapezoid  upon 
tlie  upper  surface  of  the  fluid.  Therefore  the  sum  of  these 
vertical  forces,  or  the  single y^ertical  resulting  force,  will  be  re- 
ffresented  by  the  sum  of  the  weights  of  all  those  prismatic 
frustrums :  and  the  same  property  may  obviously  be  extended 
to  every  other  horizontal  lamina,  we  may  conclude,  then, 

1 .  That,  if  a  vessel,  of  any  JigurCf  be  full  of  a  fluid,  and 
have  over  every  part  of  the  sides  and  bottom  a  perpendicular 
column  of  the  fluid  reaching  to  the  surface,  the  whole  vertical 
pressure  of  the  fluid  upon  the  bottom  and  sides  of  that  vessel 
mil  be  equal  to  the  weight  of  the  whole  fluid, 

2.  That,  if  a  body,  as  aedbm  (tig.  7.  pi.  XVI.)  of  which 
AiBF  is  the  greatest  horizontal  section,  is  immersed  in  a  fluid  to 
any  depth  whatever,  and  if  zee  drop  the  consideration  of  the 
pressure  sustained  by  the  upper  part  a  MB,  the  vertical  eflortof 
the  fluid  to  raise  the  body  is  equal  to  the  weight  of  the  volume 
of  fluid  which  is  eomprised  between  the  surface  Af\V,  the  surface 
AiBFE,  and  the  convex  surf  ace  formed  by  perpendiculars  let  fall 

from  all  the  points  of  the  perimeter  aibf  upon  the  plane  aV; 
that  is,  equal  to  the  sum  of  the  weiglUs  of  fluid  in  the  prism 
aibfAiBF,  and  the  space  aibfce. 
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III.  If  \ve  would  now  estimate  the  pressure  sustuoed  ^4  ^, 
superior  surface  ambfi  of  the  body,  we  shall  see,  by  the  on  ^^ 
kind  of  reasoning,  that  the  result  in  the  vertical  direction  toM  ^^ 
ing  to  force  the  body  downwards,  is  an  effort  equal  to  ill  y^ 
weight  of  the  volume  comprised  between  the  horizontal  P^^l  || 
tion  aibj]  and  the  upper  surface  ambfi  of  the  body.^  It,  tb^r 
from  the  first  of  these  efforts  we  deduct  the  second,  it  will  i|k| 
pear  that  the  body  is  pushed  vertically  upwards,  with  an  «l- 
equal  to  the  weight  of  a  volume  of  the  fluid  equal  to  tint  if' 
the  body  immerstd.  We  conclude  therefore  that^i^a  bo^k 
immersed  in  any  Jtuid  zcluUeverj  it  will  lose  {relatioebf)  m 
much  of  its  weight  as  is  equal  to  the  weight  of  the  qmanUtf^ 

Jluid  it  displaces. 

IV.  Wiih  regard  to  the  resultant  of  all  the  vertiGai  fefcs 
whose  magnitude  we  have  just  determined,  it  is  easy  to  see  iht 
it  must  pass  through  the  centre  of  gravity  of  the  Yolume  cf 
fluid  displaced.  For,  if  we  couceive  this  volume  decompoirf 
into  an  infinite  number  of  evanescent  vertical  filamentSv  Ae 
effort  made  by  the  fluid  to  push  each  filament  verticallv  irii 
be  expressed  by  the  weight  of  a  quantity  of  fluid  equal  to  thit 

*  filament.  Therefore,  to  obtain  the  distance  of  the  resultant 
from  any  vertical  plane  whatever,  we  must  multiply  the  inaif 
of  each  filament  (considered  as  of  the  same  nature  with  Ae 
fluid)  bv  its  distance  from  this  plane,  and  divide  the  sum  of 
the  products  by  the  sum  of  the  filaments ;  which  is  precisdy 
the  rule  that  must  be  followed  to  find  the  centre  of  gravity  of 
the  volume  displaced.  ITierefore,  universally,  a  body  immtnti 
either  rcholly  or  in  part  in  a  heavy  Jtuid,  and  at  restj  recaves 
from  thejiuid  pressures  which  are  together  equivalent  to  a  ver- 
tieal  force  directed  uprcards  through  the  centre  of  gravity  of 
the  Jiuid  displaced  by  the  body,  and  equal  to  the  weight  of  ff 
quantity  of  the  Jluid,  so  displaced  by  the  immersed  part  ojtht 
body. 

Indeed  we  may  readily  assign  a  reason,  it  priori,  of  this :  for, 
supposing  a  force  acting  on  a  body  without  heaviness  retains  it 
in  equilibrio  when  immersed  either  wholly  or  partly  in  a  heavy 
fluid ;  if  we  substitute  for  the  immersed  part  of  the  body,  that 
is,  for  the  fluid  it  displaces,  an  equal  and  similar  portion  of  the 
same  fluid  become  solid  (as  ice,  and  the  density  unchanged), 
the  equilibrium  will  still  obviously  subsist :  consequently,  thtr 
pressure  of  the  fluid  upon  the  immersed  body  will  be  altogeflier 
equal  and  directly  opposed  to  the  weight  of  this  solid ;  and 
must,  therefore,  pass  through  its  centre  of  gravity  in  order  to 
sustain  it  in  equilibrium. 

V.  It  now  remains  for  us  to  consider  how  the  horizontal 
forces  are  disposed  of. — If  we  take  any  one  of  the  horizontal 
laminae  into  which  either  the  fluid,  or  the  solid  immersed  in  the 
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fluid,  may  be  imagined  to  be  divided,  and  througli  the  sides  ab^ 
he  J  cdy  &c.  (fig.  6.  pi.  XVI.)  of  the  inferior  section  conceive 
vertical  planes  to  pass,  and  to  be  terminated  by  the  superior 
•ection ;  these  planes  will  form  the  contour  of  a  prism  whose 
iieight  is  that  of  the  lamina,  and  each  face  of  the  prism  wili 
kave  (I)  the  measure  of'  its  surface  proportional  to  the  value 
of  the  horizontal  force  to  which  it  is  perpendicular.     But,  as 

^  all  these  faces  are  of  the  same  altitude,  their  surfaces  are  pro- 
portional to  tlieir  bases  a&,  bCj  8cc.  and  consequently  the  ho- 

^  nzontal  forces  are  respectively  in  the  ratio  of  the  sides  ab^  bc^ 
lie.     And  as  the  altitudes  of  these  faces  are  evanescent,  we 

"  loay  regard  all  these  forces  as  applied  in  the  same  horizontal 
plane  ahcdef^  and  to  be  each  respectively  proportional  to  the 
length  of  the  side,  on  the  middle  of  which  it  acts  perpendi 
cularly.  Now  it  has  been  shewn  (art.  53.),  that  if  any  number 
of  forces  represented  in  magnitude  and  direction  by  the  sides 
of  a  polygon  taken  in  order,  act  simultaneously  upon  the  same 
point,  they  will  be  mutually  destroyed,  and  the  point  continue 
at  rest :  also  (art.  85.),  that  when  any  number  of  forces  are  in 
equilibrio  when  applied  to  different  points  of  a  body,  they  are 
the  same  as  would  be  in  equilibrio  about  a  single  point ;  and, 

'  since  the  directions  of  the  several  forces  p,  p^,  ^\  8cc.  in  the 
present  case  would,  if  produced,  form  a  polygon  similar  to 
abcdef,  the  consequences  just  referred  to  will  apply  to  them 
likewise :  and,  in  like  manner,  to  the  pressures  upon  any  other 
horizontal  lamins.  Consequently,  the  efforts  which  result  in 
the  horizontal  direction^from  the  pressure  of  a  heavy  fluid  upon 
the  surface  of  any  body  immerseain  it,  are  mutually  destroyed, 

SCHOLIUM. 
395k  From  the  preceding  doctrine  of  the  pressure  of  fluids, 
an  important  practical  maxim  may  be  deduced.  We  have  seen 
that  in  any  vessel  containing  a  heavy  fluid,  the  parts  that  are 
deepest  below  the  surface  sustain  a  proportionally  greater  pres- 
sure. If,  therefore,  we  have  to  construct  an  assemblage  of 
vertical  pipes  or  tubes,  to  elevate  water  or  any  other  fluid,  we 
may  run  into  a  superfluous  expense,  by  giving  the  same  thick- 
ness to  the  material  in  every  part.  For,  if  the  substance  be 
uniformly  thick,  and  the  lower  parts  are  suflSciently  strongs 
the  upper  parts  are,  of  consequence,  much  thicker  than  neces- 
sary. The  method  suggested  by  theory  is,  while  we  give  to 
the  whole  assemblage  the  same  interior  diameter,  to  give  a  safe 
and  sufficient  thickness  to  the  material  at  the  lowest  part,  and 
let  it  gradually  dimmish  to  the  top,  in  the  same  ratio  nearly  as 
the  diminution  in  the  depth  of  the  fluid.  The  same  maxim 
may  also  find  an  application  in  the  construction  of  sluice-gates, 
dams,  banks,  8cc.    And  in  all  such  cases  it.  b  adviseable  to  de- 
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termine,  first,  the  adequate  strength  to  resist  the  pressure  atirj 
greatest  depth ;  as,  by  this  means^  safety  may  always  be  ensnifi 
M  itiiout  any  waste  of  materials. 

To  tale  a  simple  exan^ple,  suppose  the  half  ixgure-ACD  (%r 
10.  pi.  III.),  to  be  the  profile  of  a  bank,  whose  summit  a  is  oi 
a  level  with  the  surface  of  the  water,  AC  being  the  vertical  6or 
of  the  bank,  pm  and  cd  two  horizontal  sections;  and  let  tk 
water  be  supposed  to  act  upon  the  face  amd  by  its  hydrostatic 
pressure.  The  part  apxM  may  be  moved  from  its  place  either 
by  turning  upon  the  point  P,  or  by  sliding  along  the  line  PM ;  ii 
either  case  separating  from  the  lower  part  PC  dm.  The  qnei* 
tion  is  reduced  to  the  finding  such  a  curve  AMD,  that  everf 
portion  of  it  as  apm,  may  of  itself  be  in  equilibrio  upon  ki 
base  PM.  Putting  ap  =  z,  pm  =  y,  ^  =  the  specific  grtvi^: 
of  water,  g^  that  of  the  bank ;  then  the  horizontal  thrust  of 
the  water  with  respect  to  the  point  P  is  7^2;^  and  the  nMK 
ment  of  the  weight  of  tlie  profile  apm  with  respect  to  the  same 

point  p  is  equal  to  g^J/x  multiplied  by  the  horizontal  distaooe 

of  the  centre  of  gravity  of  the  profile  from  the  point  A,  whii 

/vie 

distance  is  ~-r.     To  favour  the  stability  of  the  bank,  let  us 

drop  the  consideration  of  the  adhesion  of  the  profile  apm  to' 
the  line  pm,  and  of  the  vertical  pressure  of  the  water,  and  there 
will  result  the  equation 

SoKing  tlils  in  the  usual  way,  we  have  z  zzyA/j.       Thus 

the  face  amc  is  the  hypothenuse  of  a  right-angled  triangle, 
whose  base  cd  is  to  its  altitude  ca,  as  Vg  to  Vg^* 

The  conditions  of  the  stability  necessary  to  prevent  the 
sliding  of  the  profile  apm  along  the  base  pm,  will  be  found  ia 

tlie  equation  {gz*  zz  ng^fi/z, ;  whence  gz  1=  n^y,  or y  :z::  g: 

vg^;  where  n  is  a  constant  quantity  to  be  determined  by  expe- 
riment, which  multiplied  into  the  weight  of  matter  ponderating 
npon  a  given  section,  shall  measure  the  counteraction  arising 
from  friction  and  adhesion  to  horizontal  motion  in  the  direction 
ef  that  section. 

In  pipes  employed  for  conveying  liquids,  the  thickness 
should  be  every  where,  in  tlie  compound  ratio  of  their  internal 
diameters,  the  perpendicular  height  of  the  liquid,  and  its  spe- 
cific gravity,  directly,  and  die  tenacity  or  strengtli  of  the  mate- 
rials inversely;  that  is  ^  a— ,  or  as—  when  g  is  constant. 
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Now,  it  has  been  found  by  experiment  that  a  tube  of  lead  of 
16  inches  diameter,  and  67  lines  in  thickness,  sustained  water 
having  a  head  or  charge  of  50  feet.  And  that  a  tube  of  cop- 
per of  6  inches  diameter,  with  a  charge  of  water  of  SO  feet, 
required  half  a  line  in  thickness.  From  this,  suppose  we  wished 
to  find  the  thickness ^^f  fliead^i  pip€*of  12  inches  diameter, 
to  bear  a  head  of  40  feet,  we  should  have  from  tlie  standard  ex- 

_     .  ^       ^«rf         6(K)xI6        ,^__  J    .         ^       ad      480*19 

periment  ^a— a — gr — a  H77;  and  then /a  —  =  -r7;rr-=: 

^^89,  or  less  than  4  lines. 

When  the  conduit  pipes  are  horizontal  and  made  of  lead, 
•their  thickness,  according  to  Bossut,  should  be  2},  3, 4,  5,  6,  7, 

8,  lines,  vAien  their  diameters  are  1,  ij,  2,  3,  4]^,  6,  7,  inches. 

When  the  pipes  are  made  of  iron,  their  thickness  should  be  1, 
.i9i  4,  5,  6,  7,  8,  lines,  when  their  diameters  are  1,2,  4, 6, 6, 10, 

jii,  inches,  respectively. 

Tn  the  farther  application  of  these  principles,  reference  maj 
fJke  made  to  tlie  labie  of  the  relative  tenacities  of  bodies  loM'ards 
ffbe  end  of  chap.  5.  book  L 
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CHAPTER  IL 


On  the  Determination  of  the  Specific  Gravities  qfStU 

and  Fluid  Bodies. 


S96.  Th  b  term  specific  gravity  has  already  been  defined  p 
art  3B3.  The  object  of  the  present  chapter  is  to  exjiUaii 
principles  on  which  the  different  methods  of  ascertaMf  Ik 
specinc  gravities  of  solids  and  fluids  are  founded^  and  to  pit 
some  account  of  the  best  of  those  methods.  Previous  to  imk 
it  may  be  proper  to  make  a  few  observations^iuitarally  dedacri 
from  the  definition  of  specific  gravity  and  the  nature  of  bo£ei 
in  general. 

1.  The  specific  gravities  of  bodies  are  in  the  same  proportioi 
as  their  weights^  when  the  magnitudes  of  the  bodies  are  eqml. 

2.  Where  the  weights  of  the  bodies  are  equal,  the  spiscific 
granties  are  inversely  as  their  magnitudes. 

3.  When  the  specific  gravities  are  equal^  their  weights  are 
directly  as  their  magnitudes. 

4.  When  neither  the  magnitudes  nor  the  specific  gravities  are 
equal,  the  weights  of  bodies  are  as  their  magnitudes  and  spe- 
cific gravities  conjointly. 

To  express  these  relations  algebraically,  let  —  represent  the 
ratio  of  the  weights  of  two  substances,  ^  the  ratio  of  dieir 

0 

magnitudes,  and  r—  that  of  their  specific  gravities ;  then  will 

the  general  relation  of  these  quantities  be  expressed  by  the 

equation  —  =  —  •  — .     In  estimating  the  weights,  magnitudes, 

and  specific  gravities  of  substances,  some  standard  quantities 
are  always  assumed  to  which  other  bodies  are  referred:  the 
letters  Wf  m^  wA  5,  may  represent  these  standards,  and  each  of 
tliem  might  be  assumed  equal  to  1 ;  but  such  assumption  would 
not  correspond  with  tlie  measures  and  weights  now  in  use.  It 
will,  therefore,  be  more  eligible  that  m  should  represent  the 
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magiutade  of  some  known  measure  which  may  be  assumed  for 
unity,  as  .a  cubic  inch,  a  cubic  foot,  &c.  and  s  any  convenient 
number  in  the  geometrical  progression  1,  10,  100,  1000,  8cc. 
Now  it  has  been  foi^nd,  diat  the  density  of  rain-water  is  more 
^  nearly  uniform  in  different  circumstances  of  time  and  place, 
than  any  other  substance,  whether  solid  or  fluid ;  and  by  a 
fortunate  coincidence  it  happens,  that  the  weight  of  a  cubic  foot 
of  rain-Mater  is  exacdy  1000  ounces  avoirdupoise.    If,  then,  we 
make  w  ir  1000,  m  =  1,  and  s  zz  1000,  we  shall  obtain  w  ==  m 
X  s,  that  is,  the  weight  of  any  body  in  avoirdupoise  ounces  will 
be  equal  to  the  product  oj  the  magnitude  in  cubic  feet,  into  the 
specific  gravity  taken  from  that  scale  in  which  the  specific  grOf 
vi'ty  of  rain-water  is  1000.     Hence  it  appears,  that  a  know* 
ledge  of  the  specific  gravities  of  homogeneous  bodies  will  en- 
able us  to  determine  their  weight,  without  actually  weighing 
tbem,  provided  we  can  ascertain  their  magnitudes :  and  con- 
versely, however  irregular  the  shape  of  bodies  may  be,  if  we 
know  dieir  weights  and  specific  gravities,  we  may  readily  deter- 
mine their  magnitudes  in  feet,  namely,  by  dividing  the  weizht 
in  inoirdupoise  ounces^  by  the  specific  gravity,  or  by  the  weight 
of  a  cubic  foot  in  avoirdupoise  ounces. 

But  in  philosophical  subjects  the  weights  of  bodies  being  for 
tbe  most  part  small,  are  estimated  in  Troy  ounces  or  grains,  the 
magnitudes  being  referred  to  a  cubic  inch  as  a  standard.  Now 
a  Iroy  ounce  is  to  an  avoirdupoise  ounce  as  480  to  4S7j| :  con^ 

sequendy  --rj  x  -j^  =  •32746  of  an  ounce  Troy,  or25S'181 

grains,  the  weight  of  a  cubic  inch  of  water.    And  hence  the 
magnitude  of  a  solid,  estimated  in  cubic  inches,  is  =: 


9S3<L81  a' 


w 


Mheu  the  weight  w  is  in  grains ;  or  =:  ,  when  the  weight 

is  known  in  Troy  ounces.  And  conversely,  the  weight  esti- 
mated in  grains  =253*181  x  m  x  s,  when  the  magnitude  m  is^ 
in  cubic  inches;  and,  if  estimated  in  Troy  ounces,  w  =  '52746 
X  M  X  s.  In  all  these  cases  s  being  the  specific  gravity,  in 
terms  corresponding  to  1000,  for  that  of  rain-water. 

Hence  also  we  may  shew  how  to  determine  very  accurately 
the  diameter  d  of  any  small  sphere,  whose  specific  gravity  is  s 
(to  that  of  water  1000),  its  weight  w  being  known  in  graina*^ 
r  or  the  content  of  a  sphere  whose  diameter  b  1  being  -523598,' 
we  have  1  :  0*623598  : :  253*181  gr.  (the  weight  of  a  cubic 
inch  of  water)  :  132*5648  gr.  the  weight  of  a  sphere  of  water 
whose  diameter  is  1  inch.  Therefore,  since  the  weights  are  as 
the  magnitudes  and  specific  gravities  conjointly ;  and  the  mag- 

hV2         . 
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iiitttde»  of  spheres  are  at  the  cubes  of  their  diameters,  we  hafe 
132'Ji648*D'---^  zi  V9;^  whence  we  find   d  z:  1*961S08 

After  a  manner  not  very  widely  different,  may  imrioos  othsp 
useful  rules  and  theorems,  applicable  to  the  adiaeasureiMBt  o( 
bodies  either  regular  or  irregular,  be  easily  deduced.  What  k 
done  above  is  intended  chiefly  as  a  specimen  of  the  methed; 
but  it  serves  at  the  same  time  to  shew  the  importance  of  aa 
acquaintance  with  the  specific  gravities  of  different  aobitances. 
We  now  proceed  to  exhibit  the  most  useful  propoeitioiis  in  thin 
branch  of  our  subject. 

397.  Prop.  A  body  immersed  in  a  fluid  xcill,  when  left  to 
iise^,  sink,  tf  its  specific  gravity  be  greater  than  that  rftke 
fluid:  it  wilt  rise  to  the  surf  ate  and  float  there,  if  its  meifit 
gravity  be  less  than  that  of  the  fluid:  but,  if  the  apeei/tcgr^ 
vities  of  the  solid  and  fluid  be  equal,  the  body  will  reti  in  a»f 
part  toherever  it  happens  to  be  placed* 

1.  For  the  body  endeavours  to  descend  by  its  own  we^^ 
and  is  supported  by  a  force  equivalent  to  the  weight  of  an  equal 
bulk  of  fluid,  or  of  as  much  fluid  as  will  fill  the  space  occoMed 
By  the  body*  If,  dierefore,  the  body  be  heavier  than  the  ftud, 
bulk  for  bulk,  its  weight  will  be  greater  than  the  upwanl  pies- 
sure  of  the  fluid  which  is  to  counteract  it,  and,  consequendy,- 
thia  latter  pressure  is  not  sufficient  to  prevent  the  body  from 
sinking. 

2.  If  the  bod^  be  specifically  lighter  than  the  fluid,  its  nresp 
sure  downwards  will  be  less  than  the  upward  pressure  of  die 
vrater  at  the  same  depth ;  consequently,  in  this  case  also  tte 
greater  force  will  overcome  the  less,  and  the  surplus  cause  the 
body  to  rise. 

3.  When  the  body  and  the  ffuid  are  of  the  same  specific 
gravity,  equal  masses  of  each  are  of  the  same  weight,  aiul  con- 
sequently the  force  with  which  the  body  tends  to  descend, 
and  the  force  which  opposes  the  descent,  are  equal  to  each 
other;  and  as  they  act  in  contrary  directions,  the  body  wHl  rest 
between  them,  so  as  neither  to  sink  by  its  own  weight,  nor  to 
ascend  by  the  upward  pressure  of  the  fluid. 

Cor.  1.  If  by  any  contrivance  the  specific  gnlvity  of  a  solid 
can  be  so  varied,  as  to  be  one  \vfaile  griatet,  another  less,  ami 
tiien  equal  to  the  specific  gravity  of  the  fluid  wherein  it  is  im- 
mersed, the  body  will'  sink,  or  rise,  or  remain  suspended^  acr 
cording  to  the  variations  of  its  specific  gravity. 

This  is  die  case  in  the  experiment  with  those  litde  glass 
images  (which  some  philosophers  exhibit  in  their  lecluref) 
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Mrhicfa  are  made  to  aseaid  or  descend,  or  ramaiB  fQSpendedy  at 
pleasure. 

Cor.  £•  If  a  solid  specifically  heavier  than  a  fluidf  be  im- 
mersed to  a  depth  which  is  to  its  thickness^  as  the  specific  gra- 
vity of  the  solid  to  that  of  the  fluid,  and  the  pressure  of  the  fluid 
from  dbove  be  removed,  the  body  will  be  sustamed  by  the  fluid. 
For  the  pressure  from  above  being  removed,*  the  body  is  in  tht 
same  state  with  respect  to  the  contrary  pressure,  as  though  with 
^e  same  weight  it  filled  the  whole  space  to  the  surface  of  the 
£iwd ;  that  is,  as  though  its  specific  gravity  and  that  of  the  fluid 
were  equal. 

:  This  serves  for  tlie  explication  of  the  common  expeiiment  of 
making  lead  swim,  in  consequence  of  being  fitted  to  the  bottom 
of  a  glass  tube. 

'  Cor.  3.  Hence  also  we  see  the  meanii^  of  the  proposition, 
that  all  bodies  when  imhiersed  in  a  fluid  lose  the  weight  af  an 
equal  hdk  of  that  fluid  (art  394.  ill.).  The  weight  is  not 
otherwise  lost  than  as  it  is  sustained  by  die  aclioQ  of  a  contrary 
rforce.  And  it  therefore  becomes  obvious,  why  the  weight  of  a 
bucket  of  water  is  n9t  perceived  while  it  is  in  the  water;  it  b 
not  because  that  weight  is  destrpt/ed,  but  because  it  is  supported; 
not  because  fluids  do  not  gravitate  when  they  are  in  fluids  of  the 
same  sort,  but  because  there  is  a  pressure  in  a  contrary  direc- 
tion which  is  precisely  equal  to  their  gravity. 

Cor.  4.  The  weights  thus  lost,  by  imn|erginglhe  same  bo(fy 
in  different  fluids,  are  as  the  specific  gravities  of  the  fluids. 

Cor.  5.  Bodies  of  equal  weight,  but  different  bulk,  lose  in 
^e  same  fluid  we^hts  which  are  reciprocally  as  the  specific 
gravities  of  the  bodies,  or  directly  as  their  bulks. 

Cor.  6.  The  whole  weight  of  a  body  whidi  will  float  in  a 
fluid,  is  equal  to  the  weight  of  as  much  of  the  fluid  as  Ihe  im- 
mersed part  of  the  body  displaces. 

*  CoR.  7.  Hence  the  magnitude  of  the  whole  body  is  to  that 
of  the  part  immersed,  as  the  specific  gravity  of  the  fluid  to  that 
M*  the  body.  And,  if  the  body  be  any  prism  with  its  base  kept 
horizontal,  the  altitude  of  the  prism  will  be  to  the  depth  im- 
mersed, as  the  specific  gravity  of  tlie  fluid  to  that  of  die  body. 

Cor.  8.  And  because,  when  the  weisht  of  a  body  taken  in  a 
fluid  is  subtracted  from  its  weight  out  of  the  fluid,  the  difference 
is  the  weight  of  an  e^ual  volume  of  the  fluid;  this,  therefore,  is 
to  its  weight  in  the  air,  as  the  specific  gravity  of  the  fluid  is  to 
that  of  the  body. 

Consequently,  if  w  be  the  weight  of  a  body  in  aur, 

w'  its  weight  in  water,  or  any  other  fluids 
8  the  specific  gravity  of  the  body, 
4  die  specific  gravity  of  the  fluid, 
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we  shaU  have  w—w':w  ::s:  s;  whence 

8  =:  — ^^»>  the  specific  gravity  of  the  body, 

wm  *^  ^nr 

and  s  = s,  the  specific  gravity  of  the  fluid. 

^^ 

So  diat  the  specific  gravities  of  bodies  are  as  their  weights  in  the 
mir  directly  J  and  their  loss  in  one  and  the  same  fluid  inversehf 4 

Cob.  9.  Hence,  for  two  bodies  connected  together,  or  mhud 
together  into  one  compound  of  difierent  specific  gravities,  ivfr 
may,  supposing  there  is  uo  penetration  of  dimensions,  easily  de« 
duce  the  necessary  equations. 

Let  the  respective  weights  and  specific  gravities  be  denoted 

thus : 

H  =  weight  of  the  heavier  body  in  air,  7    ^  j^,  ^1 

H  =  weight  of  the  same  ra  water,        J  '^       o        ^ » 

L  =  weight  of  the  lighter  body  in  air,  ?  gZ-itg  gp^c  ffravitv- 

l'  =  weisht  of  the  same. in  water,  \  *^*  ^       <* 

c  =  weight  of  the  compound  in  air,  ///_..  -' 

c'  =  ^ht  of  the  samrin  water,  J  « '  =  »*»  »I>ec.  grayitj ; 

s  ==  the  specific  gravity  of  water.    Then, 
Ist.  (h  —  h')  s  =  h«. 
2d.  (l  —  l')  s'  =  Ls. 
3d.  (c  —  c')  s'^  =i  cs. 
4th.  H  +hzzc. 
5th.  h'  +  l'  =  d. 

6th.  — I — 7^  -]». 

From  which  equations  any  of  the  above  quantities  may  be 
found  in  terms  of  the  rest. 

If  the  body  l  be  of  less  specific  gravity  than  water,  then  l' 
fliust  be  considered  as  negative,  and  to  find  its  specific  gravity 
M'e  must  have  recourse  to  a  compound  mass,  as  c :  thus,  because 
from  equa.  4  and  *,  L  —  l'  =  (c  —  c')  —  (h  —  h')  ;  and  from 

equa.  2.  s'  = ?;  consequently,  substituting  for  l—  l'  its 

value,  we  have  s'  =  .       .. — r- — -jr.     Or,  if  we 'deduce  the  va- 

lue  of  s'  from  the  last  equa.  we  shall  thence  find  s'  =— s. 

398-  Prop.  If  a  vessel  contain  two  immisceable  fluids  (such 
as  water  and  mercury)^  and  a  solid  of  some  intermediate  spec^ 
gravity,  be  immersed  under  the  surface  qf  the  lighter flutd  and 
float  on  the  heavier;  the  part  of  the  solid  immersed  in  the 
heavier  fluid  is  to  the  whole  solid,  as  the  differetice  between  the 
specific  gravities  of  the  solid  and  the  lighter  fluid  to  the  dif* 
ference  between  the  specific  gravities  of  the  two  fluids. 
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Let  the  specific  gravity  of  the  heavier  fluid  be  s,  the  part  of 
the  body  immersed  in  it  ac  b  ;  the  specific  gravity  of  .the  lighter 
fluid  =  s',  the  part  of  the  body  immersed  in  it  =  b^;  and  let 
the  specific  gravity  of  the  body  be  s.  Let  also  the  areil 
of  the  horizontal  section  of  the  solid  coinciding  vnth  the 
contiguous  surfaces  of  the  two  fluids  be  =  a,  and  its  per* 
pendicular  distance  from  the  upper  surface  of  the  lighter 
fluid  be  =:  d.  Then  fart.  394.)  the  pressure  against  the  section 
A  from  the  lighter  fluid  will  be  aJ— bV;  which,  added  to 
the  weight  of  the  solid  (b  +  b')  s,  will  give  the  whole  force  by 
which  this  section  of  the  solid  is  urged  downwards.  And  the 
pressure  upward  against  the  same  section  is  Ad-^-BS,  But  as 
the  solid  is  sastained  in  equilibrio  by  these  contrary  forces,  they 
must  be  equal;  that  is,  Ad  —  bV  4-  (b+ b')  s  =  Ad  +  B«: 
whence  we  find  bs  +  b's  =  b«+bV,  or  b :  b'::  s  —  /: 5  — s, 
or  lastly,  b  :  B  +  n' ::  s  —  /::«  —  s'. 

CoR.  1 .  The  analogy  b  :  b'  : :  s  —  s' :  5  —  s,  may  be  thus  ex- 
pressed in  words :  /Is  the  part  of  the  solid  within  the  heavier 
Jtuidy  to  the  part  zmthin  the  lishter~;  so  is  the  difference  betweet^ 
the  specific  gravities  of  the  solid  and  lighter  Jiuid  to  the  dif" 
Jertnce  between  the  specijic  gravities  of  the  heavierfluid  and  the 
solid, 

CoR.  2.  When  the  specific  gravity  of  the  lighter  fluid  i^. 
very  small,  compared  with  that  of  the  heavier  or  that  of  the 
solid,  then  we  may,  without  any  sensible  error,  use  the  propor- 
tion B  :  B  -|-  B : :  s  is.  Thus,  if  the  lighter  fluid  be  air,  the 
heavier  water,  and  the  solid  elm-wood,  their  specific  gravities 
being  li,  10(K),  and  600  respectively;  then  would  the  ratio  of 
600  -  If :  1000  -  Ij  or  588{:  988,'  be  very  nearly  equal  to  that 
of  600:  1000. 

Cor.  3.  Hence  also  it  appears,  tliat  the  common  rule  for 
ascertaining  the  specific  gravities  of  a  fluid  and  a  lighter  solid 
by  the  ratio  of  the  part  immersed  to  the  whole,  is\not  accurately, 
though  nearly,  true ;  because  the  air  is  a  heavy  fluid,  and  there- 
fofe  every  solid  floating  on  a  fluid  and  in  air,  is  in  fact  a  solid  of 
intermediate  specific  gravity  floating  between  two  immisceable 
fluids.  We  may,  however,  render  the  rule  accurate,  by  sulh- 
ducting  the  number  expressing  the  specific  gravity  of  air  from 
the  two  numbers  expressing  the  speajtc  gravity  of  the  solid  and 
thejiuid  on  which  it  floats ;  the  remainders  will  express  the  ac- 
tual ratio  between  those  specific  gravities,  and  may  be  reduced 
to  the  usual  standard  by  a  simple  and  obvious*  analogy. 

399.  Prop.  To  find  the  specific  gravittf  of  a  body. 

This  may  be  doue  generally  h^  means  of  the  hydrostatic 
balance^  which  is  a  kind  of  balance  contrived  for  the  exact  aiul 
c|isy  determination  of  the  weight  of  bodies,  either  in  the  air,  or. 
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when  immersed  in  water;  (see  vol.  II.  for  a  dcicription  <rftkis 
instnuDent).  The  probiem  may  be  divided  into  three  caM, 
as  below. 

I.  When  ike  body  is  heavier  than  water*:  weigh  it  bcfdi  is 
water,  and  out  of  water,  and  the  difiiBrence  of  mese  w^gbli 
will  express  ike  weight  lost  in  water.  Then  if  b  repreient  the 
we^;ht  of  the  body  out  of  water,  b'  its  weight  in  water,  s  ill 
specific  gravity,  and  s  the  specific  gravity  of  water,  the  fini 
equation  in  cor.  9-   art.  397,  will  become  (b  —  b')  s  =  Bf^ 

whence  we  find  s  =    _  ,  \  consequently  the  general  rale  ia 

words  at  length  is  this: 

As  the  weight  lost  in  water 
Is  to  the  whole  or  absolute  weight ; 
So  is  the  specific  gravity  of  water 
To  the  specific  gravity  of  the  body. 

II.  When  the  body  will  not  sink  in  water,  being  specijteatttf 
lighter.  In  this  case  attach  to  it  a  piece  of  another  body 
heavier  than  water,  so  that  tlie  mass  compounded  of  the  two 
may  sink  together.  Weigh  the  denser  body  and  the  compoond 
body  separately,  both  out  of  the  water  and  in  it ;  and  find  how 
much  each  loses  in  v^'ater,  by  subtracting  its  weight  in  water 
from  its  weight  in  air ;  and  subtract  the  less  of  these  remainden' 
from  the  greater.     Then  use  this  proportion : 

As  the  last  remainder 
Is  to  the  weight  of  the  light  body  in  air ; 
So  is  the  specific  gravity  of  water 
To  the  specific  gravity  of  .the  body. 
Thb  also  follows  from  coi^.  9.  art  397,  where  it  was  shewn 

thf^t  s'  = , — -7--5i -. 

III.  When  the  specific  gravity  of  ajluid  is  required.  Take 
a  piece  of  some  body  of  known  specific  gravity ;  weigh  it  both 
in  and  out  of  the  fluid,  and  find  the  loss  of  weight  by  taking  the 
difierence  of  these  two  :  then  say, 

As  the  whole  or  absolute  weight 

Is  to  the  loss  of  weight ; 

So  is  the  specific  gravity  of  the  solid 

To  the  specific  gravity  of  the  fluid. 
This  rule  flows  evidently  from  cor.  4?.  art.  397. 
On  the  same  principle,  likewise,  depends  the  use  of  the  hy- 
drometer, as  will  soon  be  seen  (art.  401.). 

400.  Piiop.  To  find  the  respective  weights  ofttvo  known  iV 
grcdicnts  in  a  given  compound. 

If  we  adopt  the  notation  in  cor.  9.  art.  397.  and  make  use  of 
the  4th  and  6th  equations  there  given,  namely,  h  +  ls^c. 
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and   — +  ~S5  ^,  we  diall  thence  find  h  r:r— ~t  c,  and  l  zz 

%       w        r'  (s— •')!*     *  . 

(t— ,^)g^'*    From  whence  we  deduce  the  following  rule  in  words 

at  length : 

Take  the  three  differences  of  every  pair  of  the  three  specific 
gravities,  viz.  the  specific  gravities  of  the  compound,  and  of 
Mch  ingredient ;  and  multiply  each  specific  gravity  by  the  dif- 
ferenc^  of  the  other  two  :  then  say, 

As  the  greatest  product 

Is  to  the  whole  weight  of  the  compound ; 

So  is  each  of  the  other  two  products 

To  each  respective  weight  of  the  two  ingredients. 
Cor.  If,  instead  of  finding  the  weights,  we  were  to  find  the 
magnitudes  m  and  m^  of  the  two  ingredients,  the  specific  gra* 
vities  being  as  above ;  we  should  have  the  weight  of  m  =  su^ 
and  the  weight  of  h^  r=  h'}A%  while  the  weight  of  the  compound 
would  be  8^'(m  -f  mO«  Hence  we  should  have  sm  +  s^\I^ 
;=  s^'m  -f  8^'m^  an  equation  similar  to  that  in  art*  398.  and, 
consequently,  similar  analogies,  vis.  m  :  m' : :  s'^— s^:8— s^^, 
and  m:  M  +  m':  :  s^'—s' :$—«'. 

It  is  here  supposed  that  the  magnitude  m  +  m'  of  the  com- 
pomid  is  equal  to  the  sum  of  the  magnitudes  of  the  two  parti 
when  separate,  fiut  it  very  frequently  happens  that  the  mag* 
nitude  of  the  mixture  is  less  than  this  sum;  a  circumstance 
which  is  probably  occasioned  by  two  causes,  the  different  mag- 
nitudes of  the  constituent  particles  of  the  two  bodies,  andtheinr 
chemical  aflinity.  But  this  rule  is,  notwithstanding,  of  use  in 
determining  the  quantity  of  penetration  or  rarefiiction,  by  com- 
paring the  computed  magnitudes  or  densities  with  those  which 
are  discovered  by  observation. 

On  the  Hydrometer. 

401.  The  Hydrometer^  or  Areometer^  is  an  instrument  cour 
trived  to  measure  the  specific  gravity  of  water  and  other  fluids ; 
and,  indeed,  has  sometimes  been  made  use  of  to  determine  the 
specific  gravity  of  solid  bodies.  The  general  principle  on 
which  the  construction  and  use  of  the  hydrometer  depends  is 
contained  in  cor.  4.  art.  397.  from  which  it  follows  that  a  body 
Specifically  lighter  than  several  fluids  will  serve  t<^find  out  their 
specific  gravities,  because  it  will  sink  deepest  in  the  fluids  whose 
specific  gravity  is  the  least.  Thus,  if  ab  (fig.  9.  pi.  XVI.)  be 
a  small  uniform  glass  tube,  hermetically  sealed,  having  a  scale 
of  equal  divisions  marked  upon  it,  with  a  hollow  ball  of  about 
m  inch  in  diameter  at  bottooi>  and  a  sm^Uef  ball  c  nnder  it. 
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communicating  with  the  first;  into  die  litde  ball  is  put 
mercury  or  small  shot,  before  the  tube  is  sealed,  so  that  it  may 
sink  in  water  below  the  ball,  and  float  or  stand  upright,  the 
divisions  on  .the  stem  shewing  how  far  it  sinks.  If  this  in- 
strument be  dipped  in  common  water,  and  sink  to  o,  it  will 
sink  only  to  some  lower  point  £  in  sidt  water;  but  in  port  wine 
it  will  sink  to  some  higher  point  f,  and  in  brandy  perhaps  to  b. 

It  is  evident  that  an  hydrometer  of  this  kind  will  only  shew 
that  one  liquid  b  specifically  heavier  than  anodier^v  ^ut  ther 
true  specific  weight  of  any  liquid  cannot  be  determined  without 
a  calculation  for  this  particular  instrument,  the  tube  of  which 
should  be  truly  cylindrical.  Besides,  these  instruments  will  not 
serve  for  fluids  whose  densities  are  much  different. 

'402.  Mr.  Clarke  constructed  a  new  hydrometer,  shewing 
whether  any  spirits  be  proof,  or  above  or  below  proof,  and  ii> 
what  degree.  This  instrunient  was  made  of  a  ball  of  copper 
(because  ivory  imbibes  spirituous  liquors,  and  glass  is  apt  to 
break),  to  which  is  soldered  a  brass  wire  about  a  quarter  of  aa 
inch  thick;  upon  this  wire  is  marked  the  point  to  which  it 
exactly  sinks  in  proof  spirits ;  as  also  two  other  marks,  one 
above  and  one  below  the  former,  exacdy  answering  to  one-tenth 
above  proof  and  one-tebth  below  proof.  There  are  also  a 
number  of  small  weights  made  to  add  to  it,  so  as  to  answer  ta 
the  other  degrees  of  strength  besides  those  above,  and  for  de- 
termining the  specific  gravities  of  different  fluids. 

403.  Dr.  Desaguliers  contrived  an  hydrometer  for  deter- 
mining the  specific  gravities  of  different  waters  to  such  a  degree 
of  nicety,  that  it  would  shew  when  one  kind  of  water  was  but 
the  40,000  part  heavier  than  another.  It  consists  of  a  hollow 
glass  ball  of  about  3  inches  in  diameter,  charged  with  shot  to  a 
proper  degree,  and  having  fixed  in  it  a  long  and  very  slender 
wire,  of  only  the  40th  part  of  an  inch  in  diameter,  and  divided 
into  tenths  of  inches,  each  tenth  answering  to  the  40,000  part, 
as  above.    See  his  Exper.  P kilos,  vol.  2.  p.  234. 

404.  Mr.  Nicholson  has  made  an  improvement  by  which  the 
hydrometer  is  adapted  to  the  general  purpose  of  finding  tiie 
specific  gravity  both  of  solids  and  fluids,  (fig.  8.  pi.  XVI.).  A 
is  a  hollow  ball  of  copper  ;*b  a  dish  aflixed  to  the  ball  by  a  short 
slender  stem  d  ;  c  is  another  dish  affixed  to  the  opposite  side 
of  the  ball  by  a  kind  of  stirrup.  In  the  instrument  actually 
made,  the  stem  d  is  of  hardened  steel,  V^^  of  an  inch  in  diameter, 
and  the  dish  c  i^  so  heavy  as  in  all  cases  to  keep  the  stem  ver- 
tical when  the  instrument  is  made  to  float  in  any  liquid.  The 
parts  are  so  adjusted  that  the  addition  of  1000  grains  in  the 
upper  dish  b,  will  just  sink  it  in  distilled  water  (at  the  tempera- 
ture of  60**  of  Fahrenheit's  thermometer)  so  far  that  the  surface 
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shall  intersect  the  middle  of  the  stem  D«  Let  it  now  be  required* 
to  find  the  specific  gravity  of  any  fluid.  Immerse  the  instru- 
ment in  ity  and  by  placing  weights  in  die  dish  B  cause  it  to 
float,  «o  that  the  middle  of  the  stem  D  shall  be  cut  by  the  sur^ 
face  of  the  fluid.  Then,  as  the  known  weight  of  the  instra-^ 
ment,  added  to  1000  grains,  is  to  the  same  known  weight  added 
to  the  weights  used  in  producing  the  last  equilibrium,  so  is  the 
weight  of  a  quantity  of  distilled  water  displaced  by  the  floating 
instrument,  to  the  weight  of  an  equal  bulk,  of  the  fluid  under 
examination.  And  these  weights  are  in  the  direct  ratio  of  the* 
specific  gravities. 

Again,  let  it  be  required  to  find  the  specific  gravity  of  a  solid 
body  whose  weight  is  less  than  1000  grains.  Place  the  instni* 
mtot  in  distilled  water,  and  put  the  body  in  the  dish  b.  Make 
the  adjustment  of  sinking  the  instrument  to  the  middle  of  the 
stem,  by  adding  weights  in  the  same  diah.  Subtract  those 
weights  from  1000  grains,  and  the  remainder  will  be  the  weight 
of  the  body.  Place  now  the  body  in  the  lower  dish  c,  and  add 
more  weight  in  the  uppf  r  dish  b,  till  the  adjustment  is  again 
obtaiq(ed.  The  weight  last  added  will  be  the  loss  the  solid 
sustains  by  immersion,  and.  is  the  weight  of  an  equal  bulk  of 
water.  Consequently  the  specific  gravity  of  the  solid  is  to  that 
of  water,  as  the  weight  of  the  body  to  the  loss  occasioned  by 
the  immersion.  Adr.  Nicholson  says,  *'  This  instrument  was 
found  to  be  sufficiently  accurate  to  give  weights  true  to  less 
than  one-twentieth  of  a  grain.''  HichoUon's  Philoiopky,  vol. 
II.  p.  16.     See  also  the  art  Gravimeter  in  our  second  volume* 

405.  The  areometer  invented  by  M.  de  Parcieux  in  1766, 
and  presented  to  the  Academy  of  Sciences,  is  very  simple  in  its 
structure,  and  at  the  same  time  very  convenient  in  application, 
and  furnishes  very  accurate  results.  This  instrument  consists 
of  a  small  glass  phial,  about  two  inches,  or  at  most  two  inches 
and  a  half,  in  diameter,  and  seven  or  eight  inches  long.  Its 
bottom  must  not  be  bent  inwards  (as  bottles  and  phials  com- 
monly are),  lest  air  should  be  lodged  in  the  cavity  when  it  is 
immersed  in  any  liquid.  The  mouth  is  closed  with  a  very  tight 
cork  stopper,  into  which  is  fixed,  without  passing  through  it,  a 
very  straight  wire  (of  iron  or  of  brass)  about  a  line  in  diameter, 
and  twenty-eight  or  thirty  inches  long.  The  bottle  is  then 
loaded  in  such  a  manner,  by  introducing  into  it  small  grains  of 
shot,  that  the  instrument  when  immersed  in  the  lightest  of  the 
liquids  to  be  compared,  sinks  so  as  to  leave  only  the  end  of  the 
wire  above  its  surface,  while  in  the  heaviest  the  wire  is  immersed 
some  inches.  This  may  be  properly  regulated  eidier  by  aug- 
menting or  diminishing  the, weight  in  the  bottle  ;  or  by  attach* 
ing.a  little  dish  or  basin  to  the  tpp.of  ibp  wire,  and  changing  thto 


9S0  HYDROSTATICS.  Cf^oK  lUi 

w^bfs  iQ  it;  or  by  varjing  die  thickness  of' the  wire.  To 
perform  experiments  of  this  kind  it  will  foe  neoeisary  to  hawi 
a  vessel  for  the  reception  of  the  fluid  to  be  tried ;  a  convevienC 
size  would  be  a  cyBbder  of  3  or  4  inches  in  diameter^  and  al 
raauy  feet  in  length  :  it  may  be  made  of  tin  plate ;  and  a  acak 
divided  into  inches  and  lines  may  be  carried  up  above  one  tiie 
of  the  vessel,  which  will  serve  to  measure  the  different  depths 
of  immersion  in  the  fluid,  by  noting  the  division  on  Uie  scale 
against  which  the  top  of  the  wire  stands.  M*  de  Pardenx 
recommends  the  use  of  twe  instruments  of  this  kind  at  onc^ 
ill  order  that  two  fluids  may  be  compared  at  the  same  inatent 
'  The  areometer^  when  dius  constructed^  will*  exhibit  very 
sensibly  the  least  difference  in  the  specific  gravities  of  dfifiecent 
liquofs,  or  the  changes  which  the  same  liquor  may  experience, 
in  'this  respect,  under  different  circumstances.  Indeed  M. 
Montuda  says,  'V  we  *have  seen  an  instrument  of  this  kind^  the 
motion  of  which  was  so  sensible/  that  when  immersed  in  water 
cooled  to  the  usual! temperature,  it  sunk  several  inches  whilt 
the  rays  of  the  sun  fell  upon  the  water,  and  immediately  rose 
on  the  rays  oif  that  luminary  being  intercepted.  A  very  adwH 
quantity  of  aalt  or  sugar  thrown  into  the  water  made  it  abo 
rise  some  inches.''  UiUton^t  MontucUs  Recreations,  voL  ii. 
p.'Z6. 

406.  We  here  add  a  few  articles  respecting  the  "theory  of 
thb  areometer;  observing,  by  the  by,  that  the  same  theory 
may,  with  slight  ai^d  obvious  modifications,  be  applied  to  the 
examination  of  any  other  instrument  of  a  nearly  similar  kind: 

.    Let  s  denote  the  specific  gravity  of  the  fluid,  ' 

c  the  capacity  or  volume  of  the  phial, 

w  die  total  weight  of  the  areometer, 

/  die  length  of  the  part  of  the  wire  immersed, 

r  its  semidiameter, 

ir  the  multiplier  3-141^93. 
Then  will  ir/*  represent  a  section  of  the  wire  parallel  io  its 
axis,  and  ler^l  the  content  of  the  wire.  And  when  the  areo- 
meter is  in  eauilibrio,  if  we  consider  that  it  displaces  a  portion 
of  the  fluid  wnose  \veight  is  equal  to  its  own,  we  shall  have  te^  = 
«  (c  +    r*/)  ;  whence  we  deduce    • 

407.  Let  us  first  consider  the  equation  /=  ^Z^.     Here  the 

Suantity  w-^cs  expresses  the  difference  between  the  weight  of 
le  areometer,  or  that  of  the  liquor  displaced^  and  the  weight 
of  the  quantity  displaced  by  the  phial  only :  it  is  thei^fore  the 
m-ei^^t  of  the  fluid  displaced  by  the  part  of  the  wire  vrfakfa  » 
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knneraed  in  it;'  But,  consideiing  the  fbimiteness  of  the  dia- 
netefy  and  consequkitlj  of  the  radius  r,  the  difference  w^e$  i» 
a  very  small  qtumitity,  equal  perhaps  to  a  few  grains ;  so  that  a 
very  ioconsideiable  variation  in  s  or  in  «c  must  cause  a  great  one 
in  /,  which  is  the  lei^th  of  the  portion  of  the  wire  plunged  in 
the  fluid. 

The  variations  of  /  are  more  especialij  sensible  vrhen  r  va- 
ries, because  it  is  the  square  r^  which  is  a  divisor  in  its  value : 
thu8|  then,  we  may  see  how  it  bappeqs  that  this  areometer  is 
so  well  calculated  to  render  manifest  the-^sligbtest  differences  in 
specific  gravities. 

Suppose  that  when"  the  specific  graviry  s  becomes  /,  the 
length  /  of  wire  immersed  is  changed  Xotp  and  we  shall  have 

if  —  -^ :  subtracting  the  value  of  t  from  that  of  /,  and  mak-< 

irlg  the  necessary  deductions,  we  shall  have  l^F=^-  pJ;'  Ai» 

is  the  difference  in  die  depth  immersed,  occasioned  by  the  dif- 
ference of  density,  which,  ceteris  faribuSp  is  proportional  to  p^. 
Thus  we  may  augment  the  sensibility  of  the  instrument,  re- 
lative to  the  variation  of  specific  gravity,  either  by  augmenting 
^,  the  weight  of  fluid  displaced  by  the  areometer  ^which'  may 
be  accomplished  by  enlarging  the  phial,  or  by  putti^  in  9K>re 
shpt,  or  by  loading  the  dish  at  the  top]^  or  by  diminishing 
the  diameter  of  the  wire ;  and,  in  general,  all  other  Uiings  beitig 

equal,  -^  will  express  the  sensibility  of  the  instrument  with  Re- 
gard to  the  specific  gravity  of  the  fluid. 

408.  But  when  the  specific  gravity  remains  the  sane,  the  s^n* 
sibility  of  the  instrument  the  quantity  by  which  it  sinks  by  the 
addition  of  a  little  weight,  depends  only  upon  that  little  tceight 

and  r*.  To  prove  this,  resume  the  equation  /  =:  ^^^^:  if  t!ie 
areometer  be  charged  ^v^th  die  little  weight  c^,  I  becomes  t-y 
find  B'^e  have  V  r:  "^   "*'^.  Taking  the  first  of  these  equations 

fi  oni  the  second,  there  will  remain  V—l  =-~ir :  so  that  ihe  va- 

nation  in  the  immersion  V^l  is  proportional  to  ^  when  s  is 
constant  *. 

r  • 

^**  In  uskij^  the  areometer  it  is  often  requisite  tokuow  ihe  diameter  of 
iTie  wire :  to  those  who  have  not  a  micTometer  M.  P^oay  recommcuds  ili« 
fullov^ing  loethod  :  *  • 

Meaiurc  ilie  length  of  the  wire  ttaclly }  vwigU  it  U)ih  La  water  an# 
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We  see,  therefore,  that  two  areometers  may  be  equally  sen- 
sible when  the  specific  gravity  varies,  and  that  the  one  of  them 
may  have  need  of  an  additional  weight  to  descend  an  equal 
quantity  when  the  specific  gravity  remains  the  same.  Those, 
however,  which  have  the  little  basin  at  top  are  preferable,  be- 
cause diey  are  more  solid,  the  wire  being  made  thicker;  but 
chiefly  because  by  means  of  them  we  may  ascertain  more  pre 
ciatly  the  d^€reHce  of  specific  gravities. 

409.  If  the  specific  gravity  s  becomes  /,  and,  in  order  to 
retain  the  areometer  jU  the  saaa  dbpdi^.il  be  necessaiy  duit  the 

weight  w  become  w+tv,  we  have  (art.  406.)  /  =  ^  J^->  Di- 
viding thb  equation  by  the  equation  s  =  — ^— ,    there   re- 

in  the  air,  and  take  the  difference  of  these  t^vo  weights.  Calling  l  the 
whole  length  of  the  wire,  d  the  difference  between  its  weight  in  air  and" 
in  water,  s  the  specific  gravity  of  water,  and  s  the  diameter  of  the  wire; 

then  is  D  =  2  \/ •   This  may  be  done  very  exfieditiously  by  means  of 

loaarithms. 

To  find  the  thickness  of  the  wire  in  an  areometer  already  constructed, 
we  mast  charge  the  little 'basin  at  the  top  of  the  wire  with  a  certain 
weight,  and  examine  how  far  this  causes  the  instrument  to  teoendx 

d 
then  we  must  put  in  the  formula  d  =:  9  v >  for  d  the  little  weight 

with  which  the  areometer  was  charged,  and  for  l  the  depth  of  immersion 
it  occasioned.    This  follows  from  the  equation  /'—/rr— -,  which  gives 

y       a; 

This  may  not  be  an  improper  place  to  describe  a  method  of  finding 
the  radii  of  small  cylinders  (such  as  axles  in  fine  machinery),  first  given, 
we  believe,  by  Mr.  Aiwood;  which  is  this.— Having 'fixed  to  the  ex- 
tremity of  a  very  fine  and  flexible  line  a  weight  sumcteht  to  keep  it 
stretched,  fasten  the  other  extremity  to  the  axle  whose  radius  is  required  | 
the  line  being  stretched  by  this  weight,  measure  by  a  scale  of  equal  parts 
any  convenient  length,  6  mches,  for  example,  and  mark  the  extremities 
of  the  length  so  measured.  Then  holding  the  axle  horisontally,  let  the 
measured  part  of  the  line  be  wound  round  it  in  the  form  of  a  bdix,  the 
circumferences  being  every  where  contiguous.  Count  the  number  of 
revolutions,  and  parts  of  a  revolution,  and  represent  this  number  by 
n;  also  measure  tne  length  of  the  cylinder  occupied  by  the  helix,  and 
let  this=a;  and  the  length  of  the  helix,  or  line  first  mentioned  =  x; 

then  will  the  radius  of  die  cylinder = -i — "^  ^  .    «*  The  exactness  of  this 

2irn 

method  may  be  known,"  says  Mr.  Atwood,  **  by  observing  that,  if  the 
cylinder  be  truly  made,  and  the  process  carefully  repeated  with  different 
values  of  x,  n,  and  a,  the  radius  deduced  will,  however,  always  come  oul 
the  auue,  to  the  fourth  or  even  the  fifth  decimal  place*** 


Chap.  II.]  .  Spec^  Gravity.  SS3 

suits  —  = — -J  a  formula  expressing  ike  ratio  of  the  specific 

gravities.  '     . 

This  equation  stated  as  an  analogy  gives  s^ :s::w  +  «*:Wf 

%v  hence  ^—s:  siiwiw,  and  5^  —  s  =  — ,  a  formula  which  gives 

the  difference  of  ike  specific  gravities. 

When  this  theorem  is  applied  to  different  waters,  we  maj 
always  suppose  one  of  them,  as  s=:l()00  ounces  ^verd.  widiont 
apprehending  any  ^nsible  error  in  the  value  of /— 5:  for  the 
quantity  cu  being  only  a  few  grains,  s  may  undei^o  variations 

of  6  or  7  units,  without  the  product  —  ta  undergoing  any  such 

change  as  to  affect  the  accuracy  of  the  result.  So  that  in  find^ 
ing  tbe  diffefence  between  the  specific  gravities  of  two  waters 
it  is  not  absolutely  necessary  to  know  one  of  them  with  great 
precision. 

When  we  would  make  experiments  with  an  areometer  whose 
weight  is  eiCactly  known,  it  will  be  proper,  by  means  of  the 

*  •  VJ  *ih  CM  V       /  CMS  m 

equations—  =?  ■ ,  and  s—szi-.  to  construct  a  table  which 

may  contain  the  ratios  and  the  differences  of  specific  gravities,  | 
answering  to  the  different  values  of  ta  between  1  and  40  or  50 
grains :  such  a  tabic,  but  little  extended,  will  be  easy  to  calcu- 
late, and  will  save  the  labour  of  a  distinct  computation  for  every 
individual  experiment. 

4 10.  Previous  to  giving  a  table  of  medium  specific  gravities, 
we  shall  Just  remark,  that  all  bodies  of  homogeneous  or  unor- 
ganised texture  expand  by  heat,  and  contract  by  cooling.  The 
expansion  and  contraction  by  the  same  change  of  temperature 
is  very  different  in  different  bodies.  Thus,  water  when  heated 
from  60**  to  100°  iucreases  its  volume  nearly  rfr  of  its  bulk; 
mercury  only  77t>  and  many  substances  umch  less.  Hence  it 
follovys,  that  an  experiment  determines  the  specific  gravity 
only  in  that  very  temperature  in  which  the  bodies  are  exa- 
mined. It  will  therefore  be  proper  always  to  note  this  tem- 
perature ;  and  it  will  be  convenient  to  adopt  some  very  useful 
temperature  for  such  trials  in  general:  perhaps  about  60"  of 
Fahrenheit's  tliermometer  is  as  convenient  as  any.  It  may  al- 
ways be  procured  in  these  climates  without  inconvenience.  A 
temperature  near  to  freezing  would  have  some  advantages,  be- 
cause water  changes  its  bulk  very  little  between  the  tempera- 
ture 32**  and  45*.  But  this  temperature  cannot  always  be  ob- 
tained. It  will  much  conduce  to  the  facility  of  the  comparison 
to  know  the  v.triation  which  heat  produces  on  pure  water.   The 
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following  Cable,  taken  from  the  interesting  dbiervations  of  Dr^ 
Blagden  and  Mr.  Gilpin  (Phil.  Trans.  1792,  or  New  Abridge^ 
menty  vol.  XVII.  p.  263.),  will  answer  this  purpose. 


Temper- 
ature of 
Water. 

Bulk  of 
Water. 

Specific 
Gravity. 

30 

85 

99910 

1-00090 

40 

99070 

1  -00094 

45 

99914 

1-00086 

50 

99932 

1  -00068 

55 

999C2 

1  -00038 

60 

100000 

J -00000 

65 

lOOO-OO 

0-99950 

70 

100106 

0-99894 

75 

100171 

0-99830 

80 

100242 

0-99759 

85 

100320 

0-9968 1 

90 

100404 

0-99598 

95 

100501 

0-99502 

100 

100602 

0-99402 

Those  gentlemen  observed  the  expansion  of  water  to  be  very 
anomalous  between  32''  and  45°,  a  fact  which  has  been  subse- 
(|iiently  traced  ttirough  all  its  gradations  by  numerous  pbiloso* 
phers.  This  is  distinctly  seen  during  the  gradual  cooling  of 
water  to  the  point  of  freezing.  It  contracts  for  a  while,  and 
then  suddenly  expands.  But  we  seldom  have  occasion  to 
measure  specific  gravities  in  such  temperatures. 

Liquor-merchants  often  avail  themselves  of  this  circuoistaiiee 
of  the  expansion  of  fluids  by  heat,  by  contriving  to  make  tbeir 
chief  purchases  iu  the  winter.  M.  Homberg  and  M.  Eisep- 
schmia  found  the  absolute  weight  of  a  cubic  mch  of  brandy  to 
be  4  drs.  42  grs.  in  the  winter,  and  only  4  drs.  32  grs.  in  the  sum- 
mer; and  in  spirits  of  nitre  the  difference  was  greater  stHI. 
And,  taking  the  average  with  respect  to  spirits  in  general,  it  is 
^bund  tliat  S2  gallons  m  the  winter  will  expand  to  33  gallons 
in  the  height  of  summer. 
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A  TABLE 


0/the  Specific  Gravities  of  different  Bodies. 


Metals. 

AntiiiKmy,crade,  .* 4064 

— — ,  glass  of, 4946 

,  molten,  6702 

Arsenic,  glass  of,  natural,  3594 

,  molten, 5763 

,  native  orpiment, 5452 

Bismuth,  molten,  9823 

,  natJTe, 9020 

' ,  ore  of,  in  plumes, ...  4371 

Brass,  ca^t,  not  hammered, 8396 

,  ditto,  wire-drawn^ 8544 

'-»— ,  cast,  common, 7824 

Cobalt,  molten, 7812 

blue,  glass  of,  ..1 2441 

Copper,  not  hammered, 7788 

— — ,  the  same  wire-drawn» ...  8878 

,  ore  of  sdft  copper^  or 

natural  verdigr. 3572 

Gold,  pure,  of  24  carats,  melted, 

but  uot  hammered, 19258 

,  the  same  hammered, 19362 

— ,  Parisian  standard,  22  car. 

not  hammered, 17486 

,  the  same  hammered, 17589 

--^,  guinea,  of  Geo.  IL 17150 

.: ,  guinea  of  Geo.  Ill 17629 

,  Spanish  gold  coin, 17655 

,  Holland  dncaU, 19352 

■      .,  trinket  standard,  20  car. 

not  hammered,'. 15709 

,  the  same  hammered, . ...  15775 

Iron,  cast, 7207 

•—^,  cast  ait  Carron,  7248 

-— ^,  ditto,  at  Rotherham, 71d7 

■  ■,>bar,  either  hardened  or  not,  7788 
Steel,  neither  tempered  nor  hard* 

ened, 7833 

,  hardened,  but  not  tem- 
pered,   7840 

i>  tempered  and  hardened,.  •   781 8 

——,  ditto  not  hardened, 7816 

Iron,  ore  prismatic, 7355 

-——,  ditto  specular, 5218 

^,  ditto  lenticular,  5012 

VOL.  I. 


Lead,  molten, 1135S 

,  ore  of,  cubic, .^.....  7587 

«— »,  ditto  horned, 6072 

,  ore  of  black  lead,  674^ 

,  ditto  white  lead,  4059 

',  ditto  ditto  vitreous, 6558 

,  ditto  red  lead,  ^027 

,  ditto  satumite,  5925 

Manganese,  striated, 4756 

Molybdena, 4738 

Mercury,  solid  or  congealed  ...  15632 

,  fluent, 13568 

^,  natural  calx  of, 9230 

■  ,  precipitate,  perse,...  10871 

',  precipitate  red,  8399 

'    ,  brown  cinabar, 10218 

,  red  cinabar, 6903 

Nickel,  molten, ,.-  780T 

,  ore  of,  called  Kupfer- 

nickelofSaxe ...  6648 

,  Knpfer-nickel  of  Bohe- 
mia,     6607 

Platina,  crude,  in  grains, 15602 

,  purified,  not  ham- 
mered,   19500 

,  ditto  hammered,  ...20337 
,  ditto  wire-drawn,  ...  21043 

.  ditto  rolled, 22069 

SiWer,  virgin,  12  deniers,  fine, 

not  hammered, .10474 

——,  ditto  hammered,  .......  10511 

,  Paris  sUndard,  10175 

.shilling  of  Geo.  II 10000 

,  shilling  of  Geo.  III.  ...  10534 

,  French  coin, 10408 

Tin,  pure  Cornish,  melted,  and 

not  hardened, 7291 

— ,  the  same  hardened,  7299 

,  of  Malacca,  not  hardenecf,  7296 

——,  the  same  hardened, 7307 

,  ore  of,  red, 6935 

,  ore  of,  black, 6901 

—,  we  of.  white, , 6008 

Tungsten, »  6066 

Uranium, 6440 

Wolfram,  7119 

Zinr,  molten, '^^^^ 

CO 


^S80  Table  cf  Specific  Gravitiet  contimKd^ 


Precious  Stones. 


SUicioui  Stowu. 


Bery],  or  aqua-marine  orienlal,  3549 

,  ditto  occidental, 2723 

Cbryfolite,  of  the  jewellers, 2782 

,  of  Brazil 2692 

Crystal*  pure  rock  of  Madagas- 
car,    2653 

,  of  Brazil, 2653 

,  European,  2655 

— ,  rose  coloured, 2670 

•-: — ,  yellow, 2654 

',  violet,  or  amethyst,    2654 

,  white  amethyst, 26&1 

•——,  Carthaginian, 2657 

jbtack, 2654 

Diamond,  white  orienUl,  3521 

— ,  rose-coloured  orient.  13531 

■ ,  orange  ditto,  3550 

• ,  green  ditto» 3524 

y  blue  ditto, 3525 

,  BraailiaOy  3444 

,  yellow,  3519 

Emerald,  of  Peru,  2775 

Garnet,,  of  Bohemia, 4189 

>of  Syria ^ 4000 

-,  dodtcaedral, 4063 

'» volcanic,  24  faces, 2468 

Girasol, 4000 

Hyacinth,  common, 3687 

Jargon  of  Ceylon 4416 

Quartz,,  crystallised, 2655 

——,  in  the  mass, 2647 

,  brown  crystallised,  2647 

^,  fragile, 2640 

— ,  milky, 2652 

— ,  fat,  or  greasy,  2646 

Ruby,  oriental, 4283 

- — ,  Spinel!, 3760 

— — ,  Ballas 3646 

— ,  Brazilian,    3531 

Sapphire,  oriental 3994 

• ,  ditto  white, 3991 

— — ,  of  Puys, 4077 

,  Brazilian, 3131 

Spar,  white  sparkling, 2595 

,  red  ditto, 2438 

,  green  ditto, 2704 

'        ,  blue  sparkling,. 2693 

— — ,  green  and  white  ditto,  ...»  3105 

—,  transparent  ditto,  •, 2564 

■■,  adamantine, 3873 

Topaz,  oriental, 4011 

,  pistachio  ditto, 4061 

■,  Brazilian, 3536 

— — ,  of  Saxe 3564 

V  ,  white  ditto, 3554 

VeimilioD, 4330 


Agate,  oriental, „  2596 

jonyx 863S 

,  cloudy, 8625 

— — ,  speckled 260T 

,  veined 26OT 

,  stained, 2632 

Calcedony,  common, 2616 

,  transparent, 2664 

-,  veined,  2606 

— — ,  reddish,. 2665 

— — — — ,  bluish,  •  ..„ 2&87 

.onyx, ..», 2615 

Caroellan,  pale,  2630 

/speckled, 2612 

,  veined, •••••••••.«•,«,.••  2oSv 

,  onyx, .« ^«  2623 

,  stalactite, •. 2S91 

J  simple,  ••.•«••.•.....•»  2(15 

Flint,  whtte^ ^  S5M 

,  black, ..^ 25S2 

— ,  veined, ^  2612 

,  Egyptian, 2S6» 

Jade,  white,  ..« 2050 

,  green,  2966 

—,  olive,  228S 

Jasper,  cleargreen^ 2359 

,  brownish  green^ 26^1 

,  red, 2661 

,brown ^ ..„  2691 

— ,  yellow, 2710 

,  violet, 2711 

,  clondy, 2735 

■ ,  vdned, 2696 

,  onyx, 2816^ 

— — ,  red  and  yellow, 2750 

,  bloody ^ 362R 

Opal, 2114 

Pearl,  virgin  oriental, 2684 

Pebble,  onyx, 2664 

,  of  Rennes, 2654 

.English, 260£> 

—,  veined,  ^ 2612 

,  stained 2587 

Prasium, 2581 

Sardonyx,  pure, 260ft 

,  pale, 2606 

,  speckled....... 2622 

"         •      ,  veineo,  •  ..»«.••. .......  259S 

, blackish,. „ .*...  2628 

Schorl,  black  prism.hezaedral,.   3364 

,  ootaedral, ^,.  322^ 

— ,  tourmalin  of  Ceylon,  ...  3054 

,  antique  baaaltes,  2923 

,  Brazilian  emerald,  • ...  3156 

——,.  cruciform,  ^ „^  3286 


Table  ^Specific  GravUiti  cmtimied.  3S7 

Stone,  paviiv. S416     MarbU,  Si«mi«i geis 

— ■««lfS »m      ,  Rr^man  Tlolel *755 

■  B^""' "«      .Africii. «08 

•  """. MM      .vioUtlWtian, 2858 

'  tNonregian, 2128 

VarioM  Stmet,  Earth*,  IfC.         .Sib«i.».  ..    «18 

'^  iKfMQ  Egyptian,  .,,  8M8 

iwrlaiul S71i 

.  - .^.^ ,  ....      „  «••■  3M9 

-.yellow, 8699      01>»«ii<in -to.!-, 3M8 

.iiaiDal brown, «7*4     P"H,  l»rd, ISM 

.Trilled. 8691      PhMphotus, 1714 

— ■ ,  of  PiedoMOt S693      """'aine,  Sevei 8MS 

,0fMaU», 8699      .  Uni»(ft, S341 

.Spmoiih  aaliae, B713     ■ -.  Chii 9385 

,  otVileocia S633     '"^'■TT.  '«],  S7SS 

,of  Milifa.  8876     .sreeo. ...  8616 

Amber,  yelloir  transparent,....  I0T8      ,  red.  IVom  DwipbiDj,    S79S 

Ambergris, 986     ~" ■,  red,  from  Coidoue,..    3754 

AbiianthDt,  lap;, 909      .  f"""!  from  ditto,  ...  27« 

.ihort, S3I3     rynte»,  copperj',..- 4954 

Aibettoi,  ripe, „....  8*78      ,/eruginoiiicobic, 3900 

. ,  (Uirr, 3078     — .dittorouBd, 4101 

BMaKeifromOunu'Cmaiewer,  28<4     ,dltio,of St-Domro^,..  3440 

Bitaineu, of  JidcB, I|04  Seqieritilie,Qpake,Breonlt»lian,  3430 

Brick 80O0     .  ditto,  veined  bUckand 

Cbalk,  Spaniib,  3790  o1i«, 8594 

. ,  Coarae  BriaofOn,  8787     ,  ditto  red  sad  black,. .   8S87 

,  Briijih 9784     isemi-tranapa.  grained,  SUfi 

Gytilum,  npaqua,  8168      ^,  ditto  fibroui, 3000 

!. .  oartfi     1 ,  ditto  fri>m  Uiwpliiny,  3M9 

8678 

, 8354 

^ S31S     ,  Matli  stone 8186 

, _..jorfatalliied,S30e      ,  (Itfli  puli»hed,       8766 

OlaN.greeii,  B648  Stalactite, trainparent,„..         ..  9394 

,  white, 8892     ,  opake. 8478 

•— ,  bottle 9733      Stone,  pumice US 

— ,  Leith crystal,  3l89 ,  priiuinLc  basal te», B7M 

,tt<M,  3389      .touch „ 9*15 

Gnnite,  led  SsTptiaa, 86*4 ,  Srbcrian  line, 8945 

Hone,  white  TBKir, 9876     ,  orieatal  ditto,  - 3771 

Laini  sepbriticus SS94     .common 9590 

— —  Lanli, 9054     — — ,  Bristol, 9510 

Hamatitei, 4360     ,  Burfard, ...  9049 

Calaminvrii, 5000     .Porlland SMS 

Jadaicna 9500     ,  rag, .- - 94TO 

.      ■    Hanatt 8970 .  rotten, 1981 

Lineatone,  3179     .hard  paring,  9460 

white  Boor. 3156     .  r"ck  of  Ckatilloo,  ..._...  9139 

,  green 3132     ,  clicard,  from  Braebat. ..,  935T 

Marble.^reea,  Campanian,....  9748 ,  ilillo  fromOucliuin,    8974 

red  3794     ,  Nutte-Dariw.  837S 

.  white  CasMra 9711     ^— ,  St.  Maor, 9034 

,  while  Porioo. 8838      — sSLCIoud, 8801 

.Pyrenean,. 8796      Sniphur,  natii-c 8933 

,  black,  BiwoyBn 869e      ,  moltCB,       1991 

,  Btocatplle, S650      Talc^orUoMOry, 2798 

— — .Cejtiliao, 9700     —,  black  crayon, 9089 

,  Va)ei>eiaii, j.,  8710     ^—>  ditto  Oennan, ■■.  19*6 

"  ,.  2705      .yellow M56 

c  c  2 
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Talc,  black, 2900 

-i^^ywhiu,  «.r..<,.< 2704 

Liquors,  Oils,  Spc* 

AcM,  sulphuric, 1841 

— — ,  dilto  highly  ooacentrated,  2125 

— ,  nitric, 1371 

—'^,  dittoy  highly  concentrated,  1580 

>-—^,  muriatic, 1194 

— ,  re<l  acetous, . 1025 

,  white  acetous,  1014 

— ,  distiUed  ditto, lOIO 

— ,  6uuric, ^  1500 

,  acetic, 1063 

—,  phosphoric, 1558 

«— — ,(bnnic, 994 

Alcohol,  commercial,  837 

—-——,  highly  rectified, 829 

yiniied  with  water 

1 5-1 6ths  alcohol 855 

14-16thi  ditto 867 

13-16th8  ditto 882 

12-16ths  ditto 895 

ll-iethsditto 908 

10*16tlis  ditto 920 

9-16ths  ditto 932 

a-l 6th!)  ditto 943 

7-16ths  dhto 952 

6.16th8  ditto 960 

5-16tb8  ditto 967 

4-16thsdato 973 

3.16th»  ditto 979 

2-16th8  ditto 985 

l-16th  ditto  992 

Ammoniac,  liquid, 897 

Beer,  pale, 1023 

— ,  brown, 1034 

Cyder, 1018 

JBther,  sulphuric, 739 

— -,  nitric, 909 

—,  muriatic, 730 

— — ,acetic,... 866 

Milk,  woman's, 1020 

——,  cow's, 1032 

— ^,  asses' 1036 

,  ewe's,  ^ 1041 

,  goat's 1035 

— ,  mare's, 1034 

— - — 9  cow's  clarified, 1019 

Oil,  essential,  of  turpentine,  ...     870 

—,  esseutial,  of  lavender,  894 

■— ,  ditto,  of  cloves,  ^ 1036 

'•-—,  ditto,  of  cinnamon,    1044 

——,  of  olives, 915 

-— ,  of  swf et  almoods, 917 

— ,  offilberU, 916 

•— ,  linseed, 940 

<—-,  of  walnuts, 923 

—,  of  whale,    923 

— ^ofheiDpteed,.... 926 


Oil  of  poppies, 9U 

— ,  rapeseed,  ^ 9]f 

Spirit  of  wine.    See  Alcohol. 

Turpentine^  liquid, ^...  991 

Urine,  human, lOll 

Water,  raiD...... IM 

,  distilled, lOOO 

——V  sea,  (average) lOM 

—,  of  Dead-sea, 1M» 

Wine,  Burgundy,. .». 99S 

-,  Bourdeaux, 994 

Madeira, 1091 

-,  Port, 997 

-,  Canary, 1083 

ResinSf  Gums^  and  Ammal 
Substances,  ^c* 

Aloes,,  socotrine, ••••  ISM 

— — ,  hepatic, ,^ 1359 

Asafoetida, 13S8 

Bees-wax,  yellow, .•    96$ 

,  white, ^    969 

Bone  of  an  oz,. « 1656 

Butter,  „ 942 

Calculus  humanus,  ITOt 

,  ditto, ^  1240 

1  ditto, I4S4 

Camphor, 989 

Copal,  opake, 1149 

»  Madagascar, 1060 

,  Chinese, 106S 

Crassamentum,  human  blood,...  1126 

Dragon's  blood, ^  1205 

Elemi, 101$ 

Fat,  beef, ,.     923 

—,  hog's, 937 

— ,  mutton, 924 

— ,  veal, ^ 934 

Galbanum, « 1212 

Gamboge, 1222 

Gum,  ammoniac, 1207 

,  Arabic, 1452 

,  Euphorbia, 1124 

— ,  seraphic, .\ 1201 

,  tragacanth, 1316 

,  bdellium, ,  1372 

— ,  scammony  of  Smyrna,  ,..  1274 

«— — ,  ditto  of  Aleppo, ....; 1235 

Gun-powder,  shaken,  9S2 

— ,  in  a  loose  hesp,  ...     836 

,  solid, 1745 

Honey,  1450 

Indigo, 769 

Ivory 1826 

Juice  of  liquorice, 1723 

of  Acacia, 1515 

Labdanum, •  1186 

Lard,  948 

Maitic, 1074 
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Myrrb, 1S60 

Op»atn 1336 

Scanimony.     See  Gum* 

^enim  (»f  human  blood,  1030 

Spermaceti,* 943 

Slora^,  1110 

™Io<v,  94^ 

Terra  Japonica,  „ 1393 

Tragacanth.    See  Gum, 

Wax.    See  Bees'-wax. 

— V  iboemaker's, 897 

Woods. 

Alder,  800 

Apple-tree,  ^ 793 

Ash,  the  truuk, 845 

Baj-lree, 82S 

Beech, 853 

Box,  French, 918 

— ,  Dutch, 13«8 

— ,  Braxilian  red, 1031 

Campecby-wood, 913 

Cedar,  wild,  596 

-,  Paleftiue, 613 


-,  American, »•     56l 

Citron, ,.^ 726 

Cdco-wood, „  1040 

Cherry-tree,  715 

Cork. 240 

Cypress,  Spanish, 644 

£l>ooy,  American, 1331 


Ehbny,  Indian, 

Elder-tree...... 

£im,  trunk  of, 

Filbert-tree, « 

Fir,  male, 

— ,  female, 

Haxtl ^ 

Jasmin  Spanish, 

Juniper-tree, 

Lemon-tree, 

Lignum-vitaE;  ..^ 

Lioden-tree, .,,.. 

XiOgwood.    See  Campechy. 

Mastick-tree, 

Mahogany,.. 

Maple, 

Medlar, 

Mulberry,  Spanish, 

Oak,  heart  of,  60  years  old, 

Olive-tree, 

Orange-tree, 

Pear-tree, 

Pomegranate-tree, 

Poplar, 

9  white,  Spanish,  ....< 

Plum-tree, « 

Quin«*e-tree, 

iiassafras, 

Vine, 

Walnut, 

WiUoir,...., 

Yew,  Dutch, 

■■I  ,  Spanish,  


1209 
695 
671 
600 
550 
496 
600 
770 
556 
703 

1333 
€04 

849 

1063 
750 
H4 
897 

1170 
927 
705 
661 

1354 
383 
529 
785 
705 
482 

1827 
671 
585 
788 
807 


Weight  and  Specific  Gravities  of  different  Gases. 

Fahrenheit's  Thermom.  55^  Barometer  30  ip^bei, 

Sp«c.CriT.  Vt.Cab  FObC 

Atmospheric  air, 1*2  525'0  grt. 

Hydrofren  gas, 0*1  43*75 

Oxygen  gas, 1»435  627-812 

Azotic  gas, 1.182  517*125 

Nitrous  gas 1*4544 636-333 

Ammoniac  gas -7311 319*832 

Sulphureous  atid  gas,  2*7611.. 1207-978 

III  this  table  the  weights  and  specific  graTities  of  the  principal  gases  are  giren^ 
as  they  correspond  to  a  state  of  the  barometer  and  thermometer  which  may  be 
chosen  for  a  medium.  Th^pecific  gravity  of  any  one  gas  to.  that  of  another 
will  not  conform  to  exactly  the  same  ratio  nnderdifierent  degrees  of  heatr  aud 
other  prestarei  of  the  atmosphere. 


/ 
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CHAPTER  HI. 


Equilibrium,  Stability^  and  Oscillations  affhating 

Bodies. 


411*  Among  the  different  bodies  which  float  on  the  surface 
of  a  fluidy  the  most  important  are  ships  and  other  vessels  em- 
ployed on  seas,  rivers,  ioA  canals,  in  commerce.  It  is  of  much 
consequence  to  determine  the  stability  of  such  vessels,  and  the 
positions  they  assume  when  they  float  freely  on  the  wi^. 
Tlie  principles  on  which  the  stability  of  die  different  poskkms 
depend  flow  naturally  from  what  has  been  already  done,  and 
may  be  here  illustrated  and  explamed.  Two  or  three  defini- 
tions are  premised. 

Defs.  1.  The  flam  of  floatation  is  die  horizontal  sur£eu:e.of 
itk€  fluid  in  which  the  vessel  floats. 

(2.  The  line  of  support  is  the  vertical  line  passing  through  die 
centre  of  gravity  of  the  part  of  the  solid  or  vessel  immersed. 

3.  The  metacentre  is  the  point  of  intersection  of  the  axis 
passing  through  the  centre  of  gravity  (round  which  the  body 
revolves  through  an  indefinitely  small  angle)  and  the  line  of 
support. 

412.  That  a  body  floating  upon  a  quiescent  fluid  may  be  in 
equilibrio,  something  more  is  necessary  than  that  the  weight  of 
the  body  should  be  equal  to  that  of  the  fluid  displaced :  for  this 
condition  only  ensures  an  equality  of  the  upward  push  of  the 
fluid  and  the  weight  of  the  body ;  and  these  two  vertical  forces 
cannot  destroy  each  other  unless  they  are  directly  opposed: 
they  must  therefore  pass  through  the  same  point;  that  is  to  say, 
the  right  line  which  joins  the  centres  of  gravity  of' the  floating 
body  and  of  the  fluid  displaced  must  be  vertical.  Without  this 
condition  the  two  vertical  forces,  though  equal,  cannot  annihi- 
late each  other's  effects ;  and,  of  consequence,  the  body  will 
have  about  its  centre  of  gravity  a  rotatory  motion,  as  if  that 
point  were  fixed. 

Indeed,  positions  may  be  assumed  in  which  the  circumstances 
just  recited  concur,  and  yet  the  solid  will  take  some  other  po- 
sition in  which  it  will  permanently  float.  If  a  cylinder,  for  ex- 
ample, having  its  speofic  gravity  to  that  of  the  fluid  on  which 
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it  floats  as  3  to  4y  and  its  axis  to  the  diam^er  of  its  base  as  9 
to  1 9  be  placed  on  the  fluid  with  its  axis  vertical,  it  will  sink  to 
a  depth  equal  to  a  diameter  and  a  half  of  the  base;  and  while 
its  axis  is  preserved  in  a  vertical  position  by  extamal  forcei  die 
centre**  of  gravity  of  the  whole  solid  and  of  the  imnsersed  part 
will  remain  in  the  same  vertical  line :  but  when  the  extemid 
force  diat  sustained  it  is  removed,  it  will  decline  from  its  upright 
position,  and  will  permanently  float  with  its  axis  borizoutaL 
if  tlie  axis  be  supposed  to  be  half  the  diameter  of  the  base,  and 
be  placed  vertically,  the  solid  will  sink  to  the  depth  of  three- 
eighths  of  its  diameter ;  and  in  that  position  it  will  float  pem 
maiiently.      If  the  axis  be  made  to  incline  to  the  vertical  Ime, 
the  solid  will  change  its  position  until  it  settles  permaoendj 
iiith  the  axis  perpendicular  to  the  horizon. 

Def.   Whether  a  solid  float  pernuuiently,  or  overset  wfaea 
placed  on  the  surface  of  a  fluid,  so  that  tl^  centre  of  gravity 
of  the  solid  and  that  of  the  part  immersed  shall  be  in  the  same 
vertical  line,  it  is  said  to  be  in  a  position  of  equilibrium ;  and 
of  this  eq^uiUbrium  there  are  three  species,  viz.  the  equilibrium 
■of  stability^  in  which  the  solid  floats  permanently  m  a  given 
position ;  the  equilibrium  of  instability^  in  which  the  solid, 
though  the  two  centres  of  gravity  already  mentioned  are  in  the 
same  vertical  line,  spontaaeoudly  oversets,  unless  supported  by 
external  force;  and  the  equilibrium  of  iMdjffereiue,  or  the 
insensible  equilibrium,  in  which  the  solid  rests  on  the  fluid  in- 
different to  motion,  without  tendency  to  rigkt  itself  when  in- 
clined^ or  to  incline  itself  further* 

These  states  of  a  floating  body  are  also  those  in  which  the 
stability  may  be  said  to  be  positive,  negative,  and  uothingf  re- 
spectively, i 

413.  From  the  properties  investigated  in  the  chapter  on  the 
centre  of  gravity,  it  follows  that  the  right  line  which  joins  the 
centres  of  gravity  of  a  body  and  of  a  segment  of  that  body 
formed  by  any  plane  whatever,  must  pass  through  the  centre 
of  gravity  of  the  other  segment :  in  the  case  which  we  propose 
to  treat  here,  the  plane  cutting  the  body  is  the  upper  surface  of 
the  fluid,  or  the  plane  of  floatation ;  and  we  conclude  that,  in 
order  that  a  body  may  be  in  equilibrium  upon  a  fluid  which  is 
specificaUy  heavier  than  itself,  the  right  line  which  passes 
through  the  centres  of  gravity  of  the  body  and  either  of  the 
segments  formed  by  the  plane  of  floatation  must  be  perpendi- 
cular to  that  plane.  Thus  the  general  problem  of  the  deter- 
mination of  the  positions  of  equilibrium  with  regard  to  a  homo- 
geneous body  iu  a  fluid  is  reduced  to  tlie  following. 

Pnop.  To  cut  by  a  plane  a  body  of  given  figure  in  such 
manner  thai  the  capacUy  ef  either  of  tie  segments  shall  be  to 
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that  of  the  whole  body  in  a  given  ratio ;  and  that  the  right  Une 
which  passes  through  the  centre  oj* gravity  of  the  body  and  thou 
of  its  segments  shall  be  perpendicmar  to  the  intersecting  plane. 
The  ratio  of  the  segments  into  which  the  body  must  be  cut, 
or  of  either  of  them  to  the  whole  body,  will  depend  upon  the 
ratio  of  the  specific  gravities  of  the  body  and  the  fluid :  and  the 
positions  of  equilibrium  of  any  body  will  be  given  by  the  roots 
deduced  from  the  equations  of  equilibrium,  and  the  equation 
defining  the  nature  of  the  body.  We  cannot  here  enter  mucK 
into  the  detail :  but  shall  merely  present  a  few  obvious  ex- 
amples. 

414.  It  is  manifest,  then,  that  right  prisms  and  cylinders  of 
any  base  whatever,  if  homogeneous,  will  have  two  positions  of 
equilibrium;  viz.  when  the  generating  axis  is  placed  vertically, 
and  when  it  b  placed  horizontaUy.  The  equilibrium  obtains 
abo,  with  regard  to  solids  of  revolution,  and  symmetrical  bodies 
relative  to  any  line,  when  that  line  is  placed  vertically.  Hence, 
a  floating  sphere  will  continue  at  rest  in  any  position ;  because 
it  is,  in  every  position,  symmetrical  with  respect  to  the  line  of 
support  passing  through  its  centre  of  gravity. 

Moreover,  prismatic  or  oylindric  bodies,  and  in  general  those 
which  are  symmetrical  with  regard  to  a  plane  (as  are  all  which 
need  be  considered  in  the  theory),  have  their  positions  of  equi* 
librium,  when  that  plane,  relatively  to  which  they  are  sym- 
metrical, is  vertical :  in  which  case  we  have  only  to  ascertain 
the  positions  of  equilibrium  for  an  area  or  vertical  section  of  the 
body,  perpendicular  to  that  with  respect  to  which  the  whole  is 
symmetrical. 

415.  Let  us  propose  an  instance  for  more  particular  examina- 
tion, in  the  calculus  of  uhich  it  will  appear  in  what  manner 
different  positions  of  equilibrium  of  a  body  will  be  furnished  by 
the  same  equation. 

Suppose  that  the  body  is  a  triangular  prism,  xchich  floats 
with  its  ends  vertical,  and  its  edges  horizontal. 

Here  we  must  consider  two  cases:  1st.  That  where  the 
bases  of  the  prism  have  an  angle  F  immersed  in  the  fluid,  and 
the  other  two  e,  h,  out  of  it  (fig.  10.  pi.  XVI.).  2d.  The 
reverse  of  this,  where  the  two  angles  e,  h,  are  immersed  (fig. 
1 1  .)•  The  two  cases  may  be  treated  at  the  same  time ;  for  the' 
method  in  each  is  the  same. 

Let  xx'  be  the  plane  of  floatation.  To  determine  the  line 
MN,  in  which  this  plane  should  intersect  the  triangle,  we  must 
find  FM,  and  fn.  Call  the  first  of  these  x,  the  second  y :  and 
taking  p  in  the  middle  of  eg  we  may  represent  the  data  thus ; 
FE=£i,  FH=i,  FP=A-,  angle  ffe=/w,  HFPzzit;  and  let  the 
ratio  of  the  specific  gravities  of  the  solid  and  fluid  sr  tt>  U 
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Then,  that  the  weight  of  the  solid  may  be  equal  to  that  of  the 
fluid  displaced^  we  must  have^ 

in  the  first  case  (fig.  10.)  . .  r .  fbh  =  fmn  ; 
In  the  second  case  (fig.  1 1.)  •  •  ^  •  feh  =  hemn. 
Now  the  triangles  fmn,  feh,  havii^  the  angle  f  commony 
have.their  areas  proportional  to  the  rectangles  of  the  sides  about 
that  angle :  that  is, 

FBH  :  FHN  : :  FH  X  F£ :  FM  X  Fmiobixi/; 
whence  feh  —  fmn,  or  hnmb  :  feh  ::ab-^xi/:ai; 
consequently  j:^  =  rab,  and  xy=:ab  {I  —  r) .  • .  ( 1  )• 
These  two  equations  include  the  condition  of  the  equality  of 
the  vertical  pressures,  upwards  and  downwards. 

Let  us  next  find  equations  to  satisfy  the  second  condition  of 
the  centres  of  gravity  residing  in  the  same  vertical  line.  Now 
if  PR  be  taken  =  4-pf,  r  (art.  114.)  will  be  the  centre  of 
gravity  of  the  triangle  fb  ;  in  like  manner,  if  q  be  the  middle 
point  of  MN,  and  qc  =  -fgF,  o  will  be  the  centce  of  gravity 
of  the  triangle  fmn:  the  right  line  eg,  or  its  parallel  pq, 
will  therefore  be  vertical  in  the  case  of  Uie  equilibrium  ;  and 
this  condition  will  evidently  be  expressed  by  the  equation  PMr= 
PN,  in  both  figures.  .  From  the  point  ?  demit  upon  the  sides 
PE,  FH,  the  perpendiculars  pa,  PD:then  will  PA=i^sinm, 
PD  =  A;  sin  v,  ta  =  k  cos  m,  PD  =  it  cos  n.  Therefore  nd  =^ 
k  cos  n  —  y,  aftd  am  =:  k  cos  m  ^  x.  But  pm  =  fn  gives 
Ap'^  +  AM*  =  PD*  +  DN* :  that  is,  A*  sin*m  ==  (A  cos  m  —  xy 
=  A*  sin*/*  +  (A  cos  n  —  y)* ;  from  which,  by  reduction,  we 
find 

y*  —  2ky  cos  n  =  X*  —  2Ax  cos  m. 
If  for  y  in  this  equation  we  substitute  separately  each  of  its 
values  deduced  from  the  two  equations  No.  1,  there  will  result 
two  equations  containing  only  x  and  known  quantities,  and 
which  will  express  the  conditions  of  equilibrium  for  the  re* 
spective  cases  of  figs.  10.  and  1 1.    They  are  as  follows : 

i^  —  afat^  cosm  +  iabkrx •  cosn  -  r*a*b* —0  ?  ,tt  v 

a* -abt>co8«+ 2(1 -r)il6ib.Gosn- (I -r)«a«6«    «0  S    *  * '  ^^^'^ 

These  equations  being  of  the  fourth  degree,  and  having  the. 
last  term  negative,  have  at  least  two  real  roots  (Lacroix's  A\g, 
No.  219.):  but  the  roots  may  be  all  four  real,  and  then 
the  disposition  of  the  signs  indicate  that  three  of  the  roots  are 
positive,  and  the  fourth  negative.  This  latter  root  b  obviously 
useless  in  the  present  case,  because  the  solicitation  of  gravity 
being  constantly  downwards,  the  right-line  fm  can  only  be 
placed  on  one  side  with  regard  to  the  point  f.  Tliere  must, 
consequently,  be  either  Ofie  or  three  positions  o& equilibrium, 
which  will  be  determined  by  the  potttnci  r-^'^**  -'  *^*^  .ennatioo« 
marked  (1L>   The  coivMpwdii 
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by  the  equations  (I.)    We  must  alwajs,  however^  have  x  <  c, 
andj/<^. 

4 16.  The  preceding  reasonings  may  now  be  applied  to  the 
isosceles  triangle,  as  the  most  likely  to  occur  in  practice :  and 
to  prevent  the  calculus  from  being  very  complicated,  let  as 
merely  consider  the  case  where  one  angle  only  of  the  tiiai^lc  is 
immersed  in  the  fluid :  the  other  case  being  easily  deduct  by 
transforming  in  the  results  r  into  1  —  r,  as  may  be  shewn  by 
comparing  together  eidier  tlie  equations  No.  II.  or  thote  of 
No.  I.  Here,  therefore,  we  have  mizriy  and  azzb,  from  which 
diere  arises 

xy  =  a^Py  and  x^  —  2fcr'  cos  m  +  2a*rkx  cos  m  —  f*<r* =0, 

The  factors  of  the  second  degree  of  this  latter  equation  be- 
ing jr*  —  fl*r  =  0,  and  x*  —  2kr  cos  m  +  o*r  =  0,  we  dience  coo- 
dude,  taking  only  the  positive  roots,  that, 

x^a^Ty  and  jr=A  cos  i?i±  ./(A*  cos  *i»—  a*r) 
whence,  y =x,  and  y=i  cos  mqp  •(  Jlr'  cos  *m— aV). 

The  first  root  indicates  that  there  will  be  only  one  position  of 
equilibrium  when  eh  is  horizontal:  and  the  same  applies  fo 
the  case  of  fig.  11.  The  other  positions  are  given  by  the  other 
two  roots ;  but  they  must  be  such  as  to  correspond  with  the 
conditions  of  the  remarkable  limits :  for  we  ought  to  have  xKa^ 
and  every  root  real ;  and  from  this  we  find 

2afc  cos  m—a*  ,  ^  cos*  fit  * 

f  > and  r  < 

fu  like  manner  we  shall  find  the  limits  for  the  second  case, 
by  changing  r  into  1  —  r ;  whence  there  results 

2a  — 2^  cos  m  ,  a'— ilc*  cos*  m 

r  <  and  r  > — 


a* 


If  we  suppose  the  triangle  equilateral  we  shall  have  fc=fl\/^, 
and  cos  m:=L  »^^\  therefore  cos  w  =  Ja :  and  the  preceding 
limits  will  become — 
First  case,  r>\y  and  r<-^\  second  case,  r  <  |,  and  r  >  J^. 

417.  Prop,  When  a  floating  body  is  in  equilibria  in  any 

fluid,  and  an  extraneous  cause  as  an  impulsion  move  the  body, 

it  is  proposed  to  determine  whether  this  perturbation  will  permit 

the  body  to  return  to  its  flrst  position,  or  constrain  it,  on  the 

contrary,  to  move  still  furtlierfr^m  that  of  equilibrium. 

As  the  investigation  of  this  problem  in  its  utmost  extent 
would  lead  inio  very  tedious  and  complex  discussions,  we  shall 
premise  three  hypotheses^  in  order  tiiat  we  may  obtain  compa- 
ratively simple  results. 

1 .  We  suppose  the  floating  body  to  be  symmetrical  with  re- 
spect to  a  vertical  plane  passing  through  its  centre  of  gravity 
when  the  whole  is  at  rest :  and  of  such  a  kind  tihat  we  need 
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only  resolve  die  problem  for  the  area  of  a  plane  aection  of  Ihe 
body. 

2.  We  eoBceive  the  derangenient  to  be  indefinitely  smalL 
Thus,  in  fig.  12.  pi.  XVI.  where  ab  is  the  plane  of  floatation, 
G  the  centre  of  gravity  of  the  floating  body  dfe,  and  o  the 
centre  of  gravity  of  afb,  or  of  the  fluid  displaced  when  the  line 
AB  coincides  with  the  plane  of  floatation ;  the  inclination  of 
die  body  will  then  be  the  angle  gov  formed  by  go  and  the 
vertical  line  ov  passing  through  the  centre  of  a^b ;  and  we  put 
this  evanescent  angle,  or  the  arc  which  measures  it,  =a. 

S.  We  disregard  the  vertical  motion  of  the  centre  of  gravity 
of  the  body  as  indefinitely  small;  and  suppose  that  the  new 
position  is  consistent  with  the  equality  of  the  weights  of  the 
body  and  of  the  fluid  displaced.  Thus  will  the  portion  AQa, 
which  is  moved  out  of  the  fluid,  be  equal  to  the  part  Bcb, 
which  has  entered  it  in  consequence  of  the  motion* 

Granting  these  suppositions,  the  equal  areas  Aca  and  Bcfr 
may  be  regarded  as  isosceles  triangles,  since  we  may  suppose 
AC  =  ac  and  cB  =  c& :  hence  it  will  follow  that  ac  =  c6 ; 
that  is,  the  intersection  c  of  the  two  lines  of  floatation  is  in  the 
middle  of  ab. 

The  upward  pressure  of  the  fluid  on  ^f^  is  equal  to  die 
weight  of  a  lamina  of  that  fluid  of  an  equal  magnitude ;  and 
this  vertical  force  acts  at  the  centre  of  gravity  of  awb.  So 
that,  as  it  is  necessary  to  know  this  centre,  we  shall  proceed  to 
assign  its  position.  In  order  to  this,  it  may  be  observed,  that;^ 
aFi'  =  AFB  +  CBft  — Aca;  and  if  we  conceive  the  laminas  of  the 
fluid  equal  to  these  areas,  it  is  evident  that  the  moment  of  the 
upward  pressure  of  the  fluid,  taken  with  relation  to  any  vertical 
whatever,  is  equal  to  the  sum  of  the  moments  of  the  fluid  la- 
minae of  which  the  volumes  are  afb  and  CBb,  minus  the  moment 
of  the  lamina  Aca.  Let  us  then  estimate  these  moments  witb 
respect  to  the  vertical  ot.     So  shall  we  have 

I.  The  moment  of  the  weight  of  the  fluid  laminae  afb  is 
w  •  GV ;  w  representing  the  weight  of  the  body,  or  that  of  the 
fluid  displaced. 

II.  Representing  by  w  [cb&]  the  weight  of  a  volume  of  fluid 
equ^  to  cBby  we  have  for  the  moment  of  tlus  weight  its  pro- 
duct by  the  distance  qi :  the  point  q  being  the  foot  of  the  per- 
pendicular demitted  upon  cb  from  the  centre  of  gravity  of 
CB^,  that  is,  taking  cq  =  f  c6.  Thus  the  moment  of  cnb 
is  w  [cbA]  X  qi. 

III.  Lastly,  the  moment  of  ac<(  b,  in  like  manner,  w 
£Aca]  X  pi;  making  pc  =:|ac«  Where,  as  this  latter  force 
lends  to  produce  a  motion  in  the  contrary  direction  to  the 
former,  it  must  be  taken  negatively;  and  since,  moreover. 
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« 

^k  ought  to  be  subtracted  from  the  two  others,  it  beeomes  poii- 
tive,  and  the  moment  m  of  the  pressure  of  the  fluid  upon  afb 
is  (because  c  b&  =  Aca)  expressed  thus ;  m  =  (w  x  GV)  +  w 

[cb6]  X  />y.  . 

Now,  smce  the  fluid  is  supposed  homogeneous,  the  ams 
AFB  and  Bcb  are  proportional  to  the  weights  of  the  quantities 
of  fluid  to  which  thej  are  respectively  equal ;  that  is  to  say,  if 
we  put  the  surface  afb  =  s,  since  cb  =  cb,  and  moreover  B6 
n  CB  X  sin  A  =  A  •  cb,  we  have  the  triangle  CB^  =  Ja*  cb*cb; 
therefore^ 

s  :  w  : :  Ja(bc)*:®  [cb5]  =  -^  ^  i^^T' 

But  j>9  =  ^b,  and  gv  s  a  •  go.  Putting  therefore  go  s  tf, 
and  ab  =  A  =  2bc,  there  results 

M  =  A .  w  (a  +  — *) (i .) 

418.  Since  we  consider  the  body  as  if  it  were  retained  by  a 
fixed  axe  passing  through  G,  the  preceding  value  of  m  will  mea- 
sure the  pressure  of  the  fluid.  So  that,  if  we  would  compare 
together  these  pressures  upon  different  bodies,  we  must  consider 
them  in  reference  to  the  saoie  angle  of  inclination  a,  and  the 
relative  stalnlities  will  be  measured  by 

CoR.  If  the  solid  be  of  an  irregular  form,  the  stability  will 
be  as  the  sum  of  all  the  w  (—  ^  «/• 

By  stability  we  would  here  be  understood  to  mean  the  resist* 
ance  which  a  body  opposes  to  its  change  of  position ;  that  is, 
the  eflbrt  made  by  the  fluid  to  retain  the  body  in  its  position  of 
equilibrium^  or  to  carry  it  further  from  it.  In  flg.  12.  we  have 
placed  the  centre  of  gravity  of  the  body  below  that  of  the  fluid 
displaced,  whence  it  follows  that  the  body  is  not  homogeneous : 
and  this  is  what  happens  most  frequently  (ships  of  war  being 
excepted),  because  it  is  customary  to  dispose,  in  the  inferior 
parts  about  f,  some  substances  specifically  heavier  than  the 
materials  of  the  floating  body.  If  the  centre  of  gravity  of  the 
body  were,  on  the  contrary,  higher  than  that  of  the  fluid  dis- 
placed, it  would  be  necessary  to  take  a  as  negative :  on  this  ac- 
count we  have  put  in  the  formulae  (ii.)  the  double  sign  ±  before 
the  quantity  a. 

•419.  The  value  ii.  may  (in  conformity  with  art.  412.)  be 
either  positive,  nothing,  or  negative,  1st.  When  the  centre  of 
gravity  of  the  body  is  lower  than  that  of  the  fluid  displaced,  the 
stability  wiU  be  positive  so  long  as  a  retains  the  upper  sign ; 
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and  it  will  be  positive  in  the  contrary  case,  when  o  is  below  G, 

whenever  a  <  -—-,    In  these  cases  the  pressure  of  the  fluid 

tends  obviodslj  to  carry  back  the  body  to  its  first  position.  This 
tendency  is,  besides,  the  stronger,  as  die  value  (ii)  is  the  greater. 
We  see  also  tbe  advantage  of  having  the  floating  body  narrower 
towards  the  bottom  than  towards  the  plane  of  floatation ;  and 
the  C(^rresponding  advantage  of  making  the  upper  parts  of  such 
materials  as  have  the  least  specific  gravity. 

2dly.  In  the  two  other  cases  the  centre  of  gravity  of  the  body 

is  higher  than  that  of  the  fluid  displaced :  if  we  have  a  >  —, 

the  stability  is  negative,  and  the  aggregate  pressure  tends  to 
move  the  body  in  the  opposite  direction,  or  so  as  to  increase  the 
angle  a  ;  for  then  the  centre  of  gravity  of  avb  being  on  the  other 
side  of  6»  must  cause  the  body  to  proceed  further  from  its  first 

position  of  equilibrium.     If  a  =  -rr-,  the  stability  is  nothing  or 

iftdifferent;  and  the  total  pressure  does  not  exert  any  such  eflbrt 
calculated  to  turn  the  body,  because  the  centre  of  gravity  of 
dF^  is  then  upon  Gi,  and  consequently  in  the  same  vertical  line 
as  6. 

420.  If  the  quantity  (ii)  be  divided  by  w,  the  weight  of  th^ 
fluid  displaced,  the  quotient  will  express  the  distance  from  the 
vertical  oi  to  the  direction  of  the  resultant  of  the  upward  pres~ 
sure  of  the  fluid  :  that  distance  being  taken  =  g/i,  we  have 


G7t 


If  &  is  positive,  the  vertical  gi  falls  to  the  left  of  the  centre 
of  gravity  of  the  fluid  displaced ;  in  this  case  Gn  must  be  taken 
to  the  right  of  gi  :  the  same  thing  obtains  in  the  contrary  case, 

provided  that  we  have  gv  <  -r—-,  the  vertical  ng  intersecting 

the  right  line  go  in  a  point  g  more  elevated  than  G.    Bat  if>  in 

« .  ij      . 
the  latter  case,  ov  =  -r~— ,  we  have  then  on  zz  0,  and  g  falls 

upon  GI.     Finally,  if  we  have  gv  >  -t^*  and  o  ccHistaotly 

higher  than  o,  the  line  on  must  be  taken  to  the  left  of  gi,  and 
the  point  g  will  fall  below  o.  To  find  the  distance  Gg  it  may 
be  observed  that  Qg  •  sin  a  =  on,  or,  because  an  evanescent  arc 
may  be  substituted  for  its  sine,  A  •  og*  =  on ; 

wherefore  •  •  •  og  =:  ~  sk  a    ....  (iv.) 
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The  point  g  corresponds  with  our  definition  of  tnetacenire 
(art.  411.),  we  may  therefore  announce  the  result  of  this  inves- 
tigation thus:  the  stability  of  a  body  or  vessel  is  positive,  wh 
thing,  or  negative,  according  as  the  metacentre  is  more  elevated, 
the  same,  or  lowtr  than  the  centre  of  gravity  of  the  body* 

421.  Pbop.  If  tJie  Jloating  body  be  a  homogeneous  reetasUr 

gular  parallelopiped,  whose  altitude  is  perpendicular  to  the  sur* 

face  of  thejiuid,  its  stability  will  be  proportional  to  the  difer^ 

ence  oetzceen  the  sixth  part  of  the  square  of  the  breadth  of  the 

base  and  the  product  of  the  square  of  the  altitude^  into  tkeHf' 

ference  between  the  number  expressing  the  q>ec(fic  gravity  of  tie 
solid  and  its  square,  that  of  the  fluid  being  unity. 

Let  h  be  the  height  of  the  solid^  b  the  breadth  of  the  base^ 
and  s  the  specific  gravity  of  the  solid ;  then  will  the  cube  of  the 
line  coinciding  with  the  plane  of  floatation  =:  i^  as  before,  the 
height  of  the  part  immersed  =  sA^/and  s  the  space  proportional 
to  the  part  immersed  =  sbh',  go  the  distance  between  the 
centres  of  gravity  of  the  whole  body  and  of  the  part  immersed 

=z  \h  ^  \sh  =  --X— •     Consequently  the  stability  which  varies 

"  liT  ±  °°'  '">«»*«  753* «-  =  T  - 1*  •(•  -  ^>^ 

As  an  example  to  illustrate  this  proposition,  suppose  the  height 
of  the  parallefopiped  equal  to  the  breadth  of  the  base,  or  A  =  ^, 
and  let  it  be  required  to  ascertain  the  specific  gravity  of  the 
solid,  when  it  will  float  in  the  equilibrium  of  indifference. 

Here  —  z:  A*  •  («  —  s*),  or,  since  A  =  b,  we  have  s*  —  j  =:  —  ^ ; 

whence  5  =  J  ±  ^(^  -  |)  =  J  ±  -^  v/3  =  -78868  or  -21132 
nearly,  either  of  which  may  be  taken  for  the  specific  gravity  of 
the  solid,  that  of  the  fluid  being  unity.  If  the  fluid  were  rain* 
water,  the  bodies  would  have  nearly  the  same  specific  gravity  as 
apple-tree  and  cork. 

422.  Phop.  If  the  floating  body  be  an  homogeneous  cylinder 
whose  axis  is  vertical,  its  stability  will  be  as  the  quotient  of  the 
square  of  the  radius  of  the  base  divided  by  four  times  the  height 
of  the  part  immersed,  diminished  by  the  distance  between  the 
centres  of  gravity  cf  the  whole  solid  and  the  part  immersed. 

Let  DEFG  (fig.  2.  pi.  XVII.)  be  the  section  of  the  cylinder 
coinciding  with  the  plane  of  floatation,  ab  any  line  in  that  sec- 
tion, or  the  breadth  of  any  variable  vertical  section  of  the 
cylinder;  co  =  r,  cv  =  x;  then  ab  z:  2  •(r*  -  x*),  and  ab' 

=  8(r*  -  x^y.  But  {r^'-x'Y  =  (r*  -  x*f  x  r*  -  (f-^x^f  x x*. 

Also  r*  (r*  -  jr*)^  =  r*  X  i  of  the  circle  whose  radius  is  r,  when 
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X  increases  from  0  to  r ;  and  a:*  (r*  —  x*)   =  rz*  "-  -^ "-  «3» 

&c,  and  the  quantity  generated  =  -^ i "5"  ""  li?'  ^'  whicb, 

when  jr  increases  from  0  to  r,  becomes  r*  x  (y  —  ^V  —  -yV,  8cc.) 
=:  r^  X  :(^  of  a  circle  whose  diameter  is  unity  (vide  j^tuil.  per 
Equationes,  pa.  74.)  =s  r*  x  -r;  of  a  circle  whose  radius  is  r« 

Consequently,  the  whole  Quantity  generated  by  (r*  —  x^y  will 
her*  X  (J-  —  -jij.)ofa  circle  whose  radius  is  r  =:  r*  x  tV  of  that 
circle  =  i*  x  ^fti*  =  tV^*.  Hence  the  sum  pf  all  the  ab* 
in  one  semicircle  =  8r*  x  -rs^t  =  i^^^*  ^^^  ^'*^  ^""^  of  all 
the  ab'  in  both  semicircles  =  Sitr^;  while  the  volume  of  the 
part  inunersed  is  equal  to  its  depth  (d)  x  circle  defg  =  irdrK 

.  Therefore  y*^  =  j^^  =  ^j ;  a»d  the  general  expression  for 

the  stability  (ii)  is  proportional  to  —  —  go,  as  in  the  propo^ 

sitipn. 

Cor.  If  s  be  the  specific  gravity  of  the  solid,  that  of  the  fluid 
being  unity,  and  h  die  height  of  the  cylinder,  then  will  the 

depth  of  the  part  immersed  =  sh,  and  go  =  — y~*  *^  ^^^^  ^ 

stability  of  the  cylinder  will  be  proportional  to  — —,  and 

will  vanish  or  become  indifferent  when  tt  =  — 5— >  or  when 

**"«=-  ^.,  or  5  =  J  ±  Ayr  (i  -  ^) :   where  the  ex- 

pression  under  the  radical  vanishes  if  r  =  A  V^  i,  or  2r*  =  A\ 
So  that,  if  the  specific  gravity  of  the  ty  Under  be  half  that  of 
thefluidy  and  the  radius  of  the  base  be  to  the  Iteight  of  the  cv* 
Under  as  i  to  V^2,  the  cylinder  mlljhat  in  a  state  ofifisemiolt 
equilibriunu 

Cor.  2.  If  ^-=1%^  then  in  the  ease  of  insensible  equilibrium 
J  mil  be  to  has  y/3  to  2  */2.  And  if  s  =1  7  <a^^  shall  have  the 
same  ratio. 

423.  Prop.  Considering  the  fluid  as  non^resisting,  the  float" 
ing  body  will  oscillate  incessantly  about  a  horizontal  axis  pass^ 
ing  through  its  centre  of  gravity ^  according  to  laws  analogous 
to  those  ^bodies  in  a  vacuum:  it  is  proposed  to  examine  the 
particular  nature  of  these  oscillations^  regarding  them  as  inde^ 
flmtely  small. 

Supposing  that  the  vertical  line  passing  through  the  centre  of 
gravity  of  the  body,  10  its  equilibrated  position,  has  been  in- 
clined by  the  quantity  f,  dien,  deaodug  by  a  the  inclination  of 
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the  body  at  the  end  of  the  time  /,  and  by  a  the  arc  described 
by  the  point  placed  at  the  unit  of  distance  from  G  (fig.  12. 
pL  X:V[.}>  we  shall  have  a  =:y*  —  a.  Now  the  angular  accele^ 
rating  force,  as  has  been  seen  in  the  Dynamics,  is  the  quotient 
#f  ibe  sum  of  the  momenta  of  the  moving  forces  divided  by  the 
momentum  of  inertia:  the  dividend^  being  the  totd  verdcal 
pressure  of  the  fluid,  is  given  by  the  value  art.  418.  L;  the 
ctivisor  is  uk^^  m  being  the  mass  of  the  body,  and  A*  die  quo-" 
tient  of  the  momentum  of  inertia  (with  respect  to  an  axe  pass* 
ing  through  the  centre  of  gravity)  divided  by  the  mass.  Heocfli 
,as  the  weight  w  of  the  body  is  equivalent  to  gu  '(art.  108.)  Wd 
have,  for  the  angular  accelerating  force, 

Or,  if  we  put  /  for  ^a  +  — )  -r-  A*,  there  wiH  arise  * 

=  ^  (/—  «).     Multiplying  this  by  a,  we  obtain  for  the  fiueol 

•  • 

^-?- V  =  y-  (2/a  —  a*)  +  c,  a  constant  quantity.     Here  4-  is 

the  angular  velocity;  so  that  at  the  same  time  that  T=0,a:=0, 
and  c  =  0,  which  gives 


'Vt 


a 


1  aking  the  fluents  again,  we  have 


=  \/7 


arc  f^cos  =?  "^^)  +  c'. 


To  correct  this  we  must  consider  that  when  /  =  0,  a  =  0, 
and  c^  =  0 ;  whence  we  find 

The  variables  comprised  in  this  equation  are  the  arcs  a  «nd 
t  a/  -|-  :  where,  if  we  attribute  successively  to 

t  xZ-j-  *«  values  . .  0,  lit,  «r,  !«•,  2ir,  &c. 

we  find  . . .  0,  /,  2/,  /,    0,  &c.  for 

the  corresponding  values  of  a ;  which  shews  that  the  moving 
body,  after  describing  the  descending  arc  /,  will  describe  an 
ascending  arc y* in  the  same  time,  then  return  and  rise  the  con- 
tra ry  way,  and  so  on.  It  is  obvious  also,  dial  the  time  of  makii^ . 
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a  complete  oqoillatioa  is  given  b;  taking  i*  =  /    /~,8ince  that 
hypotheab  gives  a  s:  ^,  as  it  oi^ht  to  do.   Hence  tibere  results 

Tins  expression  for  the  time  does  not  comprise  die  Quantity/; 
whence  it  foRows^  diat  the  vibrations  are  isochronal :  and,  by 
comparing^  the  above  with  tfie  valae  of  t  for  the  simple  pendu* 
Inrn  vibrating  in  indefinitely  small  arcs  (lirt.  £69.)>  it  will  appear 
that  (hey  e»icdya^ee :  conseqfoeiitly,  the  chief  circnmstances 
trafcied  there  spply  immediate^  to  die  present  case.  Now  if  we 
restore  the  value  of  /  we  shall  have 

Isz     ^^^' 

an  expression  which  shews  the  lefigth.of  the  syochronal  simple 
pendulum. 

Andj  for  the  time  of  oscilkition. 


='*>/; 


424,  By  way  of  appltmg  these  principles,  take  die  instance 
of  a  prismatic  body,  such  that  the  transverse  section  of  the  im- 
merged  part  in  the  position  of  equilibrium  is  an  isosceles  tri- 
angle, of  which  the  vertices  of  the  equal  angles  are  in  the  plane 
of  floatation :  the  upper  part  of  the  section  may  have  almost 
any  variety  of  form.  Let  b  represent  the  semi-base  of  the  isos- 
celes triangle,^  which  is  the  transverse  section  of  the  part  im- 
mersed, A  the  height  of  this  triangle,  and  d  the  distance  of  the 
upper  surface  of  the  fluid  from  the  centre  of  gravity  of  the 
body :  the  distance  of  that  surface  from  the  centre  of  gravity  of 
the  triangle  immersed  will  be  -fA :  consequendy,  the  distance 
between  the  centres  of  gravity  oif  the  body  and  of  the  fluid  dis- 
placed will  he  a=id  —  ^i  the  area  immersed  will  be  s  =9  6A, 
and  the  value  (418.  ii.)  of  die  stability  will  be 

Z- (Si/A  -  A' +  2*') 

which  may  be  either  positive,  nothing,  or  negative,  as  in  the 
various  cases  before  specified.    The  length  of  the  synchronal 

« 

pendulum  will  be  =  5—^" 


We  may  here  remark,  that  the  oscillations  of  a  floating  body 
mjimite  awles  are  not  analogous  to  those  of  a  cydoidal  pendu- 
lum :  for  the  force  of  stabiCty  varies  in  a  proportion  very  dif- 
ferent from  that  of  the  distance  from  quiescence,  unless  the  arcs 
of  vibration  be  of  evanescent  w^nitude. 

VOL.  1.  DD 


402  HYDROSTATICS.  '  [Book  UI 

SCHOLIUM. 

425.  The  determination  of  the  stability  and  the  time  of  oi- 
cillation  of  floating  bodies,  a  sketch  of  which  is  given  in  this 
chapter,  is  by  no  means  a  matter  of  mere  curiosity ;  but  is,  when 
considered  more  at  large,  of  considerable  practical  importance. 
Those  students  who  wish  to  pursue  this  subjeet  may  read  with 
much  advantage  the  admirable  treatise  by  Leonard  Euler,  ea* 
titled  Thiorie  Complette  de  la  Construction  et  dela  Maneatcn 
des  Vai$seaux^  or  the  English  translation  hi  colonel  Henry 
Watson ;  and  an  ingenious  paper  in  the  Philosophical  Trans' 
actions  for  1796,  by  Mr.  Atwood.  In  ships  of  war  and  mer* 
chandise  the  calculations  are  very  complex  and  operose,  and 
not  alwa}s  so  accurate  as  is  desirable;  but  in  river  and  canal 
boslts  the  regularity  and  simplicity  of  the  form  of  the  vessel 
itself,  together  with  the  compact  disposition  and  bomogeneal 
quality  of  the  burden,  render  the  computations  far  more  easy. 

In  that  valuable  miscellany  TillocVs  Philosophical  Magtt' 
zine,  there  is  a  paper  on.  this  subject  by  Mr.  John  English ;  firon 
which  we  shall  make  an  extract,  shewing  the  application  of  the 
principles  to  river  and  canal  boats. 

''  Vessels  of  this  kind,"  says  Mr.  E. ''  are  generally  of  the 
same  transverse  section  throughout  their  whole  lei^th,  except 
a  small  pdrt  in  prow  and  stem,  formed  by  segments  oJF  circles 
or  other  simple  curves ;  therefore  a  length  may  easily  be  assigned 
such,  that  any  of  the  transverse  sections  beins  multiplied  there- 
by, the  product  will  be  equal  to  the  whole  solidity  of  the  vessel* 
The  form  of  the  section  abcd  is  for  the  most  part  either  rect^ 
angular,  as  in  fig.  13.  pi.  XVI.  trapezoidal,  as  in  fig.  1. 
pi.  XVII.  or  mixtilinea),  as  in  fig.  14.  pi.  XVI.,  in  all  which 
MM  represents  the  line  of  floatation  when  upright,  and  ef 
that  vihen  inclined  at  any  angle  mxe;  also  o  represents  the 
centie  of  gravity  of  the  whole  vessel,  and  r  that  of  the  part 
immersed. 

''If  the  vessel  be  loaded  quite  up  to  the  line  ab,  and  the 
specific  gravity  of  the  boat  and  burden  be  the  same,  then  the 
point  G  is  simply  the  centre  of  gravity  of  the  section  ABcn; 
but  if  not,  the  centres  of  gravity  of  the  boat  and  burden  must 
be  found  separately,  and  reduced  to  one  by  the  common  me- 
thod, namely,  by  dividing  the  sum  of  the  momenta  by  tlie  sum 
of  weights,  or  areas,  which  in  this  case  are  as  the  we^hts. 
The  point  r  is  always  the  centre  of  gravity  of  the  section 
MMCD,  which,  if  consisting  of  difierent  figures,  must  also  be 
found  by  dividing  the  sum  of  the  momenta  by  the  sum  of  the 
weights  as  common.  These  two  points  heme  found,  tlie  next 
thing  necessary  is  to  determine  the  area  of  me  two  equal  trt-^ 
pngles  mxe,  mxf,  their  centres  of  gravity  o,  o,  and  the  perpen* 
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dicular  projected  distance  hm  of  these  points  on  the  water 
line  BF.  This  being  done,  through  u  and  parallel  to  bf 
draw  RT  =  a  fourth  proportional  to  the  whole  area  mmcd, 
either  triangle  mxk  or  mxf,  and  the  distance  nit;  through 
T,  and  at  right  angles  to  rt  or  ef^  draw  ts  meeting  ue 
vertical  axis  of  the  vessel  in  s  the  metacentre;  also  through 
the  points  o,  b,  and  parallel  to  st,  draw  ngw  and  bv; 
moreover  through  s,  and  parallel  to  bf,  draw  wsv,  meeting 
the  two  former  in  v  and  w ;  then  sw  is  as  the  stability  of 
the  vessel,  which  will  be  positive,  nothing,  or  negative,  ac- 
cording as  the  point  8  is  above,  coincident  with,  or  below, 
the  point  o.  If  now  we  suppose  w  to  represent  the  weight 
of  the  whole  vessel  and  burden  (which  will  be  equal  to  the 
section  mmcd  multiplied  by  the  length  of  the  vessel),  and  p 
to  represent  the  required  weight  anplied  at  the  gunwale  b  to 
sustain  the  vessel  at  the  given  angle  of  inclination ;  we  shall 
always  have  tl^s  proportion :  as  vs :  sw  : :  w :  p :  which  pro- 
portion is  general,  whether  sw  be  positive  or  negative ;  it  mtist 
only  in  the  latter  case  be  supposed  to  act  upward,  to  prevent 
an  overturn. 

''  In  the  rectangular  vessel,  of  given  weight  and  dimensions, 
the  whole  process  is  so  evident,  that  any  further  explanation 
would  be  unnecessary.  In  the  trapezoidal  vessel,  after  having 
found  die  points  o  and  r,  let  ad,  bc.  be  produced  untu 
they  meet  in  K.  Then,  since  the  two  sections  mmcd,  efdc 
are  equal,  the  two  triangles  mmk,  efk,  are  also  equal;  and 
dierefore  the  rectangle bk  x  kf  =  km  x  km  =  km*;  and  since 
the  angle  of  inclination  is  supposed  to  be  known,  the  angles  at 
£  and  F  are  given.  Consequently,  if  a  mean  proportional  be 
found  between  tlie  sines  of  the  angles  at  B  and  F,  we  shaH  have 
the  following  proportions : 

**  As  the  mean  proportional  thus  found :  siu  Z.  b  ? :  km  :  kf, 
and  as  the  said  mean  proportional j[:  sin  Z.  f  : :  km  :  ke  ;  there- 
fore me,  mf  become  known;  from  whence  the  ^ea  of  either 
triangle  mxe  or  mxf,  the  distance  nn^  and  all  the  other  requi- 
sites, may  be  found. 

**  In  the  nuxtilineal  section,  let  ab  =  9  feet  =  108  inches, 
the  whole  depth  =:  6  feet  =  12  inches,  and  the  altitude  of 
mm  the  line  of  floatation  4  feet  or  48  inches ;  also  let  the  two 
curvilinear  parts  be  circular  quadrants  of  two  feet,  or  24  inches 
radius  each.  Then  the  area  of  the  two  quadrants  =  004-1808 
square  inches,  and  the  distance  of  their  centres  of  gravity  from 
the  bottom  =  13-8177  inches  very  nearly;  also  the  area  of  the 
included  rectangle  able  =  1 440  square  inches,  and  the  alti* 
tude  of  its  centre  of  gravi^  12  inches;  in  like  manner,  the 
area  of  the  rectangle  \ikcd  will  be  found  =  5 184  square  inches, 

Do2 
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and  the  altitude  of  its  centre  of  gravity  48  incbea:  therefore  iie 
shall  have 

Momentum  of  the*!  ^  g^j^.,ygjjg  x  13*817  - 1850198986016 

two  quad.  f 

MomOTtum  of  the|  ^  j^^q,        ^  ^^       ^  ^^^^^ 

netJULame       \ 

lUomratam  of  Aet  „  5134.       x  48        «  848838* 
rectaii*  aboci     j 


to 
is 


76287808  S788 13-9896601 6 

**  Now  the  sum  of  the  momenta,  divided  by  the  sum  of  At 
areas,  will  give  ^^fll^ll^f'^  =y7>006  inches,  the  altiteb 

'  o  75887808  ' 

of  G,  the  centre  of  gravity  of  tfie  section  abcd  above  As 
bottom.  In  like  manner,  the  altitude  of  b,  the  centre  of 
gravity  of  the   section  mmcd,  will  be  fouiul  to  be  eqodl 

18309398966016       ^.  ^«.    •     1  j  u     *u  •     J:i. 

"  4936  7808 —  ^  3*534  inchcs  ;  and  consequently  their  difr 

ference,  or  the  value  of  gr  =r  12-072  inches,  wilf  be  fbuniL 

''  Suppose  the  vessel  to  heel  15^,  and  we  shall  have  the  fol* 
lowing  proportion ;  namely.  As  radius :  tangent  of  15*: :  mxs 
54  inches  :  14*469  inches  =:  me  or  mf;  and  consequently 'tin 
area  of  either  triangle  mxe  or  mxf  =  390-663  square  inches. 
Therefore,  as  4936-7808  :  390-663  : :  72  =  wu  =  4  AB  :  5-697$ 
ipchess:  bt;  and,  again,  as  radius  :  sine  of  15^  ::  12-07€  a 
GR :  3*1245  inches  rz  rn  ;  consequently  rt  —  RN  =  5-6975  - 
5-1245  =  2*573  inches  =  sw,  the  stability  required. 

"  Moreover,  as  the  sine  of  1 5'' :  radius  ::  5-6975  =r  rt  : 
22-013  =:  US,  to  which,  if  we  add  24-934,  the  altitude  of  the 
point  R,  we  shall  have  46*947  for  the  height  of  the  meta- 
centre,  which  taken  from  72,  the  whole  attitude,  there  re- 
mains 25-053;  from  which,  and  the  half  width  =  54  inches, 
the  distance  bs  is  found  =  59-529  inches  very  nearly,  and 
the  angle  sbv  =  80*  06'  42'';  from  whence  sv  =:  58-645 
inches. 

^  Again :  Let  us  suppose  the  mean  length  of  the  vessel  to 
be  40  feet,  or  480  inches,  and  we  shall  have  the  weight  of  the 
whole  vessel  equal  to  the  area  of  the  section  mmcd  = 
49367808  multiplied  by  480  =  2369654*784  cubic  inches  of 
water,  which  weighs  exactly  85708  pounds  avoirdupoise,  al- 
lowing the  cubic  foot  to  weigh  62*5  pounds. 

'*  And,  finally,  as  sv  :  sw  (1.  e.)  as  58-645:  2-57S  :  : 
85708  :  3760  -f-  the  weight  on  the  gunwale  which  will  sustain 
the  vessel  at  the  given  inclination.  Therefore  a  vessel  of  the 
above  dimensions,  and  weighing  38  tons,  5cwts.  28lbs.  will 
require  a  weight  of  1  ton,  13  cwts.  64  lbs.  to  make  her  in- 
cline 15**. 

^'  In  this  example,  the  deflecting  power  has  been  supposed 
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to  act  perpendicularly  on  the  gunwale  at  b  ;  but  if  the  vessel 
is  navigated  by  sails^  the  centre  velique  *  must  l^  found ;  with 
%;vhich,  and  the  angle  of  deflection^  the  projected  distance 
thereof  on  the  line  sv  may  be  obtained ;  and  then  the  power, 
calculated  as  above,  necessary  to  be  applied  at  the  projected 
|>ointy  will  be  that  part  of  the  wind's  force  which  causes  the 
vessel  to  heel,  and  conversely,  if  the  weight  and  dimensions  of 
the  vessel,  the  area  and  altitude  of  the  sails,  the  direction  and 
velocity  of  the  wind,  be  given,  the  angle  of  direction  may  be 
found." 

*  Tlie  centre  velique  (a  term  first  used  by  M.  Bouguer)  is  the  centre  of 
^;ravtiy  of  the  el/mvaieni  sail ;  thalt  is,  of  the  dktl  whose  poifiikm  and  tnas* 
tfitode  are  soefa  as  cause  it  to  be  acted  upon  by  the  wind  "^heo^  the  yeSMl  is 
iaiMngf  in  a  manner  equivalent  to  the  action  of  the  wind  udod  all  th^saiia 
iogielhec  which  the  vessel  actually  carries.  See  also  Eoler  on  Vessels, 
Book  III.  Chap.  ii.  §  10.  11  .j  and  &ossut  Hydrodynamiqoe,  part  1.  ch. 
12,  13,  U. 
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CHAPTER  IV. 


On  the  Phenomena  qf  Attraction  in  Capillary  i\ibe$. 

426.  Thb  appellation  capillary^  in  a  general  sense,  is  |^ 
to  any  thing  on  account  of  its  extreme  fineness,  because  it  is 
that  respect  resembles  hair.  In  phjmB,capiUaryiube»  aresml 
pipes  of  glass  whose  canals  are  extremely  narrow.  The  inier 
nal  diameter  of  these  tubes  may  vary  from  Vv  to  -^  of  an  inch : 
indeed  Dr.  Hook  affirms  that  he  drew  tubes  in  the  flame  of  s 
lamp  much  smaller,  and  resembling  a  spider's  thread. 

If  several  capillary  tubes  of  different  diameters,  and  open  SI 
both  ends,  be  immersed  a  little  way  into  water,  the  fluid  wiD  be 
seen  to  stand  higher  in  the  tubes  than  the  surftce  of  the  water 
witliout,  and  this  is  in  a  greater  decree  as  the  tube  is  smaller; 
the  height  of  the  surface  of  the  flmd  in  the  tube  above  flwt  of 
the  fluid  in  the.  reservoir,  being  nearly  in  the  reciprocal  ratio 
of  the  diameter  of  the  tube :  so  that  the  diameter  of  die 
tube  *  multiplied  into  the  altitude  of  the  fluid  in  it  (above  that 
in  the  reservoir)  is  nearly  a  constant  quantity  for  the  same  fluid. 
71iis  constant  quantity  is  found  by  experiment  to  be  about  -048 
of  an  inch  when  tlie  fluid  is  water ;  •036  of  an  inch  for  vinegar 
or  ol.  tar.  per  deliquium ;  and  '024  of  an  inch  for  sweet  oil. 
When  quicksilver  is  put  into  the  tube,  the  contrary  to  all  this 
takes  place  ;  for  that  fluid  stands  lower  wittiin  the  tube  than  its 
surface  in  the  vessel,  and  the  lower  as  the  tube  is  smaller. 

*  Atnons  the  various  methods  of  determining  the  diameter  of  a  nnifbrm 
capillary  tube,  the  following  seems  the  best  and  most  acconte.  Pour 
into  the  tube  a  certain  Quantity  of  mercurv  whose  weisht  in  troy  grains 
is  w,  and  measure  carefully  the  length  /  of  the  tube  which  it  occupies  j 

then  is  the  diameter  J=:  0198523^-^.    For,  the  specific  gravity  of 

mercury  being  13568,  a  cubic  inch  weighs  3435*  l6  zradns ;  hence 
lid^l^  -785398  :  :  3435-16  :  w.      Whence,  by  multiplying  meant  and 

extremes,  &c.  we  find  d  =  ^     ■  ^ ='01dt583^- 

3435- 16X -785398 X/  ^       ^  i* 

If /be  the  whole  length  of  the  tube  in  inches,  and  to  the  difference  in  troy 
grams  between  its  weight  when  .empty  and  when  full  of  mercoiy,  the 
same  theorem  will  obviously  ascertain  the  diameter. 
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Another  phenomenon  of  these  tubes  is,  diat  such  of  them  as 
would  naturally  only  discharge  water  by  drops,  when  electrified 
yield  a  continued  and  accelerated  stream ;/  and  the  acceleration 
is  proportional  to  the  minuteness  of  the  tube.  Nay^  the  effect 
of  electricity  is  so  considerable  that  it  produces  a  continued 
stream  from  a  very  small  tube,  out  of  which  the  water  would  not 
drop  at  all  previous  to  the  excitation  by  electricity.  But  we 
shall  not  attempt  here  any  explanation  of  this  phenomenon  of 
the  continued  stream :  our  present  object  being  merely  to  state 
the  most  approved  method  of  accounting  for  the  ascent  and  sus- 
pension of  fluids  in  these  tubes,  according  to  th»  principle  of 
attraction  or  of  adhesion. 

In  accounting  for  these  phenomena  of  capillary  tubes  we 
must  deviate  from  the  method  we  have  generally  followed 
hidierto,  of  demonstrating  a  series  of  connected  propositions  : 
for  the  mode  of  elucidation  we  adopt  has,  at  mos^  onlv  proba- 
bility on  its  side;  and  we  would  not  willingly  delude  the 
stttdoit  with  an  appearance  of  strict  demonstration^  when  that 
kind  of  proof  is  incompatible  with  our  present  knowledge  of  the 
subject. 

427.  It  will  be  necessary  first  to  premise  that  the  attraction 
between  the  particles  of  gliss  and  water  is  greater  than  the 
cohesive  attraction  between  the  particles  of  water  itself.  For  if 
this  were  not  the  case,  the  least  quantity  or  drop  of  water  ap- 
plied to  the  underside  of  a  glass  tube  placed  horizontally 
would  not  adhere  to  it,  but  fall  down  immediately  in  the  direc- 
tion of  gravity ;  whereas  this  does  not  happen  till  the  bulk  and 
weight  of  the  drop  be  so  far  increased  as  to  exceed  the  attractive 
power  of  the  glass,  and  then  it  falk  off. 

Since,  then,  we  find  such  a  strong  attractive  power  exerted 
at  the  surface  of  glass,  it  will  be  natural  to  conceive  that  such 
power  must  act  sensibly  on  the  surface  of  a  fluid  that  is  not 
viscid  (water,  for  instance)  contained  wiUiin  the  small  cavity  of 
a  glass  tube,  and  that  it  will  be  proportionally  stronger  as  the 
internal  diameter  of  the  tube  is  the  smaller:  for  that  the 
eflicacy  of  the  power  to  hold  up  the  fluid  in  the  tube  will 
follow  the  inverse  proportion  of  the  diameter  wiU  be  highly 
probable,  if  we  consider  that  only  such  particles  as  are  in  con* 
tact  with  the  fluid,  and  those  immediately  above  the  surface,  can 
affect  it. 

428.  Hence  most  philosophers  assert  that  the  suspension  of 
the  fluid  in  capillary  tuies  is  owing  to  the  attraction  of  the 
narrow  riftg  of'  glass  contiguous  to  the  upper  surface  of  the 

fluid.  The  reasoning  addaced  is  of  this  kind :  Every  ring  of 
glass  below  the  surface  attracts  the  water  above  it  as  much 
downwards  as  it  attracts  tba  water  below  it  upwards,  and  con- 
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aequenUy  can  contribute  nothing  towards  the  support  of  the 
column :  and  the  action  of  the  lowest  ring  upon  afl  the  fluid  of 
the  tube  within  its  surfiice  of  attraction,  must  either  concur 
with  the  force  of  gravity  to  bring  the  fluid  downwards^  or  actii^ 
upon  it  at  right  angles  can  have  no  eflfect  in  suspending  it 
within  the  tube«  The  fluid,  therefore,  can  only  be  suppontd 
by  the  jing  of  gkss  contiguous  to  its  upper  surfiice,  which, 
attiactinc  upwards,  opposes  the  action  of  gravitation  by  which 
the. fluid  is  solicited  downwards.  And  the  same  kind  of 
reasoning  may  be  applied  to  the  fluid  raised  between  pnraiki 
phines  of  glassL 

42d.  The  preceding  reasoning  being  admitted^  it  will  faUow, 
in  conformity  widi  the  experiments,  that  tn  eapiUary  tube$  ike 
heights  to  which  ikejiuidrises  by  virtue  of  the  attraction  are  w-^ 
"ifersdg  as  the  iiUemal  diameters.  For  the  fluid  being  mm^ 
pended  by  the  action  of  the  annulus  of  glass  contiguous  to  the 
upper  surface^  and  the  distance  to  vriiich  the  attraction  of  glass 
upon  any  .one  fluid  reaches  being  unvaried,  the  force  which  sua* 
tains  the  fluid  will  be  as  the  number  of  attracting  particlea,  that 
is,  as  the  circumference,  or  as  the  diameter  of  the  upper.  rin|[^ 
or  of.  the  tube.  .  Let  ^q,  then,  represent,  the  qnantitiea  of  ftpd 
to  be  raised  in.  t^i'o  tubes  of  different  bores;  D,i2,.thereapectt«e 
internal  diamstera.;  and  h,  A,the  heights  to  wbich  fluids 


the  tubes:  .then,  because  q,  9,  represent  two  cyfinders  of  the 
fluid,  we  have  q  :  7 : :  d^h  :  d^h ;  and,  from  the  nattn*e  of.  thi^ 
attraction,  which  is  as  the  diameters  of  the  tubes,  D  :  <2 : :  q  :  ^ ; 
consequently  d^h  :  d^h  ::  d  :  r/,  or  dh  :  cf/i  ::  1 :  1,  or,  finally^ 
D  :  d : :  A :  H.    . 

Dr.  Jurirt,  who  first  offered  this  solution  of  the  phenomenon^ 
says,  the  efiect  is  the  same  in  vacuo  as  in  the  air:  but  in  his 
time  the  air-pumps  would  not  exhaust  sufiiciently  to  determine 
this  point :  the  pumps  which  are  now  made  may  perhaps  shew 
that  the  water  will  not  be  supported  after  a  very  great  degree 
of  exhaustion. 

Mr.  Martin  says,  the  power  by  which  the  fluid  ia  raised  will 
keep  it  in  the.  tube  for  ai^  time  without  exhaling  or  evapora- 
tion ;  as  he  tried  by  hanging  several  capillary  tubes  dius  cfaai^d 
with  their  fluids  for  months  together  in  the  summer  sun,  whose 
heat  did  not  appear  to  diminish  the  fluids  in  the  least  sensible 
degree. 

430.  Another  curious  circumstance  ascribed  to  the  same 
cause  is  the  following :  Between  two  glass  plates,  meeting  on 
one  side,  and  kept  open  at  a  small  distatice  on  the  other,  water 
will  rise  une^aUy;  and  its  upper  surface  will  form  a  hyper^ 
bolic  curve,  tn  wnick  the  altitudes  of  the  several  points  above 
the  surface  of  the  fluid  in  the  reservoir  will  be  to  one  another 
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reciprocally  as  their  perpendicular  distanccB  from  the  line  in 
which  theplaiu  meet.  Tim  was  first  observed  by  Jit^  Brook 
Tayhry  aod  is  thus  accounted  for  on  the  same  hypothesis  as 
before.  Let  ae  (fig.  S.  pi.  XVII.)  be  the  horizontal  surface 
of  the  duid  in  the  reservoir,  af  the  line  in  which  Ae  pUtes 
meetyBOiKL  the  cunreLfonned.bjr  the.sutface  of  the  suspended 
fluid  ;  GB,  ic,  KD^LB^  perpendicuhurs  to  as,  shewing  the  heights 
of  the  respective  points,  g,  i,  k,  l,  above  the  horizontal  surfoce 
As^aod  AD|  AC,. AD,  AE,  perpendiculars  to  AFy  measuring  di« 
distences  of  the  same  points  from  the  line  is  which  the  planes 
me6t4  these  heights  and  distances  are  reciprocally  propor* 
tionaL  For  let  the  lines  g«,  lo,  kd,  le,  represent  piliars  of 
fluid  of  an  equal  evanescent  breadth :  those  portions  of  the 
glass  plates  which  by  their  attraction  jupport  these  pillars^ 
hein^  of.  equal  brendth,  will  sust^  equal  mnntities  of  fluid  4 
that  IS,  the  pillars  will  be  equaL  But  the  pillars  may  be  c<m* 
sidered  as  parallelopipeds,  which  are  ^ual  when  their  bases  and 
altitudes  ara  reciprocally  pt opoctionaL . .  And  the  bases^  b^Dg 
of  equal. breacjth,  are  as  t^eir  lei^ths;  that  is,  as  the  intervals 
betweea  the-  plates :  and  since  ^se  intervals  continually  io« 
ciease  as. the  distance  frosaflieiin^  af  increases,  these  inttfvala 
at  the  points  b,  c,  d,  e,  are  as  theii^  distailces  ab^.  ac,  ad^  ab^ 
from. the  line  af.  Since,  then^  the  heights  of  the  pillats  are 
recqirocally  .as  the  intervals,  the.  heights  ob,  ic,  8co.  are  reci* 
procally  as  the  distances  Ai,  AC,  See  and  hgikl  is  a  fayperbolai 
whose  asymptotes  are  af  and  ae. 

431.  If  two  long  glass  planes  are  first  smeared  overwilh  oil 
and  then  set  togedlier  at  their  ends,  and  inclined  to  each  odies 
under  a  very  small  angle,  and  a  drop  of  the  oil  so(  placed  be* 
tweea  them  as  to  touch  both  planes,  it  will  immediately  begin 
to. move  towards  the  touching,  ends,  or  angles  of  the  planes; 
and  that  motion  will  be  continued  with  an  accelerated  velocity^ 
by  reason  of  the  increasti^  action  of  the  planes,  on  account  of 
the  decreasing  distance  between  them,  and  the  largerportion  of 
touching  surface  on  each  side  of  the  drop. 

432.  If  glass  be  applied  to  any  other  fluid  whose  particles 
attract  each  other  more  strongly  than  glass  attracts  them,  all 
the  phenomena  of  such  a  fluid  in  capillary  tubes,  and  between 
glass  planes,  will  be  just  the  reverse  of  those  which  we  have 
stated  as  taking  place  with  regard  to  water.  Now  quicknlver 
is  such  a  fluid,  and  therefore  it  will  stand  lower  within  a  capil-* 
lary  tube  than  without  (art.  4^.);  the  surface  will  be  convezy 
and  not  concave,  as  in  water ;  and  between  the  planes  it  will 
move  the  contrary  way.  •  But  if  a  basin  or  dish  be  made  of- 
copper  or  brass,  and  polished  well  within,  and  then  tinned  all 
over,  mercury  put  into  such  a  vessel  will  every-where  unite 
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with  the  tin,, mid  may  perhaps  be  said  to  wet  it,  as  water  doei 
glass;  and  the  mercury  pat  iuto  this  mercurial  basin  will,  if 
clean,  be  attracted  and  nse  all  around  the  sides,  and  have  the 
•ame  phenomena  with  water  put  into  a  wet  glass,  transparency 
alone  excepted. 

433.  If  ^"ater  rise  in  any  capillary  tube  T  to  a  certain  height, 
and  another  vessel  be  put  into  the  water,  having  the  upper  end 
capillary  and  of  the  same  diameter  as  the  tube  t,  but  the  lower 
part  of  any  greater  size ;  then,  if  the  air  be  drawn  out  of  diif 
vessel  by  suction  until  the  water  enters  into  die  cafullary  par^  it 
will  stand  at  the  same  altitude  as  in  the  tube  T  after  the  suctioB 
ceases  and  the  air  is  admitted  into  the  capillary  part.  In  this 
case  the  cylindrical  part  of  die  irregular  vessel  whose  diameter 
and  height  equal  those  of  the  capillary  tube  seems  to  be  sap- 
ported  by  the  same  power  as  the  water  in  the  latter,  that  t^  by 
the  attraction  of  the  glass  annulus  contiguous  to  die  upper 
surface  of  the  fluid :  and  the  other  part  surrounding  this  capS- 
lary  cylinder  is  supported  by  the  pressure  of  the  aur  upon  the 
surface  of  the  water  in  the  reservoir;  which  is  proved  hence^ 
that  if  the  whole  be  placed  under  the  receiver  of  an  air-pomp, 
and  die  air  exhausted  from  die  surface  of  die  vessel,  die  water 
will  not  be  supported  as  before. 

434.  The  opmion  diat  the  suspension  of  the  fluid  in  capiBaiy 
tubes  is  occasioned  by  the  attraction  of  the  ghns  annulus  conti- 
guous to  the  upper  surface  has  been  pretty  generally  acquiesced 
m:  but  the  ingenious  Dr.  Hamilton  is  of  opinion,  on  the  con- 
trary (see  his  Essays),  that  the  fluid  is  supported  by  the  lower  an- 
nulus contiguous  to  the  bottom  of  the  tube ;  this  he  imagines  will 
first  draW  up  a  plate  of  water  immediately  under  it,  and  then  a 
succession  of  plates,  till  the  weight  of  the  whole  is  equivalent  to 
the  attraction  of  that  annulus.  A  siniilar  opinion  is  embraced 
by  Dr.  Matthew  Young.  But  Dr.  Parkinson  and  Mr.  Fince 
object  to  Dr.  Hamilton's  solution.  Mr.  Vince  says,  ''  If  this 
were  the  case,  the  quantity  supported,  and  consequently  the  alti- 
tude of  the  fluid,  would  depend  upon  the  orifice  at  the  bottom ; 
whereas  experiments  show  that  the  altitude  at  which  the  fluid 
is  supported  depends  upon  the  diameter  of  the  tube  at  the 
upper  surface  of  the  fluid,  without  any  regard  to  the  form 
of  the  tube  below  it.  Again,  if  in  a  capillary  tube  water  will 
stand  at  the  alutude  of  an  inch  above  the  surface  of  the  fluid  in 
the  vessel,  and  you  depress  the  tube  till  there  be  only  an  inch  of 
it  above  the  surface,  the  water  will  then  not  rise  to  the  top  of 
the  tube,  and  if  you  depress  the  tube  still  lower,  the  water  will 
not  rise  to  the  top.  Thus  there  will  always  be  an  annular  sur- 
face of  the  tube  a6ove  the  fluid,  which  is  a  strong  argument  in 
favour  of  the  fluid  being  supported  by  Uic  attraction  of  such  a 
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surface.  If  the  fluid  were  raised  by  the  attraction  of  the  annulus 
at  the  bottom,  when  the  Ien|(th  of  the  tube  above  die  surface 
was  less  than  an  inch,  the  fluid  ought  to  run  over,  and  thus  a 
perpetual  motion  would  be  formed."     HydrastaticSf  p.  68. 

435.  Still,  though  the  attraction  of  the  glass,  and  perhaps  of 
the  annulus  immediately  above  the  upper  surface  of  the  fluid  in 
the  tube,  be  the  chief  cause  of  the  ascent  of  any  fluids,  yet  it 
must  be  allowed  that  the  nature  and  quality  of  each  particular 
fluid  is  to  be  regarded  in  most  of  the  phenomena,  which  are  not 
proportioned  to  the  attracting  power  of  the  glass  solely,  but  to 
that  conjointly  with  the  various  disposition  of  fluids  to  yield  to 
it :  nor  is  the  density  of  the  fluid  of  primary  consideration  $  it 
being  manifest  from  experiment,  that  some  lighter  fluids  will 
rise  to  a  less  height  than  others  which  are  much  heavier.  Nor, 
again,  does  it  depend  on  the  viscidity  or  tenacity  of  parts;  for 
hard  white  varnish  (very  thick  and  viscid)  and  spirit  of  wine 
ascend  neariy  to  the  same  height.  From  experiments  it  likewise 
appears  that  heat  and  cold  are  not  concerned  in  this  ascent  of 
fluids,  very  hot  water  standing  at  the  same  height  as  cold.  And 
a  solution  of  any  salt  in  water  makes  but  very  little  difierence  in 
the  heights. 

Mr.  Martin  made  and  repeated  frequently  a  series  of  experi^ 
ments  on  several  fluids,  to  ascertain  the  altitudes  at  which  they 
would  be  sustained  in  a  tube  whose  internal  diameter  was  about 
•^7,  or  more  accurately  -J^  of  an  inch :  the  results  are  given 

below : 

All.  Alt 

Common  spring  water  l*2mcA.  Red  wine    .    .     .    (yTSinck. 
Spirit  of  urine. 
Tincture  of  galls 
Recent  urine       .     • 
Spirit  of  salt       •     . 
Ol.  tar.  per  deliq. 
Vinegar    .... 
Small'beer      .     •     . 
Strong  spirit  of  nitre 
Spirit  of  hartshorn 
Cream      •     •     •     • 
Skimmed  milk 
Aqua  fortis    •     •     . 

M.  Clairaut,  in  his  excellent  work  on  the  figure  of  the  earth, 
says,  **  The  truth  is,  that  when  we  compare  die  elevation  of  the 
same  fluid  in  two  different  tubes,  the  attraction  of  each  surfiice 
is  the  result  of  all  the  particular  attractions  exerted  b^  the 
different  moleculae  of  the  glass  upon  all  those  of  the  liquid 
which  are  at  distances  amul'm  "^  «ubjected  to  the 

effect  of  diese  attractioiii.''-  - 


v\ 

White  wine      .     .       *1S 

1-1 

Ale -75 

11 

OLsulp.percampaiiiHn*65 

•9 

Oil  of  vitriol     .     .      *65 

•9 

Sweet  oil     ...      '6 

'95 

Oil  of  turpentine  .      *S5 

•9 

Geneva        •    •     .      *J5 

'85 

Rum «5 

•85 

Brandy    •     .     •     .       *5 

•8 

White  hard  varnish      r5 

•8 

Spirit  of  wine     .        *44 
Tincture  of  Mars        *45 

•75 
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Tlie  Abbe  Hauy^  in  his  Traiti  Elementaire  de  Physiqutf 
adopts  the  same  hypothesis,  and  ingeniously  applies  it  to  the 
elucidation  of  various  phenomena :  see  my  translation  of  that 
>vork,  voL  i.  p.  170. 

SCHOLIUM. 

The  celebrated  Laplace  has  published  several  distinct  essays 
on  capillary  action.  A  syllabus  of  one  of  these  ia  |^ven  in  a 
note  to  die  translation  of  Hatiy's  Philosophy  just  cited.  Ip 
another  published  in  the  Journal  de  Phy$ique,  Dec.  1 806, 
he  adopts  a  method  which  is  very  simple  and  generaly  and  re- 
sembles in  some  measure  the  mode  of  demonstration  employed 
in  Dr.  M.  Young's  Analysb,  although  it  is  certainly  much 
more  unexceptionable.  He  begins  with  shewing  diat  the 
weight  of  the  fluid  supported- in  any  prismatic  and  vertical  tube, 
is  equ^I  to  the  length  of  the  interior  circumference  of  the  prism, 
multiplied  by  a  certain  constant  quantity ;  and  that  this  quan- 
Uty  for  the  same  fluid  is  proportional  to  the  excess  of  twice  die 
attractive  force  of  the  solid  above  that  of  the  fluid.  His  rea» 
aonin^  is  exhibited  in  a  condensed  form^  in  the  renumder 
of  this  scholium.  The  attraction  of  a  capillary  tube^., which 
tends  to  elevate  the  column  of  fluid  contained  in  it,  consists  of 
two  equal  ports,  one  of  which  is  derived  from  the  action  of  tl}# 
portion  above  the  fluid  on  the  upper  part  of  the  column,  the 
other  from  that  of  the  end  of  the  tube  on  the  imaginary  conti- 
nuation of  the  base  of  the  column,  a  little  below  the  tube ;  and 
these  forces  are  opposed  by  the  attraction  of  that  part  of  the 
fluid  which  forms  an  imaginary  continuation  of  the  tube,  tending 
to  draw  the.  column  downv?ards,  in  the  same  manner  an  each  of 
the  oliher  forces  draws  it  upwards :  so  that  the  weight  of  the 
fluid  elevated,  must  be  proportional  to  the  excess  of  twice  the 
density  of  the  solid  above  that  of  the  fluid.  Mr.  Laplace  com- 
pares this  proposition  with  the  experiments  of  Gellert  on  rect- 
angular and  triangular  tubes,  and  finds  that  they  agree  as  well 
as  could  be  expected  from  the  degree  of  accuracy  with  which 
these  experiments  appear  to  have  been  performed.  Secondly, 
if  the  vessel  into  which  the  tube  is  immersed  contain  fluids  of 
diflerent  kinds,  the  weight  sustained  in  consequence  of  the  capil- 
lary action  will  be  the  same  as  if  the  vessel  contained  only  that 
fluid  in  which  the  lower  end  of  the  tube  is  situated ;  the  only 
effective  action  being  exerted  on  this  fluid.  Thirdly,  if  the 
tube  be  wholly  immersed,  and  its  superior  part  be  in  one,  and 
its  inferior  in  another,  of  two  fluids  contained  in  the  vessel,  the 
weight  of  the  portion  of  the  lower  fluid  raised  above  its  natural 
level,  considered  as  situated  in  the  upper,  virill  be  equal  to  the 
difference  of  the  weights  of  the  two  fluids  which  would  be  se- 
parately supported  in  the  same  tube.  Fourthly,  where  the  tube 
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is  inclined  to  the  horizon^  the  relative  weight  of  the  fluid  ele- 
vated will  be  the  same  as  when  it  is  vertical,  and  the  actual 
quantity  raised  will  be  inversely  as  the  sine  of  the  angle  formed 
by  the  tube  with  the  horizon.  Fifthly,  the  space  between  two 
parallelopipeds,  the  one  being  placed  within  the  other,  may  be 
considered  as  a  single  tube.  S»thly,  if  die  parallelopipeds  be 
of  different  substances,  the  weight  of  the  fluid  raised  may  be 
determined  from  the  length  of  the  line  of  contact  of  each  with 
the  surface,  considered  as  acting  independently  of  the  other  in 
raising  its  appropriate  weight.  Seventhly,  the  angle  formed  by 
the  termination  of  the  fluid  is  investigated  with  the  assbtance  of 
the  author's  former  demonstrations ;  his  reasoning  may  again 
be  thus  briefly  expressed,  as  in  the  fourth  paper.  Supposing 
the  fluid  to  be  elevated  in  a  very  narrow  space  of  a  given 
breadth,  the  half  of  this  breadth  being  the  radius,  the  secant  of 
the  angle  of  contact  will  become  equal  to  the  radius  of  curva- 
ture of  the  surface,  which  is  always  inversely  as  the  height  of  the 
elevated  column ;  hence,  the  cosine  of  the  angle  of  contact  will 
be  directly  as  the  height ;  that  is,  as  the  difference  between  the 
density  of  the  fluid  and  twice  that  of  the  solid,  the  whole  density 
of  the  fluid  being  represented  by  the  radius.  Lastly,  for  di^cs 
of  the  same  diameter  raised  from  a  given  fluid,  the  squares  of 
the  forces  required  to  separate  them  are  proportional  to  the 
magnitude  of  the  attraction ;  and  if  different  fluids  be  thus  com- 
pared, the  squares  of  the  forces,  divided  by  their  specific  gravi- 
ties, will  shew  their  comparative  attractions.  It  must  however 
be  observed  in  all  cases,  that  where  the  attractive  power  of  the 
solid  is  greater  than  that  of  the  fluid,  it  must  always  be  supposed 
to  be  covered  by  a  thin  stratum  of  the  fluid,  which  becomes  the 
immediate  agent  in  all  the  effects  of  the  capillary  force. 

Dr.  Thoma$  Youngs  also,  in  an  ingenious  paper  on  the  cohe- 
sion of  fluids,  published  in  the  Philosophical  Transactions  for 
1805,  has  developed  many  analogous  results.  See  also  his 
Natural  Philosophy,  vol.  ii.  p.  649.  After  all,  however,  the 
theory  of  capillary  action,  is  without  an  experimentum  cruets,  or 
a  fact  which  will  compel  those  who  know  it,  to  adopt  one  mode 
of  explication  only. 
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HYDRODYNAMICS. 


BOOK  IV. 


Introductory  Remarks. 

436.  Htfdrodynamics  is  that  part  of  mechanical  science 
which  relates»to  ue  motion  of  non-elastic  fluids,  and  the  forces 
with  which  they  act  upon  bodies. 

This  branch  of  mechanics  is  the  most  difficult,  and  the  least 
advanced :  whatever  we  know  of  it  is  almost  entirely  due  to  the 
researches  pf  the  moderns ;  for  the  only  work  on  the  mecha^- 
uism  of  fluids  which  has  reached  us  from  the  ancients  is  the 
piece  of  jJrchimedes  in  two  books,  De  Insidentibus  humido,  in 
which  the  inquiries  respect  solely,  the  sinking  and  floating  of 
bodies  in  fluids,  their  relative  gravities)  levities,  situations,  and 
positions,  while  in  equilibrio.  We  find,  it  is  true,  some  hint^ 
and  rules  upon  the  motion  of  fluids  in  9  treatise  attributed  to 
Sextus  Julius  Frontinus,  inspector  of  public  fountains  at  Rome, 
under  the  emperors  Nerva,  Cocceius,  and  Trajan,  entitled  De 
^qua  ductibus  urbis  Roma  commentarius ;  but  they  are  not  of 
sufficient  importance  to  deserve  much  attention  by  a  student  of 
this  science.  Benedict  Castelli  was  the  first  who  opened  the 
way  to  a  true  measure  of  the  flux  of  waters,  in  his  treatise  Delia 
mesura  delf  Acque  Currenti;  which  measure  he  found  to  depend 
upon  the  area  of  the  section,  and  the  velocity  of  the  water, 
conjointly.  The  most  valuable  and  important  discoveries  and 
theorems  in  this  department  of  science  are  given  iu  Sir  Isaac 
'NewtotCs  Princifda,  book  II.;  the  Hydrodynamique  oi  Daniel 
Bernoulli ;  the  Traite  des  Fluides  by  M.  lyAlembert ;  the  Ex^ 
amen  mariiimo  Theorico  Practico  of  X).  George  Juan;  the 
Ht/drodynamique  of  M.  Bossut ;  Principes  d^Hydraulique  by 
M .  Bttat ;  and  the  Handbuch  der  Mechanik  und  aer  Hydraulik 
by  Mr.  Ei/telwein.  To  these  may  be  added  an  ingenious  paper 
on  the  Motion  and  Resistance  of  Fluids  by  Mr.  Fince,  m  the 
Philosophical  Transactions  for  1795;  those  by  the  late  Dr. 
Matthew  Young  in  the  Irish  Transactions;  »nd  Dr.  TAnntos 
Youn^h  Investigations  relative  to  the  Mo^ 
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437.  Could  "we  know  with  certainty  the  m^Ba,  the  figufe,  and 
the  number  of  particles  of  a  fluid  in  motion,  the  laws  of  its  mo- 
tion might  be  determined  by  the  resolution  of  this  problem, 
▼iz.  to  find  the  motion  of  a  proposed  system  of  small  free 
bodies  acting  one  upon  the  other  m  obedience  to  some  given 
exterior  force.  We  are,  however,  very  far  from  being  in  pos- 
session of  the  data  requisite  for  the  solution  of  this  problem : 
and  even  if  we  were  in  possession  of  them,  it  is  doubtful  whe- 
ther we  should  be  much  further  advanced ;  as  it  might  be  ei- 
tremely  difficult  to  deduce  any  convenient  practical  results  from 
the  intricate  and  complex  expressions  which  might  stand  at 
the  foot  of  the  bvestigation.  The  wisest  philosophers  have 
had  their  doubts  with  regard  to  every  abstract  theory  concern- 
ing the  motion  of  fluids ;  and  the  greatest  geometers  and  ana- 
l^^ts  affirm  that  those  methods,  which  haVe  directed  thein  to 
^iich  curious  and^  useful  eonclusions  in  the  mechanics  Of  solid 
bodies,  do  not  furnish  any  con^noiiS'W)th-MI|^ect  So  flitid#b«t 
Bvith  ka  are  Coo  gebeHiKalid  uii^^ti^  for  tte  greater  tmail^  of 
t^artieular  cases*  Oh  tkefiie'actotihts  ia  d^laSed  ^khibitiwibf 
flie  theory  ai6ne  w6uid 'searccllj  be  dfijAif  utility :'t»c»^i)hal^ 
fller^fore,  edittr  but  little  h^td  the  th^ol^fetidd  ]pttrt^f  H)^h¥^ 
MUbiC!^;  but'p^seAt  iheryy  a  fi^  pro^sitions  diat  il^  IMI 
§ubious  in  their  Mature,  itoA  ebdiei&vd^  to^  s«in|A)p  ibe  dsffieieiicfr 
by  stating  the  reMtd  of  some  bf  the  most^'itagiMmi^'ciuiMlt 
iltid  siitisfactory  experiments  with  which*  we  are  a^uakiteil.  • 

The  motion  of  the  water  in '  pumps,  depending-  in  pa#t  upon 
the  principles  of  Pneumatics,  will  be  treated  of  in  our  irfth 
bbok. 


(    417    ) 


CHAPTER  L 

On  the  Discharge  qfFltuds^  through  Apertures  in  the 
Bottom  and  Sides  qf  Vessels^  and  on  Spou&ng 
Flmds. 

4SA.  Pftop.  ff  a  fluid  mn  through  any  tubt^  which  i%  kept 
continual  Itf  full  J  and  the  velocity  of  the  fluid  in  ei>etypatt  of 
mne  and  tne  same  section  be  the  same,  the  velocities  in  different 
sections  will  he  inversely  as  (he  areas  of  the  sections. 

For  as  the  tube  is  always  equally  full,  the  same  quandty  of 
fold  >«iJI  run  fbrough  every  section  in  the  tame  time:  but  the 
quantity  pasaiog  through  any  section  a  ifvith  the  velocity  v  in 
any  given  time  manifestly  varies  as  s  and  y  conjointly,  or  as 
s*v;  and,  in  like  manner,  the  quantity  passing  through  any 
•ther  section  s  with  velocity  v  mu^t  vary  as  5-t;  in  a  given 
time :  consequently  we  must  have  s  •  y  as  ^  •  v,  and  s  :  s  : : 
•  :  V, 

It  is  supposed  in  this  proposition  that  the  changes  in  the 
diameters  of  the  tube  are  continual^  and  no- where  abrupt  so  as 
to  break  the  law  of  continuity  in  the  sides  of  die  tube :  for  if 
Ihe^  be  any  angles,  or  considerable  sinuosities  in  the  tube,  diey 
will  produce  eddies  in  the  motion  of  the  fluid,  and  the  propo^ 
iition  will  not  obtain. 

439.  Prop.  Ifafluidfloaing  through  a  very  small  orifice 
in  the  bottom  of  a  vessel  be  kept  constantly  at  the  same  height 
in  the  vessel,  bjf  being  supplied  as  fast  above  as  it  runs  out 
below,  the  velocity  of  the  effluent  fluid  will  be  equal  io  that 
which  a  heavy  body  would  acquire  in  falling  freely  through 
the  height  of  the  fluid  above  the  orifice. 

Let  MNOP  (fig.  4.  pi.  XVII.)  represent  a  vessel  filled  with 
a  fluid  up  to  the  level  gh  ;  MP  the  bottom  in  which  is  the 
aperture  cd  {very  small  compared  with  mp);  cikd  the 
column  ef  the  fluid  standing  directly  above  the  aperture,  and 
CABD  the  lowest  plate  of  the  fluid  immediately  contiguous  to 
the  aperture.  Also  let  v  -denote  the  velocity  which  a  heavy 
body  would  acquire  in  fislling  freely  through  bo  the  height  of 
the  plate,  and  v  the  velocity  acqtiired  by  the  same  plate  during 

VOL.  I.  BE 
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its  descent  through  the  same  space  until  it  is  discharged  by  tbe 
pressure  of  the  column  ciko.  If  we  suppose  the  lowest  plate 
of  fluid  ACBD  to  fall  as  a  heavy  body  through  the  height  BD, 
its  moving  force  will  be  its  own  weight.  Again^  suppose  it  to 
be  accelerated  by  its  own  weight,  togeSier  widi  the  pressure  of 
the  ambient  fluid,  about  the  column  cikd,  that  is,  (art.  :^6.) 
by  the  weight  of  the  column  cikd,  through  the  same  space, 
that  is,  while  it  is  accelerated  from  quiescence  until  it  is  actually 
.discharged :  then  (by  what  has  been  shewn  in  Dynamics,  ait. 
228.),  the  velocity  in  the  former  case  will  be  to  that  in  the 
latter  as  the  moving  forces  and  the  times  in  which  they  act 
directly,  and  the  quantities  of  matter  moved  inversely.  But 
the  moving  forces  are  to  each  other  as  the  heights  bd  and  kd  ; 
the  times  in  which  they  act  are  inversely  *as  the  velocities,  the 
space  through  which  the  body  is  accelerated  being  given ;  and 
the  quantities  of  matter  moved  are  equal:  therefore,  o  :  ▼  :: 

— :  — .  whence  i?* :  v*  : :  bd  :  KD,  or  r :  r : :  •bd  :  Vkd.  Now 

V  is  the  velocity  which  a  heavy  body  would  actually  acquire  io 
Iallmg9  through  the  space  bd;  consequently  ▼  the  velocity  of 
the  effluent  fluid  is  that  which  a  heavy  body  would  acquire  in 
fislling  through  kd,  the  whole  altitude  of  the  fluid  atiove  the 
orifice. 

CoR.  1.  In  the  same  manner  it  may  be  shewn,  that  if  a  pipe 
be  inserted  horizontally  in  the  vessel  mnop  (fig.  5.)^  the  plate 
of  fluid  ACBD  will  be  discharged  with  the  same  velocity 
as  before  (if  its  centre  of  pressure  be  of  tlie  same  depth) 
whatever  be  the  thickness  of  the  plate ;  this  velocity  not  de- 
pending upon  a  continual  acceleration  through  the  length  of 
the  tube,  otherwise  the  efiluent  fluid  could  not  attain  its  full 
velocity  until  a  column  had  been  discharged  whose  base  is 
eaual  to  the  orifice  and  height  equial  to  the  length  of  the  tube : 
whereas  we  find  by  experience  that  this  full  velocity  can  be 
attained  by  the  thinnest  plate  which  can  be  let  escape  from  tbe 
aperture. 

CoR.  2.  The  velocities  and  quantities  discharged  at  different 
deptlis  are  as  the  square  roots  of  the  depths. 

Cor.  3.  The  quantity  run  out  in  any  time  is  equal  to  a  cy- 
linder, or  prism,  whose  base  is  the  area  of  the  orifice,  and  its 
altitude  the  space  described  in  that  time  by  the  velocity  a<h» 
quired  by  fallnig  tlirough  the  height  of  the  fluid. 

So  that  if  h  denote  the  height  of  the  fluid, 
a  the  area  of  the  aperture, 
g,  32|  feet,  or  386  inches, 
and  /  the  time  of  efllux, 
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we  shall  have  for  the  quantity  discharged  Qseatt/ Qgh ; 
Or,  when  a  and  A  are  in  feet     .    .     .     9 = 8*0208tf/^ A,  feet; 
When  Hand  A  are  in  inches    .    .     .     Q=z21'lSS7at^h,mch. 
If  the  orifice  is  a  circle  whose  diameter 

is  d,  then  ^785398  d^  must  be  sub^ 

stituted  for  «; 
And,  when  d  and  A  are  in  feet     .     .    53 = G'Q9952d^t  s/  A,  feet ; 
When  d  and  A  are  in  inches    .     •     .     q =2I-78592d»/v^A,inc. 
'    And  from  either  of  these  it  will  be  easy  to  find  either  a,  i,  or 
J^  when  the  other  three  quantities  are  given. 

^OR.  4.  The  force  vnth  which  the  efBuent  water  impinges 
i^aihst  any  quiescent  body  is  proportional  to  the  altitude  of  the 
fluid  above  the  orifice. 

For  the  force  is  as  velocity  x  quantity  of  matter;  but  the 
quantity  discharged  in  a  given  time  is  as  the  velocity :  therefore 
the  force  is  as  the  square  of  the  velocity,  that  is,  by  the  demon* 
stration  of  the  proposition,  as  the  height  of  the  fluid. 

Cor.  5.  The  water  spouts  out  with  die  same  velocity  whe- 
ther it  be  downwards,  or  upwards,  or  sideways ;  because  the  pres- 
sure of  fluids  is  the  same  m  all  diirections  at  the  same  depth. 

CoR.  6.  Hence,  if  the  adjutage  be  turned  upwards,  the  jet 
will  asoend  to  the  height  of  the  surface  of  the  water  in  the 
vessel.  And  this  is  confirmed  by  experience,  from  which  it 
appears  that  jets  really  ascend  nearly  to  the  height  of  the 
reservoir;  the.  small  quantity  abated  arising  from. the  friction 
against  the  sides,  the  resistance  occasioned  by  the  oblique 
motion  of  the  fluid  in  the  bended  *pipe,  and  the  resistance  of 
the  air. 

SCHOLIUM. 

440.  What  is  said  in  this  proposition  and  corollaries  of  the 
velocity  of  the  effluent  water,  is  true  only  of  the  middle  fila- 
ment of  particles  which  is8i|e  through  the  centre  of  the  aperture, 
which  are  supposed  in  theory  to  experience  no  retardation, 
and  which,  in  fact,  sufler  no  other  retardation  than  what  arises 
from  the  resistance  of  the  air,  and  their  mutual  adhesion  and 
attrition  against  each  other.  But  those  which  issue  near  the 
edges  of  the  aperture  undergo  a  greater  attrition,  and  therefore 
suffer  a  greater  retardation.  Hence  it  follows  that  the  mean 
velocity  of  the  whole  column  of  effluent  fluid  will  be  consider- 
ably less  than  according  to  theory. 

Sir  Isaac  Newton,  who  examined  every  subject  that  came  be- 
fore him  with  peculiar  accuracy,  first  discovered  a  contraction 
in  the  vein  of  effluent  water;  and  found,  that  at  the  distance 
of  about  a  diameter  of  the  orifice  the  section  of  the  vein  con- 
fracted  nearly  in  the  subduplicate  ratio  of.  (2  to  1.    Hence  ha 

B£  2 
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concluded  diat  the  vdocity  of  the  water,  after  its  exit  frovn  Ik 
apertfirey  was  increased  in  this  proportion,  the  same  quantilj 
passing  in  the  same  time  through  a  narrower  space.  From  Ais 
quantity  of  water  discharged  in  a  given  tinie  through  that  nanrow 
section,  he  found  that  its  velocity  there  was  that  which  a  heavy 
body  .would  acquire  in  fallbg  through  the  height  of  the  water 
above  the  orifice;  and  since  the  velocity  there  was  greater  than 
immediately  in  the  orifice  in  the  subdnplieate  rado  of  2  to  a  ,  he 
concluded  that  die  velocity  of  the  efflhient  water  in  the  orifioe 
was  eaual  to  that  which  a  heavy  bod;^  would  acquire  in  falling 
througn  half  the  altitude.  But  all  this  is  true  only  of  tlie  mmi^ 
velocity;  for  there  is  no  eause  which  cao  actually  accelerate  the 
water  after  its  exit  from  the  orifice,  whatever  causes  may  coo- 
tribute  to  its  retardation.  The  manner  in  which  tlie  mean 
velocity  of  the  water  is  increased  after  its  discharge,  though  the 
actual  velocihr  of  the  several  particles  continues  unvaried,  mighl 
be  easily  explained:  but  it  need  not  be  dwelt  upon  here.  A 
circumstance  of  considerable  importance  in  the  escape  of  fluids 
through  a  horizontal  orifice  seems  to  have  been  entirely  ne- 
glect^ by  most  writers ;  we  allude  to  a  whirling  motion :  the 
fluid  will  revolve  about  the  aperture,  aud  at  some  distance  from 
.it,  and  escape  with  a  revolving  motion ;  the  fluid  rushes  ftxMn 
all  sides  in  spiral  streams  to  supply  the  continual  waste.  Tins 
circumstance  will  be  explained  more  distinctly  in  a  subsequent 
proposition :  but,  excepting  that,  the  remainder  of  this  chapter 
will  be  treated  in  conformity  with  the  common  h,\poth^s; 
which,  vrfien  corrected  by  the  experiments  in  the  ensuing  chap- 
ter, will  furnish  tolerably  correct  results. 

441.  Prop.  When  a  vetsel  i$  left  gradually  to  discharge 
itself  bjf  an  orifice  in  the  bottom^  if  ^he  area  of  the  section 
parallel  to  the  bottom  be  everwffhere  the  same,  the  velocity  of 
the  surface  ofthejluid,  and  consequently  the  velocity  of  the 
fffiux  trill  be  uniformly  retarded. 

For  (art  438.)  the  velocity  of  the  descending  surface  is  to  the 
velocity  at  the  orifice,  as  the  area  of  the  orifice  to  the  area  of 
the  surface,  which  is  a  constant  ratio ;  consequently,  the  velocity 
of  the  descending  surface  varies  as  the  velocity  at  the  orifice,  or 
as  v^A,  by  cor.  2.  of  the  last  article ;  that  is,  the  velocity  of  the 
descending  surface  varies  as  the  square  root  of  the  space  which 
it  has  to  describe :  so  that  this  exactly  corr^ponds  with  the  caae 
of  a  body  projected  perpendicularly  upwards  (art.  245.),  where 
the  velocity  is  as  the  square  root  of  the  space  to  be  described : 
whence,  as  the  retarding  force  is  constant  in  the  inatanoe  re* 
ferred  to,  it  must  also  be  constant  in  the  case  before  ub^  and  the 
retardation  uniform. 
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Comparing  this  with  ^  imtance  just  polfited  out,  He  deduce 
these  obvious  corollaries: 

Cor.  1.  The  quantities  of  water  in  a  prismatic  vessel  dis* 
charged  through  an  aperture  in  the  bottom  decrease  in  equal 
tioies  as  the  series  of  odd  numbers^  1,  3,  5, 1,  9,  &c.  taken  in 
an  inverted  order. 

CoE.2.  Hence,  if  it  wer^'juroposed  to  construct  a  clepsydra, 
or  water  clock,  by  means  of  a  prumatic  or  cylindric  vessel,  hav- 
ing an  orifice  at  the  bottom,  let  the  altitude  db  (fig.9.  pi.  XVII.) 
which  will  be  completely  exhausted  in  a  given  time,  say  19 
hours,  be  determinei  experimentally.  Call  that  height  144>, 
and  set  off  from  the  bottom  towards  the  top,  portions  increas- 
ing as  the  odd  numbers,  1>  3, 5,  7,  Sic.  up  to  23;  they  will 
mark  the  spaces  through  which  the  upper  surface  of  the  fluid 
will  successively  descend  in  each  hour  of  the  exhaustion. 

Cor.  3.  The  quantity  of  water  contained  in  an  upright 
prismatic  vessel  is  half  that  which  would  be  discharged  m  the 
time  of  the  entire  gradual  evacuation  of  the  vessel,  if  the  water 
be  kept  always  at  Uie  same  altitude. 

442.  Prop.  Zb  determint  the  time  of  emptying  a  vessel  of 
water  by  an  orifice  in  the  bottom  ofitfOi-  in  the  si£  contiguous 
to  ths  bottom,  the  height  of  the  orijice  being  very  small  compared 
with  the  altitude  of  the  fluid. 

Let  a  =  the  area  of  the  aperture ; 

h  =s  the  whole  height  of  the  fluid  above  the  aperture ; 
X  =  the  vertical  space  descended  by  the  upper  surface  in 

any  time  t\ 
A  =  the  area  of  the  upper  surface; 
g  =  32i  as  before,  the  measure  of  die  force  of  gravity* 
Then  will  the  velocity  of  the  eflluent  fluid  at  any  time  be 
represented,  not  by  ^2gh  as  in  art.  439.  but  by  '/\2g{h'-x)'\. 
Tliis  velocity  will  vary  continually,  because  x  increases,  and  the 
difference  A  —  x  diminishes  continually,  but  it  may  be  regarded  as 

constant  during  the  indefinitely  small  time  t :  ao  that  in  dia 

time  t  there  will  eteape  throng  the  orifice  a  prism  oif  the 
fluid  which  has  that  ormce  a  for  its  base,  and  '•C2^A— x)]  for 
its  altitude.    Thus  the  quantity  of  fluid  discfaai^ed  during  the 


instant  /  is  =  at  VC2sf(i— x)].  But  during  the  same  time 
the  upper  surface  has  descended  through  die  space  ir,  and  the 
vemiaaa  lost  a  prism  or  cylinder  of  the  fluid  wnose  height  is  Jc 


wuk'hemAf  llMflfb  ^  mm  whose  capacity  is  ki.    Hence  we 


limit 


1.) 
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As  the  area  A  will  be  given  in  functions  of  x,  by  the  form  of 
the  vessel,  the  second  member  of  this  equation  may  be  conri* 
dered  as  containing  only  the  variable  quantity  x;  and  it  wiU  be 
very  easy  in  most  cases,  by  simply  finding  the  fluents,  to  dis^ 
cover  the  successive  depressions  and  discharges  of  the  fluid  ia 
any  vessel  of  known  form. 

445.  By  way  of  application,  take  th6  following  examples : 
I.  Let  the  vessel  be  an  upright  prism  or  cylinder.    Here  the 
area  a  will  be  constant,  because  eyery  horizontal  sectiofi  of  the 
prism  will  be  equal  to  its  base.     Hence  we  have 

Now  when  the  time  t  is  nothing,  the  depression  of  the  upper 
surface  A  of  the  fluid  is  nothing  also :  thus  we  have  at  the  same 
time  x=:0,  and  ^=0;  this  condition  determines  the  constant 

quantity  c  =  — ^  Vh ;  and  gives  for  the  time  of  depressing 

the  upper  surface  through  the  space  x, 

'=;^t^*-'v/(A-*)] (11.) 

To  find  the  time  of  completely  emptying  the  vessel,  we  have 
only  to.  make  jr=:A,  in  which  case  the  preceding  expression  will 


become 


■=  -4/- 


CoE.  The  time  just  found  is  double  that  in  which  an  equal 
quantity  would  be  discharged,  if  the  vessel  were  kept  constantly 
full.     For,  in  art.  439.  cor.  3.  we  have  Q=:at^  {2gh),  where, 

if  aa=  aA,  we  have  ^=  —4-7-  =  —  i^  11—=  -^-s/ 3  which  is 

bM  the  preceding  value  of  ^, 

Hence  the  result  of  this  example  corresponds  with  cor.  2. 
art.  441.  as  it  manifestly  ought  to  do. 

II.  Let  the  vessel  be  any  solid  of  rotation,  of  which  the  axis 
is  verticaL  Here  a  will  be  the  area  of  a  circle  which  has  for  its 
radius  the  ordinate^  of  the  generating  curve:  that  is,  if  «*=: 
3*  141. 01^3,  we  shall  have  A=«ry^.  Introducing  this  value  into 
the  equation  marked  I.  we  have 

In  any  particular  examples  it  will  be  necessary  to  put  for  y 
its  value  deduced  in  terms  of  x  from  the  equation  of  the  general* 
ing  curve,  and  to  find  the  fluents,  which  will  be  corrected  by 
making  at  the  same  time  ^=0,  and  x=0.  ^ 

I II.  Let  the  solid  of  rotation  be  a  paraboloid  with  its  vertex 
downwards.    Up  be  the  parameter  of  the  generating  parabola, 
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the  equation  of  the  curve  will  be  ^rrox,  when  the  origin  of 
the  curve  is  supposed  at  v  (fig.  2.  pi.  XlIL),  the  point  where 
we  conceive  the  aperture  to  be ;  or  if  we  transfer  the  origin  to 
A,  the  equatiou  will  bey^=zp{h^x):  this  substituted  for  y  in 
equation  II.  gives 

Determining  the  constant  quantity  as  above  directed^  we 
obtain  for  the  correct  fluent 

» 

If  we  make  A  =  x,  we  have  ^=  "37  \/  gj  =  "TI  Y'^ 

=  "Y^y — >  where  s  b  the  area  of  the  upper  surface  of  the 

fluid  at  the  beginning  of  the  exhaustion^  and  h  the  whole 
height. 

The  above  may  suffice  as  a  specimen  of  the  method,  on  the 
supposition  that  the  velocity  of  efflux  b  that  due  to  the  whole 
height  of  the  fluid.  A  very  ingenious  and  complete  paper  on 
this  subject,  according  to  the  hypothesis  that  the  velocity  is  that 
due  to  half  the  height  of  the  fluid  above  the  aperture,  is  given 
by  Dr.  Hutton  in  his  Mathematical  Miscellany. 

444'.  Pr.)p.  If  the  water  of  a  reservoir  which  flows  through 
a  horizontal  aperture  be  influenced  by  any  foreign  motion^  it 
tcillform  a  hollow  whirl  above  the  orifice  itself. 

Let  DQ  (fig.  6.  pi.  XVII.)  represent  a  horizontal  plane  near 
the  orifice  ep,  through  which  the  fluid  of  the  reservoir  mk 
flows,   .  A  fluid  particle,  d,  situated  in  this  plane,  has  a  motion 
BB  inclined  to  the  axis  ab;  which  may  be  decomposed  into 
two  DC,  CB.     Let  us  suppose  the  plane  ng  to  desceiKl  parallel 
to  itself  along  the  axis  with  the  motion,  and  then  enquire  into 
the  motion  of  the  particle  D  on  the  plane  dq  ;  a  motion  whiqh 
impresses  upon  all  the  particles  situated  in  the  plane  dq  a 
centripetal  force  towards  the  centre  c.     Let  any  other  hdrizontal 
motion  whatever,  not  coincident  in  direction  with  do,  be  im- 
pressed upon  the  same  particles:  under  the  joint  influence  of 
the  two  moving  forces  the  particles  will  describe  round  the 
centre  c  areas  proportional  to  the  times,  and  by  the  equilibrium 
of  these  motions  they  may  assume  a  horizontal  circular  rotation. 

Imagine  that,  during  this  horizontal  circulation,  the  particle 
D  in  its  approach  towards  the  center  c,  as  in  a  spiral,  shall 
describe  circular  orbits,  of  which  the  diameters  are  successively 
diminished :  put  the  rotatory  velocity  of  the  particle  dsv  ;  ils 
distance  CD  from  the  centre  nr;  the  time  of  one  revolution  ^t : 
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theiiy  nuce  the  areai  muil  be  as  the  timM»  we  shell  have  neaili 
ra  — yf  «f^;  and  the  centrifiigal  force  of  the  particle  »  wll 

a  -^    Indeed^  when  the  particles  which  revolve  at  the.  sai- 

face  of  the  funnel  at  mn  are  observed,  it  is  seen  that  the  effset 
which  really  takes  place  in  nature  is  conformable  to  ^  oer^  veiy 
Marly.    Since,  therefore,  the  centrifugal  force  in  approttchiaf 

the  centre  c  increases  as  -t-«  it  will  become  sufficient  to  fom 

an  equilibrium  against  the  upper  pressure  sn^  which  prodoces 
the  centripetal  force  Dc:  a  cavity  krthpv  will  therefore  be 
fonnedi  round  which  the  whirling  fluid  will  support  itself  by  the 
centrifugal  force  of  its  rotation. 

Let  DQPR  represent  a  circular  fluid  aone,  the  particles  of 
which  revolve  about  the  cavity  rp  ftccordiag  to  the  law  heie 
indicated.  Let  the  gravity  of  a  fluid  particle  be  ssw,  eR=i^ 
BD=fr,  DX:r;r,  xzzzk,  and  the  velocity  of  the  particle  »sv. 
If  the  centrifugal  force  of  the  particle  d  were  equal  to  it» 
gravity,  iu  velocity  (art  2S2.  cor.  3.)  would  be  equal  to  that  of 

a  body  falling  by  gravity  alone  through  the  space  -^^.    And 

as  a  heavy  body  falls  in  one  second- through  the  space  IS-f^  feet 
^igf  the  velocity  of  the  particle  xx  will  be  represented  by 

\/(^S  •  ^)  -  /\/[^(«+*)l  The  centrifugal  force  in  the 

circle  is  as  t;* ;  therefore  the  centrifugal  force  of  o  will  actoally 
be  r:    "  .      >    And  since  the  centrifugal  force  oc  — ;  taking 

rrrni  •  /  . .  ,,  : :  T^iTx  •  *  fourth  term,  we  shall  have  the 
centrifugal  force  of  the  element  of  dx  in  x=:  ^,  \:  \'  ;  and 
that  ofthe  filament  DX  itself  =  TTIS^'^'n^+c.  Whenx=0,the 
fluent  =:0,  whence  c  s:       -   :  and  taking  2  =  6,  the  iccntri- 

o 


fugal  force  of  the  filament  dr  wiB  be  =  ^  .  (2a+6).    Now 

the  ({uantity  bw  is  the  gravity  of  the  filament  »r:  hence  the 
gravity  of  this  filament  is  to  its  centrifugal  force  as  t^  (Ski+6), 
to  te'g. 

445.  When  the  fluid  xone  Dupa  is  nearer  the  orifice  Kr,  the 
pressure  sn  increases ;  whence  the  centHfugal  force  of  the 
zone  must  also  be  mcreased,  in  conseqoence  of  the  radiua  RC  of 


Ai_ 
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the  cavity  being  diminisbed:  hence  we  may  determine  tlie 
nature  of  the  curve  which  forms  the  vertkal  section  of  the 
cavity  krt.  For  greater  simplicity,  let  it  be  supposed  tliat 
the  sides  of  the  vessel  md,  NQybave  die  same  shape  as  those  of 
the  cavity  itself;  so  that  DHssb  may  be  constant  Let  AC=:s^ 
and  CR=y.  In  the  preceding  formula  substitute y  for  a;  and, 
since  the  gravity  of  the  filament  dr  is  to  that  of  the  filament 
4SD  as  6  to  jr,  we  shall  have,  by  composition  of  ratios,  the  cen- 
Irifttgal  force  of  the  filament  DR  to  the  pressure  bd,  as  bv* 
(2^-f  &)  to  2gxj^.  In  order  that  there  mayitf>e  an  equilibrium, 
this  last  must  be  a  ratio  of  equality,  that  is,  bx^  (2y + 6)  =:  Sgiy'^; 

whence  we  deduce  xy* y rj-  =rO,  for  the  equation 

of  the  curve  krt.  This  is  the  64th  species  in  Sir  Isaac 
Newton's  Enumeration  of  Lines  of  the  Third  Order:  its  con- 
vexity is  turned  toward  the  axis ;  and  it  has  two  asymptotes, 
one  of  which  is  the  axis  ab,  and  the  other  is  in  ut$,  supposing 
the  two  points  mm  to  be  infinitely  distant. 

If  the  assumed  positions  in  this  and  the  preceding  artides  do 
not  absolutely  coincide  with  nature,  they  approximate  to  its 
effects  very  nearly.  It  is  not  only  possible,  but  there  does 
actually  exist  in  nature  a  whirling  stream,  of  which  the  cavity 

turns  its  convex  part  to  the  axis,  and  in  which .  ^Oc  -^  very 

nearly  as  is  shewn  by  numerous  experiments. 

If  any  body,  which  floats  at  the  surface  of  the  liquor  after  the 
funnel  has  been  formed,  be  of  sufiicient  size  to  cover  the  whole 
cavity,  it  will  destroy  the  funnel  in  the  upper  part,  and  some- 
times also  in  the  lower.  For  the  body  itself  can  only  turn 
round  its  centre  according  to  the  law  z^ «  r;  it  therefore  destroys 

by  friction  the  law  v  a:  —  in  the  parts  of  the  fluid  conti- 

Sous  to  it,  and  conseqnentiv  destroys  the  upper  part  of  the 
,  anel,  if  not  the  funnel  itself. 

446.  Prop.  If  a  notch  or  •luice  inform  of  a  rectangle  be  cut 
in  the  vertical  side  of  a  vessel  full  of  water  ^  or  ainf  otker  fluids 
the  quantity  of  vcater  flowing  through  it  xvill  be  y  of  the 
quantity  which  would  flow  through  an  equal  orifice  placed 
horizontally  at  the  whole  depths  in  the  same  time;  the  vessel 
beirtg  constantly  kept  full. 

L^t  A  BCD  (fig.  7.  pi.  XVn.)  be  the  vertical  side  of  the 
reservoir,  efoh  the  rectangular  notch  in  it,  and  let  iLt7  be  a 
parallelograip  of  evanescent  breadth.  Then  the  velocity  with 
which  the  water  escapes  af  OB  is  to  the  velocity  with  wnifh  it 


426  HYDI^ODYNAMICS.  CBook  IV. 

escapes  through  ili/  as  ^eg  to  \/Ei  (art  439-  cor.  2.);  and 
hy  the  same  corollary  the  quantities  discharged  in  a  given  tiiK 
through  an  evanescent  parallelogram  at  the  depth  bg,  and 
the  evanescent  parallelogram  i  Lt7,  are  in  the  same  ratio ;  that 
is,  as  GH  to  IK,  the  ordinates  in  a  parabola  EKH,  whose  axis  ii 
EG,  and  greatest  ordinate  gh.  Therefore,  the  sum  of  all  tb^ 
quantities  discharged  through  all  the  parallelograms  iLi/^  of 
which  the  rectangle  bfgh  is  composed^  is  to  the  sum  of  all  the 
,  quantities  discharged  through  as  many  equal  parallelograms 
iLtV  at  the  depth  EG  as  the  sum  of  all  the  elements  iKki  of  the 
parabola,  to  the  sum  of  all  the  corresponding  elements  il/i  of 
the  rectangle;  that  is,  as  the  area  of  the  parabola  ekhg  tp  that 
of  the  rectangle  efgh:,  or,  the  quantity  running  through  the 
notch  EFGH  is  to  the  quantity  running  thro.ugh  an  equal  hoii- 
zontai  ai^a  placed  at  gh,  as  ekhg  to  eohf;  that  is^  as  2  to  ^ 
by  the  nature  of  the  parabola. 

Cor.  1.  'rhe  mean  velocity  of  the  fluid  in  the  notch  ia  equal 
to  two-thirds  of  that  at  gh. 

Cor.  2.  The  quantity  flowing  through  the  rectangle  iLBG 
is  to  the  quantity  discharged  through  an  equal  rectang!e  placed 
horizontally  at  gh,  as  the  parabolic  zone  ikhg  is  to  the  rectangle 
ILHG.  As  is  evident  from  the  demonstration  of  the  propo- 
sition» 

447.  Prop.  To  determine  the  relation  between  the  time  and 
the  guatitity  of  watet ,  or  other  non-elastic  ftuid^  discharged 
from  a  vessel  through  any  vertical  orijice ;  the  velocity  of  the 
efjiuent  fluid  at  any  point  being  (as  heretofore)  supposed  that 
due  to  the  altitude  of  the  upper  surface  of  the Jtuid  in  the  vessel 
above  that  poitit. 

Let  X  Y  vz  (fig.  8.  pi.  XVII.)  be  ihe  vertical  side  of  the  ^lessel, 
and  AM^^M^  a  vertical  oritice  therein,  of  which  the  contour  is  a 
plane  curve;  sb  a  vertical  line  passing  through  a,  the  highest 
point  of  the  orifice ;  and  let  mm^,  mm%  be  two  horizontal  lines 
mdefinitely  near  the  one  to  the  other.  Then,  the  upper  surface 
of  the  fluid  being  supposed  to  pass  through  s,  put  SA=A^, 
SB=A,  AP=jr,  MM^r:^,  the  velocity  32 ^f.  which  gravity  conv- 
municates  at  the  end  of  a  second  =:g,  and  the  time  =t:  so 
shall  AB  n  A  —  A',  and  pp=i.  ^ 

I.  We  propose  first  to  ascertain  what  will  be  the  discharge 
(q)  at  this  orifice  during  a  determinate  time  x,  supposing  the 
vessel  is  all  that  time  kept  full  up  to  the  level  of  s. 

Now  the  velocity  of  the  fluid  discharged  through  the  ele- 
mentary trapezoid  MM^m^m,  whose  surface  is  yx,  may  be  con- 
sidered as  tnat  due  to  the  height  sp=A:^+^:  consequently/ if 
for  a  we  substitute  its  value  yx,  and  for  A  its  value  iu  the  first 


GoAP.  L]     Discharge  of  Fluids  through  Orifices.  427 

formula  in  art.  439.  cor.  3.  we  shall  have  for  the  quantity  dis- 
charged through  that  trapezoid  in  the  time  t  ' 

tyWl^g{l^+^)l,ortxyx^/{h'+x)x  V2g. 

Therefore  the  quantity  discharged  during  the  time  /  through  the 
portion  of  the  orifice  amm^  is  equal  to 

t(Jyx'^{h'+x)+cW2g. 

Thus  taking  the  fluent  contained  between  x=:0,  and  jr=AB 
=A— A^^  we  have  for  the  quantity  of  efflux  sought 

q-t^2g{fyxs^{V^x)+c) (i.) 

Here  it  may  be  observed,  that  as  the  nature  of  the  line  which 
bounds  the  orifice  is  considered  as  known,  we  may  always 
substitute  for  y  a  function  of  Xj  and  in  finding  the  fluent  there 
will  in  fact  be  no  other  variable  quantity  than  x\  aud  of  course 
the  constant  quantity  c  will  be  determined  by  considering  that 
when  x=0,  the  quantity  discharged  is  also  =0.  And  when  c 
is  known,  the  whole  quantity  discharged  is  readily  found  by 
introducing  into  the  value  of  the  dischai^e  through  amm',  for  x 
its  value  h^h\ 

448.  Let  s  be  such  a  height  as  if  the  fluid  issued  from  all 
points  of  the  orifice  with  the  velocity  due  to  that  height,  the 
total  discharge  through  the  orifice  would  be  the  same  as  has 
place  naturally,  conformably  to  equation  i.;  then  will  the  velocity 
of  the  issuing  fluid  be  =:  v^2g«,  and  the  discharge  through  the 
elementary  trapezoid  M^ivim^mnyir,  in  the  time  ty  will  be' 

represented  by  ti/2^5yyjr:  and  since  this  ought  to  be  equal 

to  the  value  of  q  in  equation  i.  we  shall  by  making  that  equa- 
lity, and  reducing,  find 

'"      UvH^        .....(11.) 
The  fluent  of  the  denominator  must  manifestly  be  taken 
between  the  same  values  of  x  as  that  of  the  numerator ;  and 
the  constant  quantity  c'  is  determined  by  con^dering  tiiat  when 
^=0  the  portion  amm'z^O  also. 

The  quantity  «,  which  we  have  Just  shewn  how  to  determine, 
is  generally  called  the  mean  height  of  the  fluid  above  the 
orifice:  the  rule  for  finding  this  height  is  obviously  nothing- 
more  than  to  divide  the  value  of  q  found  equa.  u  art,  44?  •  hy 
the  product  of  ty/2g  itUo  the  surface  of  the  orijice,  and  to  square 
tJie  quotient. 

449«  !!•  Let  us  enquire,  secondly,  into  the  relation  between 
the  time  and  the  quantity  dbcharged,  supposing  the  vessel 
empties  itself;  that  is,  let  us  ascertain,  according  to  this 
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hypothett^  th«  qnaalkj  of  fluid  ezpelicd  dariag  a  fpm 
time. 

ThU  determination  will  evidently  funuflh^  .^^.^  fame  limt, 
the  depression  of  the  upper  surfeice  of  the  fluid  in  die  weami^d 
which  the  interior  form  b  known ;  because  the  portion  of  At 
capacity  of  the  vessel  which  is  exhausted  b  equal  to  the  votnfec 
of  fluid  expiUed  at  the  orifice.  Let  us,  in  <Mder  to  solve  ihb 
branch  of  our  general  proposition,  suppose  Aat  at  tfie  coa- 
mencemeiit  of  die  motion  the  surface  of  the  fluid  ia  at  % 
and  that  at  the  end  of  the  given  time  t  it  has  descended  to  k: 
making  sK^z,  we  shall  have  to  obtain  an  eauattoo  bctweoi 

^f  ^  f  >  '>  ^f  ^^  ^*  "^^  ^^y  ^  accomplished  tlios:  we 
conceive,  at  first,  that  the  vessel  is  kept  constantly  Ml  to  Ae 
height  K  during  the  time  t,  and  thence  find,  from  what  has  juit 
fcetn  done,  (w  the  discharge  in  that  time  the  Taliie  '^^{ 

\J'yi^(/i^+r-z)+c2r    Since  jr  is  here  supposed  cooslaH^ 

it  will  be  very  easy  to  find  the  fluent  of  this  expression ;  sod  it 
may  be  corrected  as  the  former  fluent,  by  the  condition  tfaatwhea 
jrrzO  the  discharge  is  likewise  nothing;  the  whole  flaent  being 
found  by  taking  x^h-^hf. 

The  value  of  ^  V2g  [y^x  v"  (jy +ar-s)+cl  fouod  IB  the 

manner  just  explained,  comprises  only  %  and  constant  quan- 
tities: we  next  suppose  that  the  vessel  empties  during  die 

element  of  time  t  and  that  the  surface  g^  is  depressed  to  ar, 
through  a  distance  kA  =x;  which,  if  we  put  the  section  Qq  of  the 
vessel  =s,  gives  for  the  quantity  discharged  ss.  Now,  on  this 
hypothesis,  the  descent  through  k/c  may  be  imagined  to  lake 
place  with  a  uniform  velocity,  and  the  velocity  at  each  point 
of  the  orifice  to  continue  the  same  a«  when  the  fluid  had  its 
surface  at  k:  therefore,  since  when  the  velocities  are  equal 
the  quantities  discharged  vary  as  the  times,  we  have  this 
analogy, 

^•2^[/yxv/(ir+jr-«)+c]:si::f:r, 
whence tsB  ,v  .  v'j\ 


and  the  time  I  :=.  ':4-//y^V,4,.)4c-  -^  "^ t*^) 

When  the  form  of  the  vessel  is  known,  s  is  given  ia  functions 
of  2,  and  of  constant  qualities;  on  the  other  hand,  when  the 
integration  indicated  by  the  denominator  b  effectefi^  it  coatains 
likeWbe  only  the  quantity  z  and  invariable  quantities:  so  that 
the  complete  value  of  t  may  be  found  by  4he  integration  of  an 
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#j[preMon  vbich  contaiiid  only  the  variable  quantity  t.  The 
constant  magnitude  (/  will  be  determined  from  the  considera* 
tion  that  lirhen  2  !=:  0,  ^  =:  0. 

Now  it  is  known  that  flut^tits^  sueh  as  those  in  equations  (i.) 
and  Ciii.)of  this  proposition,  which  comprise^  under  the  sign  of  in- 
tegration, only  one  variable  quantity  and  its  fluxion,  mav  always 
be  referredito  the  rules  for  the  quadrature  of  curves,  la  effect, 
lets  be  an  expression  composed  of  the  variable  quantity  x  and 
a  constant  quantity,  the  fluxion  xi  will  be  the  element  of  the 
iurface  of  a  plane,  terminated  by  a  curve  of  which  x  will  be 

the  ordinate,  x  the  corresponding  abscissa,  and /x  x  the  sur- 
face itself.  Thus,  granting  the  equation  to  be  y^n  x,  and 
squaring  the  curve,  which  is  designed  by  this  equation,  between 
a  certain  value  of  x  and  another  certain  value  o^  x/determined 
by  the  conditions  of  the  case  in  hand,  the  resulting  surface  will 

be  equivalent  to  the  value  ofyx  x  taken  within  suitable  limits. 

460.  Let  us  now  proceed  to  give  a  few  examples  of  the  ap- 
plication of  the  preceding  formula  to  particular  ca2»es. 

Ex.  I.  Suppose  the  vessel  constantly  kept  full,  and  the 
orifice  a  rectangle  whou  sides  are  horizontal  and  vertical  re^ 
ipectively. 

Let  the  horizontal  sides  of  the  rectangle  be  each  equal  to  b : 
putting  this  value  instead  of  j^  in  the  equation  (1.)  of  art.  447. 
and  taking  the  fluents,  we  have 

£  =  rt  v^  2g  X  i  [(//+x)*+c].  The  constant  quantity,  de- 
termined according  to  the  method  previously  explained,  will 
be  c  =  —  AX     Substituting  this  value  of  c   for  it,  in  the 

equation  just  given,  it  becomes  q^\bt  t/^g  [(A'+x)^— A''^} 

Then  makbg,  conformably  to  the  directions  in  art.  447.  x  £= 
A«- A^,  we  obtain  for  the  total  discharge  through  the  orifice 

e  =  46ti/2g(A*  - A^) (iv.) 

If  the  theorem  above  be  compared  with  the  known  rule  for 
finding  the  area  of  a  parabolic  zone,  it  will  thence  appear  that 
this  value  of  q  furnishes  the  same  result  as  cor.  2.  art.  446. 
A  corroboration,  if  any  were  needed,  of  the  theoretic  truth  of 
Loth. 

The  mean  height  of  the  fluid,  determined  by  the  rule  in  art. 
44«  will  be  found 

451.  Eic.  tt.  Snppose  the  orifice  a  tricmgU  whose  vertex  is 
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uppermost,  and  the  ba^e  horizontal,  the  veuel  beimg  comi^atif 
keptjMll. 

Let  the  altitude  of  the  triangle  be  to  the  base  msm^tolpim 
18^  :;:  nu,  and  the  equation  art.  447.  (i.)  will  become 

q^i^2g  l/mxx'y  (A'  +  x)  +  c .] 

Making  A'+x=z,  we  have  i=i,  and  x—z—i^z  whenccaiiKi 

fxx  •(A'+x)  =/(!  -  A')  z^x  =/(z^  «  A'z*)i=fz»-  4^3! 

+  c  =  iA^-hx)^--^A'+x)4  +  c.   The fliWDt Tapiahiiig vha 

X  =  O,  we  have  c  =r  -4A'^+  4 *'^=A*^>  «^  *«  ^■'^  «f  f 
l>ecomc8. . .  y  :*  «t  %/««[f  {*'+ Jr)*-  4A'(A'  +  r)»'+  A»^ 

When  X  =:  A — A')  we  have  for  the  lot^l  di9diaige  at  tbe  apo!- 
ture 

Q=^«U^2g(aA'*+3A'*-5A'A^) (V.) 

The  area  of  the  triangular  orifice  b  4«(A-t-AT»  whicb  is  dK 

value  oij^tf  x,  taken  with  reference  to  the  present  iastaBce. 

whence,  by  the  method  pointed  out  in  art.  448.  we  fiad  ik 
mean  hdgki  of  the  fluid  by  the  equation 

*  = ^TSTiT ^^^ 

452.  Ex.  III.  Let  the  orifice  be  a  tHamgUy  as  in  the  prtr 
ceding  example,  but  hating  its  vertex  dormrards,  and  its  MfC 
horizontaL 

Id  thbcaseif=  m(A— A'— x),  and,  bva  calcidus  little  more 
difficult  than  the  above,  we  shall  find 

^  =  ^V«  v^2?(2A*  +  S A'^-  SAA^ (vi) 

And  the  mean  height  of  tbe  fluid  as  below, 

s  = S^JZin ....(vm.> 

453.  Ex,  PT.  Suppose  the  orince  a  crnrif,  axd  the  vessel  iepi 

The  g^rtieral  ihecnem  ^'art.  447.  L)  max  be  mo«t  m£lv  ap- 
pBed  to  the  pn»«?iit  exampSe^  bj  an  appfoximatXMi  which  vnll 
be  ^ufficKoilT  acxninte  for  pnctkr^,  tbvs :  Put  i  =  the  diame- 
tirr  04  tb^-  cucJir^  tbra  iirvm  tbe  propertj  of  that  fipm  j  jr  = 
V*  v"*'- Jf^^'  wb<»>f  tbe  $«KfaI  equaim  jwx  ncfesred  to  be- 
ll =^  :^*-  %  Hfyd^-xx^^Ki-i^x^'  +  c> 
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Makingy({£r-xr)'^(A'+ar)^x=y*zx,  the  integration  is  re- 
duced  to  the  finding  the  area  of  a  curve  whose  equation  is  zzz 

^d!r— xx)^(fr+x)^,  its  origin  being  at  the  point  where  rr +X). 
We  may  approximate  to  the  quadrature  of  this  curve  by  the 
method  of  equidistant  ordinates,  adopting  the  first  general  pro- 
position in  Sect.  II.  Part  iv.  Hutton*s  Mensuration.  To  this 
end,  suppose X  divided  into  four  equal  parts;  then  shall  we  find 
the  five  ordinates  corresponding  to  the  points  of  division,  bj 
substituting  in  the  preceding  equation  for  z  the  valuer  <),  i  x 
\XyiXj  andjr :  these  valines  found,  we  add  to  the  sum  of  the 
first  and  fifth  four  times  the  sum  of  the  second  and  fourth,  and 
twice  the  third ;  one  third  of  this  latter  sum,  multipliecl  into  the 
common  distance  between  the  ordinates,  will  be  the  approximate 

value  of  the  surhcej^z  x;  which,  multiplied  into2/v^2g,  pro* 

duces  at  length 

^  +2adx^j\xx)*{h'+ixyi 

+  k(dx-'xx)^{h'+x)^  y 

If  in  this  equation  we  make  xzidzzzh-^h^  and  perform  the 
requisite  reductions,  we  shall  have  for  the  total  discharge  at  the 
orifice 

This  theorem  may  be  reduced  to  computation  in  any  par- 
ticular case  with  tolerable  facility.  Had  the  number  of  equi- 
distant ordinates  been  much  increased,  the  additional  accuracy 
of  the  approximation  would  not  have  compensated  for  the  ad  • 
ditional  labour  which  would  attend  the  resulting  formula. 

454.  A  rigorous  integration  would  require  the  aid  of  infinite 
series.  If  r  be  the  radius  of  the  orifice ;  n  the  quotient  of  the 
distance  of  its  centre  from  the  upper  surface  of  the  fluid,  di- 
vided by  r ;  and  if  =  3*141593 ;  we  should  then  have 

9=*/r*^2gmx(i-^~j^-.8cc.) (x.) 

and  5  =  m  (1  -i^.-iofer*"^^-^ (^^•>  i|U* 

In  both  these  series  the  first  three  terms  are  all  which  will  be 
needed  in  practice. 

454.  Ex.  V.  To  determine  in  what  time  t,  the  upper  surface 
of  the  fluids  shall  he  depressed  through  a  vertical  distance  z,  the 
vekel  being  supposed  prismatic ^  and  the  orifice  rectangular. 
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The  sectioB  s  of  the  vessel,  and  the  breadth  y  of  the  orifice^ 
are  in  this  instance  constant  quantities.  According  to  the 
method  explained  in  art.  449>  we  first  determbe  the  quahthj  of 
ilcitd  which  would  escape  through  the  orifice  daring  tbe  tunt 
ty  on  the  supposition  that  the  vessel  were  kept  fbll  to  tbe  heigikt 
hf-^z,  above  the  upper  part  of  the  orifice ;  for  which  piupose 

we  must  find  the  fluent  of  the  expression  yy*  •  (A'  +  x^s), 

supposing  X  constant  This  gives  for  die  discbarge'sought  T.y  (^4* 
X  —  z)  f  X  c.     But  diis  quantity  being  nothing  when  or  =:  0^  we 

have  c  =  -t^(A  — «)^,  and  the  correct  fluent  is  |  jf  L(4'  + 
or— x)"^— (A'— ;:y'j.  Extending  this  to  the  whole  of  the  ori- 
fice by  making  x= A — V,  we  shall  have  ly  L(* — x)^— (A—  zy} : 
and  if  this  value  be  substituted  for /y  x  ^  {V  ^x-^  z)+c,mlkt 
equa.  iii.  449.  it  will  become 


3i 
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If  we  put  a  for  the  altitude  of  the  orifice,  b  for  its  breaddi, 
aud  ^  for  the  distance  of  the  upper  surface  of  the  fluid  from  the 

bottom  of  the  orifice,  we  sh^l  have  9  =  k^^z ;  jc  =  —  S;kzzhf 
-fa;  V  ss  i^  a;  and  the  preceding  equation  will  be  trans- 
formed to  this : 

Tlie  quantity  which  is  found  under  the  sign  of  int^ration 
in  this  equation  is  susceptible  of  being  made  rational ;  but  the 
equation  would  be  very  complicated.  The  most  easy  method 
of  obtaining  a  result  is  to  square  by  approximation  the  curve. 

which  for  each  value  of  i  lias  an  ordinate  equal  to  ■  ^> 

in  the  same  manner  as  was  adopted  in  the  last  article.  Observ- 
ing now  that  when  f  =:  A,  t  =  0,  the  surface  may  be  estimated 
between  the  limits  i  =  A,  and  J  =  a ;  and  as  in  this  case  we 
should  only  have  the  terms  to  transcribe  from  the  preceding 
s^r^cle,  there  can  of  course  be  no  occasion  to  copy  here  the 

^JJMil  equation. 

T^lT  the  altitude  of  the  orifice  a  be  equal  to  the  height^  of  the 
vessel,  the  time  of  exhaustion  to  any  variable  depth  z,  reckoned 

from  the  bottom,  would  be  equal  to  ^  =  -4^  X  ■*^""'^*  • 

when  r  n  0,  this  expression  is  infinite ;  that  is,  Ae  time  of  com- 
plete exhaustion  is  infinite. 
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The  student  who  wiahes  to  piurme  further  this  part  of  Hydro* 
dynamics  may  consult  VHydroilynamique  de  M,  Boitui,  ai|d 
the  Select  Exercises  at  the  end  of  Dr.  Huttou*s  Conies,  or  in 
the  3d  vol.  of  his  8vo.  Tracts. 

455.  Prop.  If  upon  the  altitude  of  tke^^id  in  a  vessel  as  a 
diameter,  we  describe  a  semicircUy  the  horizontal  space  described 
^y  the  fluid  spouting  from  a  vertical  orifice  at  any  point  in  the 
diameter  mil  be  as  the  ordinate  of  the  eirele  drawn  from  thai 
point f  the  horizontal  space  being  measured  on  the  plane  of  the 
bottom  of*  the  vessel. 

When  the  aperture  is  vertical,  and  indefinitely  small  (as  sup- 
posed here),  the  fluid  will  spout  out  horizontally  with  the  velo- 
city due  to  the  altitude  of  the  fluid  above  the  orifice  (art.  439.); 
and  this  velocity,  combined  with  the  perpendicular  velocity 
arising  from  the  action  of  gravity,  will  cause  every  particle,  tad 
consequently  the  whole  jet,  to  describe  the  curve  of  a  parabola. 
Now  the  velocity  with  which  the  fli^d  is  expelled  from  any  hole, 
as  G  (fig.  9.  pi.  XVII.),  is  such  as,  if  uniformly  preserved,  would 
carry  a  particle  through  a  space  equal  to  2bq  in  the  time  of 
the  fall  through  bo  :  but,  after  quitting  the  orifice,  it  describes 
the  parabolic  curve,  and  arrives  at  the  horizontal  plane  cf  in 
the  same  time  as  a  body  would  fall  fredy  through  od  i  so  that, 
to  find  the  distance  db,  since  the  times  are  as  the  roots  of  the 
spaces,  we  have   this  analogy  ^  gb  :  v^  gd  :  :  2bg  :  db  = 

— : —  =  2v/(bg*od)  =  2GH,  by  the  nature  of  the  circle. 

And  the  same  will  hold  with  respect  to  any  other  point  in  bd. 

Cor.  I.  )f  apertures  be  made  at  equal  distances  from  the  top 
and  bottom  of  the  vessel  (kept  full  of  the  fluid),  the  horizontal 
distances  to  which  the  water  will  spout  from  these  apertures 
will  be  equal.  For  when  Dg  s  bo,  we  shaU  have  2v^(Bg*gD) 
=  2^(bg*gd),  and  consequently  db  the  same  in  bodi  cases. 

CoR.  2.  When  the  orifice  is  at  tlie  point  bisecting  the  alti- 
tude of  the  fluid  in  the  vessel,  the  fluid  will  fipout  to  the  greatest 
distance  on  the  horizontal  plane ;  and  that  diistance,  if  measurecjl 
on  the  plane  of  the  bottom  of  the  vebsel,  will  be  equal  to  the 
depth  of  fluid  in  it.  For  ik,  the  ordinate  frop  the  centre  i, 
is  the  greatest  which  can  be  drawn  in  the  semicircle,  and  qf, 
which  is  ?=  2iK,  is  then  ==  2bi  =  bd.  ^  . 

Cob.  3.  If  a  right  line  be  dravvn  from  b  to  f,  since  bd:^  ' 
DF,  that  line  bf  will  make  an  angle  of  46"*  with  bd.     And  all 
the  jets  which  are  formed  by  adjutages  at  o,  i,  f,  &c.  in  the 
vertical  bd,  will  have  for  a  common  tangent  the  right  line  bf, 
or  its  prolongation* 

CoR.  4.  ^ce  the  distance  to  which  the  fluid  spouts  depends 
upon  the  height  of  its  surface  ab  above  the  orifice,  and  not  iu 
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any  degree  upon  the  depth  of  the  fluid  below  the  orifice,  h  wiD 
follow  that  whether  the  fluid  in  any  vessel  reach  down  to  aoj 
horizontal  plane  of,  or  whether  the  bottom  of  the  vessel  stand 
at  some  higher  point  v,  the  distances  ob,  df^  to  whiqh  the 
fluid  will  spout  from  the  apertures  6,  r,  will  be  the^ame  ;  and 
the  maximum  distance  will  be  when  the  fluid  is  expelled  from 
an  orifice  half  way  between  the  planes  ab  and  cf.  If  the 
bottom  of  the  vessel  be  higher  than  the  point  i,  then  the  nearer 
to  that  point  the  orifice  is  placed  the  greater  will  be  the  distance 
to  which  the  fluid  will  spout  on  CF. 

Cor.  5.  Since  the  middle  filament  of  particles  issuing  from 
an  orifice  in  the  side  of  a  vessel  is  discharged  with  the  full  velo- 
city due  to  the  entire  altitude  of  the  fluid  above  the  orifice  (art 
440.),  experiments  made  on  the  distance  or  height  to  which 
fluids  spout  will  be  found  to  agree  very  well  with  theory;  but 
it  by  no  means  follows  that  ail  the  filaments  should  be  ex- 
pelled with  the  same  velocity :  consequeatly,  the  quantity  of 
the  fluid  discharged  in  a  given  time  may  be  less  than  that 
which  would  be  discharged  if  ail  the  filaments  were  expelled 
with  the  velocity  due  to  the  entire  altitude ;  because  this  quan^- 
tity  depends  on  the  mean  velocity  of  all  the  filaments.  Hence, 
therefore,  we  cannot  infer  (as  several  authors  have  done)  from 
these  experiments,  compared  with  those  which  relate  to  the 
height  or  distance  to  which  the  fluid  spouts,  that  the  velocity  of 
the  water  in  the  orifice  is  less  than  that  which  is  due  to  the 
entire  altitude ;  and  that  it  is  accelerated  immediately  after  it 
gets  out  of  it;  because  the  distance  to  which  the  fluid  spouts 
depends  upon  the  central  filament  only ;  but  the  quantity  dis* 
charged  ou  the  mean  velocity  of  the  whole. 

SCHOLIA. 

456.  I.  If  the  fluid  issue  from  the  orifice  not  horizontally,  but 
in  any  oblique  direction,  it  will  describe  the  curve  of  a  parabola 
very  nearly ;  consequently  the  theorems  given  in  arts.  252,  253. 
for  the  motion  of  projectiles  in  a  non-resisting  medium,  may  he 
applied  to  the  determmation  of  the  various  analogous  particulars 
respecting  the  motion  of  fluids  expelled  from  springs  or  reser- 
voirs. The  letter  i,  which  denotes  the  impetus  in  those 
theorems,  will  here  represent  the  height  of  the  fluid  in  the  re- 
servoir above  the  orifice,  h  the  greatest  height  to  which  the 
fluid  spouts  above  any  plane  passing  through  the  aperture, 
and  the  other  letters  the  range,  tlie  velocity,  &c.  As  an  ex- 
ample of  the  use  of  these  formula;,  suppose  that  a  short  pipe 
elevated  in  any  direction  from  an  aperture  in  a  conduity  throws 
the  water  in  a  parabolic  curve  to  the  distance  or  range  r  on  an 
horizontal  plane  passing  through  the  orifice^  and  that  the  greatest 
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height  of  the  spoutmg  fluid  above  that  plane  19  H^  we  may 
whence  determine  the  height  i  of  the  reservoir  which  mmlies  the 
conduit f  mthout  actually  measuring  the  angle  &felevahem  e  of 
the  pipe.    For  from  art.  253,  we  have  u  =:  21  sin  2e,ot  i  zz 

s-p-— -,  and  1  rz  ,  ,  .  Hence.  ^  .  ^„  =  .  ^  ,  and,  by  re^ 
duction.  we  nnd  —  =  -r-r-  =  -;- —  =  2  cot  e.     Thus  the 

'  3h  sin's   '       shi  s 

angle  £  will  becon^  known  ^  and  then  either  the  equation  i  r: 
■'.    ■  ',  or  I  ss  .  ..    ■  >  will  determine  the  height  of  the.reser- 

8in*E'  Sunns'  ® 

voir,  as  required. 

456.  II.  The  foregoing  investigations  relate  to  the  issuing  of 
a  fluid  from  an  orifice  in  a  vessel  at  rest ;  but  it  may  not  be 
amiss  to  point  out  the  mode  of  conducting  the  enquiry  when 
the  fluid  escapes  from  an  orifice  in  a  vessel  in  motion.  To  as- 
sume oi^e  of  the  simplest  cases :  let  a  vessel  supposed  full,  at 
first,  be  raised  by  means  of  a  weight  w  acting  upon  the  vessel 
through  the  intervention  of  a  cord  passing  over  two  fixed  pul- 
leys, so  that  the  weight  hangs  freely  and  draws  up  the  vessel ; 
and  let  it  be  proposed  to  investigate  the  circumstances  of  the 
discharge  through  an  aperture,  of  area  a,  in  the  bottom  of  the 
vessel,  during  its  motion  upwards.  Suppose  g  to  be  the  centre 
of  gravity  of  the  total  mass  of  the  vessel  and  water  which  it 
contains,  m  denoting  that  mass.  Suppose,  also,  that  if  the  two 
masses,  w  and  m,  were  left  to  the  free  action  of  gravity,  they 
would  descend,  in  an  instant,  through  the  small  equal  spaces 
wWf  Gx,  (easily  conceived  without  a  diagram) ;  but  that,  be- 
cause of  the  mutual  action  of  the  two  masses  w  and  m  through 
the  intervention  of  the  cord  which  unites  them,  w  descends  only 
through  wA,  and  m  ascends  through  the  equal  space  oy.  Then, 
the  quantity  of  motion  lost  by  w  being  equal  to  the  quantity 
gained  by  M  in  the  same  direction,  if  g  be  .put  for  the  force  of 
gravity,  andy*for  the  simple  accelerating  force  measured  by  wA 
or  oy,  we  shall  have  w  (g  — /")  =  m  (g  +f),  whence  we  obtain 

-^^S  ^Ti  5  *°^  consequently  xy  :=1XQ  +  Qy  =  g  +  g^=^  = 

-^ — ,  the  expression  of  the  force  which  carries  upwards  each 

particle  of  the  mass  m  :  so  that^  if  there  should  be  imprefllsed 
an  equal  and  contrary  motion  upon  all  the  particles  of  the 
system  the  whole  would  be  ki  equilibrio.     But  in  this  latter 

case,  by  reason  of  the  force  -5^  which  would  act  vertically 

w  ^  M 

downwards  on  each  particle  of  the  fluid,  every  point  of  the 
bottom  or  sides  of  the  vessel  would  experience  a  pressure,^ 

ff2 
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viudiif  la  Ae pntfWi tiUdi cadi Hicli  poiit  mt^tamm^Am 

die  llidd  tt  folgectdl  to  tte  actioQ  of  gnmtj  v^ 

g,  Cf9»fmtom  +  wiB    HMoe,  pot^>*S  ^  fo  the  hm/^  of 


water  in  the  fiatcl  wyided  aa  inuBOfeabla^  die  kd^bft 
the  Telocity  at  the  onfia^  in  tiie  bypoilicm  of  Ac 

viUbeA   ^ 


Tbeiefore,  to  exptcci  dw  elementary  fnnntily  nff  ■■fH'  • 
iilach  wiU  ianc  during  dM  inrtant  of  dne  #,  we  Inm  cdtf  li 
anbaritnte  m  the  firat  theorem  in 'cor.  3,  art  4S9.  k  ^^^  .far  1^ 

t  for  tp  and  g  for  g,  it  will  thna  become  adapted  to  the  fRwat 

case,  and  beg  =:  for  a  /  J!!Z1 . 

The  veifel  baina  imagined  to  empty  itidf  by  the  npotmeab 
widiout  reeeiring  frerii  suppliet  of  the  liquid,  call  the  vnriihk 
height  of  the  liquid  x,  the  horizontal  section  cS  the  wrmrl  at  tk 
aurtace  of  the  liquid  x,  (this  being  a  function  of  x  given  by  tk 

form  of  the  Yessel),  then  we  shall  have  Q  =  -*  xjt,  and  u  zi 
A  +fii9  A  being  a  constant  quantity.      Therefore  —  xi  =; 

If  the  vessel  be  a  solid  of  revolution  and  the  altitude  the 
axis,  and  the  figure  be  required  so  that  in  equal  times  the  sur- 

lace  of  the  liquid  in  the  ascending  vessel  shall  be  depressed  by 

• 

Xil  quantities ;  then  must  t  =  -*  ni,  n  being  a  given  co- 
ient :  afterwards,  supposing  y  the  ordinate,  and  of  conse- 
quence  x  =  ^>  v  being  =  3*141593,  freeing  the  equation  of 
radicals,  putting  the  expression  Ixir  orJif^Xy  on  one  side  of  the 

equation,  the  process  of  differentiation  will  give  an  equation  of 
this  form  jfk  +  3y;r  -|-  crj  =  0,  b  and  c  b^ng  given  constant 

quantities.    Whence  we  obtain  the  ''  separate  equation**  -^  =: 
Recurring  to  the  equation  y*s=j[-^—,  it  is  obvious  that 

^v  ^^  ^n 

when  w  =  M,  /=  0,  and  ^^  s  1,     Of  course,  the  vessel  Is 
at  resc,  at  least  during  an  instant,  when  the  discharge  of  tlie 

quantity  2at  y^igA,  will  destroy  the  equilibrium,  and  the  vessel 
Vi'iM  ascend* 
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If  w  =  0;  then  -- —  =:  0^  the  pressure  of  the  fluid  on  the 

bottom  will  vanish,  and  none  will  issue  through  the  orifice. 

When  Bl  exceeds  w,  the  vessel  will  descMd;  and,  to  deter- 
mine th^discharge,  f  must  be  regarded  as  negative.     In  diis 

case,  however,  the  height  due  to  the  velocity  is  h • 

^v  T  *• 

For  problems  analogous  to  this,  the  reader  may  consult 
Bossut's  Hydrodynamique,  part  ii.  cap.  8,  and  the  controversial 
papers  between  Mr.  Dawson  and  Mr.  Wildbore,  in  Button's 
Mathematical  Miscellany. 

Another  interestingapplication  ofthe  theory  of  hydrodynamicSy 
is  to  the  motion  of  water  in  rivers ;  for  which  see  Plaj/faif^s 
Outlines  of  Natural  Philosophy^  vol.  i.  p.  191 — 197;  Da 
Buatf  Principes  d'Hydraulijue;  and  Bossui,  Hydrodynamique, 
torn.  iL  p.  854—288. 


¥ 
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CHAPTER  II. 


ccount  of  Experiments  made  hy  different  Philasopher$ 
on  the  Discharge  of  Water  through  Apertures  and 
Tubes;  and  the  practical  Deduct'wns  from  those  Ex- 
periments. 


457.  Thb  greater  part  of  the  propositioQs  and  theorems  ia 
the  preceding  chapter  are  founded  upon  the  hypotfaesb,  that 
the  whole  of  the  fluid  particles  issuing  from  a  horizontal  orifice 
in  a  vessel  is  expelled  with  the  velocity  due  to  the  height  of  the 
fluid  in  the  reservoir  above  that  orifice ;  and  the  \%  hole  of  the 
particles  discharged  through  an  evanescent  horizontal  element 
of  a  vertical  aperture,  widi  one  and  the  same  velocity.  But  this 
hypothesis,  as  we  have  hinted  more  than  once,  is  not  altogether 
consistent  with  fact  For,  when  water  issues  from  an  orifice, 
the  particles  will  flow  from  all  sides  towards  the  orifice,  with  an 
accelerated  motion,  and  in  all  directions.  If  the  orifice  be  ho- 
rizontal, that  filament  of  particles  which  answers  to  its  centre 
will,  as  Dr.  M.  Young  observes,  descend  in  a  vertical  line,  and 
suffer  no  other  resistance  than  that  of  the  friction  caused  by  the 
excess  of  its  velocity  above  that  of  the  collateral  filaments,  or 
by  the  retardation  which  arises  from  the  attraction  subsisting 
between  them.  The  other  filaments  are  soon  compelled  to 
turn  from  their  vertical  course,  and  to  approach  the  orifice  io 
spiral  curves,  (art.  444.) ;  and,  when  they  arrive  at  it,  their 
directions  become  more  or  less  horizontal,  according  as  they 
pass  nearer  to,  or  further  from,  the  edge  of  the  orifice.  The 
motion y  therefore,  may  be  decomposed  nito  two  directions ;  the 
one  horizontal,  which  is  destroyed  by  the  equal  and  contrary 
resistance  of  the  filaments  which  are  diametrically  opposite;  the 
other  vertical,  in  proportion  to  which  the  quantity  of  water  dis- 
charged is  to  be  estimated.  Hence  it  appears  that  the  vertical  ve- 
locity of  the  filaments  decreases  from  the  centre  of  the  orifice  to 
the  circumference ;  and  that  the  total  discharge  is  less  than  if  the 
filaments  had  issued  vertically,  as  that  filament  does  which  cor- 
responds to  the  centre  of  the  orifice.     It  also  follows  that  the 
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filaments  which  are  nearer  to  the  centre^  moving  faster  than 
those  which  are  nearer  to  the  edges,  the  vein  of  the  fluid,  after 
it  has  issued  from  the  aperture  (if  that  be  circular)  will  form  a 
conic  frustrum  whose  greater  base  is  the  aperture ;  that  is  to 
say,  its  diameter  will  diminish  to  a  certain  distance,  because  the 
exterior  filaments  are  gradually  drawn,  in  consequence  of 
their  mutual  attraction,  by  the  interior  filaments  whose  velocity 
is  greater,  whence  follows  a  diminution  in  the  diameter  of  the 
vein. 

This  diminution  in  the  section  of  the  vein  is  often  called  the 
contraction  of  the  vein ;  and  the  vein  itself,  from  the  orifice  to 
the  greatest  diminution,  is  called  the  vena  contracta,  the  con-- 
traded  vein. 

The  contraction  of  the  stream  is  found  to  take  place  not  only 
when  water  is  discharged  from  horizontal  apertures,  but  when 
the  discharge  is  from  vertical  apertures,  or  apertures  inclined  to 
the  horizon  in  any  manner  whatever :  in  these  latter'  cases, 
however,  the  form  of  the  contracted  vein  is  by  no  means  so  re- 
gular as  in  the  discharge  from  horizontal  orifices ;  the  stream 
often  assumes  a  very  curious  form,  having  for  a  small  distance 
from  the  aperture  the  appearance  of  a  plaited  band. 

When  the  orifice  is  horizontal  and  circular,  the  length  of  the 
contracted  vein  is  very  nearly  equal  to  the  semi-diameter  of  the 
orifice :  and  Voknus  makes  the  ratio  of  the  diameters  of  the 
contraction  and  of  the  aperture  to  be  as  5}  to  6i ;  Bernoulli j  5 
to  7 ;  Chev.  Du  Bmt,  6  to  9 ;  Bossut,  41  to  50 ;  Michelotti,  4 
to  5  ;  Venturiy  nearly  4  to  5»  And  the  latter  author  has  shown, 
by  many  experiments,  that  the  contraction  of  the  stream  takes 
place  at  a  greater  distance  under  strong  charges  than  in  those 
which  have  but  little  elevation.  Tlie  ratio  of  the  surface  of  the 
section  of  the* fluid  vein  at  the  place  of  greatest  contraction,  to 
the  area  of  the  orifice,  does  not  much  depend  on  the  figive  of 
the  orifice ;  bnt  this  ratio  is  subject  to  variations,  to  which  we 
should  have  regard  when  the  side  or  the  bottom  of  the  vessel  is 
more  or  less  thick,  or  when  an  additional  tube  is  adapted  to  the 
orifice.  The  situation  of  the  orifice  with  respect  to  the  sides  of 
the  vessel  has  likewise  a  certain  influence  oa  the  contraction ; 
but  the  difi'erences  thus  occasioned  may  be  generally  neglected 
in  practice.  We  may  infer  from  what  has  now  been  said, 
that  to  obtain  formula  which  will  furnish  results  applicable  to 
practice,  we  should,  in  the  different  cases,  substitute  for  the 
actual  area  of  the  orifice  the  area  of  the  smallest  section  of  the 
contracted  vein.  This  reduced  area  should  be  considered  as  the 
true  orifice  through  which  the  discharge  is  made,  and  its  vertical 
distance  from  the  upper  surface  of  the  fluid  as  the  height  due 
to  the  velocity  of  the  fluid  issuing  through  this  little  orifice. 

458.  From  tiie  preceding  remarks  the  necessity  of  giving 
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4 

8763 
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5 
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6 
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7 
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8 
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9 
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10 
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11 
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14 
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15 
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It  appear!  from  this  table  that  the  actual  diachargi^s,  as  well 
as  those  reailltirtg  from  the  theory,  are  sensibly  proportioDal  to 
the  square  roots  of  the  depths  of  fluid  in  the  reservoir.  Thus, 
for  example,  if  we  take  the  depths  4  and  9,  whose  square  roots 
are  as  9  to  d ;  the  corresponding  actual  discharges  taken  from 
the  third  column^  are  5436  and  8135 :  and  these  numbers  are 
very  nearly  in  the  ratio  of  £  to  3,  the  ratio  bein^^  9  to  2*9931. 

If  the  numbers  in  the  last  column  are  multiplied  together, 
and  the  15  th  tibot  of  the  last  product  taken,  we  shaU  have 
'6*1 939  for  the  thie  mean  of  the  effective  dischai^es,  compajred 
with  the  theoretic  discharge  1 ;  and  the  arithmetical  mean  be- 
tween the  numbers  in  the  last  column  standing  against  the 
heights  7  and  8,  is  *61938 :  the  mean  ratio  between  the  actual 
and  dieofetic  discharges,  theui  is  not  widely  distant  from  that 
of  *62  to  1 :  whence  it  follows,  from  the.  remarks  in  art.  457, 
that  *6t  is  the  number  by  which  we  must  multiply  the  real  area 
of  the  orifice  to  obtain  the  area  of  the  smalltet  section  of  the 
contracted  vein. 

459.  Another  set  df  experiments  made  by  M.  Bousut,  with 
different  apeirtureS)  are  the  following,  in  which  the  water  wan 
kept  constantly  at  the  altitude  of  1 1  feet,  8  inches,  10  lines, 
from  the  centre  of  each  aperture* 

«  Ko.  of  cubic  inches 

'■^P'   .  ,  .  fiiniiihed  io  1  min, 

1.  With  an  horizontal  circular  aperture,  6  Hoes  diameter    2311 

2.  With  a  circular  horizontal  aperture,  1  inch  diameter     9281 
^$.  With  a  circular  horizontal  aperture,  2  inches  diameter  37203 

4.  With  a  rectangular  horizontal  aperture,  1  inch  by  3 

lines •        2933 

5.  With  a  square  horizontal  aperture,  the  side  1  inch       11817 
G.  By  a  square  horizontal  aperture,  the  sides  2  inches      47361 

C&nsiant  height  9  feet. 

7.  Lateral  circular  aperture,  6  lines  diameter       •  2018 

8.  Lat^al  cireul^  aperture,  1  inch  diameter        •      •      8135 

Constant  height  ^feet. 
9.  Ldterid  circular  aperture,  6  Unes  cUameter      •  1353 

10.  Lateral  circular  aperture,  i  inch  diameter      •      •      5436 

Conitani  hd^ht  1  lines. 

11.  By  a  lateral  and  circular  orifice^  1  indi  diameter  628 

From  the  preceding  experiments  we  may  make  the  following 
deductions : 

1.  *  The  quantities  of  fluid  discharged  in  eaual  times  from 
different  sized  apertures,  the  altitude  of  the  fluids  being  the 
same,  are  nearly  to  each  other  as  the  areas  of  die  apertures.' 
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Thas  in  the  second  and  third  experiments  the  areas  of  the 
apertures  are  as  one  to  four,  and  the  ^^-ater  discharged  MSI 
cubic  inches  to  37203  is  nearly  in  the  same  ratio. 

2,  '  ITie  quantities  of  w  ater  discharged,  in  equal  tunes,  by 
the  same  aperture,  with  different  altitudes  of  the  reservoBr,  are 
aearly  as  the  square  roots  of  the  corresponding  altitude  of  At 
water  in  the  reservoir  above  the  centre  of  the  aperture.'  Coa- 
paring  together  the  eighth  and  tenth  experiments,  in  which  At 
respective  altitudes  of  the  reservoir  were  of  9  and  4  feet,  of 
which  the  square  roots  are  5  and  2,  we  find  the  water  dit- 
charged  by  the  first  was  8135  cubic  inches,  the  second  5id6 
cubic  inches  nearly  in  the  proportion  of  3  to  H,  as  before  ob- 
served. 

3. '  That,  in  general,  the  quantities  of  water  discharged  ia 
the  same  time,  by  different  apertures  and  under  unequid  alti- 
tudes of  the  reservoirs,  are  to  each  other  in  a  compound  ratio 
of  the  areas  of  the  apertures  and  the  square  roots  of  die  alli> 
tudes.' 

4. '  That,  on  account  of  the  friction,  the  smallest  apertures 
discharge  less  water  than  those  that  are  larger  and  of  a  simikr 
figure,  the  water  in  the  respective  reservoirs  being  at  the  same 
height/ 

6*  ^  That  of  several  apertures  whose  areas  are  equal,  that 
which  has  the  smallest  circumference  will  discharge  more  water 
than  the  others,  the  water  in  the  reservoirs  being  at  the  same 
altitude/  and  this  because  there  is  less  friction.  Hence  circular 
apertures  are  most  advantageous,  as  they  have  less  rubbing  sur- 
face under  the  same  area. 

Hence,  tlien,  to  make  the  formulae  in  the  theory,  for  instance, 
those  in  cor.  3.  ait.  439.  furnish  such  results  as  would  agree  with 
experiments,  we  must  deduce  the  aperture  a  in  those  theorems 
in  the  ratio  of  *62  to  1 ;  or  multiply  the  quantities  resulting 
from  the  theorems  as  they  now  stand  by  the  decimal  '62;  or, 
histly,  if  great  accuracy  be  required,  take,  instead  of  the  constant 
multiplier  '62,  the  number  standing  ngainst  the  height  of  fluid 
in  the  reservoir  above  the  orifice,  in  the  last  column  of  the  table 
in  the  preceding  article :  thus,  if  the  altitude  of  the  fluid  be  10 
feet,  the  multiplier  will  be  '61883. 

460.  If  the  water,  instead  of  flowing  through  an  aperture 
pierced  in  a  thin  substance,  pass  through  the  end  of  a  vertical 
tube  of  the  same  diameter  as  the  aperture,  there  is  a  much 
greater  discharge  of  \>ater,  because  the  contracted  stream  is 
greater  in  the  first  instance  than  in  the  second.  In  the  follow- 
ing experiments  the  constant  height  of  the  water  in  the  reservoir 
above  the  upper  aperture  of  the  tube  was  1 1  feet  S  inches  10 
line^,  the  diameter  of  the  tube  1  inch. 
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Different  lengths  of  the  tube  expressed  in 

lines. 


2 
3 


N  umber  of  ciiBic 
inches  of  water 
discharged  in  t 
minute. 


^""P- 1        til     T^e  stream  fiUing  the 

tube. 


The  water  not  filling  ) 
the  tube.  I  S 


9282 


It  appears,  on  comparing  the  first  three  experiments,  that  the 
longer  the  vertical  tube  is,  the  greater  is  the  discharge  of  the 
water,  because  the  contraction  of  the  stream  is  less ;  it  is,  how- 
ever, always  somewhat  contracted,  even  when  it  appears  to  till 
the  tube. 

By  comparing  the  quantities  of  water  discharged  in  the  third 
and  fourth  experiments,  we  find  the  two  discharges  12168, 
9282,  are  to  each  other  nearly  in  the  proportion  of  13  to  10; 
but  we  have  seen  that  the  water  discharged  through  a  thin  aper- 
ture without  any  contraction  in  the  stream,  would  be  to  the 
same  aperture  with  a  contracted  stream  as  1  to  *62,  or  as  16  to 
10.  From  hence  we  may  conclude,  that,  the  altitude  iq  the 
reservoir  and  the  apertures  being  the  same,  the  discharge 
ttiro}igh  a  thin  aperture  without  any  contractiou  in  the  stream^ 
the  discharge  through  an  additional  tube,  and  the  discharge 
-through  a  similar  aperture  with  a  contracted  stream,  are  to  each 
'other  nearly  as  the  numbers  16^  13,  10:  these  proportions  are 
sufficiently  exact  for  practice.  Hence  it  is  plain  that  an  addi- 
tional tube  only  destroys  in  part  the  contraction  of  the  stream, 
which  contraction  b  greatest  when  the  water  passes  through  a 
thin  aperture  from  a  large  reservoir. 

If  the  additional  tube,  instead  of  being  vertical,  or  placed  at 
the  bottom  of  the  reservoir,  were  horizontal,  or  placed  in  the  side, 
it  would  furnish  the  same  quantity  of  water,  provided  it  was  of 
the  same  length,  and  that  the  exterior  aperture  was  at  the  same 
distance  from  the  surface  of  the  water  .in  the  reservoir. 

If  the  additional  tube,instead  of  being  cylindrical,  were  conical, 
having  its  largest  base  nearest  the  reservoir,  it  would  discharge 
a  greater  quantity  of  water.  The  most  advantageous  form  that 
Can  be  given,  in  order  to  obtain  the  greatest  quantity  of  water 
in  a  given  time  by  a  given  aperture,  is  that  which  the  stream 
assumes  in  coming  out  of  the  aperture;  i.  e.  the  tube  must  b^^f 
the  fonn  of  a  truncated  cone,  whose  largest  base  should  be  of 


444 


HYDROI>YNAMIOS. 


{Book  if. 


likd  mne  Jiameter  u  the  ■perture ;  tfie  am  of  ihe  mtaJl  Vm 
riioold  be  to  that  of  Am  larger  bate  aa  lOto  16;  and  thmSmmet 
from  one  bai^e  to  the  other  should  be  the  semiciiameter  of  At 
largest  bate';  aind  the  efl9ux  of  water  will  be  as  abundant  as  I 
would  be  through  a  thin  aperture  equal  to  die  amallcat  baae^  al 
where  the  stream  was  not  contracted.  Tbia  form  maj  be  t^ 
plied  friiere  it  ia  necessaiy  to  obtain  a  certain  qoantilj  of  mto 
nom  a  river,  an  aquednct.  Sec.  by  a  canal  or  kteral  tabe. 

On  con|Niriiig  the  efflui  of  water  through  additional  tabes  af 
different  diameters,  and  with  different  altitudea  of  tbe  water  ■ 
the  reaenroirs,  Ihe  following  resultt  ti^ere  obtained;  theatf- 
tional  tubes  were  two  iadmi  lot^  and  were  vertical  and  pkcd 
at  the  bottom  of  the  reservoir. 


Diameter  of  the  tubea  ^^^ 
expressed  in  lines,     r   ^^ 


Constant  altitude  of  die  water 
above  tbe  tubes. 


Eap.  I 
2 


3  feet  10  inches  < 


3 

4 

5 
6 


2  feet 


67   Water iUlii^  die 
103     tube 


6?    The  water  not 
105  foUowii^tliendea 


{470S 


Cli93 

{3598 


7 

8 


■Awto 


67    The  water  filUif    f  1222 


10  \     the  tube 


{3402 


6 
10 


i 


The  water  not 
filling  the  tnbe 


{ 


995 
2603  I 


It  results  from  these  experiments,  1. '  That  the  diachaiges  bj 
differeat  additional  tubes,  with  the  same  altitude  of  die  reaer* 
voir,  are  nearly  in  pioportion  to  the  area  of  the  apertluea,  or  to 
tbe  aqaares  of  die  diameters.  2.  That  die  discharges  of  water 
by  additional  tubes  of  the  same  diameter  with  different  alti* 
tudes  of  water  in  the  reservoir,  are  neariy  proportional  to  Ae 
square  root  of  die  altitude  of  die  reaervoir.  8.  Tliat  in  ge- 
neral the  discharges  of  water  in  the  same  time,  through  different 
additional  tubes,  with  different  altitudes  of  water  in  tbe  same 
reservoir,  are  to  each  other  nearly  as  the  product  of  the  aoaaie 
of  the  diameters  of  the  tubes  by  the  square  root  of  the  altitude 
of  die  reservoirs.'    So  that  additional  tubes,  tranamitting  water, 
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foliow  (amongst  themselves)  the  same  laws  as  through  the  thin 
or^ce.  The  following  table  was  fonned  from  the  foregoing 
experiments. 


3|S 

m 

mi 
iili 

mi 

lill 

1!|| 

pill 

a 

» 

■: 

& 

I 

43R1 

3539 

S722 

081781 

2 

6169 

5002 

3846 

0-80729 

3 

7589 

6126 

4710 

0'8CI724 

4 

8763 

7070 

5436 

0-80681 

5 

&79- 

7900 

6075 

0-806S8 

6 

10732 

8654 

6054 

0-8063S 

7 

U.W2 

9340 

7183 

0-80573 

8 

12392 

9975 

7672 

0-80496 

» 

13  U4 

10579 

8135 

0-80485 

10 

13853 

11151 

8574 

0-80483 

11 

14530 

11693 

8990 

0-80477 

J2 

15180 

12205 

9384 

0' 80403 

13 

15197 

12699 

9764 

0-80390 

H 

16393 

13197 

10130 

0' 80380 

15 

16968 

13620 

10*72 

0-80270 

The  mean  of  the  numbera  io  the  last  column  of  this  table  is 
Romewhat  less  than  -81 ;  we  may,  however,  in  most  cases,  take 
-31  as  a  very  good  approximation  to  the  truth:  uningii  asftcoD' 
staot  co-efficient  in  the  formula  for  the  valiw  of  q  given  in  cor. 
d-  art.  4Sg.  when  we  wish  to  know  the  discharge  through  a 
cylindric  tube  of  the  dimensions  specified  at  the  )iead  of  column 
the  third,  'llius  we  shall  have  Q  —  *81  at  -/{^gh);  die  dimen- 
sions being  aU  in  feet,  or  all  in  inches. 


461.  We  now  pass  to  M.  Boisat't  expertmeBis  on  the  ex- 
haustion of  vessels  (which  have  no  extraneous  nin^)  ^y  little 
orifices. 

The  experiments  npon  the  time  of  oompletf  Skbaustion  of 
vessels  which  empty  freely  are  not  easy  to  make,  at  least  in  a 
conclusive  manner :  for,  besides  that  in  some  cax^  the  com- 
plete cdiaustioii  would,  «ccording  to  tfae  tb^ry,  require  an 
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unlimited  ttme,  it  is  foimd  that^  when  the  tarfiice  of  tha^^ier 
arrnes  within  a  small  dittaiiGe,  as  two  or  tbfee  inclica,  Of  a 
horizontal  orifice^  it  forms  above  that  orifice  a  conical  tol'  rtAsr 
conoidal  funnely  which  diminishes  the  effect,  and .  makea  the 
conclusion  of  the  discharge  uncertain,  it  b  beat,  tberefiofe,  M 
to  make  experiments  upon  the  time  of  total  discharge,  bnt  apoa 
the  time  in  which  the  upper  surface  is  depressed  &oii|;b  a  C0i- 
tain  vertical  distance  x^  the  greater  the  better,  provided  tfas 
upper  surface  has  not  sunk  so  low  as  to  permit  the  foriaatioB 
of  die  funnel  just  spoken  of. 

'  It  was  sbewn  (art.  443.  equa.  II.)  that  when  the  primidie 
height  of  the  water  in  a  prismatic  vessel  was  =  h^  the  coosCsat 
section  of  the  vessel  =r  a,  the  time  t  employed  by  the  fliddto 
descend  tfarouf^  die  space  x  was  expressed  by  diia  equation : 

Now  when  die  orifice  a  is  supposed  pierced  in  a  thin  plate 
we  must  substitute  the  coutracted  orifice  *03  a,  and  the  formah 
will  become 

When  the  aperture  is  a  circle,  and  its  diameter  d^  we  hafe 
*7Sd398£/*  =  a:  this  value  of  a  substituted  for  it  in  the  pie- 
ceding  equation  gives 

/  = -51208  ^  [-v/A- v^(A-a:)], 

the  dimensions  being  given  in  English  statute  feet;  or  if  the 
dimensions  are  in  terms  of  the  Paris  foot  royal,  then 

t  = -52852 -^  [v^A- v/(A-a:)]. 

This  latter  theorem  may  be  applied  to  the  experiments  made 
by  M.  Bossut,  in  order  to  compare  the  results  which  it  fives 
with  those  which  are  furnished  by  the  experiments :  the  wiiole 
is  comprised  in  the  followmg  table. 


t=z 


63  X  8-0208 


L 


piameter  of  the 
.  .     .norizonUl    cir- 

hc  coniUntr  ^^  orifice,  or 


vtfction 
the  vetsel  is 
9  square  feet. 
I'he  primi- 
tive height  k 
of  the  watAr 

is  U-6S7  Pa- 
ris feet. 


083333 


166666 


Depression  of 
the  water,  or  Ta 
laeof  X. 


Feet. 
4 
9 
4 
9 


Time  of  the  de- 
pression of  the 
water. 


Seconds. 
445-5 

1224*5 
112- 
306- 


Tioae  of  the  de- 
pretsBOQ»  calcu- 
lated by  the  last 
theorem. 


Secoads. 

445-04 

1221-2 

110-76 

S05-25 
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Hence  we  see  that  the  difference  between  the  results  of  the 
computation  and  those  of  the  experiments  are  extremely  smalt: 
much  smaller  indeed  than  might  be  expected,  considering  the 
many  circumstances  which  may  contribute  to  vary  the  times 
given  by  observation.  So  that  we  may  regard  the  formulae 
given  in  this  article  as  sufficiently  correct  for  practice;  at  least 
within  the  limit  suggested  by  die  formation  of  the  conoidal 
funnel.  What  has  been  here  said  applies  principally  to  hori- 
zontal apertures;  but  it  may  be  applied  without  fear  of  material 
error  to  small  laterial  orifices,  when  the  fiuid  in  the  reservoir 
stands  higher  than  the  upper  side  of  the  orifice,  and  taking  for 
the  height  h  the  distance  of  the  centre  of  gravity  of  the  orifice 
from  the  upper  surface  of  the  fluid. 

For  an  account  of  Bossut's  experimental  researches  on.  the 
motion  of  water  in  rectangular  canals,  see  Hydrodynam.  tom.  ii. 
p.  211—253. 

4 

Experimental  Enquiries  of  Venturi. 

462.  The  experiments  and  researches  of  M.  X  B.  Venturis 
professor  of  natural  philosophy  at  Modena,  are  neither  so 
extensive  nor  so  important  as  those  of  M.  Bossut :  but  as  he 
has  noticed  two  or  three  curious  circumstances  relative  to  the 
motion  of  fluids,  which  seem  to  have  escaped  the  observation 
of  preceding  philosophers,  we  shall  present  the  reader  with  a 
concise  account  of  the  result  of  his  enquiries* 

I.  In  any  fluid  those  parts  which  are  in  motion  carry  along 
with  them  the  lateral  parts  which  are  at  rest. 

To  shew  the  truth  of  this  proposition  M.  Venturi  introduced 
a  horizontal  current  of  water  into  a  vessel  filled  with  the  same 
fluid  at  rest.  This  stream  entering  the  vessel  with  a  certain 
velocity,  passes  through  a  portion  of  the  fluid,  and  is  then 
received  in  an  inclined  channel,  the  bottom  of  which  gradually 
rises  until  it  passes  over  the  border  or  rim  of  the  vessel  itself. 
I'he  effect  is  found  to  be,  not  only  that  the  stream  itself  passes 
out  of  the  vessel  through  the  channel,  but  carries  along  with 
it  the  fluid  contained  in  the  vessel ;  so  that  after  a  short  tune  no 
more  of  the  fluid  remains  than  was  originally  below  the  aperture 
at  which  the  stream  enters.  This  fact  is  adopted  as  a  principle 
or  primitive  phenomenon  by  the  author,  under  the  denomination 
of  the  lateral  communication  of  motion  in  fluids,  and  to  this  he 
refers  many  important  hydraulic  facts.  He  does  not  undertake 
,  to  give  an  explanation  of  this  principle,  but  shews  that  the  mutual 
attraction  of  the  particles  of  water  is  far  from  being  a  sufficient 
cuui^e  to  acconut  for  it. 


«48  HYDRODYNAMICS.  [BookIV. 


IL  If  tint  part  of  u  addidonid  cjliodrk  tabe  ^^ 
neamt  the  fide  of  the  mervoir  be  conCnictied,  mccmwdmg  iBdht 
ferm  of  the  contnurted  vem  of  fluid  which  iwuet  tliraiq;li  aUe 
of  the  aailie  diameter  in  a  thin  plate,  die  expenditure  wiE  be 
.the  iame  as  if  the  tube  were  not  contracted  at  all|  aailhi 
velocity  of  the  stream  within  this  tube  wilt  be  greater  dutt  tbal 
of  a  kt  through  a  thin  plate  in  the  ratb  of  121  to  lOa 

lit.  The  pressure  of  the  atmosphere  increases  the  nnsMS 
#f  water  through  a  simple  cylindriciu  tube,  wh^  oonripeiea  widi 
diet  which  issues  through  a  hole  in  a  diin  fdate,  ^rhnteier  wmj 
he  the  direction  of  the  tube. 

IV.  In  descending  cylindrical  tubes,  the  npper  ends  of  wUsh 
possess  the  form  of  the  contracted  vein,  the  dischnrgn  ia  anchai 
corresponds  with  the  liei(^t  of  the  fluui  aboro  Ae  inferior  ea- 
trenuty  of  the  tnbe. 

V.  In  an  additional  conical  tube  the  pressure  of  the  atve* 
sphere  increases  the  expenditure  in  the  proportion  of  the 
exterior  section  of  the  tube  to  the  section  of  me  contracted  w% 
whatever  may  be  the  position  of  the  tube,  providled  its  intensl 
figure  be  adapted  throughout  to  the  latersl  communication  of 
motion. 

VI.  In  cylindrical  pipes  the  expenditure  is  less  than  thnntgii 
conical  pipes,  which  diverge  from  the  place  of  the  contracted 
vein,  and  have  the  same  exterior  diameter.  * 

For,  in  the  space  between  the  ioverled  contracted  vein  ad 
the  sides  of  the  cylinder,  eddies,  or  circular  whirls,  are  prodaced, 
as  in  a  basin  which  receives  water  by  a  channel;  and  these  re* 
tard  the  efflux  of  the  stream,  and  produce  a  connsspondii^ 
failure  in  the  effect. 

VII.  By  means  of  proper  adjutages  applied  to  a  given  eytindric 
tube  placed  horixoutally,  it  is  possible  to  increase  the  expen- 
diture of  water  through  that  tube  in  the  proportion  of  24  to  K), 
the  charge  or  height  of  the  reservoir  remaining  the  same. 

For  this  purpose,  the  inner  extremi^  of  the  tube  ad  (fig.  II. 
pi.  XVII.)  must  be  fitted  at  ab  with  a  conical  piece  of  the 
lorm  of  the  contracted  vein ;  this  increases  the  expenditure  as 
12*  I  to  10.  Every  odier  form  will  afford  less.  If  the  diameter 
at  A  be  too  great  the  contraction  must  be  made  beyond  b,  and 
the  section  of  the  vein  will  be  smaller  than  the  section  of  the 
tube.  Secondly,  at  tlie  other  extremity  of  the  pipe  BC  apply  a 
truncated  conical  tube  CD,  of  which  let  the  length  be  neany  nine 
times  the  diameter  c,  and  its  external  diameter  d  must  be  l-8c. 
This  additional  piece  will  increase  the  expenditure  as  94  to  12*1. 
So  that  the  quantity  of  effluent  water  will  be  increased  by  the 
two  adjutages  in  the  ratio  of  24  to  10.  All  this  is  on  the 
bupposiiion  that  the  pipe  bc  has  no  elbows  or  sintiosHies. 
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VIII.  The  expendilureH  out  of  a  straiglit  tube,  a  curred  tube 
ill  a  cjuadranul  arc,  and  an  elbowed  tube  liaving  (be  angle  90°, 
(each  being  posited  lioriiootall^)  are  cat.  par.  nearly  as  70,  50, 
and  Hi, 

IX.  l^ie  internal  roughness  of  a  pipe  diaiinii^bes  Ibe  ex> 
peiiditure,  though  the  friction  of  the  water  against  these  as- 
perities does  not  form  any  coosiderable  part  of  the  cause.  A 
right-lined  tube  may  have  its  internal  surface  highly  polished 
tliroughout  its  whole  lengtfi ;  it  may  every-where  have  a  dia- 
meter greater  than  the  orilice  to  which  it  is  applied;  but^  oot- 
wiihstanding  the  expenditure  will  be  greatly  diminished  if  the 

Sipe  should  have  enlarged  parts,  or  swellings  :  for,  by  reason  of 
leae  sudden  changes  in  the  interior  dimensions  of  the  pipe, 
much  of  the  motion  will  be  consumed  in  eddies.  This,  as  Mi 
Venturi  remarks,  is  a  very  interesting  circumstance,  to  which, 
perhaps,  siifficieut  attention  has  not  been  paid  in  the  construe 
tioo  of  hydraulic  machines.  It  is  not  enough  diat  elbows  and 
contractions  are  avoided;  foril  may  happen,  by  an  intermediate 
enlargement,  that  the  whole  advantage  may  be  lost,  which  majF 
bave  been  procured  by  the  ijigenious  dispositions  of  the  other 
parts  of  the  machine. 

The  above  comfirises  what  to  us  appeared  most  important 
in  M.fenturi's  researches,  relative  immediately  to  the  subject  of 
hydrodynamics.  Those,  however,  who  are  desirous  of  seeing  a 
more  detailed  account  of  this  ingenious  author's  experiments, 
may  consult  Mr.  Nicholson's  translation  of  his  work  "  On  iht 
Lateral  Communicatwn  of'  Motion  in  Fluids,"  sold  by  Taylor, 
Ilolbom. 

Praclical  Conclusions  of  Mr.  Ei/telwein. 

463.  Mr.  Eytelwein  published,  at  Berlin,  in  ISO),  a  treatie* 
entitled  Ha)vibmk  dtr  Mechanik  und  der  Hydraulik;  from  the 
second  part  of  which,  relative  to  hydrodynamics,  we  sh;ill  exlracl 
a  few  particulars. 

I.  In  the  chapter  on  the  motion  of  water  flowing  out  of  i 
reservoirs,  and  on  the  contraction  of  the  stream,  this  pliilosO*  . 
pher  makes  the  area  of  a  section  at  the  distance  of  about  half 
Its  diameter  from  the  orifice  about  ^  of  that  of  the  aperture: 
bence  the  diameter  is  reduced  to  r-  The  quantity  of  water  di»> 
charged  is  very  nearly,  but  not  quite,  sufficient  to  till  this  sectiott 
with  the  velocity  due  to  the  height :  lor,  finding  mure  accurately 
the  quaobty  discharged,  the  uritice  niu^t  he  iiupposed  diminished 
(o  'Giy,  or  nearly  ^.  lltnce  the  square  root  of  the  height  may 
be  multiplied  by  5  instead  of  8  (an  approiimate  root  of  Git) 
for  the  mean  velocity  in  a  simple  orifice. 
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If.  If  we  apply  the  shortest  pipe  that  mil  cause  the  stream 
to  adhere  every-where  to  its  sides,  which  will  require  its  length 
to  be  twice  its  diameter;  the  discharge  will  be  about  fj  of  tbe 
full  quantity,  and  the  velocity  may  be  found  by  taking  6}  for  i 
multiplier. 

HI.  llie  greatest  diminution  is  produced  by  inserting  a  pipe 
so  as  to  project  within  the  reservoir,  probably  because  of  die 
mater  interference  of  the  motions  of  the  particles  approaching 
Its  orifice  in  all  directions:  in  this  case  the  discharge  is  rechcedt 
nearly  to  a  hnlf. 

IV.  A  conical  tube  approaching  to  the  figure  of  the  contrac- 
tion of  the  stream  procured  a  ^discharge  of  *93,  and,  when  its 
edges  were  rounded  off,  a  discharge  of  '98,  calculating  on  its 
least  section. 

V.  Mr.  Eytelwein  is  of  opinion  that  the  assertion  of  Ventori 
(art.  402.  vir.yis  too  strong,  and  observes,  that  where  the  pipe 
IS  already  very  long,  scarcely  any  effect  is  produced  by  the 
addition  of  such  a  tube.  He  proceeds  to  describe  a  number  of 
e)cperiments  made  with  different  pipes,  where  the  standard  of 
e6mparisonis  the  time  of  filling  a  given  vessel  out  of  a  large  re- 
servoir, which  was  not  kept  always  full,  as  it  was  difficult  to^ 
aToid  agitation  in  replenishing  it;  and  this  circumstance  was 
perfectly  indifferent  to  the  results  of  the  experiments.  They 
confirm  th6  assertion  that  a  compound  conical  pipe  may  increase 
the  .discharge  to  twice  and  a  half  as  much  as  through  a  simple 
orifice,  or  to  more  than  half  as  much  more  as  woidd  fill  the 
whole  section  with  the  velocity  due  to  the  height:  but  where  a 
considerable  length  of  pipe  intervenes  the  additional  orifice 
appears  to  have  little  or  no  effect. 

VI.  The  first  chapter  concludes  with  a  general  table  of  the 
coefficients  for  finding  the  mean  velocity  of  the  water  discharged 
by  the  pressure  of  a  given  head  under  difierent  circumstances. 

1.  For  the  whole  velocity  due  to  the  height,  the  coefficient  by 
which  its  square  root  is  to  be  multiplied  is  8*0208. 

2.  For  an  orifice  of  the  form  of  the  contracted  stream,  7*8. 

3.  For  wide  openings,  of  which  the  bottom  is  on  a  level  with 
that  of  the  reservoir;  for  sluices  with  walls  in  a  line  with  the 
orifice ;  for  bridges  with  pointed  piers,  -7*1, 

4.  For  narrow  openings,  of  which  the  bottom  is  on  a  level 
with  that  of  the  reservoir;  for  smaller  openings  in  a  sluice  with 
side  walls;  for  abrupt  projections  and  square  piers  of  biidge?^ 
6-9. 

5.  For  short  pipes,  from  two  to  four  times  as  long  a»  their 
diameter,  6 '6. 

6.  For  openings  in  sluices  without  side  walls,  5*1. 

7.  For  orifices  in  a  thin  plate,  5. 
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VII.  Iq  Ae  chapter  on  the  discharge  by  rectangular  orifices 
in  the  side  of  a  reservoir,  extended  to  the  surface,  this  author 
makes  use  of  the  same  principles  as  we  have  adopted  in  art.  446-. 
and  shews  that  the  quantity  of  water  discharged  may  be  found 
by  taking  two-thirdsof  the  velocity  due  to  the  mean  height,  and 
allowing  for  the  contraction  according  to  the  form  of  the  opening. 

On  comparing  the  factors  here  deduced  by  Eytelwein  from 
his  researches,  with  those  in  our  account  of  Bossut's  experi- 
ments, it  will  be  found  that  there  is  no  very  great  disagreement 
between  them :  though  Bossut's  manifestly  claim  die  preference 
in  point  of  accuracy.  A  further  accounfe»of  Eytel wein's  labours 
(by  Dr.  T.  Youn^)  may  be  seen  in  Nicholson's  Journal,  Nos. 
9, 10.  N.  S. 

Researclies  of  Dr.  M.  Young  and  Mr.  Vince. 

464.  Dr.  Matthew  Youngs  the  late  bishop  of  Clonfort,  paid 
particular  attention  to  the  various  circumstances  connected 
with  the  discharge  of  fluids  from  orifices  of  different  kinds;  but 
he  appears  to  have  been  most  successful  in  his  enquiries  into 
the  cause  of  the  increased  velocity  of  efflux  through  additional 
tubes.  This  chapter  will,  therefore,  be  terminated  by  an  extract 
from  his  paper  in  vol.  VII.  of  the  Transactions  of  the  Royal 
Irish  Academy,  which  contains  some  judicious  remarks  relative 
to  his  own  experiments,  and^pplicable  at  the  same  time  to  some 
experiments  made  by  Mr.  Professor  Vince. 

*'  When  a  tube  mnrs  (fig.  10.  pi.  XVII.)  ii  inserted  into  the 
vessel  ABCD,  it  is  found  that  the  velocity  is  increased  nearly  in 
the  subduplicate  ratio  of  the  length  of  the  pipe;  and  that  it 
approaches  nearer  to  diat  subduj^icate  ratio  according  as  the 
length  of  the  pipe  is  increased.  To  account  for  this  increase  of 
velocity  has  appeared  a  matter  of  some  difficulty,  since  the  water 
cannot  issue  at  rs  with  a  greater  velocity  than  it  enters  at  mn; 
and  it  does  not  appear  how  the  velocity  at  mn  can  be  increased 
by  inserting  a  tube  beneath  it.  In  order  to  explain  the  cause  of 
tliis  effect,  we  are  to  consider  that  the  whole  force  with  which 
the  plate  mn  is  pressed  down  is  the  weight  of  a^columnof  water 
equal  to  emnf  together  with  the  weight  of  a  column  of  air  of 
the  same  base,  reaching  to  the  top  of  the  atmosphere ;  and  the 
whole  force  with  which  it  is  pressed  up  is  the  weight  of  an 
equal  column  of  air,  diminished  by  the  weight  of  a  column  of 
water  equal  to  mnrs ;  therefore  the  actual  force  with  which  the 
plate  mn  is  pressed  down  is  the  weight  of.  a  column  of  water 
equal  to  efrs :  the  velocity  therefore  with  which  the  plate  mn 
will  issue  through  the  orifice  mn  will  be  the  same  as  through 
the  orifice  rs  in  the  .vessel  Abcv;  that  is,  equal  to  the  veloeity 
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vttdi  m  bcftfj  My  wodd 
or:  aad  all  tbe  pbnet  of  witter  m  the  tabe 
wkk  the  Mine  modty ;  for  thej  cannot  drJcenJfartHy 
othcrwite  there  wonld  be  a  iracunm  left  in  the  tdbe, 
prevented  bj  die  upward  picaMue  of  the  atoMiapheie.  And  Ae 
irelocity  of  the  efflaent  water  will  be  the  same,  whatever  be  At 
pteMore  of  the  atmosphere,  provided  the  wei^t  of  m  cohoM  of 
air  of  the  fame  bate  with  rs^and  whoaeheightit  rqwal  to^hatif 
the  atnoqdiere,  be  either  greater  than  or  eqaal  to  tbe 
the  pillar  of  water  mun.  This  might  be  proved  es]^ 
bj  a  vessel  of  water  with  a  pipe  inserted  in  die  bottOM  plaesi 
wnder  an  eahaosted  receiver.  But  as  the  operatioai  of  eshsas* 
tion  is  obstructed  more  bj  die  evaporation  of  wnter  ttom  sf 
mercury,  it  will  be  better  to  use  mercury  in  these  t  ipiiiasiah 
Now  if  p  be  the  defect  of  the  gauge  from  &e  sta«lns<d  aUmd^ 
it  will  measure  die  pressure  of  the  air  on  the  snrfiKe  of  As 
mercury  in  the  vesmJ:  let  a  be  the  altitnde  of  the  nauuni  ia 
die  vessel:  above  the  upper  orifice  of  the  pipe,  and  p  Ac  kngth 
of  the  pipe;  then  thewTOle  force  pressing  downwaida  die  pMe 
of  mercury,  which  is  immediately  in  the  upper  urifice  of  thi 
pipe,  will  be  sd+a;  and  tbe  whole  force  pressing  the 
plate  upwards  will  be  d  —  p  ;  and  the  difference  between 
forces  will  be  the  absolute  force  pressing  the  same  plate  of; 
curv  downwards :  while  d  is  greater  than  p,  this  abaojute  force 
will  consequently  be  equal  to  a+p;  when  d=p,  d—  p  viniihfSi 
and  the  force  pressing  the  plate  downwards  is  =D-f  a=p+a; 
hence  therefore  no  variation  in  the  time  of  the  efflux  will  be 
perceived,  while  the  altitude  of  the  mercury  in  tbe  gauge  is 
e^ual  to  or  less  than  the  difference  between  the  lesffth  of  the 
pipe  and  the  standard  altitude.  When  d  is  less  than  p,  the 
force  upwards  is  also  nothing ;  and  therefore,  as  before,  the 
whole  force  pressing  the  plate  downwards  is  =:d+a;  and  A 
being  given,  it  decreases  according  as  d  decreases ;  and  when 
D  vanishes,  that  is,  when  tbe  receiver  is  absolutely  exhausted, 
tbe  force  becomes  equal  to  A,  and  the  time  of  the  efflux  wiH 
be  the  same  as  if  the  pipe  had  not  been  inserted  in  tbe  botteai 
of  tbe  vessel.  To  try  the  truth  of  these  things  by  experimsiit, 
I  inserted  a  tube  7'8  inches  long  in  a  cylindrical  vessel,  and, 
closing  the  orifice  of  the  pipe,  I  filled  the  vessel  with  mercury 
to  tbe  height  of  6  inches ;  then  placing  tbe  apparatus  under 
the  receiver  of  an  air-pump,  when  the  barometer  waa  at  30 
inches,  and  the  gauge  at  28*5,  the  time  of  the  efflux  waa  96  s^ 
conds }  when  the  experiment  was  repeated  pr^scisely  indie  same 
manner,  but  in  the  open  air,  the  time  of  the  e^ux  was  only  19 
Aeconds.  Now  as  the  gauge  stood  at  28*5,  the  defect  9  w«t 
30-i-88'5^r5,  and  the  pressure  on  tbe  plate  of  meroury  yaf 
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=56+l|=7i;  ill  theopenairthe  pressure  was  =6 +  7*6=  l3-8s;  i 
therefore  the  tairo  of  the  velocity  of  efflitx  in  bath  cases,  whidt  J 
ia  the  same  with  the  reciprocal  ratio  of  the  times,  was  v'7i  t 
VlS-8,  or  as  2-73  to  3-7;  but  S-73  is  to  37  as  ly  to  2 
nearly. 

"  No  diflTerence  was  observed  in  the  limes  of  the  efflux,  wh( 
IB  the  open  air  and  exhausted  receiver,  unless  the  gauge  stood'^ 
higher  thao  22  j  inches ;  (hat  is,  unless  the  height  of  the  inercurf  *] 
in  the  gauge  wan  greater  than  the  ditTerence  between  the  length  1 
fif  the  pipe  and  the  standard  altitude.  In  another  experiment  I 
■when  tlie  gauge  stood  at  21-9,  the  height  of  ihe  barometer  v 
20*9;  the  defect  therefore  was  =  2,  and  the  prt'ssure  =8*  1 
But  ^8=2-828,  and  •/ \•:^■a—S■n  ;  but  2828:  3  1  : :  19  jg**;! 
and  by  cxperiiheut  the  lime  of  the  cffiuit  appeared  to  be  29  I 
seconds.  When  the  efBux  is  made  in  vacuo,  it  is  obvious  to  'J 
observe  ^lat  the  pipe  is  not  iillcd  during  the  efflux,  as  it  is  whilti 
lh«  discharge  is  made  in  the  open  air.  -i 

46.^.  "  Mnce  the  column  of  water  in  the  pipe  mnrs  adds  tiy^ 
the  pressure  which  the  plate  ran  sustains,  by  diminishing  dia'j 
upward  pressure  of  the  uir  through  tlie  pipe,  it  appears  that  itt  j 
produces  this  increase  of  pressure  in  the  plate  mn  alone,  without  H 
producing  any  lateral  pressure  iu  the  water  which  is  on  a  levd '  | 
with  »(« ;  for  it  is  manifest,  that  if  an  aperture  were  made  in '  j 
mB  or  Hc,  the  velocity  of  the  water  issuing  through  it  would  not  j 
be  affected  by  the  insertion  of  the  pipe;  and  consequently  thM  j 
the  plnte  mn,  which  is  immediately  in  the  orifice  of  die  pipe,  i»  't 
ibe  only  one,  on  the  same  level,  whose  tendency  downwards  iitl 
increased  by  the  insertion  of  the  pipe.  Hence  the  particles  of' 1 
water  at  Ihe  edge  of  the  aperture  having  their  perpendiculw  f 
pressure  increased  by  the  weight  of  the  column  mnrs,  without  i 
■ny  increase  of  their  bteral  pressure,  they  will  issue  througb  J 
the  oritice  mn  more  perpendicularly ;  the  sides  also  of  the  tub*  H 
will  obstruct  the  converging  motion  of  the  particles,  and  coosft^l 

Saently,  on  both  these  accounts,  the  quantity  of  water  dtscharge4>l 
irough  a  pipe  tlms  inserted  will  exceed  that  discharged  throughlV 
a  limple  orifice,  in  a  greater  ratio  than  tlie  sub-dupticate  of  tfa*^ 
height  of  the  water.  And  according  as  the  length  of  pipe  increase!^  A 
the  ratio  of  the  quantity  of  water  actually  discharged  by  Cipe>  j 
riment,  to  that  which  should  be  discharged  acconJiug  to  theory^, 
will  increase;  because  the  ratio  of  the  perpendicular  to  tilt' 
horizontal  pressure  increases,  in  the  ratio  of  the  sum  of  ths  ^ 
depth  of  the  vessel,  and  length  of  the  pipe,  to  (he  depth  of  thd  ' 
vessel.   It  follows  therefore,  that  experiments  made  in  this  man-  i 
nar  will  approach  nearer  to  coincidence  with  theory  than  whea  ** 
made  with  a  s'unple  orifice;  except  ettlier  when  the  tube  is  so 
loiig  is  thftt  the  friction  of  the  fiuid  against  the  sides  of  the  tub 
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shall  produce  a  Bensible  effect,  or  when  it  is  so  short  as  not  t& 
be  sufficient  to  give  the  particles  a  vertical  directiaiu  AH 
which  agrees  very  well  witli  the  experiments  made  by  tha 
ingenious  Mr.  Vince,  of  which  he  has  given  us  an  account  m 
the  Phil.  Trans,  for  the  year  1 795.  Thus  he  tells  us,  that  havioc 
inserted  a  tube,  a  quarter  of  an  inch  in  length,  into  a  cylindrical 
veMel  J  2  inches  deep,  he  found  that  the  velocity  did  not  sensibly 
differ  from' that  through  the  orifice;  the  cause  of  which  be  dis- 
covered to  be  this,  that  the  stream  did  not  fill  the  pipe,  but  diat 
the  fluid  was  contracted,  as  when  it  flowed  through  the  timfk 
orifice.  When  the  pipe  was  half  an  inch  long,  inseited  into  a 
vessel  of  the  same  depth  as  before,  the  velocity  of  the  water 
from  the  pipe  and  from  the  orifice,  which  ought  by  theoiy 
to  have  been  as  v^l2*5  to  ^12,  or  49  to  48,  was  by  experi- 
ment found  to  be  neariy  in  the  proportion  of  4  to  3.  Now  if 
the  ratio  of  49  to  48  be  increased  in  the  ratio  of  7  to  6  (becaose 
this  is  the  ratio  of  the  diminution  of  the  velocity  on  account  of 
the  contraction  of  the  vein,  and  this  contraction  either  neariy  or 
entirely  vanishes  in  a  pipe),  we  shall  have,  the  ratio  of  3*57  to  S. 
When  the  pipe  was  an  inch  long,  the  velocity  from  the  pipe 
and  from  the  orifice,  which,  according, to  theory,  ought  to  have 
been  as  ^13  to  ^  12,  or  as  26  to  25,  appeared  by  experiment 
very  nearly  in  the  ratio  of  4  to  S ;  now  if  the  ratio  of  26  to  25  be 
increased  in  the  ratio  of  7  to  6,  we  shall  have  the  ratio  of  3*64 
to  3.  When  he  made  use  of  longer  pipes,  the  velocity  of  the 
effluent  water  by  experiment  approached  nearer  to  that  which 
ought  to  have  been  discharged  according  to  theory;  so  that  in 
long  pipes  the  difference  between  theory  and  experiment,  he 
says,  was  not  greater  than  what  might  be  expected  from  the 
friction  of  pipes,  and  other  causes  which  may  be  supposed  to 
retard  the  velocity.  When  he  inserted  a  pipe  of  the  same 
diameter  with  the  aperture,  which  terminated  in  a  truncated 
cone  fixed  in  the  orifice  (see  the  Philosophical  Transactions, 
for  the  year  1795),  he  expected  that  the  quantity  of  water 
discharged  in  a  given  time  would  have  been  diniinbhed,  because 
the  water,  issuing  through  the  orifice  mn,  would  have  room  to 
form  the  vena  contra  eta  in  the  enlarging  cone ;  but  he  found 
that  the  same  quantity  of  water  was  discharged  as  if  the  pipe 
had  continued  throughout  of  the  same  diameter  with  the  orifice. 
The  reason  of  this  is  manifest  from  what  has  been  said,  for  the 
pressure  of  the  air  will  not  suffer  the  truncated  cone  to  remain 
jiartly  empty,  as  it  would  be  if  the  vena  contracta  were  formed; 
It  will  therefore  continue  full,  and  consequently,  the  water  will 
pass  through  it  in  the  same  manner  as  if  the  water  in  the  cone, 
surrounding  the  pipe  niabn,  were  congealed. 
466.  ^'  Mr.  Vince  likewise  inserted  into  the  bottom  of  the. 
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vessel  a  perpendicular  pipe,  in  form  of  a  truncated  cone,  the 
narrower  part  being  fixed  in  die  orifice,  by  which  he  found  die 
efflux  to  be  increas^  more  dian  if  he  had  inserted  a  cjlindrical 
pipe  of  the  same  length,  whose  diameter  was  equal  to  that  of  the 
narrowest  part  of  the  conical  pipe.  This  effect  may  be  explained 
jon  the  same  principle  by  which  we  accouni  for  the  augment- 
ation of  the  diameter  of  a  vertical  vein  of  water  through  a 
simple  orifice,  when  the  velocity  of  the  afflux  is. considerable. 
For  uhen  a  perpendicular  pipe  is  inserted,  the  velocity  of  the 
discharge  being  considerably  increased,  the  resistance  from  the 
air  .will  hfi  so  likewise;  and  thus  the  diaiQeter  of  the  vein  has  a 
tendency  to  enlarge  itself:  now,  in  |the  widening  cone,  the  pipe 
admits  of  this  augmentation,  at  die  same  time  that  it  increases 
die  velocity ;  but  the  cylindrical  pipe,  though  it  equally  increases 
Ae  velocity,  yet  it  does  not  permit  the  vein  to  enlai^e  itself,  and, 
by  thus  confining  it,  die  efflux  is  obstructed,  and  the  quantity^* 
discharged  in  a  given  time  is  diminished.  Accordingly,  under 
the  receiver  of  an  air-pump,  even  in  a  moderate  degree  of  ex* 
haustioti,  there  is  no  difference  perceived  between  the  velocities' 
with  which  a  fluid  is  discharged  through  a  conical  or  cylindrical  * 
ipipe.** 

For  more  on  this  subject  consult  Mr.  Vince's  paper  m  Phil, 
Tran$.vo\.  Ixxxv.  or  'New  Abrtdgemeni^  vol.  xvii.  p.  466. 
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CHAPTER  III. 


'Ok  the  Eject  (f  Water  upon  the  Motion  of  Water- 
wheels. 


467'  Water-hills  are  d'wtingiuahed  into  four  luixla :  f^inii^i 
miiii,  undenhotmUU,  overthot-mUU,  and  millt  with  hohMmltii 

I  wheels;  of  which,  however,  ifae  latter  kitid  is  by  far  the  ki 
COtniDOD,  beiDg  very  disadvanUgeout  aud  dtficicut  in  point 
atility.     In  a  breBst-milJ  the  water  falls  down  upon  the  wb  .. 

'  at  right-aogles  to  the  fioal-boards  or  buckets  plsceil  kIJ  rooidj 

I   die  wheel  to  receive  it :  if  flout-boards  are  used,  ihe  water  atlty 

'  only  by  its  impulse ;  but  if  backets,  it  acts  alio  by  the  we^t  of, 
water  in  the  buckets  in  the  under  quadrant  of  the  wheel,  which  ' 
is  considerable.  In  the  undershot  wheel  float-boards  on^  an 
used,  and  the  wheel  is  turned  merely  by  the  force  of  the  current 
running  under  it,  and  striking  upon  the  boards.  In  tbeoversfaot- 
whcel  the  water  is  poured  over  the  top,  and  thus  acts  priocipaUj, 
though  not  altogether,  by  its  weight ;  for  the  fait  upon  the  upper 
part  cannot  be  very  considerable,  lest  it  should  dash  the  water 
out  of  the  buckets.     Hence  it  is  evident  that  an  uodershot- 

'  wheel  must  require  a  much  larger  supply  of  water  thui  any 
other;  the  breast-mill  the  next,  unless  the  fall  is  very  great; 

I    uid  an  overshot-mill  the  least. 

It  was  long  believed  that  the  float-boards  of  an  undershot* 
wheel  ought  to  be  so  proportioned  that  when  one  of  them  was 

I  in  a  vertical  position,  or  at  the  middle  of  its  immersion,  tbe  next 
board  should  be  just  entering  the  water:  but  it  is  now  well 
known  that  the  more  float>boards  such  a  wheel  has,  the  grvater 
and  more  uniform  will  be  its  effect.  According  to  the  exp^ 
riments  made  by  M.  Bossut  on  this  subject,  a  wheel  furnished 
with  48  float-boards  produced  a  much  greater  etlect  thau  oiM 
furnished  with  24- ;  and  the  latter  a  greater  effect  than  one  with 
12;  their  immersion  in  the  water  being  equal.  And  the  same 
thing  will  appear  from  some  of  the  experiments  of  Mr.  SmeatoHf 
described  iu  the  fourth  chapter  of  this  book. 


Chap.  III.] 
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It  is,  also,  well  cstabllsbed,  that  in  fiuids,  wbicli  ma;  be  re* 
canted  as  of  indrlimte  extent,  when  a  surface  is  struck  directly  J 
by  &  current,  the  force  of  the  impulsion  ti  cqunl  to  thewdgU 
t^  a  column  of  that  fiuid,  whose  base  is  the  surface  impetYeJ, 
and  altitude  the  height  due  to  the  velocity  of  the  current.   When .  | 
tfie  stream  is  comprized  within  a  canal  whose  section  is  exactly  j 
CKicupied  by  the  surface  struck,  the  altitude  of  t)ie  column  must  I 
be  double  the  height  due  to  the  velocity  with  which  the  im- 
pulsion ia  made.     Hence  the  absolute  measure  of  the  force   ' 
with  which  a  given  flnid,  moving  with  a  given  velocity,  strikes 
■  given  surface,  may  be  essily  ascertained.   Take,  for  example, 
water  moving  with  a  velocity  of  1  foot  per  second,  and  strikli^ 
a  surface  of  a  foot  square.     The  base  of  the  equivalent  column 
is  I*;  its  altitude,  "ST  =  sjl  '^^  weight  of  a  cubic  foot62jlbt.  . 
KToirdupoiB.     Comequently  the  weight  of  the  column  is  1*  X  |j 
-TTT  **  ^-i  =  ■«*  =  Sf '  «''n«a''ly  llb.avoirdupois,  inthe  c; 
of  an  indefinite  fluid.     When  the  fluid  is  confined  to  a  narroW  * 
channel,  the  measure  ia  ^  a  pound.      Hence,  it  appears  that  if  j 
the  several  measures  be  in  feet,  the  force  of  the  direct  impul-  4 
sioQ  in  pounds,  will  be  indicated  either  by  the  proiluct,  or  by  4 
the  half  product,  of  the  surface  struck  into  the  square  of  ths'l 
velocity,  according  aa  t)ie  tluid  is  indefinite  or  definite.  J 

468.  The  varying  force  which  communicates  motion  to  waters  ^ 
wheels,  and  the  resistances  occasioned  by  friction,  tenacity,  UMI'^ 
various  other  causes,  render  the  application  of  the  theory  Wl 
praciiee  in  these  cases  extremely  diHicult.     From  this  reasoit  I 
probably  it  happens  that  the  art  of  constructing  machines  W  1 
be  moved  by  the  force  of  water  has  been  almost  wholly  prac-  4 
tical ;  the  best  improvements  having  generally  been  deduced  I 
from  constant  observation  and  reiterated  experiments.    Sine*  1 
the  theory  of  mechanics  is  confessedly  inadequate  to  the  com*  1 
plete  investigation  of  every  circumstance  in  the  motii>n  of  h^  ff 
draulic  machines,  it  has  been  ihence  supposed  that  the  samil 
laws  of  motion  would  not  extend  to  all  branches  of  mechanical 
but  that  different  principles  were  lu  be  accommodated  to  thc^ 
motion  and  mutual  action  of  different  kinds  of  bodies.     If  thut  j 
were  truly  the  case,  the  science  of  mechanics  would  fall  far  short  i 
of  that  superior  excellence  and  extent  which  it  is  generally  3 
allowed  to  possess.     But  it  is  highly  probable  thai  there  is  a 
kind  of  motion,  whether  of  the  most  simple  or  complicated  dB' 
ture,  but  what  may  be  referred  to  the  same  principles  as  were 
assumed  at  the  commencement  of  this  work  (art  21.) :  and  if 
we  are  not  enabled  to  investigBte  the  efiecU  from  the  data  in 
^very  case  which  can  arise,  the  deficiency  must  not  be  imputed 
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to  tfie  fiwt  Brincaplfli  of  lyfhmifii  but  to  die  wmt  oi 
of  qiplyhg  iour  iaa!tiynw.ric«l  knowlec^e  to  thepeadipr  » 
fCttiBituioes  finder  discwaon;  or  to  pur  inlulky.to  ijadMiM 
compuUitioo  die  TeriouB  ceuset  of  reflislenoe  and  obstrvcdoeli 
ihe  «ovbg  forcei.  For  Uiese  reMoos^  howeror^  we  AaU  Ml 
dwell  long  upon  die  dieory  of  die  moUoo  of  water-wheeb; 
but  ahall  merely  exhibit  a  few  proppntaonay  tha.coniidf ratina 
of  whicb  may  enable  the  Btudent  to  appreciate  more  eacl|f 
fbft  Talue  and  imporfaoce  of  the  .ezpmniental  D^pemncbei  d 
Smealon,  and  some  otfaiur  practkal  wnteie. 

469.  Pbop.  If  a  Mhrtwm  qf  water  impinge  on  thejhwi  harfi 
of  ofi  underihot'-mheeU  and  etcapejrfm  it  tke  very  tnwimmt  efitr 
%t  hu  made  Um  itmaet^  the  ^uwUity  of  mater  mUek  mttrnk 
ipipinges  pganut  tie  wheel  mil  be  to  tie  wkqk  fmamiiigwki^ 
pasees  fyttina gwen  time\  a»  the  d^fereme  beiwpeem  ikevd^ 
cUieiofthe  water  amdofthe  wheel  to  the  abmdmie  uefccily ^ 
themuUer. 

Let  wu  (fiff.  (2.  pi.  XVIII.)  be  die  wheel,  ba  Ae  ainaa 
of  water,  and  let  the  float-board  f  first  receifn  the  impncC  fie* 
the  water  at  p,  and  quit  it  at  c ;  alao'let  dp  be  to  PC  as  lb 
abscJuie  velocity  of  the  watd*  tp  the  jirelocity  of  the  flonMHiard. 
Then,  >vhen  f  arrives  at  c,  the  particle  at  D  will  have  pissed 
at  p.;  and,  taking  d£  =  fc,  all  the  water  in  the  space  de  wiU 
pass  by  the  wheel  without  impinging  against  it :  for  it  cannot 
impinge  on  thie  float  f,  because  that  float  emeigea  fnun  die 
water  at  c ;  neither  can  it  impinge  on  the  .subsequent  floaty  be- 
cause it  has  already  passed  it«  Therefore  the  whole  qoaoti^ 
of  water  which  passes  by  the  wheel  in  a  given  tifue  is  to  that 
which  actually  impinges  against  it,  as  df  to  £P. 

Cor.  1.  Hence  we  may  correct  die  mistake  of  Mr.  Waring^ 
in  his  New  Doctrine  of  Mills,  who  la>s  it  down  as  n  funda- 
mental principle,  that  while  the  stream  is  invariable,  whatever 
be  the  velocity  of  the  wheel,  the  same  number  of  particles  or 
quantity  of  the  fluid  must  strike  it  somewhere  or  other  in  a 
given  time.  See  the  Sd  voL  of  the  Transactioiia  of  the  Ame* 
ricau  Society,  pa^e  144. 

Cor.  2.  Thejorce  of  the  trnpiaging  water  is  as  the  emmre  of 
the  difference  between  the  velocities  of  the  wheel  and  tnewater^ 

For  the  force  is  as  the  relative  velocity  into  the  quandty  of 
impinging  miitter,  and  the  latter  is  manifesdy  a«  t£ie  rdative 
velocity ;  therefore  the  force  wiH  be  as  the  square  of  tbe  reb- 
Uve  velocity. 

470.  Prop.  If  v;  be  a  weight  fastened  to  a  line  which  is 
wound  round  the  horizontal  axis  of  an  under-shot  mater^eDheel, 
A  the  altitude  of  a  column  of  water  emdtdleni  to  theforu  o^ 
the  impact  qfthe  water  on  the  whed,  when  the  wkeeldsfmiescent^ 
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V  the  velocity  with  which  the  water  impinges  an  theftoat^boards^ 
y  the  velocity  of  the  circumference  oj  the  wheel,  r  the  radius  of 
the  wheel,  and  r  the  radius  of  the  axle ;  then  will  the  velocity 


of  the  zpheel  fee  v  =  v  —  y  \/—- 


and 


For  the.  relative  velocity  with  which  the  water  strikes  the 
wheel  is  V— 1?:  whence,  because  the  force  pf  the  stroke  is  as 
the  square  of  the  relative  velocity,  we  have  v* :  (v  —  j?)^  : :  a  :  f, 
the  force  of  the  water  to  turn  Jthe  >v'heel,  when  its  velocity  is  v ; 

F  ac  aj(^  "7"/ *  or  t?  =  y  -r-  V  •  \/  T*     ^"^  ^^  accelerai- 

tioQ  of  the  wheel  will  cease  when  the  force  of  the  water  to  turn 
the  wheel  i^  equal  to  the  force  of  tlie  weight  which  opposes  it; 

that  is,  when  fr  zzwr,  or  f  ==  ~.  Hence,  substituting  this  var 
lue  of  F  for  it  in  the  preceding  value  of  v,  there  results  v  ^ 
V— V  /Xi?  ^^T  ^  velocity  of  the  wheel  \yhen  its  apc^Ieration 

ceases. 

This  conclusion,  it  should  be  observed,  is  true  only  on  the 
hypothesis  that  the  water  escapes  from  the  wheel  as  fas^  as  it 
impinges. 

Cor.  1.  Tlie  expression  f  =  a^^^^V,  found  above,  is  the 

siiaine  in  effect  as  the  expression  f  =f  ^^^^^V  found  in  art.S77. 

II.  Only  we  h^ve  now  made  a  change  in  the  notation,  to  suit 
\i  for  more  easy  recollection  in  the  enquiry  before  us.  Hence, 
pursuing  similar  methods  to  those  adopted  in  the  place  just 
referred  to,  we  may  deduce  similar  practical  inferences;  and 
which,  without  a  repetition  of  die  investigation,  may  be  ex- 
pressed as  below. 

CoR.  2.  If  the  weight  w  vary,  its  momentum  will  be  the 
greatest  possible  when  the  wheel  has  acquired  iis  uniform  velo* 

cj/y,t/w  =  -^. 

Cor.  3.  The  greatest  momentum  generated  in  the  ascending 
weight  will  be  zf  T^^  Av. 

CoR.  4.  When  the  momentum  of  the  ascending  weight  w  u 
a  maximum,  tliat  weight  will  be  ^  of  the  weight  which  woidd, 
if  suspended  from  the  axle,  balance  the  force  of  the  stream. 

PoR.  6.  When  the  momentum  of  the  ascending  weight  if  a 
maximum,  the  velocity  of  the  wheel  wilt  be  i  of  the  absolute 
'  '^'elocity  of  the  stream. 
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Cob.  &  When  the  uniform  velocity  of  the  aeemi&ng  vdjgftl  w 

is  a  maximum,  the  radius  of  the  wheel  will  be  r:  -r^* 

For  the  radius  of  the  wheel  being  b,  and  diat  of  the  azk  r, 
the  uniform  velocity  of  the  ascending  weight  will  be  found  bj 

—  into  the  fraction  —  ;  that  is,  the  vAh 

r  i  m*  , 

city  of  a?  will  be  =  -j  t  —  t    /  -^  :  which^  supponng  b  ^ 

riable,  and  makmg  the  fluxion  s  0,  gives  Br:—. 

47 1 .  Prop.  If  the  velocity  of  the  stream  be  given,  the  gteei* 
esidfect  will  be  us  the  quantity  (f  water  expended. 

rot,  by  cor.  3.  last  prop,  the  greatest  effect  is  as  -^Av;. 
that  is,  since  -^y  is  constant,  the  effect  is  in  a  ratio  compounded 
of  the  force  of  impact  and  the  velocity  of  the  stream :  but  the 
force  of  the  impact  is  as  the  quantity  of  water  expended  and 
vdocity  conjointly ;  consequently  the  effect  is  as  die  quantify 
of  water  expended  and  the  sc^uare  of  the  velocity ;  or,  if  the 
velocity  be  eiven,  as  the  quantity  of  water  expended. 

CoR.  1.  nhen  the  expence  of  water  is  the  same,  thegreatesi 
effect  will  be  as  the  square  of  the  velocity. 

Cob.  2.  The  expence  of  water  being  the  same,  the  effect  wSt 
be  as  the  height  of  the  head  of  water.  '     '    '  - 

For  V  =  \/%Jr  whence  A  oc  v*. 

CoR.  3.  The  aperture  being  the  same,  the  effect  will  be  as 
the  cube  of  the  velocity. 

For  the  effect  is  as  a  (the  quantity  of  water)  into  v' ;  and 
when  the  aperture  is  given  Q  oc  t,  whence,  effect  a  v'. 

472.  Prop.  If  all  the  water  which  passes  by  an  undershot 
wheel  be  supposed  to  impinge  against  it,  the  force  of  the  stream 
will  be  simply  in  the  direct  ratio  of  the  relative  velocity. 

Because  the  number  of  particles  which  strike  the  wheel  in  a 
given  time  is  given,,  whatever  be  the  velocity  of  the  wheel. 
CoR.  1.  According  to  this  hypothesis,  v  the  velocity  of  the  , 

wheel  will  be  equal  to  v  —  v— . 

For,  in  this  case,  we  have  v  :  v  —  t; : :  A  :  f,  whence  «?  nr  v 

—  — ;  which,  by  substituting  for  f  its  value  —,  becomes  t?  =»  v 


AK 


Cor.  2.  Retaining  the  same  hypothesis,  tfvr  vary,  Us  mo^ 
mcntum  will  be  z=:^^  when  it  is  a  maximum. 
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For  ^Dce  the  uniform  velocity  of  the  circumference  of  the 

ivbeeli8=rv ,vvhich,  multiplied  into  — ogives  ^—  -^ 

for  thQ  uniform  veloc.  of  the  ascending  weight  w:  hence  its 

momentum  is  — j-;  which  being  a  maximum  we  make 

its  fluxion  s  0,  considering  w  as  variable,  whence  results  w  = 

Cor.  S.  On  the  same  stippesition^  the  velocity  of  the  wheel 
will  he  half  the  velocity  of  the  stream,  when  the  effect  is  a 
maximum. 

For,  by  cor.  1.  v  =  v  —  -^;  and  in  the  case  of  the  last 
por.  V  aq  ^.     Putting  this  for  t;  in  the  former  equation,  it  is 

transformed  to  v  =  v  —  - —  =  Jv. 

Cob.  4.  Still  retaining  the  same  hypothesis ,  thegreaHat  mo- 
mentum  generated  in  the  ascending  weight  wtU  £«  s=  |  av. 

For  Jv  •  —  =  -^   is  the  uniform  velocity  of  the  asceuding 
weight ;  and  the  weight  moved  w  is,  by  cor.  2«  r:  -^.    Conse- 

sir 
quently  y-  •  —  =:  -J av,  the  momentum. 

SCHOLIUM. 

473.  In  practice,  the  velocity  of  the  wheel  when  die  ma» 
chine  is  in  its  greatest  perfection  will  be  between  one-third 
and  one-half  of  the  velocity  of  the  stream.  For  the  water  does 
not  all  escape  the  instant  after  it  has  m^de  the  impact,  but  is 
confined  by  the  channel  for  some  time :  so  that  the  succeeding 
water,  which  would  otherwise  pass  by  the  wheel  ine£ScaciousIy., 
drives  the  confined  water  against  the  float-boards,  and  therefore 
acts  in  the  same  manner  as  if  it  actually  impinged  against  the 
wheel.  Experiments  shew  that  when  the  most  work  is  done  in- 
a  given  time  the  velocity  of  the  wheel  is  much  nearer  the  half 
than  the  third  of  the  velocity.  See  the  following  chapter^  art 
48S. 

The  discrepances  between  the  results  of  the  experiments  and 
the  conclusions  from  the  preceding  theory  arise,  as  before  sug- 
gested, from  our  ignorance  of  ihe  oofferent  circumstances  which 
afliect  the  motion,  it  may  not  be  amiss  to  point  out  how  the 
investigation  might  be  conducted  supposing  these  fliings  to  be 
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discovered.  To  this  end  let  it  be  considered,  diat  the  moving 
force  will  generally  consbt  of  the  impact,  and  the  w^ght  A 
sach  portion  of  die  water  as  may  tend  to  move  the  wheel  bj 
its  gravity :  thb  entire  moving  force,  whether  detenniaed  hgf 
theory  or  by  experiment,  may  be  denoted  as  before  by  ▲.  AHa 
the  moving  force  whkh  impels  the  circumference  of  the  wheel 
has  been  determiiied,  the  resistance  opposed  to  this  fbree  bmI 
be  found ;  for  oo  the  relation  between  the  moving  force  and 
the  resistance  will  depend  the  acceleration  of  the  machine^ 
•The  resistance  will  arise,  I.  from  inertia*^  This  mayhe-reaifilj 
estimated :  for  let  the  distance  of  the  centre  of  gy  rmlioii  of  the 
wheel  from  that  of  motion  be  g,  the  wheel's  weight  w,  and  the 
other  quantities  as  in  the  general  notation  of  this  chapter,  then 
will  the  inertia  of  the  wheel,  which  resists  the  communicatioD 

•of  motion  to  the  circumference,  be  expressed  by  ^^y  (art-SM); 

cor.  4.)-  And,  in  a  nearly  similar  manner,  the  inertift;.of  any 
parts  of  the  system  may  be  obtained,  knowing  the  weight^  fisure, 
and  position,  by  some  of  the  rules  in  chap.  IV.  of  book  II.. •• 
2.  If  the  machine  be  one  that  raises  water  or  other  weights,  die 
weight  raised,  allowing  for  its  mechanical  effect  on  the  point 
whose  acceleration  is  sought,  must  be  subducted  frook  'the 
moving  force  before  found ;  and  this  will  be  a  constant  quantity. 
S.  There  are  likewise  other  kinds  of  resistance  homogeneal  to 
weight,  viz.  those  of  friction,  tenacity,  &c.  which  vary  in  some 
ratio  of  the  velocity  of  the  machine :  and,  in  order  to  proceed 
with  the  investigation,  the  exact  quantity  of  weight  to  which 
the  friction  is  equal,  when  the  wheel  moves  with  a  given  velo- 
city, must  be  known,  as  well  as  the  variation  of  the  resbtances 
in  respect  of  the  velocities ;  circumstances  which  must  be  de- 
termined by  experiment.  If  then  the  force  equivalent  to  the 
friction,  &c.  be  subtracted  from  the  moving  force,  the  re- 
mainder will  shew  the  moving  power  by  which  the  circimifer- 
ence  may  be  considered  as  actually  impelled ;  and  this,  divided 
by  the  inertia  of  the  mass  moved,  will  give  the  forde  which 
accelerates  the  circumference.  Thus^  if,  when  the  velocity  of 
the  wheel's  circumference  is  v,  the  friction  is  equal  to  the 
weight  Q  applied  at  the  circumference,  and  varies  in  the  nth 
power  of  the  velocity,  we  shall  have  the  force  which  accelerates 
the  circumference^  as  follows : 


U) 


+  w         \    V    /  e*         to  +  wf^  *"  v"(w  +  w)f«* 


whence,  if  x  be  the  space  which  has  been  described  by  the  cir- 
cumference when  the  velocity  is  v,  and  g  =  32^  feet,  the  prin- 
ciples of  acceleration  will  give  us  this  equation : 
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And  from  tUs  if  v  be  ddemiDMl  in  fimclioiii  of  x^  wn/A  Kx^at^ 
«tuit  c|aaiititiesy  the  p^ladlrcoiiiflMiiicitcti  lo  the  ^h^  hmv  I><^ 
asceftaioed.  It  is  onlj  by  taking  all  thf$e  rircum:jtl«nc<«  mto 
the  account  diat  we  cmn  produce  m  exact  ctoncidence  betwtii^u 
theory  and  matter  of  fact.  Farther  obsemtions  may  be  seen 
in  Atwood's  Treatise  on  Motion,  &c.  §  xu 

474.  Prop.  In  My  proposed  overshot^sthttt  io  comp^N  iki 
^ecHxt  weight  offcater  in  ike  buckets* 

An  oTerahot  unloaded  is  considered  as  perfectly  in  emiilibrio 
upon  its  axis :  but  when  it  is  loaded,  the  equilibrium  is  destroy- 
ed ;  because  die  weight  of  the  water  Hes  all  upon  one  moiety  of 
the  circumference,  and  causes  it  to  pro(K>iiderate. 

Let  ACB  (fig.  1.  pL  XV III.)  represent  an  ovcrshot*wheel|  of 
which  the  buclcets  a,  6,  c,  b,  rf,  r ,  ure  loaded  with  water;  And 
let  there  be  supposed  an  eqoal  quantity  of  fluid  w  in  each 
bucket.  Now  the  centre  of  grafity  of  the  bucket  n  being  di- 
rectly over  the  axle  c  of  the  wheel  will  have  no  tendency  to 
give  it  a  rotatory  motion,  but  will  merely  cause  it  to  prrss  more 
iirmly  upon  its  pivots,  just  as  it  would  if  a  weight  ir ,  equal  to 
that  of  the  water  in  the  bucket  a,  hung  directly  uiidenienth  thtt 
axle.  But  the  second  bucket,  whone  centre  of  g^vity  is  A. 
acts  in  the  same  manner  upon  the  wheel  as  woiild  iin  emtal 
weight  1/  hanging  freely  at  the  point/;  consequently  its  rnort 
will  be  proportional  to  tlie  product  w  x  cf  ^  W  x  n\u  ach : 
sind  the  same  will  hold  with  respect  to  the  wrii^ht  in  thn  bu(*krt 
e,  The  water  in  the  buckets  c  and  d  act  in  the  some  mnnni^ 
as  would  the  equal  weii^hts  tf  and  df^  banging  fre<jly  at  the  point 
g ;  their  joint  effort,  therefore,  will  be  proportional  to  '2w  X  r\ 
=iwx  2sin  ^cc.  And  the  water  in  the  bucket  u,  acting  at  the 
extremity  of  the  radius^  M'ill  have  its  effect  proportional  iowx 
sin  90  =:  wvl^  r  being  the  radius  of  the  wheel.  Ileiici*,  I.  if 
there  be  12  buckets  about  the  wheel,  as  in  the  figure^  tlte  arcs 
«6,  be,  CB,  8cc.  will  each  contain  3(f:  and  we  shall  Itave  (0+ 
2sin  S(f  +  2m  60*  +  !)«>-  (0+  I  +  V.1+ 1 )zi^  =S'732aW>8sr- 
for  the  effective  weight  of  the  water  on  the  whecl^  while  its  real 
weight  is  6v :'  so  that  the  real  wesglit  of  the  water  is  to  its  ef- 
fective weight  as  6  to  3*7320508,  or  as  I  to  '(tt'MOts 

2.  If  the  number  of  buckets  were  24^  and  all  suppCMNsd  equally 
full ;  then,  pursoing  a  nmifaur  coitrse,  we  sfaoold  mid  (£siii  Jf/^f 
innW^ +  ^nD  45'' +  ^mG(f  +  2§in  7b*+nn{l(f)  x  tt/» 
7-585754  w,  (or  the  effective  weight  of  water  <m  the  wh^l,  it« 
real  weight  being  i2a::  hence  the  latter  will  be  to  the  tiPtiw$ 
as  12  to  7-585754^  or  as  1  to  -6922 14. 

5.  If  we  snppoee  the  nnmber  of  buckets  to  fie  vi  mf^n^*'^, 
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that  the  weight  may  be  considered  as  eaiully  diffused  oicr  Ac 
semi-circumfereQce  izbn  of  the  wheel ;  tben  will  th«  snni  of  al 
the  efforts  to  turn  the  wheel  be  equal  to  the  sum  of  all  die  di»> 
tances,  as  a  into  all  the  corresponding  weights  at  c ;  that  i^bt 
the  nature  of  the  centre  of  gravity,  as  the  semicir.  aBN  x  cl^  ft 
being  the  centre  of  gravity  of  the  semicircular  arc.  Now  bf 
art.  118,  cA  =  '63662  cb:  consequently^  the  actual  weight 
will  be  to  its  effective  weight  as  arc  £EBN  to  '6S662  x  arc.  AH, 
or  as  1  to  -63662.  This  being  the  ratio  to  which  the  others 
^proximate. 

4*75.  Prop.  In  an  otershoUwhed  the  fMchine  will  kmm  Ae 
greatest  rotatory  velocity  when  the  diameter  of  the  mhed  i$  tw$^ 
thirds  of  the  height  of  the  water  above  the  lowest  pomU  of  the 
wheel. 

If  the  wheel  abn  (fig.  1.  pi.  XVIII.)  revolve  with  avdo- 
city,  such  as  a  body  would  acquire  in  falling  throng  the  ahi* 
tude  X  above  the  upper  part  a  of  the  wheel,  the  water  wUl  M 
into  the  buckets  without  any  impulse,  (because  then  v  —  v =0)^ 
and  produce  its  effect  by  its  weight  only.  Let  &  =s  x  +  «n,  the 
height  of  the  supply  of  water  above  the  lowest  point  k  of  tha 
^eel.  NoWy  aa  we  have  already  observed  in  the  latter  part  ol 
the  preceding  article,  the  sum  of  all  the  effective  forces  of  the 
water,  in  all  the  buckets  of  the  semicircle  abn,  will  be  equal  to 
the  semicircle  obn  x  ck^  k  being  the  centre  of  gravity  of  die 
semicircular  arc ;  that  is,  it  will  be  =  the  quantity  of  water 

flBN  •  — ,  acting  at  the  point  b.     But  kc  =  — '- —  =  —  ; 

cb'  o  *^  are  caw        aem  ' 

consequently,  the  force  of  all  the  water  to  turn  the  wheel  is  ar 

BC 
acB 

2bc,  or  aSf  acting  at  b.  Hencie,  if  bc  r=  r,  the  whole  force  of 
water  oc  r  x  tf  n  =  r  x  (A  —  x).  But  the  velocity  of  the  wheel 
is  \/(2gx) ;  and,  consequently,  the  force  of  the  water  to  pro- 
duce the  rotatory  motion  of  the  wheel  is  =  r  \/2gx  —  (A— jf^ 
this  being  made  a  maximum,  will  require  h^x  -*  2hx^  +  x^  ^ 
max.  or  its  fluxion  h^x  —  Ahxx  -f  Sx^x  =  0,  whence  we  find 
X  =  -j-A.  Consequently  the  height  of  the  supply  of  water  above 
the  upper  part  of  the  wheel  should  be  one-Uiird  of  the  whqle 
height ;  and  the  diameter  of  the  wheel  two-thirds  of  that  hei^t, 
that  the  machine  may  have  its  maximum  velocity. 

Cor.  The  velocity  of  an  overshot-wheel,  when  the  wattf 
produces  its  effect  by  its  weight  only,  and  the  machine  is  in  its 
state  of  greatest  rotation,  is  to  the  velocity  of  an  undershot- 
wheel  as  ^S  to  1,  on  the  supposition  that  all  the  water  escapei 
from  the  undershot-wheel  the  moment  after  it  mak^  hf  inpilct. 


quantity  of  water  abn  •  — ,  acting  at  b  =  quantity  of  water 
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For,  h  beius  the  height  of  the  water,  the  velocity  of  the  oveN 
shot-wheel  will  be  =:  v/fgA>  and  the  velocity  of  the  ondershot^ 
\^igh ;  consequently^  the  former  is  to  the  latter  as  ^-f  to  \/^ 
or  as  ^3  to  1. 

476.  Peg  P.  T/ie  efficacy  of  an  overshoUwheel  is  to  that  of  an 
ufidershot'Wheel,  the  height  of  the  water,  aperture,  and  dia^ 
meter,  being  given,  as  \3  to  6  nearly. 

If  A  be  the  altitude  of  the  column  of  water,  whose  weight  is 
equal  ^to  the  force  of  impact  on  the  undershot-wheel^  when 
quiescent,  since  the  velocity  of  the  wheel  is  equal  to  -f  of  that  of 
the  stream,  (art.  470.  cor.  5.),  we  shall  have  this  analogy,  S*: 
(3—  1/  : :  A  :  ^A,  the  weight  which  is  equivalent  to  the  force 
of  the  stream  when  the  machine  is  in  its  greatest  perfection. 
Whence,  if  v  be  the  velocity  acquired  in  falling  down  the  ahi« 
tude  A,  the  momentum  of  the  wheel  will  be  =^a  x  -j-vr:  Aav 
(art.  470.  cor.  S.),  when  in  its  best  state.  In  the  overshot- 
wheel  the  weight  of  the  water  acting  at  the  circumference  is 
equivalent  to  yA,  and  the  velocity  b  ^/  (-^a)  when  the  machine 
has  its  most  rapid  rotation.  But  \/fgA  =  v  ^^ :  consequently, 
the  momentum  of  the  overshot-wheel  =  -^a  x  v  \/-j.  =i  -f-Av 
^4. ;  and  is  to  that  of  the  undershot-wheel  as  j>\/x  ^^  ^9  ^^  ^ 
^i/S  to  1,  or  as  2*5987  to  1,  or  nearly  as  13  to  5. 

Cor.  In  theory  there  is  no  limit  to  the  weight  which  a  given 
stream  of  water  can  raise  by  means  of  a  water-wheel. 

For  either  the  radius  of  the  wheel  may  be  increased,  or  that 
of  the  axle  diminished,  without  limit.  But  this  is  far  from 
being  the  case  in  practice. 

SCHOLIUM. 

476.  A.  It  must  not  be  concluded^  however,  that  when  an 
overshot-wheel  raises  a  given  weight  a  given  altitude  in  the 
least  time,  the  maximum  of  effect  is  produced.  Bossut  has 
shown  (Hydrodynamique,  tom.  i.  p.  542^-544.)^  that  if  q  be 
the  quantity  of  water  issuing  in  a  second,  and  h  the  height  due 
to  the  velocity  of  the  circumference  of  the  wheel^  the  effect  of 
an  overshot-wheel  varies  as  a  (2r— A).  This  will  manifestly 
be  a  maximum  when  A  vanishes.  Still,  the  conclusion  that 
overshot- wheels  are  the  more  powerful  the  slower  they  move, 
requires  limitations,  which  must  be  prer^^ribed  by  experiment. 
(Vide  art.  481—3.) 

Generally,  to  render  any  hydraulic  machine  the  most  perfect, 
or  capable  of  producing  die  greatest  possible  effect,  it  is  requi- 
site, 1st.  So  to  construct  it  that  the  fluid  shall  lose  absolutely 
all  its  motion  by  its  action  on  the  machine,  or  at  least  that  it 
shall  only  retain  precisely  the  quantity  necessary  to  ensure  its 

VOL.  I.  H  H 
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CHAPTER  IV. 


iccount  of  Mr.  Smeatons  Experiments  on  Water- 
wheels. 

477.  The  late  ingenious  and  experienced  engineer,  Mr. 
John  Smeatoriy  paid  very  great  attention  to  the  construction  of 
mills  and  prater-wheels ;  and  as  his  experiments  and  observa* 
lions  relative  to  these  subjects  were  very  extensive  and  judicious, 
we  trust  a  concise  account  of  his  enquiries  will  be  both  in- 
teresting and  beneficial. 

In  the  5l9t  vol.  of  the  Phil.  Trans.  Mr.  Smeaton  has  given  a 
valuable  paper  on  water-wheels,  of  which  the  following  is  an 
abridgment. 

Havii^  described  the  machines  and  models  used  for  making 
bis  experiments,  he  observes,  that  with  regard  to  poxoer  it  is 
most  properly  measured  by  the  raising  of  a  weight ;  or,  in  9tfaer 
words,  if  Uie  weight  raised  be  multiplied  by  the  height  to  which 
it  can  be  raised  in  a  given  tmie,  the  product  is  the  measure  of 
the  power  raising  it;  and,  of  consequence,  all  those  powers  are 
equal  whose  products  made  by  such  multiplication  are  ecj^ual : 
for,  if  a  power  can  raise  twice  the  weight  to  the  same  height, 
or  the  same  weight  to  twice  the  height,  in  the  same  time  that 
another  can,  the  former  power  may  be  considered  as  double  the 
latter ;  but  if  a  power  can  only  raise  half  the  weight  to  double 
the  height,  or  double  the  weight  to  half  the  height,  in  the  same 
time  that  another  can,  the  two  powers  are  equal.  This,  how*- 
ever,  as  Mr.  Smeaton  remarks, ''  must  be  understood  only  of  a 
slow  and  equable  motion  without  acceleration  or  retardation.'' 
Indeed  this  must  be  looked  upon  merely  as  a  popular  measure, 
or  abridged  representative,  of  easy  comprehension  and  remem- 
brance, and  tolerably  well  adapted  to  the  uses  of  those  engaged 
in  the  constructiou  of  machines,  when  restricted  to  those  cases 
where  the  power  expended  and  .work  performed  are  of  the 
same  kind  as  when  ft  heftvy  body  descends,  and  by  its  prepon- 
dttiance  niaea  another  body ;  but  it  ia  va^ue,  inadequate,  and 
unfit  for  genenil  ftdgpfioBj  fi^r  lAe  fnonfi/y  ^f  moiion  extin- 
guiikid  or  vroitfetfl^  §  ^MUot  qf  'Ae  nreigkt  and 

Mighi^  U  tSfi  iriji^m  ffrntchanical  power 
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reallif  expended j  or  the  mechanical  effect  actually  prodttced;  and 
these  two  are  always  equal  and  opposite.  Mr.  Soieatou's  ^ 
measure,  however,  is  mostly  applicable  to  the  cases  in  which 
he  adopts  it,  and  as  such  it  was  necessary  to  explsun  it,  that  the 
student  might  the  better  understand  die  foundation  of  Mr. 
Smeaton's  rules  and  inferences. 

478,  To  compute  the  effects  of  water-wheels  exactly,  it  is 
necessary  to  kuow  in  the  first  place  what  is  the  real  velocity  of 
die  water  which  impinges  on  the  wheel.  2.  The  quantity  of 
water  expended  in  a  given  time :  and,  3.  How  much  of  the 
power  is  lost  by  the  friction  of  the  machinery. 

1.  With  regard  to  the  velocity  of  the  water,  Mr.  Smeaton 
determined  by  experiments  with  the  machinery  described  in  the 
volume  referred  to,  that  with  a  head  of  water  15  inches  in 
height,  the  velocity  of  the  wheel  is  8-96  feet  in  a  minute.  The 
area  of  the  head  being  105-8  inches,  this  multiplied  by  the 
weight  of  a  cubic  inch  of  water  equal  to  -579  of  an  ounce 
avoirdupois,  gives  61-26  ounces  for  the  weight  of  as  much 
water  as  is  contained  in  the  head  upon  one  inch  in  depth ;  and 
by  further  calculations  derived  from  the  machinery  made  use 
of,  he  computes  that  264*7  pounds  of  water  descend  in  -a  mi- 
nute through  the  space  of  1 5  inches.  The  power  of  the  water, 
therefore,  to  produce  mechanical  effects  in  this  case  wiH  be 
2G4-7  X  15,  or  3970.  From  the  result  of  the  experimmt, 
however,  it  appeared  that  a  vast  quantity  of  the  power  was 
lost;  the  effect  being  only  to  raise  9*375  pounds  to  the  height 
of  135  inches  :  so  that  the  power  was  to  the  effect  as  3970  to 
9-375  X  135  =  1266,  or  as  10  to  3-18. 

This,  according  to  our  author,  must  be  considered  as  the 
greatest  single  effect  of  water  upon  an  undershot-wheel,  where 
the  water  descends  from  an  height  of  15  inches;  but  as  the 
force  of  the  current  is  not  by  any  means  exhausted,  we  must 
consider  the  true  proportion  betwixt  the  power  and  effect  to 
be  that  betwixt  the  quantity  of  water  already  mentioned  and 
the  sum  of  all  the  effects  producible  from  it.  This  remainder 
of  power,  it  is  plain,  must  be  equal  to  that  of  the  velocity  of 
the  wheel  itself  multipUed  into  the  weight  of  the  water.  In  the 
present  experiment,  the  circumference  of  the  wheel  moved 
with  the  velocity  of  3«123  feet  in  a  second^  which  answers  to 
a  head  of  1*82  inches;  and  this  height  being  muldplied  by 
264-7,  the  quantity  of  water  expended  in  a  minute,  gives  481 
for  the  power  of  the  water  after  it  has  passed  the  wheel ;  and 
hence  the  true  proportion  betwixt  the  power  and  the  effect  will 
be  as  3849  to  1266  ;  or  as  1 1  to  4. 

As  the  wheel  revolved  86  times  in  a  minute,  the  velocity  of 
the  water  must  be  equal  to  86  circumferences  of  the  wheel ; 
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\vbichy  according  to  the  dimensions  of  the  apparatus  used 
by  Mr.  Smeaton^  was  as  86  to  30,  or  as  20  to  7. — ^The  greatest 
load  with  which  the  wheel  would  move  was  9lb.  6oz. ;  and 
by  12lb.  it  was  entirely  stopped.  Whence  our  author  con- 
cludes, that  the  impulse  of  the  water  is  more  than  double  of 
what  it  ought  to  be  according  to  theory :  but  this  he  accounts 
for  by  observing,  that  in  his  experiment  the  wheel  was  placed 
not  in  an  open  river,  where  the  natural  current  after  it  has  coovp  ' 
municated  its  impulse  to  the  float  has  room  on  all  sides  to 
escape,  as  the  theory  supposes,  but  in  a  conduit,  to  which  the 
float  being  adapted,  the  water  cannot  otherwise  escape  than  by 
moving  along  with  the  wheel.  It  is  observable,  that  a  wheel 
working  in  this  manner,  as  soon  as  the  water  meets  the  float, 
receiving  a  sudden  check,  it  rises  up  against  the  float  like  a 
M'ave  against  a  fixed  object,  insomuch  that  when  the  sheet  of 
water  is  not  a  quarter  of  an  inch  thick  before  the  float,  yet  this 
sheet  will  act  upon  the  whole  surface  of  a  float  whose  height  is 
three  inches :  and  consequently,  were  the  float  no  higher  than 
the  thickness  of  the  sheet  of  water,  as  the  theory  also  supposes, 
a  great  part  of  the  force  would  have  been  lost  by  the  water 
dashing  over  the  float.   (See  art.  467.) 

479.  Mr.  Smeaton  next  proceeds  to  give  tables  of  the  velo- 
cities of  wheels  with  different  heights  of  water ;  and  from  the 
whole  Reduces  the  following  conclusions  :  1 .  The  virtual  or 
effective  head  being  the  same,  the  effect  will  be  nearly  as  the 

Siiantity  of  water  expended.  2.  The  ex  pence  of  water  being 
le  same,  the  effect  will  be  nearly  as  the  height  of  the  virtual  or 
effective  head.  3.  The  quantity  of  water  expended  being  the 
same,  the  effect  is  nearly  as  the  square  of  the  velocity.  4.  The 
aperture  being  the  same,  the  effect  will  be  nearly  as  the  cube 
of  the  velocity  of  the  water.  Hence,  if  water  passes  out  of  an 
aperture  in  the  same  section,  but  with  different  velocities,  the 
cxpence  will  be  proportional  to  the  velocity ;  and  therefore,  if 
the  expence  be  not  proportional  to  the  velocity,  the  section  of 
the  water  is  hot  the  same.  5.  The  virtual  head,  or  that  from 
which  we  are  to  calculate  the  power,  bears  no  proportion  to 
the  head  water ;  but  when  the  aperture  is  larger,  or  the  velo- 
city of  the  water  less,  they  approach  nearer  to  a  coincidence : 
and,  consequently,  in  the  large  openings  of  mills  and  sluices, 
where  great  quantities  of  waters  are  discharged  from  moderate 
heads,  the  head  of  water,  and  virtual  head  determined  from 
the  velocity,  will  nearly  agree ;  which  is  also  confirmed  by  ex- 
perience. 6.  The  most  general  proportion  betwixt  the  power 
and  effect  is  that  of  10  to  S;  the  extremes  10  to  3*2,  and 
10  to  2*8.  But  it  is  observable,  that  where  tlie  power  is 
greatest;  the  second  term  of  the  ratio  is  greatest  also :  hence 
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Ave  may  allow  the  proportion  subsistiog  id  great  works  to  be  as 
three  to  one.  7.  "nie  proportioo  of  velocity  between  the 
water. and  wheel  is  in  general  about  5  to  2.  8.  There  is  no 
certain  ratio  between  the  load  tfiat  the  wheel  will  carry  at  its 
maximum^  and  what  will  totidly  stop  it ;  though  the  propor- 
tions are  contained  within  die  limits  of  20  to  19,  and  20  io 
15;  but  as  die  effect  approaches  nearest  to  the  ratio  of  20  to 
15,  or  of  4  to  Sf  when  the  power  is  greatest  either  by  increase 
of  velocity  or  quantity  of  water,  this  seems  to  be  the  most  ap- 
plicable to  large  works;  but  as  the  load  that  a  wheel  ought  to 
have  in  dhier|to  work  to  the  best  advantage  can  be  assigned 
by  knowing  the  effect  that  it  ou^ht  to  produce,  and  the  vdocity 
it  ought  to  have  in  producing  it,  the  exact  knowledge  of  the 
greatest  load  it  will  bear  is  of  the  least  consequence  in  practice. 

Mr.  Smeaton,  after  having  finished  his  experiments  on  the 
undershot  mills,  reduced  the  number  of  floats,  which  were  ori- 
ginally 24,  to  12 ;  which  caused  a  diminution^  the  effect,  by 
reason  tiiat  a  greater  quantity  of  water  escaped  between  the 
floats  and  the  floor  than  before :  but  on  adaptmg  to  it  a  circu- 
lar sweep  of  such  a  length  that  one  float  entered  into  die  carve 
before  the  other  left  it,  the  effect  came  so  near  that  of  dia  for- 
mer, as  not  to  give  any  hopes  of  advancins  it  bv  increanng  the 
number  of  floats  beyoiid  24  in  this  particiuar  wheeL 

480.  Our  author  next  proceeds  to  examine  the  power  of 
water  when  acting  by  its  own  gravity  in  turning  an  overshot- 
wheel :  ^'  In  reasoning  without  experiment,''  says  he,  ^'  one  mipht 
be  led  to  imagine,  that  however  different  the  mode  of  application 
is,  yet  that  M'henever  the  same  quantity  of  water  desceudi^ 
through  the  same  perpendicular  space,  the  natural  effective 
power  would  be  equal,  supposing  the  machinery  free  from 
friction,  equally  calculated  to  receive  the  fiill  effect  of  the 

Sower,  and  to  make  the  most  of  it :  for,  if  we  suppose  the 
eight  of  a  column  of  water  to  be  30  inches,  and  resting  upon 
a  base  or  aperture  of  one  inch  square,  every  cubic  inch  of 
water  that  departs  therefrom  will  acquire  the  same  velocity  or 
momentum  from  the  uniform  pressure  of  30  cubic  inches  above 
it,  that  one  cubic  inch  let  fall  from  the  top  will  acquire  in  fall- 
ing down  to  the  level  of  the  aperture :  one  would  therefore 
suppose  that  a  cubic  inch  of  water  let  fall  through  a  space  of 
90  inches,  and  there  impmging  upon  another  body,  would  be 
capable  of  producing  an  equal  effect  by  collision,  as  if  the 
same  cubic  inch  had  descended  through  the  same  space  with  a 
slower  motion,  and  produced  its  effects  gradually.  But,  how- 
ever conclusive  this  reasoning  may  seem,  it  will  appear  in  the 
course  of  the  following  deductions,  that  the  effect  of  the  gra- 
vity of  descending  bodies  is  very  different  from  the  effect  of  the 
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stroke  of  such  as  are  noii-elasticy  though  generated  by  an  equal 
mechanical  power/' 

Having  macie  such  alterations  in  his  machinery  as  were  ne- 
cessary for  overshot-wheelsy  Mr.  S.  next  gives  a  table  of  ex- 
periments with  the  apparatus  so  altered.  In  these  the  head 
was  6  inches,  and  die  height  of  the  wheel  24  inches;  so 
that  the  whole  descent  was  SO  inches ;  the  quantity  of  water 
expended  in  a  minute  was  96y  pounds ;  which,  multiplied  by 
SO  inches^  gives  the  powers2900:  and,  after  making  the 
proper  calculations,  the  effect  was  computed  at  1914  ;  whence 
the  ratio  of  the  power  to  it  comes  to  be  nearly  as  3  to  2.  If» 
however,  we  compute  the  power  from  die  height  of  the  wheel 
only,  the  power  will  be  to  the  effect  nearly  as  5  to  4. 

4Si.  From  another  set  of  experiments  the  following  conclu- 
sions were  deduced : 

1  •  The  effective  power  of  the  water  must  be  reckoned  upon 
the  whole  descent;  because  it  must  be  raised  to  that  height  iu 
order  to  be  able  to  produce  the  same  effect  a  second  time.  The 
ratios  between  the  powers  so  estimated,  and  the  effects  at  a 
maximufnj  differ  nearly  from  4  to  3,  and  from  4  to  2.  Where 
the  heads  of  water  and  quantities  of  it  expended  are  the  least, 
die  proportioa  is  nearly  from  4  to  8 ;  but  where  the  heads  and 
quantities  nre  greatest,  it  comes  nearer  to  that  of  4  to  2 ;  so  that 
by  a  mediiun  of  the  whole,  the  ratio  is  nearly  as  3  to  2.  Hente 
it  appears,  that  the  effect  of  overshot-^wheels  is  nearly  double 
to  that  of  undershot  ones ;  the  consequence  of  which  is,  that 
non^astic  bodies  when  acting  by  dieir  impulse  or  collision 
communicate  only  a  part  of  their  origiiial  impulse,  the  remainder 
being  spent  in  changing  their  figure  in  consequence  of  the 
stroke.  The  ultimate  cdnclusion  is,  that  die  effects,  as  well  as 
the  powers,  are  as  the  quantities  of  water  and  perpendicular 
heights  multiplied  together  respectively. 

2.  By  increasing  the  head,  it  does  not  appear  that  the  effects 
are  at  sUl  augmented  in  proportion ;  for,  by  raising  it  from  3 
to  1 1  inches,  the  eftect  was  augmented  by  less  dian  one-seventh 
of  the  increase  of  perpendicular  height.  Hence  it  follows, 
that  the  higher  the  wheel  is  in  proportion  to  the  whole  descent, 
-  die  greater  will  be  the  effect;  because  it  depends  |ess  upon  the 
impulse  of  the  head,  and*  moite  upon  the  gravity  of  the  watjbr 
ill'  the  buckets :  and  if  we  considier  how  obliquely  the  watbr 
issuing  from  the  head  must  strike  the  buckets,  we  shall  not  be 
act  a  loss  to  account  for  the  litde  advantage  that  arises  from  the 
impulse  thereof,  and  shall  immediately  see  of  how  little  conse- 
quence this  is  to  the  effect  of  an  overshot-wheel.  This,  how- 
ever, as  well  as  other  things,  must  be  subject  to  limitadon ; 
for  it  is  necessary  tblt  the  vetocity  of  the  water  should  be  sotne- 
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the  reservoir  and  ^the  point  where  it  strikes  the  wheel,  added  to 
&at  of  an  overshot,  whose  height  is  equal  to  the  difference  of 
level  between  the  point  where  it  strikes  the  wheel  and  the  level 
6f  the  tail- water. 

482.  In  the  Philosophical  Transactions^  vol.  51,  for  the 
year  1759,  there  is  another  paper  with  experiments  on  mills 
tamed  both  by  water  and  wind,  by  Mr.  Smeaton.  From  those 
experiments  it  appears,  page  129,  that  the  effiects  obtained 
by  the  overshot*wheel  are  frequently  4  or  5  times  as  great  as 
those  with  the  undershot-wheel,  in  the  same  time,  with  the 
same  expence  of  water,  descending  from  the  same  height 
above  the  bottoms  of  the  M'heel;  or  that  the  former  performs 
die  same  effiect  as  the  latter,  in  the  same  time,  w*ith  an  expence 
of  only  one-fourth  or  one-fifth  of  the  water,  from  the  same 
head  or  height.  And  this  advantage  seems  to  arise  from  the 
water  lodging  in  the  buckets,  and  so  carrying  the  wheel  about  b; 
their  weight.  But,  in  page  130,  Mr.  Smeaton  reckons  Ale 
effect  of  overshot  only  double  to  that  of  the  iindershot-whed. 
And  hence  he  infers,  in  general,  ''  that  the  higher  the  wheel 
is  in  proportion  to  die  whole  descent,  the  greater  will  be  tbe 
effect ;  because  it  depends  less  upon  die  impulse  of  the  head, 
and  more  upon  the  gravity  of  the  water  in  the  buckets.  How- 
ever, as  every  thing  has  its  limits,  so  has  this ;  for  thus  much 
is  desirable,  that  the  water  should  have  somewhat  greater 
velocity  than  the  circumference  of  the  wheel  in  coming 
thereon,  other\vbe  the  wheel  will  not  only  be  retarded  by  the 
buckets  striking  the  water,  but  thereby  dashing  a  part  of  it  over 
so  much  of  the  power  is  lost."  He  is  further  of  opinion, 
that  the  best  velocity  for  an  overshot-wheel  is  when  its  cir- 
cumference moves  at  the  rate  of  about  3  feet  in  a  second  of 
time. 

483.  Lastly,  in  the  Philosophical  Trans,  for  1776,  p.  457, 
the  same  author  says,  **  The  velocity  of  the  wheel,  which 
according  to  M.  Parent's  determination,  adopted  by  Desagntiers 
and  Maclaurin,  ought  to  be  no  more  than  j-  of  that  of  die 
water,  varies  at  the  maximum  between  one-third  and  one  half: 
but  in  all  the  cases  in  which  the  most  work  is  performed  iu 
proportion  to  the  water  expended,  aud  which  approach  the 
nearest  to  the  circumstances  of  great  works  when  properly 
executed,  the  maximum  lying  much  nearer  one  half  dian  one- 
third,  one  half  seeming  to  be  the  true  maximum,  if  nothing 
were  lost  by  the  resistance  of  the  air,  the  scattermg  of  the  water 
carried  up  b}  the  wheel,  flcc. 

M.  Bossut  has  detailed,  in  the  second  volume  of  his  va- 
luable Hydrodynamique^  a  variety  of  experiments  in  relation 
to  this  subject.     Most  of  his  results  correspond  with  the  analo- 
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gous  determinations  of  Smeaton.  In  uudershot-wheels  he 
found,  as  has  already  been  observed  in  art.  46 7 ,  that  48  was 
the  most  efficacious  number  of  float-boards.  He  also  found 
that  the  best  portion  of  the  outer  arc  of  the  wheel  to  be  inf- 
roersed,  was  about  24°  54^  in  small  wheels.  When  the  wheeU 
were  large,  as  from  20  to  24  feet  in  diameter,  the  arc  immersed 
raay  extend  from  25  to  20  degrees ;  but  must  not  exceed  the 
latter  quantity. 

It  appears,  likewise,  from  Bossut's  experiments,  that  under- 
shot-wheels are  most  efficacious  when  the  velocity  of  the 
centre  of  impression  of  the  float-board  is  about  two^fths  of  that 
of  the  stream. 

With  regard  to  the  position  of  the  float-boards,  he  found 
that  when  their  number  was  48,  the  construction  was  most  ad- 
vantageous when  they  were  directed  towards  the  centre.  At 
an  inclination  of  8  degrees  with  the  radius  the  effect  was  less ; 
at  an  inclination  of  12  degrees  still  less ;  but  that  at  an  inclination 
of  16  degrees,  the  effect  was  nearly  the  same  as  when  the  float- 
boards  were  directed  to  die  centre.  Of  these  results  he  pre- 
sents the  physical  explication. 

With  respect  to  overshot-wheels  (in  reference  to  which, 
however,  the  experiments  of  this  philosopher  were  but  few),  he 
observed  that  the  velocity  required  for  die  greatest  effect,  was 
to  the  velocity  with  which  the  wheel  would  move  if  the  mill 
p^formed  no  work,  as  S-r?  to  40 j^,  or  nearly  as  i  to  5. 

Many  other  experiments  tending  to  improve  tfab  theory  of 
water-wheels  are  described  by  Mr.  Banks  in  part  IV.  of  hifl 
Treatise  on  Mills.  See  also  a  Memoir  on  the  most  advanta- 
geous Construction  of  Water-wheela  by  Mr.  Mallet  of  Geneva, 
in  Phil.  Trans,  for  1767 ;  and  two  papers  by  ilf.  Lambert  in 
the  Berlin  Memoirs  for  1775. 

An  extensive  chronological  catalogue  of  writings  on  the 
sul^ect  of  Mill-work  in  general,  may  be  seen  under  the  word 
Mill,  in  our  second  volume. 
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PreUminarj/  Remarks  on  the  Mechanical  Properties  qf 

Atmospheric  Air. 

434.  The  term  Pneumaties,  as  well  as  the  word  PNeiimato^ 
logy^  is  derived  from  a  Greek  word  denotiuff  air^  or,  more  nro^ 
perly,  breath:  but  in  their  modern  acceptation  the  terms  diflfer 
widely,  the  latter  denoting  the  science  of  the  intellectual  phe- 
nomena depending  upon  the  operations  or  affections  of  the  mind 
of  man;  while  the  former  relates  to  that  part  of  natural  philo- 
sophy which  treats  of  the  mechanical  properties  of  air,  and  the 
different  elastic  fluids.  Thus  Pneumatics  includes,  as  an  im- 
portant branch,  the  doctrine  of  Aero$tatic$f  common  air  being 
the  most  extensive  and  universal  of  the  fluids  which  possess 
elasticity. 

Previous  to  our  entering  upon  the  theoretic  part  of  this  sci- 
ence, it  will  be  proper  to  relate  some  of  the  most  obvious  and 
natural  experiments  tending  to  prove  the  existence  of  the  dif- 
ferent mechanical  affections  which  are  usually  ascribed  to  the 
air  as  a  body:  to  this  object  we  shall  therefore  appropriate  a 
few  of  the  following  articles. 

485. 1.  Air  is  a  ponderous  fluid  which  surroundn  the  earth. 

For,  that  it  is  a  fluid  is  obvious,  because  its  parts  are  easily 

moved,  and  yield  to  the  smallest  inequality  of  pressure :  and  that 

it  is  ponderous  will  appear  from  the  following  considerations : 

1.  It  always  accompanies  this  globe  in  its  orbit  round  the 
sun,  surrounding  it  to  a  certain  distance,  under  the  name  of  the 
Atmosphere,  which  indicates  the  being  connected  with  the  earth 
by  its  general  force  of  gravity.  It  is  chiefly  in  consequence  of 
this  that  it  is  continually  moving  round  the  earth  from  east  to 
west,  forming  what  is  called  the  trade-wind. 

2.  It  is  in  like  manner  owing  to  the  ^vity  of  the  air  that 
it  supports  the  clouds  and  vapours  which  we  see  constantly 
floating  in  it.  We  have  seen  bodies  of  no  incooiiderable  wetjrflt 
float,  and  even  rise,  in  the  air.  Soap-lmbblea  and  balloons  filled 
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with  inflammable  gas  rise  and  float  in  the  same  manner  as  a  cork 
rises  in  water.  'Diis  phenomenon  proves  the  weight  of  the  air 
in  the  same  manner  that  the  swimming  of  a  piece  of  wood 
indicates  the  weight  of  the  water  which  supports  it* 

3.  But  we  are  not  left  to  these  refined  otMcrvations  for  tht 
proof  of  the  air's  gravity.  We  may  observe  familiar  plieno- 
mena,  which  would  be  immediate  consequences  of  the  suppo- 
sition that  air  is  a  heavy  fluid,  and,  like  other  heavy  fluids, 
presses  on  the  outsides  of  all  bodies  immersed  in  or  surrounded 
by  it.  Thus,  for  instance,  if  we  shut  the  nozzle  and  valve 
hole  of  a  pair  of  bellows,  after  having  squeezed  the  air  out  of 
diem,  we  shall  find  that  a  very  great  force,  e%en  aome  hoadred 
pounds,  is  necessary  for  separating  the  boards.  They  are  kept 
together  by  the  pressure  of  the  heavy  air  which  surrounds  them, 
in  the  same  manner  as  if  they  were  immersed  in  water.  In  like 
manner,  if  we  stop  the  end  of  a  syringe  after  its  pisUm  baa  been 
pressed  down  to  the  bottom,  and  then  attempt  to  draw  up  tbe 
piston,  we  shall  find  a  considerable  force  necessary,  ^iz.  about 
15  or  16  pounds  for  every  square  inch  of  tbe  section  of  the 
syringe.  Exerting  this  force,  we  can  draw  up  tbe  piston  to  the 
top,  and  we  can  hold  it  there :  but  the  moment  we  cease  act- 
ing, the  piston  rushes  down  and  strikes  the  bottom.  It  is  called 
a  suction,  because  we  feel  something  as  it  were  drawing  an  the 
piston ;  but  it  is  really  the  weight  of  the  incumbent  air  preasing 
It  in.  And  this  obtains  in  every  position  of  the  syringe;  be- 
cause the  air  is  a  fluid,  and  presses  in  every  direction.  Nay, 
it  presses  on  the  syringe  as  well  as  on  the  piston ;  and  if  the 
piston  be  hung  by  its  ring  on  a  nail,  the  syringe  requires  force 
to  draw  it  down  (just  as  much  as  to  draw  the  piston  up);  and 
if  it  be  let  go,  it  will  spring  up,  unless  loaded  with  at  least  15 
pounds  for  every  square  inch  of  its  transversa  section. 

4.  Let  the  air  be  exhausted  from  a  glass  vessel,  and  by  means 
of  a  cock  let  the  vessel  be  kept  exhausted ;  if  the  vessel  be 
weighed  while  it  is  exhausted,  and  then  again  when  the  air  is 
re- admitted,  there  \i  ill  be  a  manifest  difference,  exhibiting  the 
weight  of  as  much  air  as  the  vessel  contained. 

5.  f f  a  glass  tube  more  than  3 1  inches  in  length,  one  end  of 
which  is  closed  up,  be  filled  with  mercury,  and  be  held  vertically, 
the  other  extremity  being  immersed  in  a  vessel  of  the  same  fluid, 
then  the  mercury  in  the  tube  will  descend  from  the  upper  ex- 
tremity, and  will  remain  suspended  at  some  altitude  between 
28  and  3 1  inches  from  the  surface  of  the  external  mercury  : 
the  suspension  of  the  mercury  is  occasioned  by  the  pressure  of 
the  external  air  upon  the  surface  of  the  mercury  in  the  vessel; 
when  this  pressure  is  removed  by  placing  the  tube  and  vessel 
imder  a  receiver  and  exhausting  the  air,  the  mercury  will  sink 
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in  the  tttbe,  and  on  re-admitdog  the  air^  will  riae.  This  is  called 
the  Torricellian  experimeut. 

The  initrtjunent  here  iited  is  called  a  Barometer ;  because 
die  weight  of  a  column  of  merctury  whose  base  is  the  orifice  of 
the  tube,  and  altitude  equal  to  that  of  the  mercury  in  the  tube 
above  the  surface  in  the  reservoir,  is  equal  to  the  weight  of  a 
column  of  air  extending  to  the  top  of  the  atmosphere,  and  whose 
base  is  equal  to  the  same  orifice.  And  since  the  weight  of  this 
column  of  quicksilver,  cateris  paribus,  is  as  its  altitude,  it  fol- 
lows that  the  weight  of  the  air  is  proportional  to  the  altitude  of "" 
the  mercury  in  the  barometer. 

The  altitude  at  which  the  mercury  b  sustained  in  the  baro- 
meter above  the  surface  of  the  mercury  in  the  reservoir  is  called 
the  standard  altitude ;  and  will  be  the  same  in  any  number  of 
tubes,  whatever  be  their  bore  or  their  position,  provided  die  tube 
is  not  so  very  slender  as  to  expose  the  mercury  to  a  sensible 
alteration  from  the  capillary  attraction  (art  432.).  The  pres- 
sure of  the  atmosphere  is  equal  to  about  15  lbs.  avoirdupois 
upon  every  square  inch,  at  the  medium  height  of  the  mercury 
in  the  barometer :  for  a  cubic  foot  of  mercury  weighs  about 
13568  ounces,  and  V^*  X  ^H  =  233*6  oz.  =3  14*6  lbs. 

6.  If  a  barometer  tube,  instead  of  being  hermetically  sealed 
at  the  top,  be  closely  covered  with  a  piece  of  bladder,  the  mer- 
cury will  rise  to  the  same  height  as  in  a  common  barometer ; 
but  on  piercing  the  bladder  vrith  a  needle  so  as  to  admit  the 
air,  the  mercury  will  fall :  for  in  this  case  the  weight  of  the  air 
presses  upon  the  mercury  in  the  tube,  and  the  weight  of -these 
two  together  must  obviously  preponderate  over  the  contrary 
pressure,  and  destroy  the  equilibrium. 

486.  II.  The  pressure  of  the  atmosphere  varies  at  different, 
altitudes,  above  the  surface  of  the  earth. 

Let  a  glass  tube,  open  at  both  ends,  be  put  through  a  cork 
into  a  large  phial  containing  a  small  quantity  of  coloured  water ; 
let  the  lower  end  of  the  tube  be  in  the  water;  and  let  the  cork 
and  tube  be  closely  cemented  to  the  neck  of  the  bottle :  then 
blow  through  the  tube  till  the  quantity  of  air  within  the  phial 
is  so  increaised  that  the  water  will  rise  above  the  neck  of  the 
phial.  Let  this  phial  be  placed  in  a  vessel  of  sand,  to  keep  the 
air  within  of  the  same  temperature :  then  will  the  water  stand 
at  different  heights  in  the  tube,  according  to  the  elevation  of  the 

S^ace  where  it  is  set;  whence  it  appears  that  the  pressure  of 
e  atmosphere  varies  at  different  altitudes.     And  the  same- 
thing  vviU  appear  more  dearly  in  a  subsequent  article.    In 
ascending  tfie  moontaiii  of  SnowdeD^  which  is  8720  feet  high^ 
the  barometer  sudIl  3*8  inches.       " 
Hence  the  proportkm  of 


480  PNEUMATICS.  [Book  V. 

earth's  surface  to  that  of  water  may  be  ascertained.  Thus,  if 
the  difference  in  height  of  the  two  places  where  the  abjYe  ex- 
periment is  made  be  52  feet,  and  that  difference  cause  a  varia- 
tion of  7  of  an  inch  in  the  height  of  the  water ;  it  follows,  that 
a  column  of  water  of  t  of  an  inch,  or  -,V  of  a  foot,  is  equipon- 
derant to  a  column  of  air  of  52  feet,  having  the  same  base:  con- 
sequently the  specific  gravity  of  water  is  to  that  of  air  as  52  to 
tV>  or  as  832  to  1. 

487.  Ill*  ^ir  is  elastic,  or  capable  of  compression  andeX' 
pansion. 

Tliis  is  proved  by  various  experiments:  L  By  the  great  ex- 
pansion of  a  small  quantity  of  air  in  a  bladder  apparently  nearly 
empty,  when  the  air  is  removed  from  tlie  external  parts  in  the 
receiver.    2.  By  the  extrusion  of  a  fluid  from  a  glass  bubble, 
by  the  expansion  of  a  bubble  of  air  contained  in  it.     3.  By  the 
expulsion  of  the  white  and  yolk  of  an  egg  through  a  small  hole 
in  the  little  end,  by  the  expansion  of  the  air  contained  in  the 
greater  end.     4.  By  putting  an  almost  emptied  bladder  into  a 
,  small  box,  and  laying  a  proper  weight  on  the  lid,  which,  on  ex- 
hausting the  air,  will  be  raised  up  by  the  expansion  of  the  air  in 
the  bladder.     .5.  Also  a  bladder  filled  with  air,  and  just  made 
to  sink  with  a  weight,  will  upon  exhaustion  soon  rise  by  the  ex- 
pansion of  the  contained  air.     6.  Glass  bubbles  ana  images 
£lled  with  water  so  as  to  make  them  just  sink  in  that  fluid,  will, 
on  exhausting  the  nir  from  the  surface,  rise  to  the  top  of  the 
vessel.     7.  Beer,  cyder,  water,  and  porous  bodies,  emit  great 
quantities  of  air  under  the  exhausted  receiver.     8.  A  shrivelled 
apple,  when  put  under  an  exhausted  receiver,  will  have  its  coat 
distended  by  the  internal  air  so  as  to  look  smooth.     9.  If  the 
open  end  of  a  tube,  whose  other  end  is  closed,  be  immersed  per- 
pendicularly in  water,  the  space  occupied  by  the  air  will  be 
diminished,  as  the  depth  of  the  tube  or  the  upward  pressure  of 
the  water  is  increased  :  or,  if  the  shorter  leg  of  a  bent  tube  be 
closed,  and  mercury  poured  into  the  longer,  the  air  will  be  com- 
pressed in  the  shorter  leg  into  a  space  continually  decreasing  as 
the  quantity  of  pressing  mercury  is  increased ;  and  if  some  of 
the  mercury  be  taken  from  the  longer  leg,  the  air  in  the  shorter 
will  expand  and  occupy  a  proportionably  larger  space.  10.  The 
mercury  may  be  raised  by  the  expansion  of  a  small  quantity  of 
confined  air  to  the  same  height  in  an  exhausted  tube  above  the 
air-pump,  as  that  to  which  it  is  raised  in  the  mercurial  gaiqje  by 
the  pressure  of  the  atmosphere  below  it. 

The  limits  of  the  condensation  and  rarefaction  of  air  by  hu- 
man powers  are  not  ascertained.  Dr.  Hales  found,  that  when 
dry  wood  was  put  into  a  strong  vessel,  which  it  almMt  filkd^ 
and  the  remainder  was  filled  with  water,  die  awellbig  of  the 
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wood,  ocauioned  by  it*  inhibition  of  water,  condensed  the  air 
of  his  gauge  into  the  thooaandth  of  its  original  bulk.  He 
found  mat  pease  treated  in  the  same  way  generated  elastic  air, 
wliich  pressing  on  the  air  in  the  gauge  condensed  it  into  the 
fifteen  hundredth  port  of  its  bulk.  This  is  the  greatest  con- 
densation tliat  has  been  ascertained  with  precision,  althongh  in 
other  experiments  it  has  certainly  been  carried  much  farmery 
but  the  precise  degree  could  not  be  ascertained. 

The  main  use  to  be  made  of  this  observation  at  present  is, 
that  since  we  have  been  able  to  exhibit  air  in  a  density  a  thou- 
sand times  greater  thun  the  ordinary  density  of  the  air  we 
.  breathe,  it  cannot,  as  some  imagine,  be  only  a  difierenl  furm  of 
water;  for  in  ibis  state  it  is  as  dense  or  denser  than  water,  and 
yet  retains  its  great  expansibility. 

Another  important  observation  is,  that  in  every  state  of  dei^ 
sity  in  which  we  find  it,  it  retains  its  perfect  fluidity,  trans- 
mitting all  pressures  which  are  applied  to  it  with  undiminished 
force,  as  appears  by  the  equality  constantly  observed  between 
the  opposing  columns  of  water  or  other  fluid  by  which  it  is 
compressed,  andby  the  facility  with  which  alt  motions  are  per- 
formed in  it  ill  the  most  compressed  states  in  which  we  can 
make  observations  of  tliis  kind,  'litis  fact  is  totally  incomp>- 
lible  with  the  opinion  of  those  who  ascribe  the  elasticity  of  air 
to  the  springy  ramilied  structure  of  its  particles,  touching  each 
other  like  so  many  pieces  of  sjionge  or  foot-balls.  A  coileclioo 
of  such  particles  might  indeed  be  pervaded  by  solid  bodies  with 
considerable  ease,  it'  they  were  merely  touching  each  other,  and 
DOt  subjected  to  any  estenial  pressure.  But  the  moment  such 
pressure  i:>  exerted,  and  the  assemblage  squeezed  into  a  smaller 
space,  each  presses  on  its  adjoining  particles:  they  are  indi- 
vidually compretfsed,  flattened  in  their  touching  surfaces,  and 
before  the  density  it  doubted  they  are  snueezed  into  ilie  form  of 
perfect  cubes,  and  compose  a  mass,  which  may  indeed  propa* 
gate  pressure  from  one  place  to  another  in  an  imperfect  man- 
ner, and  with  great  diminution  of  its  intensity,  but  will  no  more 
be  fluid  than  a  mass  of  soft  clay. 

488.  IV.  The  elastic  force  of  the  air  is  equal  to  the  force  t>f 
compressioa. 

For  if  the  air  be  exhausted  from  an  open  tube  whose  lower 
part  is  immersed  in  a  vessel  con(ainin»;  mercury,  the  uir  within 
ihe  vessel  being  previ^uted  from  escaping,  ilicu  will  lliis  air  by 
its  elasticity  furce  the  mercury  up  the  tubv  very  nearly  tn  tlio 
saine  height  as  it  would  be  raised  by  iho  preMUK^the  umiu- 
iphere.  *  " 

This  proposition  is  sometimes  |) 
litnents  in  ila-  foUtuving  manner:  if  li 
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air  endeavpurs  to  expand  itself  when  it  is  conMsressed  xk  ere  Jot 
than  the  compressing  force,  it  would  yield  atill  further  to  dnt 
force;  if  it  were  greater,  it  could  not  have  yielded  so  fiu*.  Con- 
sequently, when  any  force  has  so  compressed  the  air  diat  it  re- 
mains at  rest,  the  force  of  the  air  arising  from  its  elasticity  cs 
neither  be  greater  nor  less  than  the  compresabg  force :  tluit  ii, 
it  must  be  equal  to  it. 

But  it  must  be  confessed  that,  in  this  case,  the  experimental 
proof  is  the  most  satisfactory. 

489.  V.  The  elasticity  of  air  not  very  different  from  its  m- 
tural  state,  is  inversefyas  the  space  occupied  by  ii. 

1.  Let  a  cylindrical  tube  BC  (fig.  7*  pi.  XI.),  open  at  one  aid 
9,  be  filled  mth  mercury  to  au  altitude  equal  to  bd  before  io- 
^rersion,  and  after  the  immersion  of  b  in  a  basin  of  nicrcuiy, 
the  air,  which  before  occupied  a  space  equal  to  cd,  is  dilated 
through  a  larger  space  as  ca,  and,  if  bn  be  the  standard  alti- 
tude (art.  485.  ¥•),  depresses  the  mercury  from  n  to  a.  Now 
the  elastic  force  of  air  in  its  natural  state,  or  occi4>ying  a  space 
equal  to  cd  (e),  is  to  the  elastic  force  of  air  occupy mg  the 
apace  bd  (e)  as  die  columns  of  mercury  which  they  are  capable 
-i^ihnipporting  (art.  488.);  that  is,  as  bn  to  an  :  but,  it  is  col- 
r  Iscteafrom  experiments,  that  bn:am::ac:gd;  consequently 

jtc:  ODiiEie, 
'^  ^  And  the  same  thing  may  be  otherwise  shewn  by  experiments 
with  bent  tubes. 

Hence,  since  the  density  of  the  air  is  inversely  as  the  magni- 
tude or  space  occupied  (art.  10.),  it  is,  therefore,  as  the  elasti- 
city, or  as  the  compressing  force  (art.  488.) :  so  diat,  putting  d 
for  the  density,  c  the  compressing  force,  e  the  force  of  elasti- 
city, and  s  the  space,  we  have  c  a  D  a  E  a  f .  These  rela- 
tions, however,  are  confined  within  very  narrow  limits,  for  it 
has  been  asserted  that  when  the  air  is  compressed  into  a  space 
only  four  times  less  than  the  space  it  occupies  in  its  natural 
state,  it  does  not  then  vary  inversely  as  the  force  of  compression, 
the  resistance  increasing  much  more  rapidly.  Comment,  Borum. 
vol,  I.  p.  209,  8cc. 

The  experiments  of  Boyle,  Mariotte,  and  Amontons,  were 
not  extended  to  very  great  compressions :  so  that  Cbey  found 
generally  tliat  the  elasticity  of  the  air  was  proportioned  to  its 
density ;  and  the  law  was  long  acquiesced  in,  being  called  the 
Soyiean  law.  But  later  philosophers  have  carried  the  con- 
pressicn  much  further.  Thus  Sulzer  compressed  air  into  f  of 
Its  foruier  dimensions :  the  results  of  his  experiments  are  euo- 
bited  in  the  following  table,  where  the  column  o  shew  thede»* 
siiics^  and  those  marked  £  the  corresponding  elaaticitjbi* 


« 
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l8t  Set. 

2d  Set. 

3d  Set. 

J) 

—  —  .. 

E 

D 

£ 

D 

s 

1-000 

I -000 

1-000 

1-000 

1-000 

1-000 

1100 

1-093 

1-236 

1-224 

1-091 

1-076 

1-222 

1*211 

1-294 

1-288 

1-200 

1-18S 

1-S75 

1*284 

4-375 

i-332 

1-333 

1-303 

1-571 

\'599 

1-466 

1-417 

1-500 

1-472 

1-692 

J -6  69 

1-571 

1-515 

1-714 

1-659 

1-833 

1-796 

1-692 

1-647 

- 

2-000 

1-958 

2-000 

1-964 

2-000 

1-900 

2-(288 

2- 130 

2-444 

2-375 

2*444 

2-392 

2-400 

2-24]l 

3-143 

2-936 

3-143 

S-078 

3-(X)0 

2-79S 

3-666 

3-391 

3-666 

3-575 

4000 

3-706 

1 

4*000 

3-631 

4-444 

4-035 

4-444 

4320 

4-888 

4-438 

5-500 

4-922 

5-500 

5-096 

5-882 

5-522 

7-333 

6-694 

6-000 

5-297 

8-000 

6-8S5 

Other  experiments  for  the  same  purpose  were  instituted  by 
processor  Robison,  the  results  of  which  may  be  seen  below. 


Dry  Air. 

!     Moist  Air. 

1 

Camp.  Air. 

D 

1000 

£ 

D 

£ 

D 

E 

l-()00 

1-000 

lOOO 

1-000 

1-000 

2-000 

1-957 

2-000 

1-920 

2-000 

1-909 

3000 

2848 

3  000 

2-839 

3-000 

2-845 

4-00() 

'i-7;<7 

4-000 

3-726 

4-000 

3-718 

5-50^) 

4  930 

5-500 

5000 

5-500 

5-104 

6S(X) 

5-:j42 

6  000 

5-452 

6-000 

5-463 

7-6*0 

6-490 

7-620 

.  _ 

6-775 

7-620^ 

6-812 

Here  it  appears  again  in  die  clearest  manner  that  die  elatti* 
cities  du  not  increase  so  fkst  is  the  densitiesVwid  the  <fifierencei| 
are  even  greater  than  in  Mr.  Sdbsi'i  > 

The  sec<nid  taUe  tttinluiis  ^  df 

on  fary  damp  air  b  a  li^  it 
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appears  that  the  elasticities  are  almost  preciselt  proportional  to 
the  densities  +  a  small  constant  quantity,  nearly  0*1 1,  deviating 
from  this  rule  chiefly  between  the  densities  1  and  1*5,  withm 
which  limits  we  have  very  nearly  i>  =  e*'*""'.  As  this  air  ii 
nearer  to  the  constitution  of  atmospheric  air  than  the  former, 
this  rule  may  be  safely  followed  in  cases  vrhere  atmospheric 
air  is  concerued,  as  in  measuring  the  depths  of  pits  by  the  ba- 
rometer. 

The  third  table  shews  the  compression  and  elasticity  of  air 
strongly  ini{)rcgriated  witli  the  vapours  of  camphire.  Here  the 
Boylcan  law*  appears  pretty  exact,  or  rather,  the  elasticity  seems 
to  increase  a  little  faster  than  the  density. 

490.  VI.  Heat  increases  the  elasticity  of  the  air^  and  cold 
diminishes  it.     Or,  heat  expands  and  cold  condenses  the  air. 

This  property  is  likewise  proved  by  experience. 

1 .  Tie  a  bladder  very  close  with  some  air  in  it,  and  lay  it  be- 
fore the  fire :  then  as  it  warms  it  will  more  and  more  distend 
the  bladder,  and  at  last  burst  it,  if  the  heat  be  continued,  and 
increased  high  enough.  But  if  the  bladder  be  removed  from 
the  fire,  as  it  cools  it  will  contract  again,  as  before.  Indeed  it 
was  upon  this  principle  that  the  first  air-balloons  were  made  bv 
Montgolfier :  for,  by  heating  the  air  w  ithin  them,  by  a  fire  un- 
derneath,  the  hot  air  distends  them  to  a  size  which  occupies  a 
space  in  the  atmosphere,  whose  weight  of  common  air  exceeds 
that  of  the  balloon. 

2.  Also,  if  a  cup  or  glass,  with  a  little  air  in  it,  be  inverted 
into  a  vessel  of  water ;  and  the  whole  be  heated  over  the  fire, 
ur  otherwise;  the  air  in  the  top  will  expand  till  it  fill  the  glas«, 
and  expel  the  water;  and  part  of  the  air  itself  wiU  foHow,  by 
continuing  or  increasing  the  heat. 

Many  other  experiments  to  the  same  effect  might  be  ad- 
duced* 

The  expansion  of  air,  though  exposed  to  the  same  degree  of 
heat,  is  not  the  same  in  experiments  made  at  different  times; 
owing  to  the  difference  of  density,  coldness,  humidity,  &c.  The 
expansive  force  of  hot  steam  may  exceed  the  force  of  gunpowder 
more  than  30  times,  and  indeed  is  irresistible  when  die  force  is 
mtense.  Hence  it  follows,  that  when  air  is  much  imprq;iiated 
with  water  it  will  possess  an  expansive  power  by  heat,  much 
greater  than  that  of  pure  air.  Whetlier  the  degree  of  ezpannon 
in  pure  air  be  proportional  to  that  of  the  heat  by  which  it  is 
produced,  is  not  known ;  but  it  is  manifest  that  the' variatioii  of 
ttpace  occupied  by  a  portion  of  air  exposed  to  different  ilegrcei 
of  heat  may  be  sufficient  to  convey  a  tolerable  idea  of  the  ac- 
tual quantity  of  heat.  Upon  this  principle,  therefore,  have 
been  constructed  air  thermomcttrs,  to  exhibit  small  varia^oBf 
of  heat. 
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Taking  in  avenge  it  has  befib  found,  l>y  expFtriment,  that  for 
«ach  degree  of  lieat  measured  by  Fahrenheit's  thernrameter, 
mercury,  water,  and  air,  expand  by  the  following  parts  of  tbeir 
own  bulk,  viz. 

Mercury  the  9600th  *) 

Water  .  .  .  6666th  f  part  of  its  own  bulk. 

Air 43Sth) 

In  mercury  the  crtiTesponding  cKpansions  for  1°  gradui^ly 
diminish,  being  expressed  by  -OOOl  177  at'2°  of  the  thermo- 
meter, and  by -0000783  Bt41«":  but  at  12°  the  expansion  cor-' 
responding  1o  a  degree  of  variation  in  heat  is  'OOffl  l60,  and  at' 
lOS^h  is  '0001003,  solhat  between  these  limits  the  vaiiationiu' 
tire  mea'-ure  of  expansion  is  very  trifling.  Taking  into  tlie  eSti- 
niate  the  changes  m  the  cxpansioD,  &c.  the  specific  gravities  of 
rtiese  fluids  at  different  temperatures  have  been  stated  as  below. 
Spec.  gr.,.  of  .ir  -  .  1  I  ^^^  ^  ^^^  .,  _,  jg^,- 
water     -      836    >,.,.,.  ■    ' 


water     •      836 
mercury 


1 1 S6B    \  ""''  ****  thermom.  at   53% 


m"cu„     -   „??!5»dthe'ken.on,..,»-. 
r\   ,1.        •  .    ( when  the  barom.  is  29-5, 

Or  thus,  air    -     -     -  1    k.„dihelher.no.n.  isS5^* 

TeSu^;    "   1.22?   jwhich  are  their  mean  height, 
mercu.y     -   iiz^i    ^     „  this  country. 
Or  thus,  air  -    -  1-201  or  If  \ 

water  -    -      KXX)    Wn  the  last  circumstaaces. 
mercury     -     13592   } 
Or  thus,  air  -    -    -     1*222   '\  nearly  when  the  ba> 

or    -    -  Ijf     rom.  is    -    -    -    30, 

water    -    -      1000  f  and  tliermO' 

mercury     -    13600   *      meter       -    -    -     55. 
On  dii«  subject  the  student  may  advantageously  consult  Ge- 
neral Roy's  paper  in  the  PkU.  Traiit.  vol.  67>     Also  Sir  Geo. 
Shuckburghs  and  M.  De  Luc's  papers  in  the  same  volume; 
ami  Mr.  Oaltou's  Chemical  Philosophy. 

For  the  principal  fonnulc  and  results  of  M.  Biot's  researches 
into  the  dilatations  of  liquids  and  solids  under  difl'erent  tempe- 
ratures, turn  totheinideTHSRKOMETBaindiegd  volumeof 
tliis  work. 

In  permanently  elastic  fluids,  the  law  which  connects  the 
temperature  with  the  eluslicity  in  simple,  the  latter  increasing  in 
a  geometrical  progression  when  lb«  fonuM^tfnttjbe  arith- 
metical.  If  the  elasticity  of  such  a  fiuMf  j|^^HHbitc,  b« 
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denoted  by  unitj,  if  die  number  of  degrees  above  dut  tenpe* 
ratore  be  or,  andydie  elastic  force;  then  is 

/=  (1-876)*®^. 

Or,  log./  =  ^  X  log.  1-376. 

The  law  which  connects  the  elasticity  and  die  expanAon  of 
.aeriform  fluids,  is  different  firom  that  which  regulates  the  elasti- 
city and  expansion  of  vapour,  while  die  latter  remains  in  con** 
tact  with  the  liquid  from  which  it  b  generated.  But  when  the 
communication  between  them  is  cut  off,  die  same  law  is  ob- 
served  by  die  expansion  from  heat  and  the  augmentation  of 
elasticity,  in  both  kinds  of  fluids.  Accordii^  to  the  expoi- 
ments  of  Gay  Lussac,  the  expan^on  b  at  the  rate  of  1*376  to 
1^  for  1 80^  of  Fahrenheit ;  and  for  any  other  temperature  x,  it  is 
*  .  1 

(l-376y®^  or  (1-376)^'^  X  (1-376)',  which  reduces  to (1-0018) 

1-S76)'. 
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Equilibrium  of  Elastic  Fluids. 

♦SI.Prop*  To  investigate  eqiifttions  ttf  equilibrium  for  elastit^ 
Jiniiii. 

Thti  will  he  very  easy,  if  we  consider  that  such  fluids  must, 
from  the  nature  of  perfect  eInsliciLy  (art.  329.),  occupy  a  smaller 
space  in  proportion  as  llie  forces  which  compress  them  arc 
greater,  and  restore  thumselves  to  their  primitive  volumes,  when 
the  action  of  tlie  compressing  forces  cease.  Lei,  then,  p  he  a 
pressure  exerted  upon  a  quantity  of  m  of  the  fluid,  iihose  density 
nTi\p  another  pressure,  m  tlie  mass  ur  volume  tlie  Huid  takes  in 
consequence  of  thi^  pressuie,  and  d  the  density  of  this  mass;  so 
shall  we  have  these  equations : 

PM=^m,  MD=r/id,  and  Pt/=pD (I.) 

When  V~p,  then  m=pi,  as  is  obvious. 
I  TTiese  values  only  give  the  pressures  exerted  upon  a  unit  of 
surface ;  but  if  we  drop  the  conaiderution  of  gravity,  or  any  other 
force  which  may  cause  3  variation  of  density  in  the  different 
parts  of  the  fluid,  we  may  llien  reason  from  the  principles  of 
hydrostatics.  This  granted,  the  pressure  p  exerted  upon  any 
surface  denoted  by  a  will  be 

p=^P,orp=''^P (II.) 

Pressures  being  commonly  valued,  as  we  have  often  seen,  by 
weights,  we  may  represent  that  which  is  exerted  upon  a  unit  of 
surface  by  the  weight  of  a  prism  of  the  name  Huid  whose  height 
will  he  given.  Let  U  be  the  height  corresponding  to  r,  and  A 
lop;  then  we  have  hd  fur  ihe  mass  of  this  prism,  andnngits 
weight  {g  denoting  the  force  of  gravity):  hence  P  =  HDg;  and  in 
like  maimer  p  =  hdg.  Substituting  these  for  p  and  p  in  the 
eijuations  lonrked  (l.J  above,  we  have  Ad=H(J,  and  hn  —  atA, 
^V hence  we  team  thai  ttefl  '  '>f  nun-elastic  Uuids,  demon- 

strated  art.  383,  abtaovM  -^sard  to  elastic  fluids. 


ly  employ  another 
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whose  density  is  S;  and,  by  proceeding  in  a  simUar  manner,  get 
the  following  general  equation  for  the  pressure, 

p=-^  ag9H=  —agin (III.) 

Many  other  equations  might  be  deduced  with  equal  facility; 
but  those  here  given  are  among  the  most  useful. 

492.  Prop.  If  an  elastic  fluid  be  quiescetit,  and  composed  of 
particles  equally  repulsive  at  equal  aistQnceSy  and  at  unequal 
distances,  repelling  each  other  according  to  any  law  of  the  dis- 
tance, its  density  will  be  uniform. 

For  if  the  distances  of  any  two  particles  from  an  intermediate 
particle  be  unequal,  their  repulsive  forces  must  be  unequal, 
and,  of  consequence,  motion  must  ensue;  which  is  contrary  to 
the  hypothesis:  therefore  the  fluid  must  have  its  parUcles  at 
equal  distances,  or  be  uniformly  dense. 

Cor.  If  any  portion  of  an  elastic  fluid  be  uniformly  dcnse^ 
and  equally  compressed  on  all  sides,  it  must  be  quiescent. 

493.  Prop.  If  the  component  particles  of  a  uniform  cubical 
mass  (fa  fluid  repel  each  other,  with  forces  varying  according 
to  any  inverse  or  direct  ratio  of  their  distances  (less  than  tM 
direct  duplicate)  the  fluid  zcill  be  elastic. 

For  the  whole  repulsive  force  of  any  surface  of  the  fluid  is  as 
the  number  of  particles  in  that  surface,  and  the  force  of  cadi, 
or  as  the  number  in  l  the  length  of  that  surface,  into  the  number 
in  B  the  breadth,  into  the  force  of  each  particle;  or,  substituting 
R  for  ilie  whole  repulsive  force  of  the  surface,  i  foi  the  mterral 
or  distance  between  two  contiguous  particles,  and  f  for  the 

force  with  M'hich  they  repel  each  other,  R   will  vary  as  -^. 

Hence,  if  f  vary  in  any  inverse  ratio,  or  any  direct  ratio  less 
than  the  duplicate  ratio  of  1,  k  will  vary  in  some  inverse  ratio  of 
I,  which  is  a  necessary  condition  of  elastic  fluids. 

494.  Puop.  If  the  particles  of  an  elastic  fluid  repel  each  other 
with  forces  varying  inversely,  as  the  nth  ponder  of  their  distances, 

that  is  as  — ,  and  the  compressing  force  c  upon  any  surface  be 

equal  to  its  zchole  repulsive  force  r,  then  trill  c  vary  as  thatpomer 

of  the  density  d  whose  exponent  is  *—-• 

For,  let  a  portion  of  the  fluid  be  contained  in  a  given  cubic 
space,  one  of  whose  faces  is  the  rectangle  of  L  x  B,  the  cmct' 
pressing  force  being  applied  to  that  surface.   Now,  the  nun^ 

of  particles  in  the  given  square  surface  is  as  -^ ;  wad  bytkfjgpH 
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thesis^  the  force  f,  with  which  two  particles  repel  each  other, 
is  as  — :  therefore  the  clastic  force  of  the  fluid,  and  of  conse- 

quence  the  compressive  force  c,  is  as  —  x  —  or  as -,   But 

the  deusiiy  of  the  fluid  contained  in  the  given  cubical  space  is 
inversely  as  the  cube  of  tlie  distance  between  the  centres  of  the 

particles:  tl.at  is,  Da  —  and  la  —  :  whence,  by  substituting 

'  D' 

for  I,  in  the  expression  c  oc  -^^,  we  have  can    3    • 

n  +  2 

CoR.  1.  Conversely,  if  d~3~  vary  as  c,  the  repulsive  force  of 
each  particle,  or  p,  must  vary  as  — . 


d"' 


For  the   quantity  of  matter  b'eing  given,  doc  -^  oc  -j-  and 

n  +  2  ^ 

D    3    will  vary  as :  but  F  varies  as  c  divided  by  the  num- 


ber  of  particles  in  l*,  or  as  c  x  i*,  or  a  d  3     x  i*,  ora  i*-t-i 

1 
or  oc  ---. 
I" 

Cor.  2>  Hence  again  we  see,  since  ii-|-2  must  be  always 
positive  to  make  c  positive,  that  n  must  be  either  some  whole 
positive  number,  or  a  negative  number  less  than  2,  in  order  to 
constitute  a  fluid  (it  particles  which  repel  each  other. 

Cor.  ."j.  li'  water  be  supposed  compressible  in  a  very  small 
degree  (art.  331.),  the  particles  nuist  be  kept  at  a  distance  by 

some  repul-iive  force,  while  d  remains  nearly  constant*     Now, 

w  +  2  3  3 

since  c  oc  d    3    ,  we  shall  have  Da  c  n + 2 ;  in  which,  that  c n + 2 

may  be  nearly  invariable,  n  must  be  a  very  great  number: 
keftce,  according  to  this  hypothesisf  the  repulsive  force  of'  thfi 
particles  of  water  varies  inversely  in  a  very  highpower  oj  their 
distanc  s 

Cor.  4.  When  the  density  of  the  fluid  variea  as  the  force 
which  compresses  it,  or  Dae,  the  expression  caD  3    becomes 

caD  3  and  n=l ;  wbence  F  a-rbecoali^*'  ^^«m 

of  each  particle  is  iDTendy  at  llie  kit^p 
guottt  particles.  *a 
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CoK.  5.  HencCi  because  the  density  of  the  air  is  nearlj  pro- 
portional to  the  force  which  compresses  it  (art.  489*)»  i^  coo- 
stitaent  particles  must  repel  one  another  with  forces  varyii^ 
inversely  as  their  distances. 

Cor.  6.  The  density  of  the  air  varying  as  the  compresaBg 
force,  and  that  perpetually  decreasing  in  ascending  the  atmo- 
sphere, the  density  and  elasticity  of  the  air  also  perpetuaOj 

decrease. 

495.  Def.  a  homogeneous  atmosphere  is  an  atmosphere  sup- 
posed to  be  of  the  same  weight  as  that  which  actually  surroonds 
the  earth}  its  density  being  uniform,  and  every- where  equal  to 
the  density  of  the  air  at  the  earth's  surface. 

496.  Prop.     To  find  the  altitude  of  a  homogeneous  dfMO- 

wphere. 

Let  H  be  the  height  of  the  homogeneous  atmosphere,  its  uni- 
form density  being  d,  the  same  a^  the  density  of  the  air  pressing 
upon  the  mercury  in  the  basin  of  the  barometer;  h  the  height  of 
the  mercury  in  the  barometer  tube,  and  d  the  density  of  dot 
fluid:  then  (art.  491.)  we  have  M=m,  or  HD=A€fy 

whence  h  =  — . 

D 

Now  it  appears  from  article  490,  tiiat  when  the  densities  of 
air  and  mercury  d  and  d  are  as  1 1  and  1S600,  the  height  A  of  the 
mercury  in  the  barometer  is  2  J  feet. 

Hence  h  =  —  =  1252^  =  2781 8  feet,  =  5-268  miles.  So 

that  the  height  of  the  homogeneous  atmosphere  is  rather  more 
than  5}  miles. 

Cor.  If  it  were  not  for  the  changes  of  temperature,  the  height 
H  of  the  homogeneous  atmosphere  would  be  invariable,  for  one 
and  the  same  latitude,  whatever  might  be  the  height  of  the  mercury 
in  the  barometer. 

For  if  dhe  constant,  because  the  specific  gravity  of  air  varies 
as  D  its  density,  and  thb  again  as  h,  the  height  of  the  mercuiy 

I         in  the  tube,  it  follows  that  -  is  invariable,  and  consequently 
H=:  —  is  constant  likewise. 

D 

Another  method  of  ascertaining  the  height  of  the  homogeneous 
atmosphere  b  given  in  the  scholium  at  the  end  of  the  next  pro- 
position. 

49 ?•  Prop.  Supposing  the  force  of  gravity  to  vary  as  the 
nth  power  of  the  distance  from  the  centre  of  tlie  earthy  and  the 
eompressive  force  to  vary  as  the  density,  to  find  the  relation  6e- 
tneeu  the  density  of  the  air  and  the  altitude  above  the  smrfnct  ^' 
the  earth. 


X3 
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Liet  jr  represeat  the  variable  distance  from  the  surface  of  the 
giearth,  the  radius  of  the  earth  being  unity,  d  the  density  of  the 

-air  at  the  distance  x,  and  h  the  height  of  the  homogeneous 
ir  atmosphere.  Now,  since  by  hypothesis  tlie  compressing  force 
I  muies  a^  the  density,  the  flu3Uon  of  the  former  will  vary  as  the 
»  fluxion  of  the  latter:  while,  at  any  distance,  x,  the  fluxion  of  the 

<:oropressing  force  must  vary  as  the  force  of  gravity,  the  density, 
,  and  the  fluxion  of  the  altitude,  conjointly ;  so  that  the  fluxion  of 
J  the  compressing  force  will  be  to  that  of  the  density  in  the 

*  constant  ratio  ofx^dx  to—d,  the  latter  fluxion  having  the  nega- 
tive sign,  because  the  density  decreases  while  the  altitude  in- 

.  creases.     Consequently,  since,  by  the  definition  of  a  homoge- 
neous atmosphere,  H  will  represent  the  compressing  force  at 

*  the  surface  of  the  earth,  we  have  h  :  1 :  ix'dx :  —  d,  whence 

jr*jr  =  — HX  —,  and-^^— p  =  — H«hyp.log.rf+c. 
Now  to  correct  the  fluent  we  must  consider  that,  when  x=  1, 
df=l ;  whence  we  find  c=  — •  for  the  value  of  the  constant 

quantity:  and  the  correct  fluent  is  ■  =  — r  -  —  h.  hyp. 

log.  d.    Hence 

— I       =H.hyp.log.d. 

which  is  the  general  equation  expressing  the  relation  between 
the  altitude  and  the  density. 

Cor.  1.  When  the  force  of  gravity  varies  inversely  as  the 

square  of  the  distance,  n  =  —  2,  and  — -  =h  'hyp.  log.  d, 
becomes  —  —  1  =  h-  hyp.  log.  d.  So  that  if  x  increase  in  har- 
monic progression,  —  ^ill  decrease  in  arithmetic  progression, 

and  consequently  hyp.  log.  d  will  decrease  in  arithmetic  pro-» 
gression. 

Cor.  2.  If  die  force  of  gravity  be  supposed  constant,  n=0, 
and  1  —  r  =:  h*  hyp.  log.  d.  Consequently,  if  x  increase  in  arith- 
metic progressioii,  since  1  *oX  will  then  decrease  in  arithmetic 
progresaiou,  the  bjp.  log.  of  d  will  jccieasu  m  afiiimietie  pro- 
gression. .,     . 

CoR.S.  SJBCftfiakjiiihliiliil  -non 

logirttfasns  m  a  rnmJMifk  ^kmn  W*  Ec 

it  lic^owt  dwi  whn  s  iummm 
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^r**«Mi,  <>^'  li>e  v^ppr.Tm^on  off  ejB&I  cninj. 

Cor.  4.  H^uc^,  x^!uLwsDz  tbe  taxKb^podseni,  ci5i 
t-XK^  aV/re  dtt  tsu^'i  •orfact  will  varr  as  tbe 
rr*kc;r«  of  tbe  deofhjfc*  r^  vei^bts  of  air  »t  thos«  alii 
?rat  ;f  Zf  anc  ^  lieo-^t^  ti«e  ik-ccfitMs  ac  the  heifbts  h  aad  4.  ibs 
y.r^  "^  ior.  D,  aivi  r.  a  ^  ki^.  tf,  tbe  dinernice  a  —  i 3 ~  k^ 

I;  —  ^—  ki^.  f  C?  ioz.  ii—  loz-  i  or  gIoz-— .     And  ii'  s  =C « 

c=  tbe  ^es^hj  al  tbe  earth'!  surface,  then  anj  ahkade  Apit 

tbe  fomee  h  as  tbe  log.  of -^.     Or  g^nerallj  Ifar  kc-  « 


'-   Taric!  ai  tLe  altitude  of  the  one  place  aboTe  uie  oacr, 

V  Led.er  th<  !o«er  place  be  at  :he  surface  of  tbe  eartb  or  xvt: 
ari  r^poo  this  pro|>ertT  *«  founded  the  method  of  i-^uXmn^  ae 
LtzL.*  of  z::cui:*.aizu.  £kC.  b*-  tbe  barometer. 

SCHOLIUM. 

4.'?.  Tlx  p/opcrties  comprised  in  the  preceding  corvQajJei 
are  soBMtimes  proved  bj  mean^  of  tbe  logarilbmic  curre;  ibA 
a?  a  de?cr. ption  of  the  relation  which  obtains  between  the. 
orcir^tes  of  tha:  curve  and  the  deiuit}  of  the  air  will  fumii^h  an 
i^rerab!*:  iliu-'tr^ucn  of  what  is  done  abcve^  such  description  is 
£uSioxc-L 

Let  AEQ  'Ag.  3.  pi.  XVIIL)  repmscnt  a  section  of  a  terrestiial 
}.%n.i sphere  b;.  a  [hr.e  tlirough  its  centre  o,  moxH.  a  vertical 
line,  AK  a  horizoutAl  lice  through  a,  a  point  on  the  earth*s  sur- 
face. Let  this  line  ae  represefU  the  density  of  the  air  at  a  ;  aud 
let  Dii  parallel  to  al  be  taken  to  ae,  as  the  densitv  at  D  to  the 
deii^:!  V  at  a  :  then  it  is  manifest  that  if  a  logistic  or  logaritbmtc 
curve  EHN  be  drawn,  having  ah  for  its  axis,  and  passb^ 
through  the  points  £  and  h,  the  density  of  tbe  air  at  any  other 
pojirt  c  in  the  vertical  am  will  be  represented  by  cg,  tbe 
«jrdinate  to  the  Gur\'e  in  tliat  point:  for  it  is  a  knovn^pnipcffty 
of  this  curve,  that  if  portions  ab,  Ac,  ad,  of  its  axis  M  Iflke^ 
in  arithmetical  progression,  the  ordiuates  ab,  bf,  CO,  wiD  he  ia 
geofnetriral  .progression. 

>\nrither  property  of  this  cur\'e  is,  that  if  EX  OTBS  tonditbl 
riirve  in  k  or  11  the  subtangent  ak  or  D8  is  a  content 
being  the  n)odulu!>  of  the  system  of  logarithms  which  1 
cular  curve  represents.    And  a  third  property  is^^tNH 
iiitfly  extended  area,  aenm  is  equal  to  tbe  ledtt    ' 
tlie  ordinate  at  A  and  tbe  subtangent;  and,  ia  Y^ 
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area  mdhn  above  dh  is  equal  to  tlie  rectangle  sd*dh  or 
K A*  i)H ;  so  that  the  area  lying  above  or  beyond  any  ordinate  is 
proportional  to  that  ordinate.  (See  ^llmeoBon  on  Curve  Lines, 
book  I.  ^5.  Hutton's  Dictionary  art.  Logarithmic  Ctfrrf, 
or  the  Treatise  on  Curve  Lines  at  the  end  of  Robertson's  Conic 
Sections.) 

Now  these  geometrical  properties  of  this  curve  arc  analogous 
to  the  chief  circumstances  in  the  varying  density  of  tlie  atmo- 
sphere, on  the  supposition  of  equal  gravity.    The  area  MBt'K, 
for  instance,  represents  the  whole  quantity  of  the  elastic  fluid 
"which  is  above  b:  for  bf  is  the  density  at  b,  and  bc  is  the  thick- 
ness of  the  stratum  between  b  and  c  ;  whence  bfgc  will  be  as 
the  quantity  of  air  in  that  stratum  :  in  like  manner  cghd  will  be 
as  the  quantity  of  aerial  matter  in  the  Stratum  whose  tliicknessis 
CD  ;  and  the  same  of  their  sums,  or  of  mbfn,  the  whole  area. 
Also,  as  each  ordinate  is  proportional  to  the  area  above  it,  so 
each  density  and  the  quantity  of  air  in  each  stratum,  is  propor- 
tional to  the  quantity  of  air  above  it.     And  again,  as  the  whole 
area  aenm  is  equal  to  the  rectangle  A  elk,  so  the  whole  air  of 
variable  density  above  a  might  bc  contained  in  a  column  ka  of 
the  same  base,  if,  instead  of  being  compressed  by  its  own  weight, 
it  were  without  weight,  and  compressed  by  an  external  forca 
equal  to  the  pressure  of  the  air  at  the  surface  of  the  earth.     In 
this  case  it  would  be  of  the  uniform  density  ae  which  it  has  at 
the  surface  of  the  eurth,  and  would  constitute  the  homogeneous 
atmosphere,  (art.  495.) 

.Hence  we  learn  that  the  height  of  the  homogeneous  atmo- 
sphere is  the  subtangent  of  the  curve  whose  ordinates  are  as  the 
densities  of  the  air  at  different  heights,  on  the  supposition  of 
equal  gravity.  This  curve  is  generally  called  the  atmospherical 
iogarithmic ;  and  its  subtangent,  or  the  height  of  flie  homoge- 
neous atmosphere,  is  the  modulus  of  tlie  system  of  logarithms 
to  which  tlie  curve  corresponds. 

We  have  already  (art.  4U6.)  shewn  how  to  find  the  height  of 
the  homogeneous  atmosphere  by  a  single  observation  upon  the 
barometer :  but  tlie  same  thing  may  be  effected,  perhaps,  more 
accurately  in  a  different  manner.  ^  When  the  mercury  and  the 
air  are  of  the  temperature  32*  of  Fahrenheit's  tliennometer,  and 
the  baromeicar  on  the  nea-tfbore  stands  at  30  inches,  if  we  take  it 
to  a  place  936  feet  higher  it  will  fall  to  29  inches.  Now  in  all 
logarithmic  (Snrvas  hftvldg  ^oal.  ordinates  the  portions  of  the 


aaes  interoepliUMMil|i  nding  pairs  of  ordinates 

arp  proporti09>^^B^B  iiersou  on  Log.  Cnnre,^ 

prop.'  «iik  €01  die  curve  belongiog 

to  OUT  I'lMMiic,  difference  of  the 

loferidiaii.af  \  the  axis  intir- 
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cepted  between  the  ordinates  30  nod  29)  it  -0147233  ;  vheaoe 
^e  have  -0141233  :  -43429448  :  :  935  ;  27600  feet,  or  neailj 
5  j-  miles.  Thiv  determioation  of  the  height  of  the  hoipogeiiepiit 
atmosphere  does  not  quite  correspond  with  the  former;  but  a 
trifling  error  in  measuring  the  alatodes  of  the  mercury  in  the 
barometer  at  the  two  stations  would  cause  all  the  difference. 

499.  All  that  has  gone  before  in  this  scholium  proceeds  on 
the  supposition  of  equal  gravity,  or  the  hypothesis  of  Com  ^; 
whereas  we  know  that  the  weight  of  a  particle  of  air  decreasts 
pa  the  square  of  its  distance  from  the  earth's  centre  incrfjaffti 
conformably  to  Cor.  1 .  Hence  we  see  that  in  order  tbat  a 
superior  stratum  may  produce  an  equal  pressure  at  the  suiftf^e 
of  the  earth  H  must  be  denser,  because  a  particle  of  it  gravitntes 
less.  The  density,  therefore,  at  equal  elevations,  must  be  greater 
than  oq  the  supposition  of  equal  gravity,  and  the  law  of  4uniD«- 
tion  of  density  must  be  different. 

Make  od  :  oa  :  :  oa  :  oc2; 
oc  :  OA  :  :  OA  :  oc; 
OB  :  OA  :  :  OA  :  oi.  Sec.; 
8o  that  o^,  oc,  oi,  OA|  may  be  reciprocals  to  od,  oc,  on,  OA; 
and. through  the  points  a,  6,  c,  d,  draw  the  perpendiculars  ae» 
bff  cgp  dh,  making  them  proportional  to  the  densities  in  A,  b,  c, 
d;  and  suppose  cd  to  be  exceedingly  small,  so  diat  the  d^isity 
Qiay  be  supposed  uniform  through  the  whole  stratum.    Thus 
we  have 

OD'Od  =  OA*,  =  oc-oc 

and  oc  :  od :  :  oi>  :  oc ; 

and  oc  :  oc  —  oD  :  :  od  :  od  —  oc, 
or  oc  :  cd  :  :  od  :  do; 

and  cd  :  cd  :  :  oc  :  od  ; 
or,  because  oc  and  od  are  ultimately  in  the  ratio  of  equality,  wc 
have 

erf  :  CD  :  :  oc  :  oc  :  :  oa*  :  oc*, 
and  erf  =  CD -,  also  erf .  cfif  =  cd  •  c^  •  — .      But  CD  •  c?  • 

oa'  .  , 

—  is  as  the  pressure  at  c  arising  from  the  absolute  weight  of 

tlie  stratum  CD  :  for  this  weight  is  as  the  bulk,  as  the  density, 
antl  as  die  gravitation  of  each  particle  jointly ;  and  CD  expresses 

the  bulk,  eg  the  density,  and  -^  the  gravitation  of  each  particle. 

Tliereft^rc  cd  •  eg  is  as  the  pressure  on  c  arising  from  the  weight 
of  tlie  tratuni  DC.  But  cd  •  eg  is  evidently  the  element  of  ihc 
curviliueal  area  avdie,  formed  by  the  curve  rfghn  and  the  or- 
dinates AE,  bf,  cgy  &c.  mn.  Hence  the  sum  of  all  the  elements, 
such  as  cd/ig,  that  is,  tho  aiea  crnng  below  eg,  will  be  as  the 
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wkole  presrare  on  c,  arising  from  the  gravitation  of  afl  ike  air 
above  it ;  but,  by  the  nature  of  air,  this  whole  pressure  is  as  &< 
density  which  it  produces,  that  is,  as  qs^.  Therefore  the  curve 
Bgn  is  of  such  a  nature  that  the  area  lying  below  or  beyond  any 
ordinate  eg  is  proportional  to  that  ordiiiatie.  This  is  the  pro- 
perty of  the  logarithmic  curve,  and  Egn  is  a  logarithmic  ciirve. 

Moreover,  this  curve  is  equal  to  bgn*  For,  let  b  continually 
approach  to  a,  and  ultimately  coincide  with  it.  It  is  evident 
that  the  ultimate  ratio  of  ba  to  Ab,  and  of  bf  to  bf^  is  that  of 
equality;  and  if  bfk,  iifk,  be  drawn,  they  will  contain  equal 
angles  mth  the  ordinate  ae,  and  will  cut  otf  equal  subtangeuts 
AK,  aJc.  The  curves  bgn,  Egn,  are  therefore  equal,  but  in 
opposite  positions. 

Lastly,  if  OA,  ob,  oc,  od,  &c.  be  taken  in  arithmetical  pro* 
gression  decreannig,  their  reciprocals  OA,  OR,  oc,  OD,  8&c.  will 
be  in  hannonical  progression  increasing,  as  is  well  blown :  but, 
from  the  nature  of  the  logarithmic  curve,  when  oa,  o&,  oc,  ody 
8tc.  are  in  arithmetical  progression,  the  ordinates  ab,  bf,  eg, 
dh,  Sec.  are  in  geometrical  progression.  Therefore  when  oa, 
OB,  oc,  on,  &.C.  are  in  harmonical  progression,  the  densities  of 
the  air  at  a,  b,  c,  d,  &c.  aire  in  geometrical  progression ;  and 
thus  may  the  density  of  the  air  at  all  elevations  be  discovered. 
Thus  to  find  the  density  of  the  air  at  K,  the  top  of  the  homoge* 
neous  atmosphere,  make  ok  :  OA  : :  OA  :  OL,  and  draw  the  or- 
dinate LT,  so  shall  LT  express  the  density  at  K. 

Dr.  Halley  was  the  first  who  observed  the  relation  bet\veen 
the  density  of  the  air  and  the  ordinates  of  the  logarithmic  curve, 
or  common  logarithms.  This  he  did  on  the  supposition  of 
equal  gravity ;  and  his  discovery  is  acknowledged  by  Sir  Isaac 
Newton  in  Princip.  ii.  prop.  22.  schoL  Halley's  dissertation 
on  the  subject  is  in  No.  ]  8 1  of  the  Phil.  Trans.  Newton,  with 
his  usual  sagacity,  extended  the  same  relation  to  the  true  state 
of  tiie  case,  where  gravity  it  as  the  square  of  the  distance 
inversely;  and  showed  that  when  the  distances  from  the  earth's 
centre  are  in  harmonic  progression  the  densities  are  in  geo* 
metric  progrtSi»ion.  He  shows  inde/ed,  in  general,  what  pror 
gression  of  the  distance,  on  any  supposition  of  gravity,  will  pro- 
duce a  geometrical  progression  of  the  densities,  so  as  to  obtain 
a  set  of  lines  oa,  ob,  oc,  od,  &c.  which  will  be  logarithms  of 
the  densities.  Tlie  subject  was  afterwards  treated  in  a  more 
ftimiliar  manner  by  Cotes  in  his  Hydros.  Led.  and  in  his  Har^ 
monia  Me/isurarum ;  also  by  Brooke  Taylor,  Method,  lucre- 
fnent.;  Wolt,  in  his  Aeromeiria ;  Herman,  in  his  Phorono- 
tnia.  Sec.;  auxi,  on  account  of  the  simpliicity  and  elegance  of 
this  method,  it  now  obtains  a  place  in  almost  every  treatise  un 
pneumatics. 
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500.  Prop.  To  determine  the  actual  density  of  the  at»»- 
9fkiric  air  at  any  altitude  above  the  earth's  surjact. 

This  may  be  done  with  the  aid  of  the  equation  in  cor.  L 
art.  497.  but  with  greater  facility  by  means  of  uie  atmosphorieil 
logarithmic,  thus.  By  the  property  in  Emerson's  Tremtise^  re- 
ferred to  in  art.  49B.  say,  as  the  height  of  the  homogencoof 
atmosphere  b  to  the  modidus  of  Briggs's  system,  so  as  the  given 
altitude  in  feet  to  a  fourth  number,  which  in  the  commoa 
tables  is  the  logarithm  of  the  ratio  of  the  density  of  the  air  it 
the  earth's  surface  to  its  density  expressed  by  unity  at  the  pro- 
posed height,  on  the  supposition  of  equal  gravity.  But,  if  we 
attend  to  the  variation  of  gravity,  the  process  will  be  thb. 
Suppose  c  to  be  the  point  at  which  the  density  is  required; 
make,  as  directed  in  the  last  article,  oc :  OA  : :  OA  :  oc,  or  oc : 
OA : :  AC  :  AC,  and  ai;  thus  obtained  will  be  the  height-to  which 
the  density  is  to  be  calculated  by  the  preceding  anuogy,  on  the 
hypothesis  of  equal  gravity. 

Let  us  take  for  an  example  the  height  of  7  miles,  and'con- 
ceive  the  radius  of  the  earth  to  be  4000  miles.     Then  shall  we 

4000x7 

have  oc  (=  4007)  :  oa  (=  4000) :  :  AC  (=  7)  :  ac  =  -jjjj- 

=  6*98'777  miles  =  368951-  feet.  Wherefore,  taking  27600 
feet  for  the  height  of  the  homogeneous  atmosphere,  we  diall 
have 

^7600  :  -43439448  :  :  3689/^4  :  "^SOfigS?, 
which  is  the  common  logaritlim  of  3*80799,  or  S'808  nearly. 
Consequently  tlie  density  of  the  air  at  the  earth's  surface  is  to 
its  density  at  the  altitude  of  7  miles  as  3^  to  I  nearly,  allowing 
for  the  diminution  of  the  force  of  gravity. 

This  result  agrees  nearly  with  experiments.  Thus  Mr.  Cotes 
inferred  from  the  French  experiment  at  the  Puy  de  Dome,  tliat 
at  the  altitude  of  7  miles  the  air  was  rather  more  Uian  4  times 
rarer  than  at  the  surface  oi^  the  earth :  but  from  the  ex  peri* 
meats  of  Mr.  Caswell,  at  Snowdeu,  he  concluded  that  at  die 
same  altitude  of  7  miles  the  air  was  not  quite  four  times  rarer 
than  at  the  surface.  And  Sir  Isaac  Newton,  in  the  last  edition 
of  his  Optics,  states  it  as  4  times  rarer  at  the  hei(;ht  of  7^  miles  : 
which,  properly  reduced,  gives  3*86  for  the  comparative  rarity 
at  7  miles. 

501.  Returning  to  the  hypothesis  of  equal  gravity,  we  may 
readily  find  an  equation  for  the  altitude,  which  shall  include 
the  changes  in  temperature.  Thus,  let  D  and  d  represent  the 
density  of  the  air  at  any  two  places,  measured  by  the  column 
of  mercury  in  the  barometer :  then,  since  the  difference  of  alti- 
tude a  (art.  497.  cor.  4.)  is  always  as  log.  — ,  assume  A,  so 
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that  a=ih  X  log.  -j ,  where  h  will  be  of  one  constant  value  for 

all  altitudes :  and  to  determine  that  value  let  a  case  be  taken 
in  which  we  know  the  altitude  a  corresponding  to  a  known, 
density  c{;  as,  for  instance,  take  a  =s  1  foot,  or  1  inch,  or  some 
such  small  altitude ;  then,  because  the  density  d  may  be  mea- 
sured by  the  pressure  of  the  atmosphere,  or  the  uniform  column 
of  27600  feet,  when  the  temperature  is  55*;  therefore  27600 
feet  will  denote  the  density  d  at  the  lower  place,  and  27599 
the  less  density  (/  at  1  foot  above  it ;  consequently  1  =  A  x  log. 

— -- ;  which,  by  the  nature  of  logarithms,  b  nearly  as  A  x 

87600  '  ^  636M  "^^'j >  *"^  hence  A  =:  63551  feet;  which 
gives,  for  any  altitude  in  general,  this  theorem,  viz.  a  n 
63551  X  log.  -r,  or  =  63551  X  log.  —  feet,  or  10592  x  log.  — 

O  fit  M 

fathoms ;  where  M  is  the  column  of  mercury  which  is  equal  to 
the  pressure  or  weight  of  the  atmosphere  at  the  bottom,  and  m 
that  at  the  top  of  the  altitude  a ;  and  where  m  and  m  may  be 
taken  in  any  measure,  either  feet  or  inches,  8cc. 

This  formula  is  adapted  to  the  mean  temperature  of  the  air 
55*  of  Fahrenheit's  thermometer:  but  it  has  been  found  by  the 
experiments  of  Sir  Geo.  Shuckburgh  and  Gen.  Roy,  that  for 
every  degree  of  the  thermometer  different  from  551°  the  altitude 
a  will  vary  by  its  435th  part :  hence  if  we  would  change  the 
factor  h  from  10592  to  10000,  because  the  difference  592  is  the 
18th  part  of  the  whole  factor  10592,  and  because  18  is  nearly 
the  24th  part  of  435 ;  tlierefore  the  change  of  temperature  an- 
swering to  the  change  of  the  factor  h  is  24%  which  reduces  the 

55"^  to  3r.     So  that  a  &s  10000  X  log.  -^  fathoms  is  the  easiest 

expression  for  the  altitude,  and  answers  to  the  temperature  of 
31°,  or  very  nearly  die  freezing  point:  and  for  every  degree 
above  that  the  result  must  be  increased  by  so  many  times  its 
435th  part,  and  diminished  when  below  it. 

This  method  was  first  given  by  Dr.  Hutton,  under  the  article 
Jtmosphere,  in  his  Mathematical  Dictionary. 

It  is  obvious  that  the  relation  between  the  altitudes  of  places 
and  the  heiehts  of  mercury  in  the  barometer,  is  not  exactly  the 
same  in  alllatitudes.  For  according  as  the  action  of  ^vity  is 
greater  or  less,,  a  column  of  mercury  of  gjven  height  will  weigh 
more  or  less,  and  consequently  the  air  suj^cted  to  that  pressure 
will  be  more  or  less  compressed.  We  have  seen  (art.  286.) 
that  if  gravity  at  the  eardi'^t  surface  under  A*  «•-"->  ^^  ^"i*, 
foe  measured  by  unityi  that  at  any  ^ 
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pressed  l>y  i  —  '00£8S7  cos  2X :  the  density  of  the  air  at  the 
earth's  surface  will  vary  ih  die  same  ratio.  This  will  cause  i 
amall  correction  of  the  computed  altitude,  in  different  latitodeSy 
iiever  exceeding  frr  ^^  ^uch  altitude.  Thus,  at  OP.  •  •  corr  ^-ttti 

W.  .  .  +  :,|t,    20^- •  •  +  tItT,     30^..+TtT,     40*...    +T7lW, 

45  •  • .  Oy  SO  •  •  •  -"  ttttttj  6(jr , . ,  —  y^p  ii/ . .  .  —  ttt>  80  ... 
**  TTT9  ^0^•  •  —  TTa<  For  intermediate  latitude9  the  correc- 
tiQii  may  readily  be  computed. 
•  A  correct  and  extensive  table  of  the  coinparative  rarity  aai 
expansion^  density  and  compression,  of  air  at  different  altitndM^ 
assuming  the  homogeneous  atmosphere  at  29726  feet,  and  li^ 
lowing  for  the  variation  of  gpvity^  is  inserted  at  p.  253  gf  Hct 
sham's  Lectures. 
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CHAPTER  II. 


On  the  Admeasurement  ofAlHtudes  by  the  Barometer 

and  TJiermometer. 


502.  Pascal  and  Descartes  biatecl  that  if  a  barometer 
were  carried  to  a  higher  situation  the  quicksilver  would  sink  in 
tlie  tube ;  and  the  fact  was  verified  by  M.  Perier.  But  the 
admeasurement  of  altitudes  by  means  of  the  barometer  was  first 
distiuctly  suggested  by  Dr.  Haliey,  in  a  paper  in  No.  181  of  the 
Philosopliical  Transactionsi  to  which  we  have  before  referred 
(art.  499.).  He  there  states  that,  according  to  experiments 
shewn  before  the  Royal  Society,  when  the  barometer  stood  at 
30  inches,  and  in  a  mean  state  of  heat  and  cold,  the  specific 
gravity  of  air  was  to  that  of  water  as  1  to  800 ;  and  then  pro* 
ceeds  as  follows :  '^  By  the  like  trials  the  weight  of  mercury  to 
water  is  as  13^  to  1,  or  very  near  it;  so  that  the  weight  of 
mercury  to  air  is  as  10800  to  1>  and  a  cylinder  of  air  of  1080O 
inches  or  900  feet  is  equal  to  an  inch  of  mercury ;  and  were 
the  air  of  an  equal  density  like  water,  the  whole  atmosphere 
would  be  no  more  than  5^^^  miles  high ;  and  in  the  ascent  of 
every  900  feet  the  barometer  would  sink  an  inch.  But  the  ex- 
pansion of  the  air  increasing  in  the  same  proportion  as  the 
iucumbent  weight  of  the  atmosphere  decreases,  that  is,  as  the 
mercury  in  the  barometer  sinks,  the  upper  parts  of  the  air  are 
much  more  rarefied  than  the  lower,  and  each  space  answering  t^ 
an  inch  of  quicksilver  grows  still  larger,  so  that  the  atmosphere 
must  be  extended  to  a  much  greater  height.  Now,  on  these 
principles,  to  determine  the  height  of  the  mercury  at  any 
assigned  height  in  the  air,  and  e  contra^  having  the  height  of  the 
mercury  given  to  find  the  height  of  the  place  where  the  baro- 
meter stands,  are  problems  not  more  difficult  than  curious.'' 
He  then  points  out  a  method  of  solution,  and  gives  tables  of  the 
heiglits  of  mercury  at  different  altitudes,  and  vice  versa ;  which 
need  not  be  copied  in  this  place,  as  they  depend  upon  erro- 
neous estimates  of  the  specific  gravities  of  mercury  and  air. 
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He  also  mentions  the  condensation  and  rarefaction  by  heat  and 
cold,  and  the  effect  of  aqueous  and  other  vapours ;  but  was  of 
opinion  that  these  would  compensate  each  other. 

503.  It  appears,  then,  that  Dr.  Halley's  method  cannot  ap- 
ply to  every  case,  since  it  depends  upon  the  supposition  of  the 
relative  density  of  air  and  mercury  being  only  affected  by  a 
change  of  pressure.  But  since  all  bodies  are  expanded  by  heat, 
and  as  they  are  not  all  equally  expanded  by  it,  it  follows  that  a 
change  of  temperature  may  change  the  relative  gravity  of  mer- 
cury and  air,  even  although  both  undergo  the  same  change  of 
temperature :  and  since  the  air  may  be  warmed  or  cooled  when 
the  mercury  is  not,  or  may  change  its  temperature  independent 
of  it,  still  greater  variations  of  specific  gravity  may  be  expected. 
Hence  many  corrections  are  required  to  adjust  the  barometrical 
method  to  die  various  atteqding  circiimstances,  and  it  was  not 
till  long  after  Dr.  H  alley's  time  that  the  method  was  turned  to 
any  real  use.  The  chief  improvements  and  adjustments  are  due 
to  M.  de  Luc,  who  had  favourable  opportunities  of  making  nu- 
merous observations  among  the  high  hills  of  Switzerland,  and 
who  availed  himself  of  these  opportunities  in  almost  every  va« 
riety  of  circumstances.  The  result  of  his  experiments  and  en- 
quiries was  published  at  Geneva  in  a  treatise  on  the  barometer 
and  thermometer,  and  in  a  paper  in  the  57th  volume  of  the 
Philosophical  Trans.  Other  curious  and  valuable  papers  on 
this  subject  by  Dr.  Maskelyne,  Dr.  Horsley,  Sir  George  Shuck* 
burgh,  and  General  Roy,  are  inserted  in  the  different  volumes 
of  these  Transactions  :  nnd  an  interest  ng  disquisition  is  given 
by  M.  Biot,  in  the  3d  volume  of  his  "  Astronomic  Physique." 

Some  other  important  deductions,  in  a  recent  paper  of  M. 
Biot's,  may  be  seen  in  the  article  Thebmometkr,  in  our  se- 
cond volume. 

The  most  accurate  experiments  for  ascertaining  the  expan* 
sion  of  mercury  are  those  of  General  Roy  (vol.  67,  Philoso- 
phical Transactions).  These  are  contained  in  the  following 
table;  where  the  tirst  column  expresses  the  temperature  by 
Fahrenheit's  thermometer,  the  second  expresses^  the  bulk  of 
the  mercury,  and  the  third  the  expansion  of  an  inch  of  mercury 
for  an  increase  of  one  degree  in  the  adjoining  temperatures. 
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Table  t. 


Temp. 

Bulk  of  S  • 

Expans.  for  1^ 

212' 

30-5117 

00000763 

202 

30-^88  8 

0-0000787 

192 

30-4652 

0-0000810 

182 

30'4409 

00000833 

172 

30-4159 

00000857 

162 

303902 

0-0000880 

152 

30-3638 

0-0000903 

142 

30-3367 

0-0000923 

132 

30-3090 

00000943 

122 

30-2807 

0-0000963 

112 

30-2518 

0-0000983 

102 

30.2223 

00001003 

92 

30-1922 

0-0001023 

82 

30-1615 

0*0001043 

72 

30-1302 

0*0001063 

62 

30-0984 

00001077 

52 

30-0661 

0*0001093 

42 

30-0333 

0-0001 110 

S2 

30-0000 

00001127 

22 

29-9662 

0-0001143 

12 

29:9519 

0*0001160 

2 

29-8971 

0-0001177 

0 

29-8901 

1 

The  General  also  made  experiments  on  the  expansion  of  the 
mercury  in  a  real  barometer :  and  in  some  rules  for  barometrical 
admeasurement,  it  will  be  necessary  to  know  the  logarithmic 
difference  to  the  expansion  for  the  mean  temperature  of  the  two 
barometers  which  are  used.  These  logarithmic  differences  are 
contained  in  the  following  table,  which  is  carried  as  far  as  112^, 
beyond  which  it  is  not  probable  that  any  observations  will  be 
made.  The  number  for  each  temperature  is  the  difference  be- 
tween the  logarithms  of  30  inches,  of  flic  temperatvire  32,  and 
50  inches  expanded  by  that  tempenitQre.r 
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Tmp. 

Ug.diff. 

FMh. 

Ft.  In. 

118° 

103 

0-0000427 

•487 

2    7 

92 

0-0000436 

-436 

2    7 

S2 

0-0000444 

•444 

2    8 

78 

0-0O0O453 

•45» 

8    9 

58 

0-00004«0 

•460 

2    9 

52 

0-0000*69 

•46! 

2  !• 

42 

0-0000475 

•473 

2  IQ 

32 

0-0000482 

•482 

2  U 

22 

0-0000489 

•489 

2  11 

18 

0-0000497 

•497 

3     0 

0 

0-OOOOS04 

■504 

3     0 

Generml  Roy  compired  a  mercurial  and  «i  air  tbennometer, 
each  of  which  was  graduated  arithmelicaUy,  that  b,  the  uiUi  of 
the  scales  were  equal  bulks  of  mercury,  and  equal  bulks  (per- 
haps different  frotn  the  former)  of  air.  He  fouod  their  pro- 
gress as  in  the  following  table. 

Tab  LB  III. 


M«rc. 

uur. 

Air. 

Diff.- 

212 
192 
172 
152 
132 
112 
92 
72 
£2 
32 
12 

20 
20 
20 
20 
20 
20 
20 
20 
20 
20 

2120 
194-4 
1162 
157-4 
138-0 

ua-o 

9V-2 
75-6 
33  0 

art 
ll-i 

17-S 
18-2 
18-8 
19-* 
200 
20-8 
21-6 
22-8 
21-6 
20-0 

The  subsequent  table  coDtains  the  expansion  of  1000  parts  of 
air,  nearly  of  the  common  density,  by  hesbog  it  from  0  lo  818. 
The  first  column  contains  the  height  of  the  baiometer;  the 
second  contains  this  height  augmented  by  the  small  column  of 
mercury  in  the  tube  of  the  manometer,  and  therefore  expresses 
the  density  of  the  air  examined ;  the  third  contains  the  total 
expanstou  of  1 000  parts ;  and  the  fourth  coDtains  the  expansion 
for  1  °,  supposing  it  uniform  throughout. 
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Bwm. 

titMt  IX- 

E.p«nMoh 
b;  it  ISO- 

b,  i". 

29-95 

30-07 

29-48 

S9-9U 

29  96 

29-90 

89-95    . 

30-ff7 

29-48 

Mean 

3152 
30-77 
28-90 
30-73 
30-92 
30-55 
30  60 
30-60 
30-00 

483-89 
482-10 
480-74 
485-86 
489-45 
476-04 
487-55 
48280 
489-47 

2-2825 
2-2741 
2-2676 

2-::!9i8 
2-:i0dT 

a -2455 
2-J998 
S-2774 
2-3087 

80-fi2 

484-21 

2-2840 

Hence  it  appears,  that  the  mean  expansion  of  1000  parts  of 
air  of  the  density  30-62  by  one  degree  of  Fahrenheit's  thenno- 
meter  is  2-S84,  or  that  1000  becomes  I00%-2):J4. 

If  this  expanMon  be  supposed  to  follow  the  same  rate  that 
was  observed  in  the  comparison  of  the  mercurial  and  air  tbei^ 
mometer,  we  shall  find  that  the  expansion  of  a  thousand  parts 
of  air  for  one  degree  of  heat  at  the  different  intermediate  tem- 
peratures will  be  as  in  the  following  table. 


Table  V 

Ttrnp, 

Total  E.paD- 
>ian. 

tor  !»■ 

212 
192 
172 
152 
132 
112 
92 
82 
72 
62 

5a 

42 
32 
22 
12 
0 

484-210 

444  01 1 

402-452 

359-603 

315-193 

269-51  3 

222006 

197-795 

172-671 

147  090 

121-053 

95-929 

71-718 

48-421 

26-038 

2-0099 

2-ooao 

2-1475 
2-2155 
2-2840 
2-3754 
2-1211 
2-5124 
2-5581 
2-6037 
2-5124 
2-4211 
2S297 
2-2:)83 
2-1598 
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If  we  would  have  a  mean  ezpan^n  for  any  particular  range, 
as  between  12''  and  92%  which  is  the  most  likely  to  comprehend 
all  the  geodaetical  observations,  we  need  only  take^die  difference 
of  the  bulks  26*038  and  222-006  =  195*968,  and  divide  this  by 
the  interval  of  temperature  80%  and  we  obtain  2*4496,  or  2*45 
for  the  mean  expansion  for  1%  whence  a  complete  table  may 
readily  be  constructed. 

504*.  Having  thus  stated  the  most  material  circumstances 
which  are  to  1^  taken  into  the  account  in  this  kind  of  admea- 
surement, and  given  such  tables  as  will  be  useful  in  the  com- 
putation, we  sh^  proceed  to  exhibit  the  most  approved  precepts 
and  rules. 

In  order  that  the  observations  may  be  carefully  and  propNerly 
made,  the  person  who  undertakes  them  should  be  provided 
with  two  portable  barometers  of  the  best  construction  (both 
tilled  with  mercury  of  the  same  specific  gravity),  on  which,  by 
means  of  a  nonius  properly  adapted  to  the  scale,  he  may  read  off 
th^  height  of  the  mercurial  columns  to  the  200th  part  of  an 
inch :  each  barometer  should  be  fitted  up  with  an  attached  ther- 
mometer, set  in  the  wooden  frame  in  the  same  manner  as  the 
barometer  tube  is.  The  bail  of  each  thermometer  had  best  be 
nearly  of  the  same  diameter  as  the  barometer  tube.  Besides 
these  he  must  also  be  provided  wit^  two  other  thermometers, 
detached  from  the  barometers.  Of  these  barometers,  one  with 
its  attached  and  detached  thermometers  is  to  be  placed  in  the 
shade  at  the  top  of  the  eminence  whose  height  is  required, 
while  the  other  remains  below.  Let  them  continue  in  their 
places  at  least  a  sufficient  time  for  the  detached  thermometer  to 
acquire  the  temperature  of  the  air,  that  is  to  say,  till  the  con- 
tained fluid  is  stationary.  Then  the  observer  on  the  eminence 
must  note  down  the  height  of  the  mercurial  column  in  the 
barometer,  as  well  as  the  temperatures  exhibited  by  the  attached 
and  detached  thermometers ;  and  at  the  same  time  the  other  ob- 
server must  make  like  observations  upon  the  instruments  below. 
If,  in  this  manner,  three  or  four  sets  of  observations  be  taken  at 
each  station  after  short  intervals  of  time,  and  the  mean  of  the 
results  furnished  by  these  sets  respectively  be  taken  as  the  true 
altitude  (following  one  of  the  subsequent  rules),  the  probability 
of  error  will  be  much  diminished.  It  is  also  advisable  to  make 
the  observations  in  serene  ^^eathe^,  between  1 1  and  12  o'clock. 
For  it  has  been  found  that  the  computed  heights  are  too  small 
when  the  observations  have  been  made  near  sunrise  or  sunset, 
or  when  the  wind  blows  fresh  from  the  south;  and  that,  on 
the  contrary,  the  computed  results  are  too  great,  when  the  ob- 
servations are  made  about  3  o'clock  in  a  hot  summer's  day,  or 
during  a  brisk  wind  from  the  north  or  east. 
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In  practice,  however,  it  will  often  be  necessary  to  deviate 
from  the  preceding  directions,  and  such  deviations  maj  be 
pretty  well  guarded  against  mistake.  In  cases  where  better 
mstruments  cannot  be  had,  any  well-made  portable  barometer 
so  graduated  as  to  shew  the  true  change  in  the  altitude  of  the 
mercury,  may  afford  such  observations  as  ought  not  to  be 
neglected.  A  small  error  in  the  position  of  the  point  from 
whence  the  scale  of  inches  commences,  will  not  sensibly  affect 
the  result;  for  that  result  depends  chiefly  (art.  501.)  upon 

log*  —  or  log.  M— log.  m,  which  will  not  be  much  affected  by 

a  small  and  equal  change  in  m  and  m.  Suppose,  for  example, 
M  was  29*36  inches,  and  m  27*84  inches,  then  log.  m  —  log.  m=: 
230869 ;  but  if  m  were  29*1 1,  and  m  =  27*59,  each  less  by  a 
quarter  of  an  inch,  we  should  have  log.  m  —  log.  m  =:  232905, 
which  would  not  caused  difference  in  the  result  of  cnore  than 
1  fathom  in  a  hundred.  And  an  error  of  -^  of  an  inch  in  the 
position  of  the  zero  is  fieir  greater  than  may  be  reasonably  ex- 
pected to  occur.  If  an  hour  or  more  can  be  allowed  for  the 
mercury  in  the  barometer  to  acquire  the  temperature  of  the  sur- 
rounding air,  which  is  shewn,  by  the  detached  thermometer, 
then  the  attached  thermometer  may  be  dispensed  with.  A 
single  barometer  may  supply  the  place  of  two,  if  the  observa- 
tions can  be  made  first  at  the  base,  then  at  the  summit,  and 
again  at  the  base,  in  a  moderate  space  of  time :  and  if  the  two 
sets  of  observations  at  the  base  correspond  pretty  nearly,  it  may 
be  presumed  that  the  density  of  the  air  below  has  undergone  no 
material  change  during  the  operations.  The  necessary  obser^ 
vations  being  made,  the  altitude  of  the  object  at  whose  top  and 
bottom  the  instruments  were  placed^  may  be  ascertained  by  one 
or  other  of  the  following  rules. 

I.  Dr.  RobisorCs  method. 

0 

505.  In  this  method  no  tables  are  required ;  it  will  be  suffi- 
ciently exact  for  most  purposes,  and  is  not  difficult  to  remember. 
It  was  deduced  from  these  considerations. 

1.  The  height  through  which  we  must  rise  in  order  to  pro- 
duce any  fall  of  the  mercury  in  the  barometer,  is  inversely  pro- 
portional to  the  density  of  the  air^  that  is,  to  the  height  of  the 
mercury  in  the  barometer. 

2.  When  the  barometer  stands  at  30  inches,  and  the  air  and 
quicksilver  are  of  the  temperature  32°,  we  must  rise  through  87 
feet  to  produce  a  depression  of  -^  of  an  inch. 

3.  But  if  the  air  be  of  a  different  temperature,  this  87  feet 
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must  be  iucreased  or  diminished  by  about  X>*21  of  ft  foot,  for 
every  degree  of  difference  of  ihe  temperature  from  32®. 

4.  Every  degree  of  differtiice  of  the  temperatures  of  the 
mercury  at  the  two  stations  makes  a  change  of  £*833  feet,  or  2 
feet  10  inches  in  the  elevation. 

Hence  the  following  rule : 

I.  Take  the  difference  of  the  barometric  heights  in  tenths  of 
an  inch.    Cull  this  o. 

II.  M  ultiply  the  difference  d  between  32^  and  the  mean  tem- 
perature of  the  air  b\  '21,  and  tuke  the  sum  or  difference  of  thii 
product  and  87  feet.  This  is  the  height  through  which  we  mttft 
rise  to  cause  the  barometer  to  fall  from  30  inches  to  29*y ;  and 
nuLj  be  called  A. 

ill.  Let  m  be  the  mean  between  the  two  barometric  he^ts: 

Then is  the  approximated  elevation  very  nearly. 

IV.  Multiply  the  difference  i  of  the  mercurial  temperatures 
by  2*833  feet,  and  add  this  product  to  the  approximated  eleva- 
tion if  die  upper  barometer  has  been  the  warmest,  otherwise 
subtract  it :  then  will  the  resulting  sum  or  difference  be  the 
corrected  elevation. 

Or,  this  rule  may  be  expressed  by  the  following  fornnila: 
where  dia  the  difference  between  32°  and  the  mean  temperature 
of  the  air,  d  is  the  difference  of  barometric  heights  in  tenths  of 
an  inch,  m  is  the  mean  barometric  height,  S  the  difference  be- 
tween the  mercurial  temperatures,  and  £  is  the  correct  elevation. 

30(87 ±0-21d)D      ,   ^      ^  o«o 
m 

For  an  example,  suppose  that  the  mercury  in  the  barometer 
at  the  lower  station  was  at  29'4  inches,  its  temperature  50*  of 
Fahrenheit*s  thermometer,  and  the  temperature  of  the  air  45^: 
the  height  of  the  mercury  at  the  upper  station  25*19  inches,  its 
temperature  45°,  and  the  temperature  of  the  air  39". 

Here  D  =  294 -251  •9=42-1 
/«  =  87  +  (10X-21)  =  89-l 
f»=  i(29-4  +  25-19)=27-295 

=  approximate  elevation  =    .  .  •  4123*£4 

Correction  for  temp,  of  mercury  4  x  2*833  =      11-33 

Corrected  elevation  in  feet 4111*91 


Itm 


Ditto  in  fathoms ,  .  .  .  .     685*32 
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II.  M.deLuc^s  method. 

506. 1.  Subtract  die  logarithm  of  the  barometrical  height  at 
the  upper  station  from  the  logarithm  of  that  at  the  lower,  and 
count  the  index  and  first  four  decimal  figures  of  the  remainder 
as  fathoms,  the  rest  as  a  decimal  fraction.  This  may  be  called 
the  elevation. 

II.  Note  the  different  temperatures  of  the  mercury  at  the  two 
atationSy  and  the  mean  temperature.  Multiply  the  logarithmic 
expansion  corresponding  to  this  mean  temperature  (in  table  II. 
art.  503.)  by  the  difference  of  the  two  temperatures,  and  subtract 
the  product  from  the  elevation  if  the  barometer  has  been  coldest 
at  the  upper  station,  otherwise  add  it.  ^rhis  difference,  or  sura, 
will  be  the  approximated  elevation. 

III.  Observe  the  difference  of  the  temperatures  of  the  air  at 
the  two  stations  by  a  detached  thermometer,  also  the  mean  tem- 
perature, and  its  difference  of  temperature  from  S2^.  Multiply 
this  difference  by  the  expansion  of  air  for  the  mean  temperature, 
and  multiply  the  approximated  elevation  by  1  ±  this  product, 
according  a^  the  air  is  above  or  below  S^.  Tie  last  product  is 
the  correct  elevation  in  fathoms  and  decimals. 

Taking  the  same  example  as  before^  toe  have 
H  alheigbti.        Temp.  So        Mean.    Temp.  Air.    Mean. 

2519  46*  *^  39  *^ 

I.     Log.  of  29-4 1-4683473 

Log.ofa5-l9 «1'4012282 

J£levation  in  fathoms 671-191 

II.    Expans.  for  48*  (tab.  II.)   .     •     '473 
Multiply  by  (50 -46)     ...  4 

.     .     1-892 

Approximated  elevation      .     .     •     •  669*299 

III.    Expans.  of  air  at  42'*  .     .     0000238 
Multiply  by  (42- 32)     ...         10 

0-0238 
Hence  669'299x  1-02S8=685"228,  the  correct  elevation. 

III.  Sir  George  SJitickburgh^s  method. 

607 •  I*  Reduce  the  barometric  heights  to  what  they  would 
be  if  they  were  of  the  temperature  32*. 
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II.  The  di£(Sereiice.  of  die  logaridmis  of  the  reduced  barome- 
tiical  heights  will  fpve  die  approiimate  elevation. 
IIL  Correct  the  approximated  elevatioii  as  before. 

I.    Meao  ezpans.  for  T  from  tab.  I.  ia  0*0001 1 1. 

18^x0-000111x29-4=: O-OSy 

Subtract  this  from 29*4  . 

Reduced  barometric  bei^t      ....       29*341 
Ezpa]i8.from  tab;  I.  is  0*0001 11. 

14*x0000tll  x25*l9 OX^SB  ^ 

Subtract  from       • 25:lOCr' 

Beduced  barometric  height      ....       85*151 

II.  Log.  29-341 1-4€14749 

Log.25.151 1*4005555 

Approximated  elevation 669*196 

III.  Tius  multiplied  by  1*0238  gives    .     .         685-125 
Remark  1.  If  0000101  be  supposed  the  mean  expanfikm  of 

mercury  for  i*  as  Sir  George  Sbuckburgh  determines  i^  die  re- 
duction of  the  barometric  heights  will  be  had  sufficiendy  exact  by 
multiplying  the  observed  heights  of  the  mercury  by  the  difference 
of  its  temperatures  from  32,  and  cuttmg  off  four  more  decimal 
places;  thus  29*4  X  t^Vv  P^^^  for  ^he  reduced  height  29*347 
and  25-19  X  r^im  gives  25*155,  and  the  difference  of  their 
logarithms  gives  669*4  fathoms  for  the  approximated  elevation, 
which  differs  from  the  one  given  above  by  no  more  than  15 
inches. 

Remark  2.  If  0*0024  be  taken  for  the  expansion  of  air  for 
one  degree,  the  correction  for  this  expansion  will  be  had  by 
multiplying  the  approximated  elevation  by  12,  and  this  product 
by  die  sum  of  the  differences  of  the  temperatures  from  32^, 
counting  that  difference  as  negative  when  the  temperature  is 
below  ^2,  and  cutting  off  four  places;  thus  669*196 x  12 x 
(13+07)  X  rfshns  =  16*061,  which  added  to  669-196  gives 
685-257,  differiiM;  from  the  former  only  9  inches. 


IV.  Dr.  HuUon's  methodr 

Observe  the  height  of  the  barometer  at  die  bottom  of 

^jI  or  dq»di  intended  to  be  n^easured,  with  the  temperi- 

of  Ilie  quicksilver  by  means  of  a  thermometer  attached  to 
r,  aid  abo  the  toBperature  of  die  air  in  the  shade 


-*v 
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II.  Let  the  same  thing  be  done  also  at  the  top  of  the  said 
height  or  depth,  and  at  the  same  time,  or  as  near  the  same  time 
as  may  be.  And  let  those  altitudes  of  barometer  be  reduced  to- 
the  same  temperature,  if  it  be  thought  necessary,  by  correcting 
either  the  one  or  the  other ;  that  is,  augment  the  height  of  the 
mercury  in  the  colder  temperature,  or  diminish  that  in  the 
warmer,  by  its  -9-3^^  P^''^  ^^^  every  degree  of  difference  of  the 
two.  The  altitudes  of  mercury  so  corrected  being  what  we 
denoted  by  m  and  m,  in  art.  501. 

III.  Take  the  difference  of  the  common  logarithms  of  th« 
two  heights  of  the  barometer,  corrected  as  above  if  necessary, 
cutting  off  three  figures  next  the  right  hand  for  decimals,  the  rest 
being  fathoms  in  whole  numbers. 

IV.  Correct  the  number  last  found  for  the  difference  of  iem- 
perature  of  the  air,  as  follows :  Take  half  the  sum  of  the  two 
temperatures  for  the  mean  one*;  and  for  every  degree  which  this 
differs  from  the  temperature  Sl%  tak-e  so  many  times  the^y 
part  of  the  fathoms  above  found,  and  add  them  if  the  uiean  tem- 
perature be  above  31%  but  subtract  them  if  the  mean  em^ 
perature  be  below  31^;  and  the  sum  or  difference  will  be  the 
true  altitude  in  fathoms;  or,  being  multiplied  by  6,  it  will  be 
the  altitude  in  feet.    {Math.  Diet.  art.  Barometer.) 


Same  example. 


Thermometers. 


Detached. 
39 


Mean   42 


Attached. 
50 
46 


Diff.  4 


Barometers. 

29*4   lower. 
25*19  upper. 


As^eOO:  4 : :  29*4:  -0123 
corr.    -0 1 23 


Mean  42      M=29-3b77 
Stand.  31      ins:25*19 


Diff.  11 


.  .  •  log.  4681656 
.  .  .      4012282 

As  435  :  1 1  : :  669374 :  16'924 

16'924 


«  The  altitude  sought  is  686?298  fathoms. 

500-  Such  are  the  most  approved  rules  for  the  determination 
of  altitudes  by  the  barometer.  By  a  comparison  of  the  four 
methods  it  wiU  be  seen  that  no  two  of  the  results  differ  more 
than  a  600th  part;  so  that  in  point  of  accuracy  we  know  not 
>vhich  should  be  preferred.    In  practice,  perhaps,  the  first  and 
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fourth  Biay  be  most  expeditious ;  aad,  in  genen!,  aa  ariihweiicil 
mean  between  the  results  of  these  two  will  not  be  far  from  tkt 
truth.* 

As  to  the  advantages  of  the  barometric  compared  with  the 
geometrical  method  of  measuring  elevations,  we  shall  sUU 
Uiem  chiefly  in  the  language  of  Mr.  Nicholson,  f  Natural  Philo- 
sophy, vol.  ii.).  First  the  instiuments  are  neiuier  very  expep- 
aive,  nor  even  difficult  for  an  iogenious  philosopher  to  make  ia 
any  country  where  he  can  procure  quicksilver  and  glass  tubci; 
but  the  geometrical  method  requires  instruments  of  conuderable 
price,  which  cannot  at  all  be  accurately  constructed  bj  the  most 
ingenious  person  who  is  destitute  of  the  toob,  and  lUMicqiiaitttoi 
witli  the  artifices  necessary  to  render  them  correct.     Secondij, 

*  Besides  the  above,  which  arc  appropriated  to  Eaoluh  mcasoni  aid 
Fahrenheii^s  thermoineier,  we  may  here  exhibit  a  few  tormulaB  adapted  to 
the  centigrade  thermoaieter  and  French  measures.  Let  t  and  iut  the 
temperature  of  the  air,  at  the  lower  .and  upper  stations^  indicated  by 
the  centigrade  thermometer,  h  and  h  the  heights  of  the  mercniT  is 
the  barometer  at  those  stations,  and  m  and  m  the  temperatorrs  of  tlie 
mercury  in  the  respective  barometers;  then,  according  to  Laplace,  tkt 
altitude  a,  in  metres,  of  the  upper  above  the  lower  station,  wiU  be 


pressed  by  a  =  18393  (l+ 7^^}  log. 


H 


This  reduced  to  English  measures  gives  for  the  altitode  ia  fathoms ; 

A  =  10050  (l+4dJr)  •"«•   Kl^  000^8 (M-m)- 

M.  Biot  presents  the  following  formula,  comprehending  the  allowance 
for  changes  in  latitude,  and  not  erring  more  than  I  metre  in  1300 :  namely, 

A  =18393  I  1+002837  cos  2x|  |l+?^^^^  log.-^. 

And  lastly,  M.  Prony,  in  the  **  Coni^aiftsance  des Terns  pour  Tan  ISl^," 
presents  a  very  commodious  expeditious  theorem,  approxknatinfc  to  the 
true  result  usually  within  1  in  li?00;  viz.  a=  K9q .  Of  these  three  factors  K 
is  constant,  beinc  =15969  metres;  the  multipliers  of  this  number  aft 
J 8336,  the  duuble  modulus,  and  the  constant  part  of  the  term  in  which 

log.  —  is  found  repeated,  the  variable  part  of  that  term  being  hese  neglect- 
ed.   The  second  factor  0  =  1  +  -— — — .    And  the  third  0=: ,  where 

1000  '       M-f-e 

• 

r=A  [1+000185  (T— /)].    The  quantity  q  is  the  first  term  of  the  follow- 

ing  series,  log.  -  =2m  y  (l  +  V  +  i^+  ^  +&c.)  m  being  =-434J94. 

When  the  altitude  exceeds  1000  metres,  the  second  term  of  the  series  must 
be  taken  into  the  account.  The  demonstration  of  this  formula  is  given  at 
p.  3 14  of  the  above  cited  volume. 

For  a  simple  practical  rule  by  Sir  H.  C.  Eoglefieldy  the  reader  may  coa- 
sult  NicholsoD*s  Jouroal,  N°  66,  N.  S. 
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the  barometers  require  no  other  adjustment  than  to  observe  pre- 
viously whether  they  a^rree,  and,  if  they  do  not  to  allow  for  Uieir 
difference.  The  barometrical  obseivations  are  likewise  easily 
made;  whereas^  on  the  contrary,  the  previous  adjustment  and 
subsequent  use  of  instruments  for  measuring  angles  reauire 
«  degree. of  precision  and  skill  not  usually  obtained  wimoat 
ptractice.  Thirdly,  the  error  of  observation  in  the  barometrical 
method  for  all  elevations  is  nearly  a  constant  quantity,  never 
amounting  to  so  much  as  half  a  fathom  for  a  mistake  of  the 
sooth  of  an  inch ;  but  any  error  either  in  the  measurement 
of  lines  or  angles  proportionally  affects  the  result ;  so  that  the 
greater  tbe  elevation  required  to  be  measured,  the  larger  the 
quantity  of  error.  Fourthly,  the  barometrical  observations 
require  no  particular  circumstances  of  advantage  either  in  the 
%ttre  or  situation  of  the  mountains,  8cc.  to  be  measured, 
nothing  more  being  required  than  that  both  stations  be  ac- 
cessible. These  observations,  and  the  computation,  are 
performed  after  the  same  method  in  all  cases;  but,  in  the 
geometrical  method,  if  the  horizontal  distance  of  the  two  stations 
be  considerable,  or  if  there  be  not  a  convenient  plain  for  measur- 
ing a  fundamental  base,  the  operation  becomes  very  complicated^ 
and  the  probability  of  error  is  multiplied- 
^  After  all,  it  must  uot  be  disguised  that  the  principles  of  the 
geometrical  method  are  established  and  sure,  and  that  an  ex- 
treme degree  of  exactness  may  often  be  obtained  in  this  way  by 
good  instruments  in  the  bands  of  a  skilful  observer :  whereas 
the  modifications  of  the  atmosphere  with  regard  to  Uie  effect 
which  exhalations  of  various  kinds,  and  the  greater  or  less 
abundance  of  the  electric  matter,  may  have  m  expanding  the 
air  without  changing  its  temperature,  are  not  yet  sufficiently 
known  to  render  the  corrections  altogether  so  perfect  as  might 
be  wished.  Iliese  remain  to  be  ascertained  more  accui  ately 
by  future  observations :  mean  while  it  should  be  remembered, 
that  the  elevations  determined  by  the  barometer  are  most  lo  be 
depended  upon  when  the  extreme  temperatures  of  the  column 
of  air  do  not  greatly  difier,  and  when  the  air  is  cold  and  dry. 

The  various  circumstances  affecting  the  density  of  the  atmo- 
sphere and  likely  to  occasion  errors  in  barometrical  admeasure- 
ments, such  as  the  expansion  from  various  degrees  of  heat,  the 
change  in  the  relation  between  the  density  and  the  compressing 
force,  the  variation  in  the  force  of  gravity,  the  solution  of 
moisture  in  the  air,  the  diminution  of  the  weight  of  mercury  in 
the  upper  barometer,  &c.  have  all  been  made  the  subjects  of 
investigation  in  an  elaborate  paper  by  Mr.  Professor  Playfair, 
published  in  the  Transactions  of  the  Royal  Society  of  Edin- 
burgh, vol.  I. 
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M.  Laplace  has  proposed  a  method  of  combining  the  obser- 
vations of  the  barometer  with  geographical  measures^  to  deters 
mine  in  a  more  decisive  manner  the  position  of  different  places. 
This  position^  so  far  as  it  depends  upon  geographical  adoici- 
surement,  is  shewn  by  the  intersection  of  two  rectangular  co- 
ordinates; one  of  which  exhibits  the  distance  from  the  firrt 
meridian  or  the  longitude,  and  the  other  the  distance  from  the 
equator,  or  the  latitude.  He  supposes  a  third  co-ordinate  per- 
pendicular to  the  two  preceding  ones,  by  which  may  be  mea- 
sured the  vertical  distance  between  the  same  point  of  intersec- 
tion and  the  level  of  the  sea.  Thus  he  takes,  for  France,  the 
level  at  Brest,  where  the  mean  height  of  the  barometer  is  fcry 
nearly  76  centimetres,  or  about  29*92  of  our  standard  inches. 
Then  making  in  each  place  a  great  number  of  barometrical 
observations  during  a  year  or  two,  the  mean  between  all  these 
observations  gives  the  elevation  of  the  place  proposed  above 
the  level  of  the  sea.  It  is  recommended  to  choose  in  each  re- 
spective tract  of  country,  for  the  level  to  which  all  the  ohsemtMr- 
tions  are  to  be  referred,  the  mean  height  of  the  nearest  river. 
Such  a  course  of  observations  carefully  made  at  different  places 
with  accurate  barometers,  might  furnish  results  very  interesting 
in  the  topography  of  different  countries.  Much,  in  Ah  w^y, 
has  already  been  done  in  various  parts  of  the  continent ;  and 
one  of  the  tables  in  the  Sd  vol.  of  the  **  Trigonometrical  Sur-* 
vey  of  England  and  Wales,''  furnishes  numerous  important 
results  of  this  kind. 


(     513     )  ^» 


CHAPTER  III, 


On  the  Motion  of  Air  when  the  EqtuUbrium  of  Pres* 

sure  is  removed. 

510.  In  the  present  chapter  we  shall  consider  air  (taken  for 
a  representative  of  elastic  fluids  in  general)  as  acted  upon  bj 
grant}'  equally  and  in  parallel  directions ;  and  in  a  series  of  pro- 
positions enquire  into  the  circumstances  of  its  passage  from  a 
vessel  into  a  vacuum,  or  from  one  vessel  to  another^  in  which 
the  air  is  of  less  density. 

Prop.  To  determine  with  what  velocity  air  will  rush  into  a 
void  space  when  impelled  by  its  zceight  alone. 

This  is  manifestly  analogous  to  the  hydraulic  problem  of 
water  flowing  through  an  orifice  in  the  bottom  or  side  of  a 
vessel  (art.  439.):  and  the  manner  of  invertigation  theie 
adopted  will  imniediately  apply  to  the  present  instance.  For 
w  hen  the  moving  force,  and  die  matter  to  be  moved,  vary  in  the 
same  proportion,  the  velocity  will  continue  the  same ;  that  is, 
since  pasv  (art.  216,)  when  pas,  v  is  constant.  If,  there- 
fore, there  be  similar  vessels  of  air,  water,  oil,  or  any  other  fluid, 
all  of  the  height  of  a  homogeneous  atmosphere  (art.  495.),  they 
will  be  discharged  through  equal  and  similar  holes  with  the  same 
velocity:  for,  m  whatever  proportion  the  quantity  of  matter 
moving  through  the  hole  be  varied  by  a  change  of  density,  the 
pressure  which  forces  it  out,  acting  in  circunibtances  perfectly 
similar,  varies  in  the  same  proportion.  Hence  it  follows,  that 
air  rushes  from  the  atmosphere  into  a  void  with  the  velocity 
which  a  heavy  body  would  acquire  by  falling  from  the  top  of  a 
homogeneous  atmosphere. 

Let  us  take,  then,  for  the  height  of  the  homogeneous  atmo- 
sphere H=278I8  feet  (art  496.);  and  if  weputg=32^  feet,  as 
we  have  heretofore  done,  we  shall  have  vz:  v^(2gH)=  1339  feet 
nearly  =8v/h  nearly,  the  velocity  sought:  no  regard  being  here 
paid  to  the  velocity  which  the  air  acquires  after  its  issuing  into 
the  previous  void  by  its  continual  expansion. 

VOL.  1.  L  L 
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511.  The  first  solution  to  this  problem  we  recollect  f 
giveu  by  Dr.  Papin  in  tlie  Phil.  Trans.  No.  Is*.  See  also 
New  Abridgnieut,  part  x.  p.  334.  It  is  deduced  from 
propoaiuuu,  viz.  that  of  differeut  liquors  uoder  the  same  pi 
sure^  those  specifically  lighter  must  acquire  a  greater  celer 
and  their  ditlerent  velocities  will  be  to  one  another  as  tlie  rootf 
of  the  specific  gravities  of  tlie  said  liquors.  "  ff.  therefore,' 
•ays  Dr.  Papin,  "  we  would  know  what  is  the  velocity  of  air 
when  driven  by  any  degree  of  pressure  whatever,  we  need  only 
find  what  would  be  the  velocity  of  water  under  the  same  prt>- 
«tre,  and  then  take  the  square  roots  of  the  specific  gravities  of 
these  two  fluids,  because,  as  inucli  as  the  square  root  of  tlw 
specitic  ^rdvity  of  water  exceeds  the  square  root  of  the  specific 
gravity  ot  the  air,  so  much  in  proportion  will  the  velochi  of  ihe 
air  exceed  that  of  the  water.  For  example,  when  I  would  coifr 
pule  what  would  be  the  velocity  of  a  bullet  shot  by  the  pntw 
natic  engine,  described  in  Phil.  Trans.  No.  179,  I  abotild  &cU 
compute  what  was  the  velocity  of  the  air  itself  tliai  drote  the 
bullet :  I  therefore  observe  that  on  this  occasion  the  air  siutaitu 
I  preisure  much  about  the  same  as  that  of  water  when  iis  head 

is  32  feet  high;  now  such  waler  would  spout  out  uich  a  sufS-  J 
cient  velocity  to  ascend  32  feet  perpendicular,  and  thtrefore  it 
has  the  velocity  of  4^  fi^ct  in  a  second.  It  remains,  therefore, 
only  to  know  the  proportion  of  the  gravity  of  air  to  ihat  oj 
water:  this  we  have  found  not  to  be  always  the  saiuc;  becauN 
tlie  height,  the  heat,  and  the  moisture  of  the  atmosphere,  >re 
variable;  yet  we  mAy  say  in  general,  that  the  ratio  uf  the  specilic 
gravities  of  water  and  air  is  about  U40  to  1.  Taking,  then,  their 
squaie  roots,  which  are  29  and  1,  we  may  conclude  tliai  ibe 
velocity  of  air  must  exceed  that  of  water  29  limes;  and  so 
multiplying  45,  the  velocity  of  water,  by  29,  we  Khali  find  tli)t 
the  velocity  of  the  air,  driven  by  the  wliole  pre^aure  of  the 
atmosphere,  is  about  li05  feet  in  a  second." 

This  number,  as  Dr.  Hutton  remarks,  is  too  small;  for  the 
mean  pressure  of  the  atmosphere  is  now  known  to  be  about  tint 
of  a  column  of  water  of  33  j  feet,  and  this  will  give  fur  its  velocity 
46tt  feet,  instead  of  45;  which,  multiplied  by  the  39,  give) 
nearly  1  3  i  8  feet :  a  determination  which  differs  from  that  in  tht 
preceding  ailiele  by  about  its  L50ih  part. 

512,  pRoi-,  To  tleterniiite  the  velocity  with  tchich  the  air  of 
tie  atmosphere  wilt  rush  into  a  »pace  containing  rartr  air- 

Whatever  the  dt-nsity  of  the  rarer  air  may  be,  its  elasticity, 
which  varies  aa  its  density,  will  balance  a  proportioual  part  uf 
die  pressure  of  the  atmosphere;  and  it  is  the  excels  of  this  ' 
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only  which  \a  the  movuig  force^  the  matter  to  be  moved  is  the 
same  as  before.  Let  d,  then,  be  the  natural  density  of  the  air, 
and  ^  the  density  of  the  air  contained  in  the  vessel  into  which  it 
is  supposed  to  run :  let  f  be  the  pressure  of  the  atmosphere, 
and  therefore  equal  to  the  force  which  impels  it  into  a  void, 
and  ^  the  force  with  which  this  rarer  air  would  run  into  a  void. 

Then  (art.  491.)  we  have  p^  =  »d,  and  »  =  -r^.     Also  the 

D 

moving  foirce  in  the  present  case  is  p  —  f,  or  p .     Lastly^ 

let  V  be  the  velocity  of  air  of  density  d  rushing  into  a  void,  and 

V  the  velocity  with  which  it  will  rush  into  the  rarefied  air  of 
density  ^.  Now,  in  this  as  well  as  other  fluids,  the  pressures 
are  as  the  squares  of  the  velocities  of  efflux ;  therefore  (art* 

469.  cor.  2.)  p  :  p j^  : :  v* :  **,  and  by  reduction  we  find 

V  =  V  X  a/  (l  — J-)  \  an  expression  for  the  velocity  sought, 

not  considering  the  resistance  which  the  air  of  density  d  wiU  ex- 
perience from  the  inertia  of  that  in  the  vessel,  which  it  must 
displace  in  its  motion. 

Cor.  1.  Hence,  it  appears  that  there  will  always  be  a  current 
into  the  vessel  while  ^  is  less  than  o. 

CoR.  2.  Hence  also,  we  learn  the  gradual  diminution  of  the 
velocity  as  the  vessel  fills ;  for,  because  h  gradually  increases, 

1 ,  and  consequently  the  value  of  v  continually  diminishes. 

613.  Prop.  To  deiermine  the  time  t  in  s§conds,  in  which  the 
air  of  the  atmosphere  willjiow  into  a  given  vesseljrom  its  state 
of  vacuity f  till  the  air  in  the,  vessel  has  acquireaany  proposed 
density  i. 

Let  H  be  the  height  in  feet  due  to  the  velocity  v  (art.  244.), 
s  the  solid  content  or  capacity  of  the  vessel  in  cubic  feet,  and  s 
the  urea  or  section  of  the  aperture  in  square  feet,  d  represent- 
ing, as  before,  the  natural  density  of  the  air.  Now,  since  the 
quantity  of  air  to  fill  the  vessel  will  depend  upon  its  density 
'^rnid  the  capacity  of  the  vessel  conjointly,  we  may  express 
it  by  Ds  ,when  the  air  is  in  its  ordinary  state,  and  by  is  when 
k  has  acquired  the  density  ^.  To  find  the  rate  at  which 
the  vessel  fills  we  must  take  the  fluxion  of  the. quantity  ^s, 

which  will  be  si,  because  s  is  invariable.  The  velocity  of  inf» 
flux  at  the  first  instant  is  ▼  or  ^(2gH)  (art.  510.)^  and  when 
the  air  in  the  vessel  has  acquired  the  density  9,  that  is,  at  the 

end  of  the  time  t,  the  velocity  is  ^(^gn)  x  \/  \}  ""  x) 

ll2 


516  PNEUMATICS.  [BookV. 

or  \/('2g^'^—^'    Hence  the  rate  of  influx,  which  maj 

be  measured  by  the  indefinitely  small  quantity  of  air  which 
will  enter  during  the  time  t  with  this  velocity^  will  be  denoted 

by  -/(SgH)  X  \/^  X  !>«''  =  «'* ^/[2gDH (D  —  *)].    Mat 

ing  these  two  values  of  the  rate  of  influx  equal^   we  have 

a/V[2gDH  (D  -  J)]  =  si,  or  /=  —4 — :  X  — 4-r..    Taking 

the  fluents,  we  have  t  =        '  ^.  x  •(d  —  J)  +  c. 

To  determine  the  constant  quantity  c  we  must  recollect  tbat 
when  ^  =  0,  ^  =  6,  and  •(d  —  J)  =  Vb:  hence  c  =  Vd;  and 
the  correct  fluent  is 

Cor.  When  ^  =:  d  the  motion  ceases^  in  which  case  i  be« 
comes  —^7 — r  or  — tt^ — r,  or-— 7-  nearly,  for  the  time  of  com- 

pletely  filling  the  vessel. 

514.  To  illustrate  diis  by  an  example  in  numbers,  let  us 
suppose  the  capacity  of  the  vessel  to  be  8  cubic  feet,  or  nearly 
a  wine  hogshead,  and  that  the  orifice  by  which  the  air  of  the 
ordinary  density  (which  we  shall  make  =:  1)  enters,  is  an  inch 
square,  or  -ttt  oi'  a  foot.     Here  4^h  =  4  v'27Sl8  =  66S,  and 

t  =  -J^  =  W  =  l'*'7245.      If  the  hole  be  only  -ri^  of  a 

square  inch^  or  the  side  -/o  of  an  inch,  the  time  of  completely 
filling  the  vessel  will  be  nearly  172^  seconds,  or  rather  less  than 
3  minutes. 

If  we  make  the  experiment  with  a  hole  cut  in  a  thin  plate, 
we  shall  find  the  time  greater  nearly  in  the  ratio  of  62  or  63  to 
100.  As  is  likewise  the  case  with  water  flowing  through  small 
orifices  (art.  458.  517.),  and  for  similar  reasons. 

In  like  manner  we  can  find  the  time  necessary  for  bringing 
the  air  in  the  vessel  to  f  of  the  ordinary  density.  For  the  only 
variable  part  of  the  correct  fluent  above  is  v^(d  —  ^),  which  in 
this  case  becomes  \/(l  — t)  =  \/t=J,  whence  v'd— \/(d  — ^) 
IT  J.  And  if  ihe  hole  is  a  square,  each  side  being  -p^  of  an  inch, 
the  time  is  i  of  172^^  that  is,  86^  seconds. 

515.  Prop.  Let  the  air  in  the  vessel  abcd  (fig.  4.  pi.  XVIII.) 
be  compressed  by  a  weight  acting  on  the  cover  ad,  which  is  move- 
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able  down  the  vessel,  to  determine  tJie  velocity  rfthe  air  expelled 
.at  the  aperture  c. 

The  density  d  of  the  external  air  corresponds  to  its  pressure 
V :  and,  since  the  immediate  effect  of  the  external  pressure  is  to 
compress  the  air  in  the  vessel  and  give  it  another  density,  let  the 
additional  pressure  on  the  cover  of  the  vessel  be  p,  and  the 
density  of  the  air  in  the  vessel  be  d;  then  shall  vre  have  p  :  p  + 

p::  d:  d;  whence  jt?  =  p  •  -^^.     Now,  because  the  pressure 

-which  'expels  the  air  is  the  difference  between  the  force  which 
<:om  presses  the  air  in  the  vessel  and  tlia^  which  compresses  the 
external  air,  the  expelling  force  is  /?;  and  because  the  quantities 
of  motion  are  the  forces  which  similarly  produce  them,  we  shall 

have  p  :  p  .-^^  : :  mv  :  mv,  where  m  apd  m  express  the  quan- 
tities of  matter  expelled,  v  the  velocity  with  which  air  rushes 
into  a  vacuum,  and  v  the  velocity  requu^d.  But  because  the 
quantities  of  aerial  matter  which  issue  from  the  same  orifice  in 
an  instant  are  as  the  densities  and  velocities  jointly,  we  shall 

have  M  v :  mv : :  dvv  :  dw*  Consequently  pip*  -^— : :  dv*  :  dv*. 

And  hence  we  deduce  t?  =  v  a/ Jl?. 

Cor.  Another  expression  for  the  velocity  may  be  obtained 
without  considering  the  density :  for  since  p  :  p  +  p  : :  B  :  J, 

th.refore  d==  !i^il^,  and  i- D  ==  HillfL  _  p  =  £ii±i:)z£l  = 

^;  whence ^=  -~  ^  .2lli£L=:  JL-.  Substituting  this 
value  of  — ^  for  it  in  the  final  valne  of  v,  it  becomes  vac  v. 

A  / — L.^  which  is  both  a  simple  and  convenient  expression. 

516.  Peop.  To  enquire  into  the  effect  of  the  air^a  elasticity^ 
when  ascertaining  the  velocity  with  which  tlie  air  will  isauefrom 
a  vessel  into  a  vacuum. 

Let  A  BCD  (fig.  .4.  pi.  XVIII.)  be  a  vessel  containing  air  of 
any  density  d.  This  air  is  in  a  state  of  compression,  and  if  the 
compressing  force  be  removed  it  will  expanc),  and  its  plasticity 
will  diminish  with  the  density.  Now  its  elasticity  in  aii,\  state 
is  measured  by  the  force  which  keeps  it  in  that  state  (an.  488.); 
ai|d  the  force  which  keeps  common  air  in  its  ordinary  density  is 
the  pressure  of  the  atmosphere,  which  (art.  485.)  is  at  a  medium 
the  same  with  the  weight  of  a  coltunn  of  mercury  29  j-  inches 
high.    If,  therefore,  we  suppose  that  this  air,  instead  of  being 
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CQiififfedl  by  tiif  top  of  the  vefsel,  is  prevsed  down  bj  «  nio«t« 
able  piston  carrying  a  cylinder  of  mercury  of  the  aaine  bw^ 
tod  89}  inches  high|  its  elasticity  will  bahnce  itiiB  preaeoie  jnst 
«s  it  dues  the  pretture  of  the  atmosphere;  and,  raice  il  m  a 
fluid  and  propagates  through  every  part  and  in  evei^  directioa 
ttie  pressure  exerted  on  any  one  part,  it  will  preae  oa  any  anaU 
portion  of  the  \'essei  by  its  elasticity,  b  the  same  manner  ss 
when  loaded  with  this  column.  Hence,  if  this  small  j^wtioii 
'  of  die  vessel  be  removed,  and  a  passage  made  into  die  void,  tbe 
air  will  begin  to  Bow  out  with  the  same  velodtj  na  it  noeld 
flow  out  when  impdled  by  its  weight  alone,  or  wjth  tbe  vdoci^ 
f^»uired  by  fisUing  from  the  top  of  the  homogeDeoiia  almo- 
sphere ;  that  is,  a  velocity  of  1SS9  feet  pearljf  (art.  510.).  Bat 
as  soon  as  any  air  has  passed  diroueh  the  onfioe,  the  densitf  of 
that  remaining  in  the  vessel  is  dimmished,  and  its  elasticity  is 
diminished,  consequendy  the  expelling  force  is  diminiibsd; 
but  the  matter  to  be  moved  is  diminished  in  die  very  aaose  pro- 
portion as  the  dainty,  the  capacity  of  the  vessel  lemaiinng  im* 
changed:  therefore,  since  the  density  and  elaaticitj  follow  tbe 
same  law,  the  quanti^  of  matter  moved  ^U  vary  as  the  moving 
force,  and  the  velocity  will  continue  the  same  fitMn  the  be- 
giniiing  to  the  end  of  the  efflux. 

SCHOUUM. 

517.  Hence,  since  the  velocity  with  whidi  tbe  air  iasoes  out 
of  such  a  vessel  is  canUantf  we  may  readily  compare  the  vdo- 
city  of  theory  in  art  510.  with  that  found  by  experiment.  Bat 
for  this  purpose  we  shall  here  describe  the  simple  appaiatns  and 
experiments  of  Mr.  3ank8,  in  which  a  change  of  density  is 
livoided.  (Banks  on  die  Power  of  Machines,  p.  lO.)  a  (fig. 
8.  pL  XVI 1 1.)  is  a  cask  of  known  capacity,  into  the  top  ct 
which  is  screwed  an  aperture  a  of  a  known  area.  Tbe  tahe 
Tcf,  recurve  at  d,  is  soldered  or  screwed  into  the  top  of  the  sssd 
ca^.  The  hole  a  is  stopped,  and  water  poured  into  the  tube  t 
till  it  is  full ;  at  which  tinie  a  quantity  of  water  will  have  pesMd 
out  of  the  hole  at  d,  and  condensed  the  air  in  the  cask  till  its 
spring  is  equal  to  the  weicht  of  the  water  in  the  tube.  At  this 
time  a  cock  placed  over  me  tube  t,  sufficiendy  large  to  mpply 
water  as  fast  as  it  can  descend  ii^  the  vessel  A,  mast  he  opened 
to  keep  the  tube  constantly  filled:  for  thps  pnrpoae  one  persoa 
must  attend  it,  and  another  must  open  the  aperture  e,  which 
need  only  have  been  closed  by  a  finger,  and  he  mast  tncasnic 
Ihe  seconds  from  the  moment  that  Ae  finger  is  removed  tiD  tkm 
water  flies  out  at  the  jeL  Hence,  frons  knowing  the  capaoiy 
<^  thevesael  fud  the  area  of  the  jet,  ^  viriocil^  aa^  be  abr 
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tained.  If  the  t^be  rd  should  be  continued  nearly  to  the 
bottom  of  A,  while  a  was  filling  witd  water,  the  lengm  of  the 
compressing  column  would  be  gradually  diminished,  and  of 
consequence  the  pressure  would  be  constantly  changing:  to 
avoid  any  irregularity  this  might  produce,  the  open  end  of  the 
tube  is  as  near  the  top  of  the  cask  as  is  consistent  with  a  free 
passage  for  the  water. 

Experiments.  The  vessel  contained  15lb.  6oz.  of  water; 
from  which  we  find  its  capacity  42.5*OS8  cubic  inches.  The 
area  of  the  aperture  a,  through  which  the  air  is  discharged,  is 
"0046  inches. 

P         J    {  The  altitude  of  t  above  the  cask  30  inches; 
'^'      '   I  Time  of  expelling  the  air  33',  by  several  trials. 

E        II    J  "^^  altitude  of  t  6  feet ; 
*P'      •  ^  Time  of  expelling  the  air  2\'3\  by  several  trials. 

In  the  first  experiment  425*088,  the  capacity  of  the  cask, 
being  divided  by '0046,  the  area  of  the  hole,  gives  92410*4 
inches,  for  the  length  of  the  stream  driven  out  in  33'.    Hence 

^  ^  ^^  =:  233'3  feet,  the  velocity  per  second. 

» 

From  the  second  experiment  we  deduce,  by  a  similar  process, 
361*6  feet,  for  the  velocity  per  second:  and,  to  shew  the  cor- 
respondence of  this  with  the  first,  say,  as  ^21  (the  head) 
:2  33*3  : :  v^6  (the  head):  361*8  feet;  differing  from  the  former 
by  only  a  fifth  of  a  foot. 

To  compare  the  velocity  thus  found  by  experiment  vrith  that 
assigned  by  theory  (art  510.)»  we  may  say  as  v/6  :  361*6  : :  v^38 
(the  height  of  a  column  of  water  equivalent  in  pressure  to  the 
atmosphere) :  $45*2  feet,  the  velocity  with  which  the  atmosphere 
would  begin  to  enter  into  a  vacuum.  Making  the  allowance 
spoken  of  in  art  514.  we  shall  have  1339  x  *63=843'57,  ame- 
ing  as  nearly  with  the  experimental  result  as  can  reasonably  be 
expected. 

518.  Prop.  To fnd  the  quantity  of  aerial  matter  which  will 
be  expelled  from  the  orifice  c  of  the  vessel  abci>  (fig*  4.)durif^ 
any  time  t,  and  the  density  of  the  remaining  air  at  the  end  of 
ihat  time. 

In  the  element  of  time  t  there  issues  (by  art  513.)  the  capacity 

of  air  a^^(2^H),  the  velocity  t  being  constant  (art  516.),  and 

consequently  die  quantity  of  air  adtV(2gn).  On  the  other 
hand,  the  quantity  of  air  at  the  beginning  of  the  efflux  was  SD, 
f  being,  as  before,  the  capacity  of  the  vessel ;  and  when  the  air 
has  acquired  the  density  a,  the  quantity  in  the  vessel  b  sd,  an^ 
su^sa'ia  the  quantity  expelled:  consequently  die  quanti^  diflU 
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cbarged  in  the  element  of  time  t  must  be  the  fluxion  of  5D— li; 
that  is,  -  sd.    Hence  we  have  the  equation  adt  •  {2gH)  =  — 1< 

and  /  =  —^ —  = X  -  4-     The  fluent  of  this  b 

tiz *- — •  hvD.  lo2.  d.     Now  this  fluent  must  be  so  taken 

that  when  ^=0,  cf=D,  or  hyp.  log.  — =hyp.  log,  1  =0.    So 

that  the  correct  fluent  is  t^^,,^    .'  hyp.  log.  j  =    ^,^    '  'W* 

log. -j^,  nearly. 

CoR.  Hence  it  follows  that  the  whole  air  of  a  ves^l  sitaated 
as  in  the  proposition  will  not  flow  out  of  it  into  a  void,  in  any 
finite  time  whatever. 

419.  Prop.  To  determine  the  time  when  the  vessel,  instead  of 
discharging  its  air  into  a  -aid,  emit  sit  into  air  of  a  less  densitjff 
that  densitif  re/iaining  invariable  during  the  efflux;  as  maybe 
supposed  the  cost  zchcn  a  vessel  holding  condensed  air  emits  it 
infn  fhc  surrounding  atmosphere. 

Let  the  initial  density  of  the  air  in  the  vessel  be  ^,and  that  of 
the  atmosphere  d.     Then  it  is  manifest  that  the  expelling  force 

is  p —  (art.  512.);  and  that  after  the  time  Mt  is  —- . 

o  mi 

Wc  Iiave  therefore  — ^—  :  ^  ~^J    : :  M  v :  mv : :  ^  v' :  dr* :  whence, 

si  ' 

by  reduction,  we  have  r=v  a  /  —  "     .    From  which  equa- 

ticm  we  may  learn,  that  when  rf=D  the  motion  will  be  at  an 
end ;  and  that  if  ^nn  there  can  be  no  efflux. 

Now,  to  find  the  relation  between  the  time  and  the  density, 
let  H,  as  before,  be  the  height  due  to  the  velocity  v.     Hence 

the  hei<;ht  due  to  the  velocity  of  efflux  r  must  be  h-  .  —  \,  and 
the  small  parcel  of  air  which  will  flow  out  in  the  element  of 
time /will  be  adt  a/  ^2gH-^S^Z^\  And  another  expres- 
sion for  the  same  is,  as  in  the  preceding  article,  —  sa.  Making 
these  two  values  equal,  we  soon  deduce  the  fluxionary  equation 

tzz  "^^   X   H The  fluent  of  this,  so  corrected 

chat  when  tzzO,il=^,  is 
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^=  ^  X  a/IzL  X  hyp.  log.  ri-tl?4<^!zi£l\ 

Cor.  When  d  becomes  :^  n  the  efflux  is  complete,  and  the 
expression  for  the  time  will  then  become 

520.  Puop.  Let  the  capacities  ofttco  vessels  containing  airs 
of  different  densities  be  a  and  b;  if  they  communicate  by  a  tube 
whose  section  is  a,  there  will  be  a  current  from  the  vessel  con- 
taining the  dernier  air  into  that  containing  the  rarer:  it  is  pro- 
posed, to  jbid  an  expression  for  the  time  of  efflux. 

Let  p  be  the  elastic  force  of  the  air  in  the  vessel  a,  q  its  den- 
sity,  and  v  its  velocity ;  d  being  the  density  of  the  air  in  the 
vessel  whose  capacity  is  b.  After  the  time  t  let  the  density  of 
the  air  in  a  be  q,  its  velocity  v,  the  density  of  the  air  in  b  having 

become  $,     The  force  expelling  from  a  will  then  be  p—  — 

at  the  first  instant,  and  at  the  end  of  the  time  t  it  will  be 

— .     So  that  we  shall  have  ■^°"''*  :  -^^   :  :  o v* :  ou* : 

c  'eft*'* 

whence  arises  t^n  v  •  a  / -iiillL ;  and  we  see  that  the  motion 

V  ?(«-'>) 

will  cease  when  ^=j. 

Now  the  capacities  of  the  vessels  being  A  and  b  respectively, 
we  have  for  a  second  equation,  including  the  densities,  aq+ 

BD=A^+B^;  from  which  we  find  ^=:- ^'"^^^^•^.     This  value  of 

^i  being  substituted  in  the  preceding  value  of  v,  transforms  it  to 

x;  =  V  •  A  /f>C»(g-"P)-^(g""9)].  an  equation  which  gives  the  re- 

V  gB(Q-D) 

lation  between  the  velocity  v  and  the  density  q. 

In  order  to  find  the  time  when  the  air  in  a  is  reduced  to  the 
density  ^,  it  will  be  convenient  to  abridge  the  work  by  some 
substitutions  :  thus,  makeg(B4-A)  =m,  Bg{D+Q)=N,  Ba— 

N  

bd=:r,  and—  z:??}.     Then,  proceeding  as  in  the  propositions 
immediately  before  this,  we  obtain  the  fluxionary  equation 

aqi  A/(2gH .  :i<?Zil)^  =  flux,  of  (aq  -  Aq)=:  -- Ajr.     This 

gives  t  =  — \  '    ■  X  -,   ,^  ■    ;  the  fluent  of  which,  so  corrected 
that  ^=0  when  ^  =  q,  is  as  below  : 

'=7x^/s^xt>Mog-('-r.:r\';;:"!)    ■ 
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In  a  manner  not  widd^  Jffiefept  firom  goieof  Ae  pfO|iiMilkw 
in  diis  chaptor  miglit  various  other  probletta  rebtire  to  At 
panage  of  air  from  one  vessel  to  'anotber  be  aolved:  b«t  andk 
problems  are  not  of  very  frequent  use  in  die  oommoB  applies 
tions  of  Pneumatics  to  practice,  and  are  tberefore  not  inaerted 
bere.  tSome  particular  cases  are  conridered  is  die  arfide 
PmumaticM,  Enc^clo.  Biitan.  as  w^l  as  in  BoBsot'a  '*  Hydro- 
(Iviianiique^  part  lu  ch.  1 1  and  IS,  to  which  worfca  the  ttvdeai^ 
iHio  widies  to  invest^;ate  the  subject  ihrtber,  is  refened  far 
other  tnformatioQ. 


(  Mi  ) 


CHAPTER  FV. 

On  the  Theory  qfAir  PumpSy  and  Pimps  for  raising 

Water. 


521 .  The  Air-pump  is  a  machine  formed  for  exhaustmg  the 
air  out  of  a  proper  vessel,  and  so  to  make  what  is  called  a 
vacuum ;  it  is  one  of  die  most  useful  philosophical  instruments 
whose  operations  depend  upon  the  properties  of  the  air.  By 
the  help  of  this  machine  the  chief  propositions  relative  to  the 
weight  and  elasticity  of  the  air  are  proved  experimentally, 
in  a  simple  and  satisfactory  manner  This  machine  is  con* 
atrncted  in  various  ways,  one  of  the  best  of  which  will  be 
described  in  the  second  volume  of  this  work.  At  present  we 
shall  describe  one  of  a  portable  and  convenient  form;  being 
well  adapted  to  most  of  the  purposes  for  which  air-pumps  are 
employed^ 

EFGH  (fig.  ].  pi.  I.  vol.  II.)  is  a  square  table  of  wood;  AA 
are  two  strong  barrels  or  tubes  of  brass,  firmly  retained  in 
their  position  by  the  cross-piece  tt,  which  is  pressed  on  them 
by  screws  po,  fixed  on  the  tops  of  the  brass  pillars  N,  m. 
lliese  barrels  communicate  nith  a  cavity  in  the  lower  part  D. 
At  the  bottom  within  each  barrel  is  ^xcd  a  valve,  opening  up- 
wards ;  and  in  each  barrel  a  piston  works,  having  a  valve  like- 
wise opening  upwards.  The  pistons  are  moved  by  a  cog-wbeel 
in  the  piece  tt,  turned  by  the  handle  b,  of  which  wheel  die 
teeth  catch  in  the  racks  of  the  pistons  c,  c.  pq  is  a  circular 
brass  plate,  having  near  its  centre  the  orifice  K  of  a  concealed 
pipe  that  communicates  with  the  cavity :  in  the  piece  o  at  v  is 
ia  screw  that  closes  the  orifice  of  another  pipe,  for  the  purpose 
of  admitting  the  external  air  when  required,  lm  is  a  glass 
receiver,  out  of  which  the  air  is  to  be  exhi^uated,  and  which 
4ias  obtained  the  name  of  rectroer,  because  it  receives  or  holda 
idle  subjects  on  which  the  experiments  are  to  be  made.  This 
f ^ceiver  is  placed  on  the  plate  pq,  which  is  previously  coverfx) 
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^ith  a  wet  sheep-skin,  or  smeared  with  wax,  to  prevent  tfie  air 
from  insinuating  under  the  edge  of  the  glass. 

When  the  handle  b  is  turned,  one  of  the  pbtons  is  raised,  and 
the  other  depressed;  consequently  a  void  space  is  left  between 
the  raised  piston  and  the  lower  valve  in  tlie  correspondent 
barrel:  the  air  contained  in  the  receiver  lm  commuuicatiDg 
with  the  barrel  by  the  orifice  K  immediately  raises  the  lower 
valve  by  its  spring,  and  expands  into  the  void  space;  and  tbos 
a  part  of  the  air  iu  the  receiver  is  extracted.  The  handle  then, 
being  turned  the  contrary  way,  raises  the  other  piston,  and 
performs  the  same  act  in  itis  correspondent  barrel :  while,  in 
the  mean  time,  the  first-mentioned  piston  being  depiessed,  the 
air  by  its  spring  closes  the  lower  valve,  and,  raising  the  valve  in 
die  piston,  makes  its  escape.  The  motion  of  the  handle  being 
again  reversed,  the  first  barrel  again  exhausts,  while  the  second 
discharges  die  air  in  its  turn:  and  thus,  during  the  time  the 
pump  is  worked,  one  barrel  exhausts  the  air  from  the  recdver, 
while  the  other  discharges  it  through  the  valve  in  its  pistoo. 
Hence  it  is  evident  that  the  vacuum  m  the  receiver  of  this  air- 
pump  (and  the  same  may  be  said  of  all  others)  can  never  be 
perfect ;  that  is,  the  air  can  never  be  entirely  exhausted :  for 
it  is  the  elasticity  of  the  air  in  the  receiver  that  raises  the  valve, 
and  forces  air  into  the  barrel ;  and  the  barrel  at  each  exsuction 
can  only  take  away  a  certain  part  of  the  remaining  air,  which  is 
in  proportion  to  the  quantity  before  the  stroke,  as  the  capacity 
of  the  barrel  to  the  sum  of  the  capacities  of  the  barrel,  receiver, 
and  communicating  pipe. 

522.  Now,  if  we  suppose  no  vapour  from  moisture,  8cc.  to 
rise  in  the  receiver,  the  degree  of  exhaustion  after  any  number 
of  strokes  of  the  piston  may  be  determined  by  knowing  the 
respective  capacities  of  the  barrel  and  of  the  receiver,  including 
the  pipe  of  communication,  &c.  For,  as  we  have  seen  above 
that  every  stroke  diminishes  the  density  in  a  constant  propor- 
tion, namely,  as  much  as  the  whole  content  exceeds  that  of 
the  cylinder  or  barrel ;  the  exhaustion  will  gp  on  in  a  geome- 
trical progression,  the  ratio  of  which  is  the  same  as  that  which 
the  sum  of  the  receiver  and  barrel  together  bears  to  that  of  the 
receiver :  and  this  ratio  of  exhaustion  will  be  followed  until 
the  elasticity'  of  the  included  air  is  so  far  diminished  by  its  rare- 
faction as  to  render  it  too  feeble  to  push  up  the  valve  of  the 
piston. 

Let,  then,  the  capacity  of  the  barrel,  receiver,  and  pipe  of 
communication  together  be  expressed  by  6  +  r,  and  that  of  the 
barrel  alone  by  b,  and  let  1  represent  the  primitive  density  of 
the  air  iu  the  pump :  so  shall  we  have 


Chap.  IV.]  Air^Pump.  525 

b-^r  ir  ::  1  :  -^  n  the  density  after  1  stroke  of  the  piston^ 

b  +  r  :r  '.:  —  :  Tjjr-rt  =  density  after  2  strokes, 

b  +  r  :r  \:  -^^       :     ^^     =  density  after  3  strokes ; 

and  the  //th  power  of  1 

the  ratio  ^,  that  is  |-(*T^  =  ^>  *^«""*y  ^f'**"  «  '*'^«>''«»» 

From  which.we  may  easily  find  the  density  after  any  number 
of  strokes,  when  the  ratio  of  6  :  r,  and  consequently  that  of  6  +  r 
to  r,  is  given,    x 

From  the  same  formula,  't: — rp  =  d,  we  may  also  derive  an- 
other for  finding  the  number  of  strokes  of  the  piston  necessary 
to  rarefy  the  air  a  number  of  times^  or  to  give  it  a  certain  density 
d^  the  primitive  density  being  1.     For  the  above  equation,  ex- 

pressed  logarithmically,  is  »  x  log.  - —  n  log.  J;  or/i  x  (log.r— 

1<^.  b+r)  =  log.  d :  consequently,  n  =  ^^^^^^^^^j^^^^ '  in  ^hich 

expression  d  will  be  a  fraction.     If  the  number  of  times  which 
the  air  is  rarefied  be  expressed  by  n  an  integer,  then  the  loga- 

rithmic  equation  will  be  n  =  -. — rr— ^^ — i • 

^  log.  (6  + r)  — log,  r 

A  further  reduction  of  the  same  theorem  will  furnish  us 
with  the  proportion  between  the  capacities  of  the  receiver  and 
the  barrel,  when  the  air  is  rarefied  to  the  fractional  density  d 
by  a  defiuite  number  n  of  strokes  of  the  piston.     For  since 

-r — r—  =  d,  if  we  take  the  nth  root  of  both  members  of  the 
equation  we  shall  have -r^  =  V^*  Thus,  if  rf  be  equal  t^t^t, 

and  the  number  of  strokes  w= 1 1 ;  we  shall  find  -~-  =  log.  ^ ; 

so  that  r  :  b+  r  :  :  1  :  3,  and  6  :  r  :  :  2  :  I. 

52S.  For  the  numerous  uses  of  the  air-pump  the  reader  may 
consult  the  popular  treatises  on  natural  philosophy :  we  shall 
merely  observe  in  this  place,  that  the  specific  gravity  of  air  may 
be  accurately  ascertained  by  means  of  this  machine.  The  me- 
thod is  as  follows :  To  the  neck  of  a  glass  bottle,  made  in  the 
form  of  a  Florence  flask,  adapt  a  cap  and  valve  opening  out- 
wards ;  screw  it  on  the  pump,  and  exhaust  it  to  a  known  degree, 
which  will  be  shewn  by  the  gauge  attached  to  the  pump  for  that 
purpose  :  then,  from  the  weight  of  the  bottle  before  and  after 


S2e  PNEUMATICS.  [BookV. 

exhaustion,  we  have  the  weight  of  the  exhausted  air ;  and  from 
the  ratio  of  the  height  of  the  mercury  in  the  gauge  to  the 
standard  altitude  we  know  the  proportion  which  the  exhausted 
part  bears  to  the  whole  air  originally  in  the  vessel,  whose 
weight  is  therefore  known.  Subtracting  this  weight  from  the 
weight  of  the  vessel  when  full  of  air,  there  will  reoiain  the 
weight  of  the  vessel  itself:  fill  it  with  water  and  weigh  it,  and 
subduct  the  weight  of  the  vessel  from  this  weight ;  the  remaiDder 
is  the  weight  of  a  bulk  of  the  same  magnitude  with  the  air 
which  fills  the  vessel,  and  whose  weight  was  also  previously  as- 
certained* 

Following  this  method,  it  has  been  found  by  a  mean  of  s^ 
veral  experiments,  that  the  specific  gravity  of  air  is  to  that  of 
water  as  1*222  to  l(XX),  very  nearly,  when  the  barometer  stands 
at  SO  inches,  and  in  the  mean  temperature  of  56**  of  Fahrea- 
'  heit's  thermometer.  This  agrees  with  the  result  already  gtvea 
in  art  49(>. 

Pumps  for  raising  Water. 

524.  The  term  Pump  is  generally  applied  to  a  hydraolic  ma* 
chine  for  raising  water  by  means  of  the  pressure  of  the  atmo- 
sphere. Of  pumps  there  are  a  great  many  different  sorts,  some 
of  the  best  of  which  will  be  described  in  the  second  volume  of 
this  work  :  at  present  we  shall  only  speak  of  three  or  four  of  the 
most  common,  and  bhall  give  nierely  such  a  general  description 
of  their  construction  as  will  enable  the  student  to  understand 
the  principles  on  which  their  operation  depends. 

The  four  kinds  of  pumps  of  which  we  shall  now  treat  are,  the 
sucking  pump,  the  iff  ling  pump,  the  forcing  pump,  and  the 
centrifugal  pump :  of  these  the  first  three  have  some  parts  in 
common,  and  particularly  the  pistons  and  suckers ;  they  will 
therefore  be  treated  in  a  rather  connected  way :  the  properties 
of  the  centrifugal  pump  will  be  considered  separately. 

The  pision  is  a  body  abcd  of  circular  base  (figs.  5.  6,  13. 
pi.  XVllL),  which  may  be  moved  through  the  interior  part  of 
tlie  tube  or  body  of  the  pump,  filling  it  exactly  as  it  moves 
along.  The  sucker  e  is  moveable  about  a  joint  in  such  a  man- 
ner as  either  to  permit  or  to  prevent  the  passage  of  the  water, 
according  as  it  presses  upwards  or  downwards.  lu  tigs.  5.  6. 
there  are  likewise  suckers  in  the  pistons,  fghk  (figs.  5.  IS,) 
**  n"^^*^^'*  ^^^  joined  to  the  body  of  die  pump,  and  is  generally 
^*  ^^-^^  -P'P«  or  sucking  pipe:  its  lower  extremity  is  im- 
mersed in  the  water,  of  which  we  suppose  Rs  is  Uie  horizontal 
suiface. 

525.  The  suckitig  pump  is  represented  in  fig.  5.     In  this 
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pump  if  we  suppose  a  power  p  applied  to  tke  handle  of  the 
piston  so  as  to  raise  it  from  i  to  c^  the  air  contained  in  the  space 
DVKHOFC  tends  by  its  spring  to  occupy  the  space  that  tho 
piston  leaves  void:  it  therefore  forces  up  the  valve  k,  and 
enters  into  the  body  of  the  pump,  its  elasticity  diminishing  ia 
proportion  as  it  fills  a  greater  space.  Hence  it  will  exert  on 
the  surface  gu  of  the  water  a  less  eflfort  than  is  made  by  the 
exterior  air  in  its  natural  state  upon  the  surrounding  parts' of  the 
same  surface  bg,  hs  :  and  the  excess  of  pressure  on  the  part 
of  the  exterior  air  will  cause  the  water  to  rise  in  the  pipe  gk 
to  a  certain  height  hn,  such  that  the  weight  of  the  columa 
6N,  together  wim  the  spring  of  the  super-incumbent  air,  shall 
just  be  a  counterpoise  to  the  pressure  of  the  exterior  air.  At  that 
tioie  the  sucker  £  closes  of  itself;  and  if  the  piston  be  lowered^ 
the  air  contained  between  the  piston  and  tne  base  iv  of  the 
body  of  the  pump  having  its  density  augmented  as  the  piston  ia 
lowered,  will  at  length  have  its  density,  and  consequently  its 
elasticity,  greater  than  that  of  the  exterior  air :  this  diiference  of 
elasticity  will  constitute  a  force  which  will  push  the  sucker  l 
in  the  piston  upwards,  and  some  air  will  escape  till  the  exterior 
and  interior  air  are  reduced  to  the  same  density.  The  sucker  i. 
llien  falls  again :  and  if  we  again  elevate  the  piston,  the  water 
will  be  raised  higher  in  fghk,  for  the  same  reaspn  as  before* 
Thus,  after  a  c^tain  number  of  strokes  of  the  piston,  the  water 
will  reach  the  body  of  the  pump ;  where,  being  once  entered^ 
it  will  be  forced  at  each  stroke  of  the  piston  through  the  spout  x : 
for  the  water  above  the  piston  will  then  press  upon  the  sucker^ 
aud  keep  it  shut  whilst  the  piston  is  rising ;  so  that  a  cylinder 
of  water  whose  height  is  equal  to  the  stroke  ot  of  the  piston 
(or  the  vertical  distance  through  which  it  passes)  will  be  raised 
l^  each  upward  motion  and  forced  through  the  aperture  x,  pro- 
vided  it  is  of  an  adequate  magnitude. 

626.  The  lifting  pump  is  represented  in  fig.  6.  pi.  XVIIL  Its 
manner  of  operation  is  this :  The  piston  PCi)  is  here  placed  be- 
low the  horizontal  surface  rs  of  the  water,  and  when,  it  is 
caused  to  descend  it  produces  a  vacuum  between  the  sucker  s 
(which  is  pushed  down  by  the  external  air)  and  the  base  en  of 
the  piston.  Tlie  weight  of  the  water,  together  with  that  of  tlie 
exterior  air  about  k  and  s,  presses  up  the  sucker  l,  and  th^ 
water  parses  into  the  body  of  the  pump :  and  when  die  water 
ceases  to  enter,  the  weight  of  the  sucker  l  closes  it.  .  Then,  if 
the  piston  be  raised,  it  raises  all  the  water  above  it,  forces  up  the 
sucker  £,  and  introduces  the  water  into  the  part  ivyx.  When 
the  piston  is  raised  to  its  highest  position,  the  sucker  b  is  made 
to  close  by  the  super-incumbeut  water,  and  retains  the  fluid  there 
until  by  a  fresh  stroke  of  the  fustoa  more  wa^r  is  forced  up- 
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wards  through  the  micker  e  ;  that  which  was  before  in  the 
upper  part  of  the  pump  being  expelled  through  a  proper  oiificc 
or  spout  in  the  neighbourhood  of  x,  in  order  to  make  way  kt 
a  new  supply.  And  so  the  operation  is  continued,  and  water 
delivered  at  every  stroke  of  the  piston. 

527.  The  forcing  pump  unites  in  some  measure  the  proper- 
ties of  the  other  two.  The  piston  abcd  (fig.  13-  pi.  XVllI.) 
which  here  has  no  sucker,  being  elevated,  rarefies  the  air  in  the 
space  DGHvoCy  and  the  water  rises  towards  k  :_  the  subseqocat 
descent  of  the  piston  forces  some  of  the  air  in  diis  apace 
through  the  valve  l  :  the  next  ascent  of  the  piston  closes  the 
valve  L,  and  raises  the  water  in  gk  ;  and  so  on  till  the  watv 
passes  through  the  sucker  f.  and  enters  the  space  Divoc.  Tka 
the  piston  being  pushed  down  closes  the  sucker  B,  and  sont 
of  tlie  condensed  air  is  forced  through  the  valve  L.  A  fintber 
stroke  raises  more  water  into  the  space  niyoc,  and  ezpeb 
more  air  through  l.  At  length  the  water  reaches  l,  and  the 
subsequent  strokes  raise  it  into  the  tube  MOfitn;  from  whence 
it  is  carried  off  by  a  spout,  as  in  the  other  pumps.  Or,  if  this 
pump  be  closed  at  mUf  excepting  a  narrower  pipepj,  then  when 
the  water  is  raised  by  the  process  just  described  to  or,  above 
the  bottom  s  of  the  tube,  the  elastic  force  of  the  compressed 
air  iu  the  »pace  morn  will  compel  the  water  to  issue  from  the 
aperture  p  in  a  continued  stream  or  jet;  thus  forming  an  arti- 
ficial fountain. 

528.  Let  us  now  enquire  into  the  fundamental  properties  of 
these  machines.  By  means  of  the  lifting  pump,  water  may  be 
elevated  to  any  height  we  please,  provided  we  employ  a  suffi- 
cient force.  But  the  estimation  of  this  force  requires  various 
considerations.  We  must  have  regard  to  the  dimensions  of  the 
piston,  the  barrel  of  the  pump,  the  height  to  which  the  water 
is  to  be  raised,  and  the  velocity  with  which  it  is  elevated ;  be- 
sides the  effects  of  friction,  8cc.  At  present,  however,  we  shall 
not  examine  these  particulars  in  all  their  extent ;  but  shall  con- 
fine ourselves  to  one  of  them.  Now  it  is  certain  that  the 
power  necessary  to  raise  the  water  to  any  proposed  he^ht  mu«t 
at  least  be  capable  of  sustaining  in  equilibrid  the  pressure  expe- 
rienced by  the  base  of  the  piston  when  it  is  kept  at  rest,  and  the 
fiuid  has  attained  the  required  height.  This  pressure^  then,  we 
proceed  to  estimate. 

In  general  the  power  must  be,  at  least,  capable  of  sustaining 
the  weight  of  a  column  of  water  which  has  for  its  base  that  of 
the  piston,  and  for  its  altitude  the  distance  between  the  surfiace 
Hs  of  the  water  in  the  reservoir  and  the  upper  surface  x  y  of  that 
in  the  pump.  For  when  the  base  dc  (fig.  6.)  of  the  piston  is 
below  the  burface  rs  of  the  watir  in  the  reservoir^  it  b  manifest 
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that  the  power  has  not  to  sustain  the  pressure  of  the  water  con- 
tained between  Rs  and  bc  ;  because  that  pressure  is  counterba- 
lanced by  that  of  the  water  surrounding  the  lower  part  of  the 
pumpy  and:  which  is  transmitted  by  means  of  the  inferior  orifice 
of  the  pipe.  The  power,  therefore,  has  only  to  sustain  the 
pressure  exerted  upon  die  surface  dc  by  the  fluid  comprised  be- 
tween KB  and  XY ;  which  pressure  (art.  386.)  is  equal  to  the 
.weight  of  a  column  of  water  whose  base  is  CD  and  altitude  the 
vertical  distance  between  rs  and  xy. 

When  the  piston  is  above  r^s^,  the  surface  of  the  water  in 
the  reservoir,  then  it  is  evident  the  water  contained  between 
DC  and  rV  does  not  press  the  piston  downwards.  But,  as  in 
that  case  it  can  only  be  sustained  above  r^'s^  by  the  pressure  of 
the  air  upon  the  water  surrounding  the  pump,  and  as  this 
pressure  is  only  capable  of  sustaining  in  equilibrium  the  con- 
trary pressure  of  the  air  upon  the  surface  xy,  it  follows  that 
the  surface  do  of  die  piston  is  surcharged  by  a  weight  equiva- 
lent to  the  column  which  has  DC  for  its  base  and  ck'  fpr  its 
altitude.  And  this  pressure,  joined  to  that  which  is  exerted 
upon  DC  by  the  super-incumbent  fluid  between  dc  and  xy, 
makes  the  whole  pressure  upon  the  piston,  as  before,  equal  to 
that  of  a  column  of  water  whose  base  is  Dc,  and  height  the  dis- 
tance between  xy  and  rV. 

529.  The  sucking  pump  requires  in  its  theory  the  aid  of  other 
principles.  To  judge  of  its  effect  a  mere  evaluation  of  the 
power  will  not  suffice :  we  must  enquire  if  under  the  proposed 
circumstances  the  water  can  possibly  be  raised  to  the  pis>ton,  and 
made  to  pass  through  the  sucker  l  ;  for  in  some  cases  the  water 
will  never  pass  a  certain  altitude,  how  many  strokes  soever  we 
give  to  the  piston.  To  understand  this,  conceive  that  the  water 
has  been  actually  raised  to  t  (fig.  5.  pi.  XVIIL),  and  that  the 
situation  of  the  piston  in  the  figure  is  the  lowest  which  can  be 
given  to  it :  and  for  greater  simplicity,  suppose  that  the  pump  is 
of  the  same  internal  diameter  throughout.  It  is  obvious  that  the 
air  comprised  in  the  space  cdtz  is  of  the  same  density  and 
elasticity  as  the  exterior  air  (at  least  dropping  the  consideration 
of  the  weight  of  the  suckjer  l  and  the  friction  attenduig  its  mo- 
tion); for  if  its  spring  were  less  the  water  would  rise  higher 
than  ZT,  and  if  it  were  greater  it  would  rai^e  the  sucker  l,  and 
mix  with  the  exterior  air  till  both  became  of  the  same  density. 
Suppose  now  that  the  play  of  the  piston,  or  the  distance  through 
which  it  is  raised  or  lowered  at  each  stroke,  is  do  :  then  when 
the  base  cd  is  raised  to  go,  the  air  which  previously  occupied 
the  space  cdtz  will  tend  to  expand  and  fill  the  space  qotz  ; 
and  if  the  water  did  not  rise  would  actually  be  so  expanded. 
Its  elastic  force  would  then  be  less  than  that  of  the  natural  air^ 
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ID  the  ratio  of  cdtz  to  qotz  (art  439.)>  or  of  inr  to  ot.  U, 
therefore,  this  eUstic  force,  together  with  the  weight  of  the  co- 
lumn of  water  whose  h^ht  is  zr,  constitute  a  pressure  eqtnl 
to  that  of  the  atmosphere,  or  equal  to  the  weight  of  •  coluaiB  of 
water  of  equal  base  and  height  at  a  medium  $S  feet,  there  wiK 
be  an  equuibrium,  and  the  water  will  not  rise  further :  if  tbb 
joint  pressure  is  greater  than  that  of  S3  feet  of  water,  the  wiler 
cannot  be  retain^  so  high ;  but  if  it  is  less  than  the  coIboui  cC 
9S  feet,  the  water  will  continue  to  rise  in  the- pump. 

530.  From  these  considerations  we  may  reai&ly  iavea^;ate  a 
general  theorem. 

Let  a,  the  altitude  or  vertical  distance  from  the  point  o  to  the 
surface  its  of  the  water  in  the  reservoir,  p=  OD  the  pby  of  Ae 
piston,  and  x  the  distance  OT:  then  we  have  dt  =  x— p^  and 
St  die  height  of  the  point  T  will  be  a  —  j:.  Since  die  air  oo»- 
tained  in  cotz  has  the  same  density  and  elasticity  as  the  ezte- 
lior  air,  its  force  may  be  measured  by  a  column  of  water  of  die 
same  base  ZT  and  33  feet  high ;  and  because  when  this  air  is 
80  expanded  as  to  fill  the  space  QOTz  the  elastic  force  will  be 
less  in  the  ratio  of  dt  to  or,  we  shall  have  (rejecthsg  the  base 
of  the  column,  as  equally  affecting  every  part  of  the  process) 
this  latter  force  expressed  by  the  fourth  term  of  this  proportioii^ 

X  :  JT  —  p  :  :  33  :  —  Ci^— p)*     But  the  force  which  the  water 

comprised  between  zt  and  ns  exerts  in  opposition  to  the  ex* 
tenor  pressure  of  the  air,  is  nieasurxl  by  the  heigiit  a-^x:  con- 
sequently, the  elastic  force  a^  the  air  in  the  space  qotz,  to- 
gether with  the  weight  of  tlie  water  between  ZT  and  us,  will  be 

expressed  by  —     ^    +  a  —  x.     Now  in  order  that  the  water 

may  always  rise,  this  joint  pressure  must  be  kss  than  the  weight 
of  a  column  of  water  of  33  feet  by  some  variable  quantity^ 
which  we  will  call^ :  so  that  the  following  equation  must  always 

obtain,  viz.  — ^^j-^  +  a  — x  =  33  — y.    The  value  of  x  deduced 

from  tlib  equation  is  ambiguous,  being  thus  expressed : 

OP  =  J«  +  Jy  ±  ^  [( Ja  +  lyY^  33p]. 

Now,  when  tlie  water  stops  and  does  not  rise  any  further,  y 
vanishes,  and  the  equation  becomes  xzz^a±  a/  (i^i*— 33p) ;  of 
which  the  two  values  are  real,  so  long  as  ^a*  is  greater  than  33|». 
Hence  we  conclude  that  when  ojie^foarth  of  the  square  of  the 
greatest  height  of  the  piston  above  the  surface  of  the  tcater  in  the 
reservoir  is  greater  than  33  times  theplai/ofthepision^thireare 
alwaj/s  two  points  in  the  sucking  pump  where  the  water  niaj/  stop 
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in  its  motion;  and  die  pump  must  be  veputedbad  when  ike  lowest 
point  to  which  die  piston  can  be  brought  is  found  between 
these  two  points. 

But  if  33p  be  greater  than  |-a%  the  two  values  of  x,  when 
y  is  supposed  rr  0,  become  imaginary:  so  that  in  a  pump  so 
constructed  it  is  impossible  that  y  should  vanish ;  that  is^  the 
pressure  of  the  exterior  air  always  prevails^  and  the  water  is  not 
arrested  in  its  passage.  Hence  we  conclude,  secondly,  that  in 
order  that  the  suckinE  pump  inay  infallibly  produce  its  effect^ 
the  square  of  half*  the  greatest  elevation  of  tne piston  above  the 
water  in  the  reservoir  must  always  be  less  than  SS  times  the 
play  of>thepision. 

631.  This  general  rale  may  also  be  easily  deduced  geomei* 
trically  thus:  Suppose  the  sucker  or  vidve  b  be  placed  at  the 
surface  Es  of  the  water  (fig.  5.),  the  tube  tabe  of  uniform  hortp 
and  Ys  to  be  the  height  of  a  column  of  water  whose  pressure  it 
equal  to  that  of  the  atmosphere ;  that  is,  Ts  =:  39  feet.  Coi>- 
ceive  the  water  raised  b)'  workmg  to  n  :  then  the  weight  of  the 
column  of  water  sn,  together  with  the  elasticity  of  the  air 
above  it,  exactly  balances  the  pressure  of  the  atmosphere  T9. 
But  the  dasticity  of  die  air  in  the  space  cm,  (qo  being  the 
highest  and  cd  tne  lowest  situation  of  the  piston,)  is  propor- 
tional to  YS. — -I  and,  consequently^  in  die  case  where  the 
limit  obtains,  and  die  water  rises  no  further,  it  will  be  yb  r: 
Ns  +  (ys-— ).    Transposing  ns,  we  have  ys  —  ns  (=:ny) 

—  YS.-?— ;  whence  on  :  dn  :  :  ys  :  yn  :  or,  dividendo^  oif 

—  DN  (  =  do)  :  on  : :  Y8  —  yn  (  s=  ns)  :  ys  ;  consequendy 
BO-YS  =  ON*Ns.  Hence  we  see,  that  if  so,  the  distance  oi 
the  piston  in  its  highest  posiuon  from  the  water,  and  od,  the 
length  of  the  semi-stroke,  or  the  play  of  the  piston,  be  given^ 
there  is  a  certain  determinate  height,  as  SN,  to  which  the 
water  can  be  raised  by  the  difference  of  the  pressures  of  the 
exterior  and  interior  air:  for  ys  is  to  be  considered  as  a  con* 
stant  quantity,  and,  of  course,  when  oD  is  ^ven,  on-ns  b 
given  likewise.  To  ensure,  therefore,  the  delivery  of  water  by 
the  pump,  the  stroke  must  be  such  that  the  rectangle  oD  •  ys 
■uiy  he  greater  than  any  rectangle  that  can  be  made  of  the 
parts  of  so ;  that  is,  greater  than  the  square  of  }^  %o,  by  a  well* 
known  theorem. 

Hence  we  deduce  a  practical  maxim  of  the  same  import  as 
the  preceding,  i.e«  No  sucking  pump  eon  raise  water  effectual^ 
unless  the  pmy  of  the  piston  in  feet  be  ^eater  than  the  square 
rf  the  greater  hiight  of  the  piston,  divided  by  1 32. 

M  M.2 
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532.  Resunuog  Ae  eqaation  ^^'J""  +  a  -  x  =  3S  -jt 

and  fincUog  thence  the  valnc  of  jf,  we  have  jf  = »    Now 

kt  AB.(figt.  9. 10.  pi.  XVIII.)  repment  the  greatest  bci|^t  of 
die  piston  abofe  the  nurface  of  the  water  m  the  reemroir,  aad 
AD  tne  play  of  the  piston :  suppose  the  different  portions  APof 
the  line  aB  to  represent  the  successiTe  values  of  Jr,aiidla7  down 
upon  the  perpeiidiculars  tu  the  values  of  ^  whidi  concspani 
to  these  assumed  values  of  4r:  so  diaU  we  have  a  curve  MifC 
(fig.  D.)  which,  while  i^  is  greater  than  3Sp,  will  cot  ab  m 
two  points  I  and  f,  in  such  manner  that  the  ordinntea  pw  wiB 
lie  on  different  ndes  of  ab  :  die  ordinates  winch  are  bdbw  ab 
shewing  the  positive  values  of  jf^  and  those  vrhich  are  above  ab 
die  negadve  values.  We  see,  dierefore,  diat  ao  lonf  as  ^^  is 
greater  than  9Sp  the  pressure  of  the  eiteiior  air  is  atrongss^ 
.until  die  water  has  attained  the  height  bi^.  At  diis  poait  f*  it 
will  stop  (abstracting  from  the  consideratioo  of  die  motion  ac- 
quired), because  the  value  of  y  is  =  0.  But  if  the  water  bj  the 
motion  it  has  acquired  continues  to  rise  till  it  readies  some  pomt 
between  i'  and  i,  it  will  not  stop  there,  but  will  descend,  if  the 
sucker  does  not  oppose  its  dcsceudiog  motion ;  because  the  value 
of  y  being  there  negative  indicates  that  the  pressure  of  the  exte- 
rior air  is  weaker  than  the  united  pressures  of  die  water  and 
the  internal  air.  If  the  water  reach  the  point  i  it  will  stop 
there,  for  the  same  reason  as  it  would  at  the  point  i' :  but  if 
once  it  gets  above  i,  there  is  then  no  reason  to  fear  that  it  will 
descend ;  for  all  the  ordinate.s  pm  between  i  and  a  being 
positive,  shew  that  in  that  portion  of  the  pump  the  pressure  of 
tlie  external  air  exceeds  the  combined  efforts  of  the  internal  air 
and  wat^r. 

533.  When,  on  the  contrary,  the  value  of  |a*  is  less  than 
that  of  3Sj),  the  curve  (fig.  10.)  will  no  where  intersect  the  axis 
AD ;  all  the  ordinates  are  positive,  and  consequently  the  pres- 
sure of  the  external  air  is  always  the  strongest.  This  confirms 
and  illustrates  what  has  been  laid  down  in  art.  530. 

If  the  sucking  pump  were  to  be  placed  so  high  above  die 
usual  surface  of  the  earth  (as  at  the  top  of  a  high  mountainXor 
Sv>  low  beneath  it  (as  in  a  deep  mine),  that  the  pressure  of  the 
atmosphere  would  be  sensibly  different  from  the  assumed  mean 
pressure  equivalent  to  33  feet  of  water,  we  must  then  in  all  tiie 
preceding  nivesti^ation  change  the  co-efficient  S3  to  that  which 
would  express  the  height  in  feet  of  the  corresponding  columnrof 
water.  And  these  equivalent  columns  may  always  be  ascer- 
tained by  means  of  the  height  of  the  mercurial  column  in  the 
barometer :  the  analogy  bang  this  ;*— as  29^  inches,  the  mean 
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altitude  of  the  mercuiial  column^  to  33  feet,  the  mean  height  of 
the  column  of  water;  so  is  any  other  mercurial  column  iu 
inches  to  its  corresponding  column  of  water  in  feet. 

534.  In  the  preceding  calculus  the  pump  has  been  supposed 
of  uniform  bore  throughout :  when  this  is  not  the  case  the  so- 
lution is  rendered  somewhat  more  complex,  but  not  difficult. 
To  calculate  the  effort  of  the  internal  air  when  the  water  has 
not  reached  the  body  of  the  pump,  having  only  attained  the 
height  HN,  for  example  (fig.  5.),  we  must  use  this  proportion: 
as  the  space  qovnmiq  :  the  space  cdvnmic  : :  33  feet :  a 
fourth  term,  which  being  added  to  the  weight  of  the  oolumn 
of  water  whose  height  is  nh,  ought  again  to  be  equal  to  33  -  v> 
as  before.  Besides,  when  the  sucking  pipe  fg  is  of  a  smaifer 
diameter  than  the  body  of  the  pump,  if  the  conditions  which  we 
have  before  specified  obtain,  die  pump  cannot  fail  to  produce 
the  proper  effect ;  for  the  air  is  dilated  with  more  facility  in  this 
latter  case  than  when  the  whole  is  of  the  same  internal  diameter. 
We  need  only  add  on  this  point,  that,  if  the  length  of  the 
stroke  in  a  uniform  pump,  which  is  requisite  to  render  the  ma« 
chine'  effectual,  be  greater  than  can  conveniently  be  made,  it 
may  be  diminished  ^  contracting  the  diameter  of  the  sucking 
pipe  in  the  subduplicate  ratio  oj  the  dimintUion  of  the  length 
of  the  stroke. 

535.  As  to  the  effort  of  which  the  power  ought  to  be  capable 
to  sustiain  the  water  at  a  determinate  height  yh  (fig.  5.),  it  will 
be  measured  according  to  what  we  have  said  respecting  the 
lifting  pump  (art.  528.),  by  the  weight  of  a  column  of  water 
whose  base  is  equal  to  cd,  and  height  that  of  xy  above  as. 
Here,  too,  we  drop  the  consideration  of  friction  and  the  weight 
of  the  piston. 

536.  The  velocity  of  the  water  flowing  from  the  sucking 
pipe  into  the  barrel  should  be  equal  to  the  velocity  with  which 
the  piston  moves.  For  if  it  be  greater,  less  work  will  be  done 
than  the  pump  is  competent  to  effect ;  and  if  it  be  less,  a  vacuum 
will  be  produced  below  the  piston,  which  will  therefore  be 
moved  upwards  with  great  difficulty.  If  v  be  the  velocity  of 
the  water  in  the  sucking  pipe,  d  the  diameter  of  that  pipe,  d  the 
diameter  of  the  barrel  or  body  of  the  pump,  and  v  the  velocity 

of  the  piston;  then  y — -  will  be  the  velocity  of  the  wa^r  in 

the  barrel,  and  we  must  have  t?=:v  • — -,  if  the  machine  be  per- 
fect. If  h  be  the  height  of  a  column  of  water  whose  weight  is 
equivalent  to  the  pressure  of  the  atmosphere,  a  die  altitude  of  the 
water  in  the  suckm^  pipe,  jr  any  other  height  to  which  it  ascends 
in  following  the  piston,  g  ^  32^  feet;  then  will  the  moving 
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qaendy,  the  acodeimting  foice  cc-j~-    Hcoee  we  have  «  «=:g 

^!!7  .jr);  woi,  ttkhig  die  flaents,  Aeitt  reaake  «  Ae  vefeckf 

of  the  water  zz  ^  [2gx  (A-hyp.log.  s-v)J,    Batwdieaxsib 
9  s  Q;  cooiequenUy  the  correct  fliieiit  will  be 

It  may  just  be  added  here,  that  the  meaHve  we  have  allaloaf 
*|pfeD  of  the  external  force  is  only  what  is  aecessarj  for  Je- 
Imcmg  the  pressure  of  the  water  in  d»  riaiDg  pipe.  Bm,  m 
order  that  die  poinp  may  perfimu'worh  it  muat  suriMeiuif  dai 
pressure,  and  cause  d»  water  to  issue  at  X  with  such  a  wdodif 
that  the  retimed  quantity  of  water  nwy  be  delimfed  ia  a  gnm 
tane.  Hus  requi^  force,  evea  aldmi^  diere  were  do  o^ 
miang  pressure;  which  would  be  d»  case  if  the  nraia  wsas 
aorizontsL  The  water  filk  it,  bat  it  is  at  rest  laonierthata 
gallon,  for  instance,  may  be  delivered  in  a  seeood,  the  whole 
water  in  die  horizontal  main  must  be  put  ip  aMtioa  with  a  cw* 
tain  vdocity*  This  requires  force.  We  must  dierefore  alwayt 
distiMuish  between  the  state  of  equilibrium  and  tbe  slate  of 
actual  working.  It  is  tbe  eqiulibrium  only  that  we  hare  coar 
sidered,  and  no  more  is  necessary  for  understanding  die  opera- 
tion of  the  diiSferent  species  of  pumps. 

On  the  Centrifugal  Pump. 

537.  The  centriftigal  pump  consists  of  a  vertical  tube,  and  a 
horizontal  arm  ofequal  bore,  or  sometimes  of  two  horizontal 
arms  of  less  bore  than  the  vertical  pipe:  that  of  which  vre  shall 
speak  has  only  one  horizontal  arm.  In  fig.  3.  pi.  XV.  kl 
may  represent  tbe  vertical  tube,  the  end  K  of  which  is  immersed 
in  die  vrater  of  the  reservoir,  and  li  the  horizontal  arm  com- 
municating with  the  former.  There  is  a  conical  valve  at  K 
opening  upwards,  and  one  at  the  end  of  the  horizontal  arm 
opening  outwards.  The  whole  machine  being  filled  widi 
water  and^tumed  svriftly  round  upon  pivots  at  K  and  l,  tbe 
arm  li  retaining  its  horizontal  position,  the  water  will,  when 
the  motion  is  properly  regulated,  continue  to  be  dischaiged 
from  the  moveable  extremity  i  of  the  arm  li  in  an  uninter- 
rupted  stream. 

In  order  to  investigate  the  most  useful  theorems  relative  to 
the  operation  of  this  machine,  put  a  =  tbe  length  of  tbe  arm 
Li  in  feet,  /  =  the  length  of  the  leg  kl  in  feet,  ^  :r  tbe  time  of 
a  revolution  in  seconds,  g  =  93|  feet,  the  measure  of  tbe  force 
of  gravity,  and  f  r=  3*  1 4 1 593  the  circumference  of  a  circle  whose 
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diaHieter  in  nmitj*  Then,  since  die  centrifiigtl  force  is  as  the 
velocity  it  generates  in  a  unit  of  time,  we  shall  have  the  centri* 
fogal  force  of  a  particle  ;r  of  the  6nid  at  the  distance  x  from  l 

cqaal  to  m  (-7-/  *  -r-x  =  -^,  the  fluent  of  which  is-^  as 

the  centrifugal  motive  force  of  the  column  x :  which  when 

jr=a  becomes——,  for  the  whole  centrifugal  motive  force  of 

the  water  in  the  arm  li.  Now  the  pressure  of  a  column  whose 
length  is  a  will^  cat. par.  vary  as  ga ;  hence,  it  will  he  ga: m:z 

— ^ :  -^^  =s  the  length  of  a  column  of  water  whose  pressure 

is  equivalent  to  the*centrifugal  force.     If  from  this  wt  deduct 

the  altitude  /  of  the  vertical  leg,  the  remainder  ^ — 1  will  be 

the  length  of  a  column  whose  action  would  expel  the  water 
from  the  orifice  i,  with  the  same  force  as  the  whirling  motion 
wilt  occasion ;  and  the  column  moved  will  be  a  -f  /,  which  will 
4dso  denote  the  space  through  which  the  fluid  is  accelerated. 
Consequendy  the  circumstances  of  the  case  before  us  are  the 

same  as  if  a  constant  head  of  water  of  Ae  height  — /  im- 
pelled a  c<duraii  of  water  boriawntally  at  the  bottom,  of  the  depth 

41  +  /.    Hence  the  accelerative  force  ^  is  (-j^ O  -r  («+ 0/ 

and  the  space  j  is  c  -f* ';  ^  ^^t  the  velocity  generated  will, 
by  the  rules  of  dynamics,  be  vss^i^  =  \/  r^\"7jr  ""  W  J 

//2««a*  \ 

=  8-0208  a/  {j^  -  '  )•     Or,  if  we  adapt  the  theorem  to     * 

practical  purposes,  the  co-efficient  8-0208  must  (art.  458.)  be 
multiplied  by  •62  or  -63,  and  the  equation  will  become  v  = 

5  \/ ("7? 0'  ^^^  nearl5^- 

In  this  investigation  we  haye  paid  00  regard  to  the  rotatory 
motion  of  the  fluid  molecular  in  the  vertical  tube,  but  have  con- 
sidered it  as  though  it  were  indefinitely  narrow.  ^ 

B*6S.  It  is  manifest  that  /  must  never  exceed  33  feet,  because 
a  greater  column  cannot  b^  supported  by  the  pressiu-e  of  the 
atmosphere  :  so  that  this  machine  cannot  raise  water  higher 
than  the  common  sucking  pump.  Besides  this,  the  time  of  H 
revolution  of  the  arm  has  limits,  between  which  alone  the  pump 
is  effective;  so  that  the  investigation  must  be  carried  a  little 
further. 
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When  the  centrifugal  force  is  barely  equal  to  the  weigkt  to 
be  raised^  the  expression  under*the  radical  vanishes,  and  9=0,  or 
the  water  b  stationary  in  the  pump.    In  this  case  we  evidently 

have -7;;-=  /;  from  which  we  find  tzzwa     I  _=  -78336;;^, 

for  the  time  of  a  revolution  in  seconds,  when  no  work  is  done. 
If  the  machine  be  effectual,  the  velocity  of  the  stream  can 
never  exceed  the  velocity  which  a  heavy  body  would  acquire  in 
filling  down  the  difference  between  33  feet  and  the  height  of  die 
vertical  leg :  for  a  greater  velocity  than  that  would  cause  a 
vacuity  in  the  machine  which  would  not  be  supplied  by  the 
pressure  of  the  atmosphere.  Now,  by  the  laws  of  filling  bodies, 
the  velocity  acquired  in  falling  through  the  height  33  —  /  is 
V  [2g(33  —  /)],  and,  by  what  is  done  above,  the  velocity  of  efflux 

is     /("TJT"— /)•     Making  these  values   equal,   we  have 

"Jjr  —  I  =  33  —  /..    From  which  we  deduce  /=  va    /  ^  n 

•78336;;—  = -1363611. 

If  /  ==  33,  then  will  the  last  value  of  t  be  the  same  as  the 
preceding,  and  no  discharge  can  take  place ;  agreeably  to  the 
observations  at  the  beginning  of  this  article.  In  all  other  cases, 
having  found  the  time  of  revolution  when  the  water  is  stationary, 
we  have  only  to  diminish  that  time  in  the  ratio  of  v^'SS  to  y^/, 
and  we  shall  have  the  time  of  revolution  when  the  work  done  is 
th^  greatest  this  pump  will  admit  of. 


{     537     ) 


CHAPTER  V- 


On  the  Resistance  of  Fluids  to  Bodies  moving  in  them. 

539*  The  force  with  which  bodies  moving  in  fluid  media, 
as  water,  air,  &,c.  are  impeded  and  retarded  in  their  motions,  is 
usually  termed  the  resistance  of  fluids:  and  as  all  our  ma^ 
chines  move  either  in  water  or  in  air,  or  both,  it  becomes  a 
matter  of  importance  in  the  theory  of  mechanics  to  enquire  into 
the  nature  of  this  kind  of  force. 

We  know  by  experience  that  force  must  be  applied  to  a  body 
in  order  that  it  may  move  through  a  fluid,  such  as  air  or  water; 
and  that  a  body  projected  with  any  velocity  is  gradually  re- 
tarded in  its  motion,  and  generally  brought  to  rest,  llie  ana- 
logy of  nature-makes  us  imagine  that  there  is  a  force  acting  in 
the  opposite  direction,  or  opposing  the  motipn ;  and  that  this 
force  resides  in,  or  is  exerted  by,  the  fluid.  And  the  phenomena 
resemble  those  which  accompany  the  known  resistance  of  active 
beings,  such  as  animals.  Therefore  we  give  to  this  supposed 
force  the  metaphorical  name  of  resistance.  We  also  know 
that  a  fluid  in  motion  will  hurry  a  solid  body  along  with  the 
stream,  and  that  it  requires  force  to  maintain  it  in  its  place. 
A  similar  analogy  makes  us  suppose  that  the  fluid  exerts  force, 
in  the  same  manner  as  when  an  active  being  impels  the  body 
before  him  ;  therefore  we  call  this  the  impulsion  of  a  fluid. 
And  as  our  knowledge  of  nature  informs  us  that  the  mutual 
actions  of  bodies  are  m  every  case  equal  and  opposite,  and  that 
the  observed  change  of  motion  is  the  only  indication,  charac- 
teristic, and  measure,  of  the  changing  force,  the  forces  are  the 
same  (whether  we  call  them  impulsions  or  resistances)  when  the 
relative  motions  are  the  same,  and  therefore  depend  entirely  ou 
these  relative  motions.  The  force,  therefore,  which  is  neces- 
sary for  keeping  a  body  immoveable  in  a  stream  of  water,  flow- 
ing with  a  certain  velocity,  is  the  same  with  what  is  required 
for  moving  this  body  with  this  velocity  through  stagnant 
water. 

A  body  in  motion  appears  to  be  resisted  by  a  stagnant  fluid, 
because  it  is  a  law  of  mechanical  nature  that  force  must  be 
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employed  in  order  to  pot  any  body  in  motioii.  Now^  the  faodf 
cannot  move  forward  widiont  putting  the  cootijpioua  fliud  is 
motion,  and  force  must  be  employed  for  produang  this  moden. 
In  fike  manner,  a  quiescent  body  is  impelled  by  m  itmnni  of 
fluid,  because  the  motion  of  the  contiguous  fluid  is  diminhha^ 
by  this  scJad  obstacle ;  the  resistance,  therefore,  or  impnlsi^  b» 
way  differs  from  the  ordinary  communications  of  motiop  among 
solid  bodies,  at  least  in  its  nature ;  dthoogh  it  maj  be  far  moit 
difficult  to  reduce  the  various  circumstances  to  accarate  coeK 
natation^  or  to  obtain  all  the  requisite  data  on  which  to  found 
tbecolcnius. 

540.  The  resbtance  wUch  a  body  suffsrs  from  the  fluid  tfi^ 
iSmm  tfirongb  which  it  is  impelled  depends  on  the  wttodftf, 
form,  and  magniCude  of  the  body,  and  on  the-  ioerlia 
micity  of  the  fluid.  For  fluids  resist!  the  asotioB  of 
thitNi|;h  them,  !•  by  the  inertia  of  their  particlet;  fl»  by 
tenacrty,  t.  f.  die  adbefion  of  those  partioUa:  S.  bj  the  fiioliBU 
of  the  body  against  the  particles  of  the  fluids  In  periiBet  fluiii 
the  latter  causes  of  resistance  are  very  ipconsidevabie^aud  there^ 
ibre  are  not  taken  into  (he  account ;  but  the  former  is  fiunrpa 
very  considerable,  and  obtains  equally  in  the  most  perfect  as  m 
the  most  imperfect  fluids.  And  that  the  resistaiice  taiies  wit^ 
the  velocity^  shape,  and  magnitude  of  the  movii^  body  is  suffi- 
ciently obvious. 

We  must  carefully  distinguish  between  resistance  and  relurd* 
ation :  resistance  is  the  quantity  of  motion,  retardation  the  quan? 
tity  of  velocity,  which  is  lost ;  therefore,  the  retardations  are  af 
the  resistauces  applied  to  the  quantities  of  matter ;  and  in  the 
same  hpdy  the  resistance  and  retardation  are  proportionaL 

541.  Prop.  To  determine  the  force  ofjiuids  in  nMion,  ow 
the  resistance  qfjiuids  against  bodies  moving  in  them. 

1.  In  fluids  uniformly  tenacious  the  resistance  is  as  the  velo? 
city  ^vith  which  the  body  moves.  For,  since  the  cohesion  of 
the  particles  of  the  fluid  is  always  the  same  in  die  same  spac^ 
whatever  be  tlie  velocity,  the  resistance  from  this  cohesion  wiu 
be  as  the  space  described  in  a  given  time;  that  is,  as  die 
velocity. 

2.  In  a  fluid  whose  particles  move  freely  without  disturlnng 
each  other's  motions,  and  which  flows  in  behind  as  fast  as  a 
plane  body  moves  forward,  so  that  die  pressure  on  every  part 
of  the  body  is  the  same  as  if  the  body  were  at  rest,  the  rewl- 
ance  will  be  as  the  density  of  the  fluid. 

S.  On  die  same  hypothesis  the  resistance  will  be  as  the  square 
of  tlie  velocity.  For  the  resistance  must  vary  as  the  number  of 
particles  which  strike  the  plane  in  a  given  time,  multiplied  into 
the  force  of  each  against  me  plane ;  but  both  the  number  sod 
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Ae  force  is  u  the  Felocity,  and  consequendy  the  retitttnce  k 
98  the  square  of  the  velocity. 

This  proof  supposes  that  after  the  body  strikes  a  particle  the 
action  of  that  particle  entirely  ceases :  tivherea^  the  particles, 
a%er  they  are  stmck,  must  necessarily  diverge,  aud  act  upon  the 
particles  behind  them ;  thus  causing  some  difference  between 
theory  and  experiment.  This  hypothesis,  however,  on  account 
x>f  its  simplicity,  is  generally  retained  and  corrected  afterwards 
hy  deductions  from  actual  experiments. 

This  ratio  of  the  square  of  the  velocity  may  be  otherwise  de- 
rived, thus. 

It  is  evident  that  the  resistance  to  a  plane,  moving  perpen* 
dicularly  through  an  infinite  fluid,  at  rest,  is  equal  to  the  pres- 
Mire  or  force  of  the  fluid  on  the  plane  at  rest,  and  the  fluid 
moving  with  the  same  velocity,  and  in  the  contrary  direction^ 
to  that  of  the  plane  in  the  former  case.  But  the  force  of  the 
flnid  in  motion  must  foe  equal  to  die  weight  or  pressure  wfaidi 
generates  that  motion;  and  which,  it  is  known,  is  equal  to 
the  weight  or  pressure  of  a  column  of  the  fluid,  whose  base  is 
equal  to  the  plane,  and  its  altitude  equal  to  the  height  through 
which  a  body  must  fall,  by  the  force  of  ^vity,  to  acquire 
the  velocity  of  the  nuid :  and  that  altitude  is,  for  the  sake  of 
brevity,  called  the  altitude  due  to  the  velocity.  So  that,  if  m 
(denote  the  area  of  the  plane,  v  the  velocity,  and  n  the  specifie 
gravity  of  the  fluid ;  then,  the  altitude  due  to  the  velocity  v 

being  r-y  the  whole  resistance,  or  motive  force  m,  will  be  a  x 

n  X  .^  s=^ ;  g  being  32 J  feet.    And  hence, aeieris paribus^ 

the  resistance  is  as  the  square  of  the  velocity. 

4.  If  the  direction  of  the  motion,  instead  of  being  perpendi- 
ctdar  to  the  plane,  as  above  supposed,  be  inclined  to  it  in  any 
angle,  then  the  resistance  to  the  plane,  in  the  direction  of  the 
motion,  as  assigned  above,  will  be  diminished  in  the  triplicate 
ratio  ot  radius  to  the  sine  of  the  angle  of  inclination,  or  in  the 
ratio  of  1  to  5*,  where  $  is  the  sine  of  inclination. 

For  AB  (fig.  7.  pi.  XVHI.)  being  the  direction  of  die  plane, 
and  BD  that  of  the  motion,  abd  the  angle  whose  sine  is  s; 
the  number  of  particles  or  quantity  of  the  fluid  which  strikes 
the  plane  will  be  diminished  in  die  ratio  of  1  to  s ;  and  the 
force  of  each  particle  will  likewise  be  diminished  in  the 
same  ratio :  so  that,  on  both  these  accounts,  the  whole  resist- 
ance will  be  diminished  in  the  ratio  of  1  lo  s* ;  that  is,  in  the 
duplicate  ratio  of  radius  to  die  sine  of  abd.  But  further,  it 
must  be  considered  that  this  whole  resistance  is  exerted  in  the 
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direetiod  be  perpendBcokr  to  die  plane ;  and  anr  force  in  & 
rection  be  is  to  its  eAect  in  direction  ae  parallel  to  bd« 
AE  to  BE,  or  as  1  to  s.  Consequently,  on  all  thcae  accounliy 
die  remstanoe  in  tbe  direction  of  die  motion  is  diminisihed  in  tk 
ratio  of  I  to  s*.  And  if  dus  be  compared  with  the  result  ofiks 
preceding  step,  we  sliall  have  for  the  whole  reaistance,  or  ike 

aaodve  force  on  the  plane^  in  ±:  -j^* 

5.  If  w  represent  the  weight  of  the  bodj  whose  plane  fact 
*•  b  resisted  by  the  absolute  force  m,  then  the  retarding  forae 


/="  = 

6J  'Andy  if  die  body  be  a  cylinder  whose  face  or  end  is  €, 
and  diameter  d^  or  radius  r,  moving  in  the  direction  of  iti 
axis;  then,  because  «  =  If  and  a  =?  «r*  =5  t**/*,  where  A  = 


8*141593,  the  resisting  force  m  will  be  =  — j—  =  -^- ;   >*' 


the  retarding  force/"  =  — --  =         . 

li  This  is  the  value  of  the  resistance  when  the  end  of  the 
cylinder  is  a  plane  perpendicular  to  its  axis,  or  to  tbe  direction 
of  motion.  But  were  its  fece  a  conical  surfare,  or  an  elliptic 
section,  or  any  other  figure  every  where  equally  inclined  to  the 
axby  the  sine  of  inclination  being  s;  then,  the  nuuibtr  of  par<r 
tides  of  the  fluid  striking  the  face  being  still  the  same,  but  the 
force  of  each,  opposed  to  the  direction  of  motion,  diminished 
in  the  duplicate  ratio  of  radius  to  the  sine  of  incliuatiou,  the  re- 

sistmg  force  m  would  be  — ^^ — =  — - — . 

But  if  the  body  were  terminated  by  an  end  or  face  of  any 
other  form,  as  a  spherical  one,  or  such  like,  where  every  part 
of  it  has  a  different  inclination  to  tlie  axis ;  then  a  further  in* 
vestigation  becomes  necessary,  as  in  the  following  propositioa, 

542.  Prop.  .To  determine  the  resistance  of  a  Jiuid  to  any 
body  moving  in  it,  having  a  curved  end,  as  a  sphere,  a  cy Under 
with  a  hemispherical  end,  i^c. 

1.^  Let  BEAD  be  a  section  through  the  axis  CA  of  tbe  solid, 
moving  in  the  direction  of  that  axis.  To  any  point  of  the 
curve  draw  the  tangent  eo,  meeting  the  axis  produced  in 
g:  also  draw  the  perpendicidar  ordinates  ef,  ej  indefinitely 
near  to  each  other;  and  draw  ae* parallel  to  cg.     Fiff.  11. 

pi.  xyiii.  *  ^  ^ 

Putting  CF  =  X,  EF  =  y,  BE  =  2:,  *  =  sine  jL  Gto  radius  1 ; 
then  2«y  is  the  circumference  whose  radius  is  ef,  or  the  cir- 
cumference described  by  the  point  E,  in  revolving  about  the  axis 
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Ca  ;  and  2«y  x  iB,e,  or  2itifx,  is  the  fluxion  of  the  surface,  or  it 
is  the  surface  described  by  Ee,  in  the  said  revolution  about  CA; 
ivhich  is  the  quantity  represented  by  a  in  art.  4.  of  the  last  pro- 
blem :  hence  -^  x  2ityx,  or x  ^«  is  the  resistance  on 

that  ring,  or  the  fluxion  of  the  resistance  to  the  body,  whatever 
the  figure  of  it  may  be :  the  fluent  of  which  will  be  the  resist- 
ance required. 

2.  In  the  case  of  a  spherical  shape ;  putting  the  radius  c A 

or  CB  =  r,  we  have y  =  ^  (r*— x*),s  n  —  =  —  ~  — >  ^^od 

yzor  Ev  X  £e  =  CE  x  ae  =  rx;  therefore  the  general  fluxion 

*"        s'  V«  becomes •  -—  •  r;f  =  -— r-  •  x^i ;  the  fluent  of 


i 


irmfl 


which,  or  r—j-  x*,  is  the  resistance  to  the  spherical  surface  ge- 
nerated by  BE.    And  when  x  or  of  is  =  r  or  ca,  it  becomes 

^^-  for  the  resistance  on  the  whole  hemisphere ;  which  is  also 

equal  to  — rj — ,  where  d=z2r  the  diameter* 

.  3.  But  the  perpendicular  resistance  to  the  circle  of  the  same 
diameter  d  or  bd,  by  art.  6.  of  the  preceding  problem,  is 

— —  ;  which,  being  double  the  former,  shews  that  (he  resist^ 

artce  to  the  sphere  is  just  equal  to  half  the  direct  resistance  to  a 
great  circle  ofit^  or  to  a  cylinder  of  the  same  diameter. 

4.  Since  ^«'df'  is  the  ms^nitude  of  the  globe ;  if  n  denote 
its  density  or  specific  gravity,  its  weight  w  will  be  =  ^rf^N, 

and  therefore  the  retardive  force^or  —  =  —^  • — Js  —  gJJIJjJ 
which  is  also  =  -3 —  by  art  243.     Hence  then  ---7  z=  — ,  and 

s  =  —  ^;  which  is  the  space  that  would  be  described  by  the 

globe,  while  its  whole  motion  is  generated  or  destroyed  by  a 
constant  force  which  is  equal  to  the  force  of  resistance,  if  no 
(Dther  force  acted  on  the  globe  to  continue  its  motion.  And  if 
the  density  of  the  fluid  were  equal  to  that  of  the  globe,  the  re- 
sisting force  is  such,  as,  acting  constantly  on  die  globe  without 
any  other  force,  would  generate  or  destroy  its  motion  in  de- 
Bcribing  the  spac^  |cf,  or  ^  of  its  diameter,  by  that  accelerating 
or  retarding  force. 

5.  Hence  the  greatest  velocity  that  a  globe  will  acquire  by 
descending  in  a  fluid,  by  means  of  its  relative  weight  iu  the 
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iuid,  \riU  he  kmi  bj  waking  die  femtiag  fioroe  tml  t»  Aii 
weight.  For,  after  tbe  velocity  it  armed  at  mtck  m  depet 
dMt  die  reristing  force  is  eqval  to  tbe  we^t  that  wges  ^it 
will  increase  no  longer,  and  the  globe  will  afterwards  coDtnne 
to  descend  with  that  velocity  nnifonnlj.  Now,  K  and  n  hoBf 
the  separate  specific  gravities  of  the  globe  and  flnid,  N-*9  niH 
be  the  relative  gravity  of  the  globe  in  the  floid^  and  tkercfae 
w:=:iitd^  (n— fi)  is  the  weight  by  which  it  is  urged;  abo  mzz 

is  the  resistance ;  consequently  -^^    =  i^d^  (x  —  n) 

when  die  velocity  becomes  uniform :  from  which  equadoo  is 

found  v=\/  (  ^  'id  »  — /,  for  the  said  uniform  or  greatest 

velocity. 

By  comparing  this  value  of  v  widi  those  in  arts.  9 16  and  24S» 
it  will  appear  that  the  greatest  velocity  is  equal  to  the  velocity 

generated  by  the  accelerating  force in  describii^  the  space 

WW 

^d,  or  equal  to  the  velocity  generated  by  gravity  in  freely  de- 
scribing the  space  ^^  •  ^. — If  n=  2n,  or  the  specific  gravity 

of  the  globe  be  double  that  of  the  fluid,  then  ^'"*  =  1  =  the 

natural  force  of  gravity;  and  then  the  globe  will  attain  its 
greatest  velocity  in  describing  frf,  or  J  of  its  diameter w — \t  is 
further  evident,  that  if  the  body  be  very  small  it  w31  soon  ac- 
quire its  greatest  velocity,  whatever  its  density  may  be. 

Exam.  If  a  leaden  ball  of  1  inch  diameter  descend  in 
water,  and  in  air  of  the  same  density  as  at  the  earth's  surface, 
the  three  specific  gravities  being  as  11^,  and  1,  and  ^yi^. 
Then  v  =  y'  (2  •  S2^. t\  •  lOi)  =  VC^^  •  1^^)  =  «:5944  feet 
is  the  greatest  velocity  per  second  the  ball  can  acquire  by  de- 
scending in  water.  And  v  =  v/(4  •  VV  •  yy  '  Y  '  *-¥^)  nearly 
=  y*  v'i^y^  =  259*82,  is  tbe  greatest  velocity  it  can  acquire 
in  air. 

But  if  the  globe  were  only  ttv  of  an  inch  diameter,  the 
greatest  velocities  it  could  acquire  would  be  only  Vv  of  these, 
namely  tVu  of  a  foot  in  water,  and  26  feet  nearly  in  air;  and  if 
the  ball  were  still  further  diminished  the  greatest  velooity  would 
also  be  diminished,  and  that  in  the  subduplicate  ratio  of  the 
diameter  of  the  ball. 

SCHOLIUM- 

5i3.  It  appears  from  the  third  step  of  die  preceding  article, 
that  the  resistance  to  the  motion  of  a  cylinder  moving  in  the 
direction  of  its  axis  is  double  to  that  of  a  globe  of  equal  dia- 
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iBeter ;  andy  in  experimenU,  ^wben  the  bodies  move  slow,  this 
will  nearly  bold  in  water,  but  more  accurately  in  air ;  because 
its  particles  move  more  freely  tban  those  of  water,  and  less 
disturb  each  other's  motions:  but  when  the  motion  is  more 
rapid^  considerable  aberrations  will  occur ;  both  from  the  rkh 
tual  disturbance  of  the  particles,  and  from  the  fluid  not  flowing 
in  so  fast  behind  as  &e  body  moves  forward :  in  the  air,  also,  a 
new  cause  of  aberration  will  arise,  from  die  condensation  of  the 
fluid  before  the  body.  Sir  Isaac  Newton  supposes,  thai  in  a 
continuous  non-elastic  fluid,  infinitely  compressed,  the  resb^- 
ances  of  a  sphere  and  cylinder  of  equal  diameters  are  equal : 
but  this  appears  to  be  an  error  in  theory  as  well  as  in  fact ;  for 
the  lemma  (Lemma  5.  bode  ii.  §  7.  Prindp.)  on  which  he 
founds  his  inference,  has  been  iustly  called  in  question.  Whea 
the  motion  b  slow  in  water,  the  fluid  may  be  conceived  to  be 
nearly  of  that  nature  which  Newton  supposes ;  yet  the  renst* 
ances  are  almost  as  coincident  with  theory  as  when  the  motioa 
is  in  air :  thus  M.  Borda  found  the  resistance  of  a  sphere 
moving  in  water  to  be  to  that  of  its  greatest  circle  as  1  to  2*508, 
and  in  air  the  resistances  were  as  1  to  2*45.  The  experiments 
of  Dr.  Hutton  in  air  give  the  resistances  as  1  to  2\y  at  a  mean% 
The  reason  that  experiments  give  the  ratio  of  the  resistances 
greater  than  that  of  2  to  1  seems  to  be  this ;  in  theory  it  is 
supposed  that  the  action  of  every  particle  of  the  fluid  ceases  the 
instant  it  makes  its  impact  on  the  solid ;  but  this  is  not  actually 
the  case,  as  we  have  before  observed  (art  541.) :  and  since  the 
particles,  after  impact  on  the  sphere,  slide  along  the  curved  sur- 
face, and  hence  escape  with  more  facility  than  along  the  face 
of  the  cylinder,  the  error  will  be  greater  in  the  cylinder;  that 
is,  the  greater  resistance  will  exceed  theory  more  than  the  less. 
It  b  also  to  be  observed,  that  the  difference  between  the  resbt- 
ances  6i  the  globe  and  cylinder,  in  water,  b  greater  than  in  air ; 
which  is  direcdy  contrary  to  what  might  be  inferred  from  New- 
ton's reasoning,  which  supposes  them  equal  in  a  continuous 
fluid,  but  in  the  ratio  of  1  to  2  in  a  rare  fluid. 

544.  Lbmma.  If  a  given  angle  be  divided  into  two  parts, 
the  product,  or  solid,  contained  under  the  square  of  the  sine 
of  the  one  part  and  the  sine  of  the  other  will  be  a  maximum 
when  the  tangent  of  the  former  b  double  the  tangent  of  the 
latter,  or,  when  the  sine  of  the  difference  of  the  parts  b  ou^ 

,  .third  of  the  sine  of  the  whole  given  angle. 

Thb  b  a  particular  case  of  Prob.  v.  p.  502,  Simpion^s  Flux^ 
ions ;  and  is  well  known  to  mathematicians. 

545.  Prop.  Suppose  that  a  plane  ABC(fig.  12.pl.  XVIIL) 
movifis  with  a  velocity  and  direction  represented  by  bB,  is  aded 
upon  by  a  fluid  whose  particles  mote  with  a  velocity  represented 
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h^  liUf  and  mdkiiii&M  parallel  to  thai  liM;'&upropo^U 
Jitermine  the  angle  (^' indmation  abd  «o  thai  the  e^eet  aftk 
Jbttd  may  be  the  greatett  possible. 

Since  a  partick  impioging  on  the  plane  at  B  moves  diroii|jk 
the  space  db  in  the  time  that  the  plane  itself  would  pass  froa 
Ihe  position  aie  to  abc,  it  is  manifest  diat  the  distance  Kof 
die  said  particle  from  the  plane  (produced)  at  the  beginning  of 
that  time  will  be  the  measure  of  the  relative  celerity  with  whidi 
the  particles  of  the  fluid  approach  the  plane  in  a  direction  po^ 
liendiculor  to  it;  and  consequendy  (art.  469.)  that  the  finteef 
fbe  stream  in  that  direction  will  a  d^  :  whence,  bj  thte  iM>- 
hition  of  forces,  the  efficacy  in  the  proposed  direction  bh  ifl 
'Oc  Be*  X  siaABH  oc  ne*  x  sinnfrn. 

I  Now  the  angle  Abd  bdng  given,  as  well  as  the  sidea  bB,  bd^ 
.containing  that  angle,  the  remaimng  angle  sfo  will  be  kiomm, 
as  well  as  the  side  d6:  of  consequence^  nebeii^  the  sine  of  the 
an^e  nbe  to  the  given  radius  do,  the  effect  oe^  X  sin  abn  wU, 
be  a  maximum,  when  sin^  nbe  x  sin  abn  is  a  mazinMim^  that  is 
(by  die  Lemma),  when  8iu(j>ba  d)  aba)  ss  ^sm  mbj>t  whence 
the  difference  being  given,  the  angles  themselves  will  be  known. 
The  geometrical  construction  is  very  simple :  thus,  having  from 
the  centre  b  with  any  radius  described  the  arc  mr,  on  ri  (pro- 
duced if  necessary)  let  fall  the  perpendicular  aq} ;  take  pq  ir 
yfnpf  and  draw  as  parallel  to  pr,  cutting  the  circle  in  s :  then 
bisect  the  arc  mi  by  the  line  bae,  and  the  thing  reqmred  is  done. 
For  the  sine  sv  of  sr,  that  is,  of  the  difference  of  the  angles  nba, 
abn,  is  j.  of  mp,  the  sine  of  the  whole  given  angle  b^d,  as  it 
ought  to  be. 

546.  To  obtain  a  general  theorem  expressed  algebraically, 
let  the  velocity  6b  of  the  plane  be  put  >-  v,  and  that  of  the  fluid 
.=  v;  also  let  the  angle  db6  be  called  b:  and  having  drawn 
BFL  perpendicular  to  the  plane,  or  to  bre,  put  6f  =  x,  and  bf 
:=:y.  llien,  because  fb  and  fl  are  tangents  of  the  angles  fia, 
rbh,  to  the  common  radius  (f,  it  follows  (from  the  lemma)  that 
PL=£2BFac2y ;  whence/  if  lr  and  ng  be  perpendicular  to  Hf, 
we  have,  by  similar  triangles,  b6  :  bf  :  :  bl  :  bb  ;  that  is,  v  :y 

•  •  ^y  •  "T"  =  BR;  and  consequendy  6r  =  bb  —  Bftn-^tzT. 

Likewise,  b^  :  ip  :  :  bl  :  lr  ;  that  is,  i? :  jr :  :  Sy  :  ^  ==  lb. 
ButDQsy6inB,and  Aqziv  cosb  — i;,  we  have  again,  by  simi- 
lar triangles,  dq  :6q::lr  :  An.orvsinB:  vcosb— v:  :^: 

— - — .  Multiplying  the  means  and  extremes  of  thia  analogy, 
we  obtain  sy-r*  =  "^^'"^  . Sxw 
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Substitudng  in  tbia  eqiiatkin  for  tf'  its  equal  ji^  +y*9  com- 
pleting  the  square  and  reduckig,  we  at  length  find 

And  this  equation  manifestly  expresses  the  natural  tangent  of 
the  angle  6bf,  or  the  cotangent  of  the  required  angle  f&h. 

54'7«  Cor.  1.  If  the  given  angle  db6  be  a  ri^ht  angle  (as 
is  the  case  when  the  wind  strikes  against  the  sails  of  a  wind- 
mill)^ then  is  sin  B  =  1^  and  cos  b  =  0,  the  expression  for  the 
tangent  of  Abf  (which  is  here  equal  to  the  angle  of  mdinadon 

abd)  will  become  \/\^  +  "4^)+  i^*  Thia^  if  v  be  taken 

=  0>  or  the  plane  be  supposed  at  rest^  will  be  barelj  =:  V2^ 
answering  to  an  angle  of  54^  44^.  But  if  the  velocity  of  die 
plane  be  supposed  \^  ^^  •{-,  4y  or  {.^  of  that  of  the  medium  or 
stream,  then  the  angle  abd,  found  from  this  theorem,  will  be 
eijual  to  bV  14',  61**  27',  6S*^  26^,  660  58'  or  74*  VJ  respec- 
tively :  so  that  the  sreater  the  velocity  of  the  plane,  the  greater 
also  virill  be  the  angle  of  mclination. 

Hence  it  appears,  that  the  sails  of  a  windmill,  in  order  that 
die  effect  may  be  the  greatest,  ought  to  be  more  turned  to- 
wards the  wind  in  the  extreme  parts  where  the  modon  is  swift- 
est than  in  the  parts  nearer  to  the  axis  of  modon:;  in  such  a 
manner  that  the  tansent  of  the  axle  formed  by  the  direcdon  of 
the  wind  and  the  sail  may  every-where  be  equal  to  the  expres- 

sion  a/  ^2  +  -^j  +  sf7>  Ae  velocity  v  being  proportional  to 

the  distance  from  the  axis  of  motion,  and  increasing  till,  at  tha 
extremity  of  the  sail,  it  is  sometimes  equal  to  v,  or  even  ex- 
ceeds it. 

548.  Cor.  2.  If  the  angle  DBA,  which  the  direction  of  the 
stream  makes  with  the  plane,  be  given,  instead  of  the  angle  dbh 
or  db6  ;  it  will  then  appear  that  the  effect  will  in  that  case  be 
a  maximum  when  sin  abh  (the  angle  made  by  the  plane  and 
the  direcdon  of  its  motion) :  sin  dba  :  :  ^bd  :  b6. 

For  the  force  in  the  direcdon  fb  varying  as  Be*,  its  effect  in 

the  direcdon  bh  will  a  De*  •  j^  a       '     .     Now  pb,  bJ,  and 

the  angle  dbe,  being  given,  de  is  thence  given.  And  it  is  we^ 
known  (see  Simpson's  Geom.  tbeor.  J  7*  cf  max.  and  min.)  Aat 
the  s<^d  of  the  square  of  one  part  of  a  line  into  the  other  part 
is  a  maximum,  when  the  former  part  is  the  double  of  the  latter. 
Consequlendy  De  must  be  =  2k«  ;  so  diat  ze^  or  its  equal  bf, 
will  be  4db. 

VOL.  I.  N  K 
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BuCy  Ml  mbw  :  wwL : :  Br  («4-db)  :  bI^ 
tod  hmL  :  «o  DBA : :  BB :  bb, 
vthtoetf  eoKmmemdo,  m  mbw  :  na  dba  : :  f  bd  :  mi. 

549.  Cob.  S*  The  proponioo  m  the  precnfiqg  eorolfaBy  cm 
obIj  obtain  when  mb  u  eqpal  to  or  greater  thaa  ^db.  Fo^ 
when  mb  is  leas  than  |db,  et  (ivUch  is  alwajs  Im  dai  bI) 
caBBot  be  cqad  to  -Vdb;  but  will  appniBck  tte  aaanal  t»  il 
vfacB  BP  coiacidea  wUb  86,  that  is,  wkeo  the  hi^  FfalorAHl 
b  of  90^;  and  in  thif  cm  the  effect  irii  be  a  maaimmm  whoa 
the  directioii  of  the  motion  ia  perpewicBlar  t»  Ik  pbae.  If 
tfie  given  angle  dba  be  a  ri|^  angle  (wUch  appeafa  to  be  Ae 
most  ad? antageousy  becanae  dwn  ob  s  db),  u  CsBoiwa  that 
am  ABH  will  be  to  nMiivs  as  |  of  die  velocilj  of  the  atream  to 
the  relocitj  of  dw  plane  or  sail.  Heoce^  iffbejmce  cftik 
wind  be  eapabk  of  producing  a  da^et  of  vdoeuw  w  b  dip 
gnaierihan  iofUtowmv€hSiy,iiu^idtniiimiiie$k^mmf 
run  swifter  tqkm  an  Mique  coune  ikon  mken  dbe  smUe  dnrec^f 
before  ike  wind.  .If  the  velocity  be  to  that  of  die  mod  as  1  to 
3,  and  the  course  be  109^  ^,  the  force  of  the  wimi  npon  the 
vessel  to  promote  its  motion  will  be  greater  than  the  foice  ia  a 

direct  course  of  180*,  in  die  ratio  of  V32  to  V«7,  or  of  3-I74S 

to  3*     See  Maclaurin*8  Fluxions,  art.  919. 

550.  Prop.  To  determine  the  relatums  ofodocity^  spaee^ 
and  timey  of  a  ball  moving  in  ajluid,  in  whuk  ii  it  pro;ected 
with  a  given  velocity^ 

1.  Let  a  =  the  uvBt  velocity  of  projection,  x  the  space  de- 
scribed in  any  time  t,  and  v  the  velocity  then.     Now,  by  step  4, 

art.  542.  the  accelerativd  force/ =s  -—7 ;  where  b  is  the  den- 

cgma 

sity  of  the  ball,  n  that  of  the  fluid,  and  d  the  diameter.  Hiere** 
fore  the  general  equation  vvrzgfs  becomes  w  as  x ;  and 

hence  ^s  -gjj^^^  -'***  putting  b  for-gjjj.  The  correct 
fluent  of  this  is  log.  a— log.  v,  or  Iog«  -^  =  bx.  Or,  putting  c  z 
8718281828,  die  number  whose  hyp.  log.  is  1,  then  is  —  r:  c^, 
and  the  velocity  v  =  ^  =  aC'^^ 

£.  The  velocity  v  at  any  time  being  the  c^^  part  of  the  fint 
velocity,  therefore  the  velocity  lost  in  any  time  will  be  tht 

1  *  c"*'  part,  or  the     ^7^  pwt  of  the  first  velocity. 

Exam*  !#  If  a  globe  be  projected  with  any  velocity  in  s 


Cu AP.  v.]  Rtsistance  of  Fhidi.  547 

medium  of  the  same  density  with  itself,  and  it  describe  a  space 
equal  to  3e{  or  9  of  its  diameters.    Then  x  =  $dj  and  b  =: 

•jjjj  s  — ;  therefore  6x  =  •{,  and  the  velocity  lost  is  —5;—  = 

j~ ,  or  nearly  4  of  the  projectile  velocity. 

Exam.  2.  If  an  iron  ball  of  2  inches  diameter  were  pro- 
jected with  a  velocity  of  1200  feet  per  second;  to  find  the 
velocity  lost  after  movmg  dirough  any  space,  as  Suppose  500 
feet  of  air :  we  should  haved  =  tt =79  a  =  1200,  x  =  500,  N  =: 

Mf  «     1         tf>         «  3iix         3*18.500.3.S  81 

^y»  •  =  •0012;  and  therefore  i*  = —^  =  -—^gj^  =_, 

and  V  =  --—  =:  998  feel  per  second ;  having  lost  202  feet,  or 

nearly  '  of  its  first  velocity. 

Exam.  S.  If  the  earth  revolved  about  the  sun,  in  a  medium 
as  dense  as  the  atmosphere  near  the  earth's  surfiice;  and  it 
were  required  to  find  the  quantity  of  motion  lost  in  a  year. 
Hien,  smce  the  earth's  mean  density  b  about  4),  and  its 
distance  from  the  sun  12000  of  its  diameters,  we  have  24000 

X  3*  141 6  =  75398  diameters  =:  x,  and  bx  =  a.ioooo  9  ^ 
7^5398  ;  henc^  ^  =:  tttt  parts  are  lost  of  the  first  motion 
in  the  space  of  a  year,  and  only  the  rrn-  put  r^ains, 

3.To  find  the  time  ti  we  have/  =  -  =  *  =  — '.  Now,  lo 
find  the  fluent  of  this,  put  z  =e  c^'  ;  then  is  bx  =  log.  z,  and 

tf  V  ^*ox  'W  ai  ^p  V 

ftjr  =  ~,  or  ;r  ■=  —  ;   consequently  t  or  — j^  =  —  =  — ;  and 
hence  '  =  ';j  =  'S'  *     ^^^  ^  ^  ^^  '^  vanish  together,  and   , 
when  a:  =  0,  the  quantity  "jr  J*  =  "jr  >  therefore,  by  correc- 
tion,f=^*=^-jl=  i-(i-«-L)  the  time  sought; 
where  b  =  -jjj>  and  v  =  ^  the  velocity. 

551.  Pbof.  3b  determine  the  relations  of  space,  time,  and 
velocity,  when  a  globe  descends,  by  its  own  wetglit,  in  an  infi^ 
niteftuid. 

The  foregoing  notation  remaining,  viz.  d  as  diameter,  N  and 
h  the  density  of  the  ball  and  fluid,  and  v,  s,  t,  the  velocity, 
space,  and  time,  in  motion ;  we  have  iftd^  =:  the  magnitude  oJF 
Ihfi  ball,  and  ji'd'  (N—n)  s  its  weight  in  the  fluid,  also  m  = 

nm2 


•^^  b  tbe  moti^  fbrttf  fey  ^ieb  the  Ml'korge^ 

bdng  divided  by  >NcI>,  the  qimili^  of  matto  moYcd,  gkes/s 

1  «-  —  -  *|!^  for  die  accelenilif  e  force. 

IT  Bgtld 

8.  Hence  w  =  £/«•  and  «  ss  -j  s=  ^      »  -j-  X 

tliefliMEDlofwluchii«i=^  X  lo^  of  -;;—,  Ml tM^fmmom fcr 

die  apece  «,  ia  temui  of  die  vdocity  Vp  when  i  and  v  bcpnie*. 
||etner« 
S^Todetermineomtermsof^INilcs  St-71M81StS;fk% 

nnce  die  log.  of -^  =  Si^  dieiefore  -^  «  i*%  or  — -—  = 

c~^;  and  hence  v  ss  \/(a— oc***),  die  Tdocitf  aoag^ 
4*  The  (reateat  Telocity  is  to  be  found,  as  m  step.  5  of  art. 

542.  by  making/  or  1  —  -  —  gjjj  =  0,  whidi  gnref  v  = 

A/ (g  •  8rf'  "^J  =  \/tf.    The  same  taluc  is  also  obtuned  by 

making  the  fluxion  of  r^,  or  of  d— oc"**,  s=  0.  And  the  same 
Talue  of  r  is  obtained  by  making  s  infinite,  for  then  c^^  sb  0. 
But  this  velocity  ^a  cannot  be  attained  in  any  finite  time,  and 
it  only  denotes  the  velocity  to  which  the  geoeral  vmlne  of  v  or 
V{m  ->  oc"^  )  continuaUy  approaches.  It  it  evideBty  however, 
diat  it  vriU  approiimate  towards  it  die  faster,  the  greater  h  is, 
or  die  less  a  is;  and  that,  the  diameters  beii^  very  smaii,  At 
bodies  descend  by  nearly  uniform  velocities,  which  are  dirtcdy 
in  die  subduplicate  ratio  of  die  diameters. 

5.  To  find  die  time  f;  vrehave /z:  ^=:a/J.x-— ^ — si 

»       vr      «       V\l— r~^l 

Then,tofiBddieflneBtofthbflnwm,pli*2=  y/'il-c 


^,  or  ^s  1  —  c^**;  hence  »  zz  4sc~    ,  and  s  =  Ji^^mm  =T- 
— y;  coMeqnentiyrsg^>^4?,andlhipfiiii  thefceatii 

W^  ^T^^'iAkiiiiihescMralcipfcmiDnfordbe 
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Note.  If  the  globe  be  so  li^ht  as  to  ascend  in  the  floidy  it  is 
only  necessary  to  chance  the  signs  of  the  first  two  terms  in  die 
value  off,  or  the  accelerating  force,  by  which  it  becomes  y=s 

1  —  g — 5 ;  and  then  to  proceed  in  all  respects  as  before. 

For  more  examples,  see  Dr.  fftUton's  Select  Exercises; 
whence  several  articles  in  this  chapter  were  taken. 


The  theoiy  of  the  resistance  of  fluids  when  considered  in  its 
utmost  extent,  is  very  intricate  and  perplexiog.  Besides  the 
propositions  on  this  subject  in  Nemton's  Pmcipia^  Ub.  2,  the 
.reader  may  be  re&rrtd  to  the  theory  of  John  Jbermndli  m  his 
Dissertation  on  the  Communication  of  Motion,  and  diat  of 
'M.  D^Alembert  in  hb  Sbfdrodynamica.  The  latter  theory  is 
genuine  and  unexceptionable,  but  extremely  intricate,  reqairing 
a  minute  acquaintance  with  die  most  absfruse  analysis;  and  it 
furnishes  only  one  ft^o*  proposition  that  is  of  any  practical  utility. 
The  dieory  of  M.  Gaorges  Juan  in  liSs  fixamm  Maritime^  and 
diat  of  M.  La  Grai^e,  a  sket4di  of  in^iich  may  Jbe  seen  in  Prom's 
Architecture  Hydraulique^  include  all  the  consideratioBs  waX 
ought  to  be  comprised  in  such^ discussions!  but  diey  nrasent 
numerous  difficulties  inseparable  from  the  analysis  itaw,  ^nd 
luroish  but  few  practical  rssidt?* 


(    550    > 


CHAPTER  VI. 


Ewperiments  on  the  Resistance  ofWmds. 


552.  Ih  the  pfeoecBag  diaptar  we  bm  given  lonie  of  ffae 
moil  iifliefbl  propoiitMMii  u  tK  oitlio^ 

of  ftttds,  UMI  lum  lefinred  to  the  worki  of  other  aulbon  a 
whidi  mofe  rigoioiu  dieones  are  eifaibited.  But  in  all  thecNMi 
respecting  the  nK>tion8  and  actions  of  fliuds,  there  ara  assomp- 
timis  wb£h  depend  on  the  judgment  of  the  investigator;  aomt 
it  b  always  proper  to  put  every  such  theorj  to  the  test  of  eq>^ 
riments.  IJFtt  be  bigbly- desirable  that  diese  brandies  of  science 
be  reduced  to  rules  capable  of  being  emfdoyed  in  practice  with 
cerUunty,  and  if,  as  is  oar  opinion,  thb  can  never  be  cMnpletdy 
attained  by  dieory  alon^  it  becomes  a  matter  of  great  import* 
ance^to  snbjectdiese  points  to  an  extensive  and  varied  series  of 
eaperiments;  to  discuss  these  experiments  vrith  care,  and.  to 
compare  them  with  the  theory  adopted,  in  order  to  discover 
where  it  is  deficient,  and  to  supply  the  deficieocies.  A  multi- 
plicity of  facts  attentively  analysed,  and  reduced  as  far  as  possible 
to  general  laws,  may  correct  the  results  of  theory,  or  compose 
of  themselves  the  outlines  of  a  kind  of  theory  which  may  be 
readily  adapted  to  the  usual  occasions  of  practice.  Under  these 
impressions  we  have  already  stated  the  results  of  experiments 
on  the  elBuence  of  fluids,  and  the  motion  of  water  wheels  (chaps. 
£  and  4,  book  IV.);  and  shall  now  exhibit  the  most  curious  and 
important  results  which  have  been  deduced  from  experiments 
ou  the  resistance  of  fluids. 

553.  Experiments  on  this  subject  are  by  no  means  numerous; 
at  least  such  as  can  be  depended  on  for  the  foundation  of  any 
practical  application.  The  first  that  have  this  character  are 
those  published  by  Mr.  Robins  in  1742,in  his  treatise  on  gunnery. 
They  were  repeated  with  some  additions  by  the  Chevalier  Bord^ 
and  some  account  of  them  published  in  the  Memoirs  of  the 
Academy  of  Sciences  in  1763.  In  the  Philosophical  Transac- 
tions of  the  Royal  Society  of  London,  vol.  Ixxiii.  there  are  some 
experiments  of  tbe  same  kind  on  a  larger  scale  by  Mr.  Edge- 
worth. 
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In  all  these  esperiments  the  resistances  were  found  to  be  very 
nearly  in  the  proportion  of  the  squares  of  the  velocities;  but  they 
were  found  considerably  greater  dian  the  weight  of  the  columa 
of  air  whose  height  would  produce  the  velocity  in  a  falling  body. 
Mr.  Robins's  experiments  on  a  square  of  1 6  inches,  describit^ 
2*5*2  feet  per  second,  indicate  the  resistance  to  be  to  this  weight 
nearly  as  4  to  3*  Borda's  experiments  upon  the  same  surface, 
state  the  disproportion  to  be  still  greater. 

The  resistances  are  found  not  to  be  in  the  proportion  of  the 
surfaces,  but  increase  considerably  faster.  Surfaces  of  9,  1 6, 36, 
and  81  inches,  moving  with  one  velocity,  had  resbtances  in  the 
proportion  of  9,  17},  42^,  and  104|. 

Now  as  this  deviation  from  the  proportion  of -the  surfaces  io^ 
creases  with  great  regularity,  it  is  most  probable  that  it  continues 
to  increase  in  surfaces  of  still  greater  extent;  and  these  are  the 
most  generally  to  be  met  with  in  practice  in  the  action  of  wind  on 
ships  and  mills. 

Borda's  experiments  on  81  inches  shew  that  the  impulse  o£ 
wind  moving  one  foot  per  second,  is  about  j^  of  a  pound  on  a 
square  foot.  Therefore,  to  find  the  impulse  on  a  foot  corre* 
sponding  to  any  velocity,  divide  the  square  of  the  velocity  by  500, 
and  we  obtain  the  impuke  in  pounds.  Mr.  Rouse  of  Leicester* 
shire  made  many  experiments,  which  are  mentioned  with  great 
approbation  by  Mr.  Smeaton.  His  great  sagacity  and  experi- 
ence in  the  erection  of  windmills  oblige  us  to  pay  a  considerable 
deference  to  his  judgment.  These  experiments  confirm  our 
opinion,  that  the  impulses  increase  faster  than  the  surfaces. 
Th6  following  table  was  calculated  firom  Mr.  Rouse's  observa- 
tions, and  may  be  considered  as  pretty  near  the  truth. 

Velocity  in  Ft.  Impulse  on  a  Ft  in  Poundt • 


0 

0-000 

10 

0129 

20 

0-915 

SO 

2-059 

40 

3-660 

50 

5-718 

CO 

8-2S4 

70 

1 1-207 

80 

14-638 

90 

18-526 

loo 

22-872 

110 

27-675 

120 

32-926 

1^0 

38-654 

140 

44-830 

150 

51-462 

Mi  KamumoL         [Bookv. 

V  ^  Mlli|4j  dn  vpim  of  A^friMky  fa  i^ 

pdliict frill  be  ikm  impalM  or  nm^hmei  am  m  wtpmn  fcot» 
fMHy  aecordiiig  to  Mr.  Bovm^s  wmnbm. 

SM.  TIm  crartwt  devMaa  bmm  dw  theciy  >0t—  mtte 
iMqie  aBpyteei,  Mr.  Rokn  coamred  te  tomImw  of  a 
iMdltey  whoie  asf^  ww  90^,  with  tte  miilMwe  «€  ito  kmt, 
mdvmtttA  of  Undiog  it  leti  m  Ae  pceportkjii  of  ^Sto  lyW 
determbed  I9  tbe  tbeoiy,  he  foinid  k  cmrtn  ' 
tf  66  to  68  DMriy;  and  when  hefovmed  dw  kodf  i 
of  JipUdi  die  tidM  bad  the  nnie  nofaoe  oad  tei 
at  die  lidei  of  die  we4ge»  die  i-eMtaMe  ^of  Ae 
wtn  nowiM65  toSQneailytto  daitheredttni 
ikm  Mune  iocKDatkm  had  iti  resbtaBce  redacod  fraoi  6t  to  Sf 
hy  boog  put  bto  dw  form.  Siaular  defiatiom  occar  inlhe 
aoqieiiiiieats  of  the  Oienilkv  Borda;  and  k^aaqrfce  caleBtri 
ftvm  bodi,  dwtthe  retwtuKmdimhiiih  aero  MwifJM^ha  fee- 
portion  of  the  sines  of  inddence  dun  in  die  pnlpaetita'of  Ae 
si|uares  of  diose  sines. 

The  inegnlaHtyintheresiBtaaceofcttrfedsnrfcoeaisasmat 
as  in  plain  saiiaces.  In  general,  die  dieory  gives  the  obfiqae 
impulses  on  plane  surfaces  much  too  smaB,  and  die  impolses  on 
curved  surfaces  too  great.  The  resistance  of  a  sphere  does  not 
•xceed  the  fourth  part  of  die  resistance  of  its  great  eircie,  instead 
of  being  its  half;  but  the  anomaly  is  such  as  to  leave  hwdly  any 
room  for  calculation.  It  would  be  rer^  desirable  to  have  diie 
aaperinients  on  this  subject  repeated  m  a  greater  varie^  of 
cases,  and  on  larger  surraces,  so  that  the  errors  of  the  es^eri- 
Bients  may  be  of  less  consequence. 

Mr.  Robins  haying  proved  that  in  Tery  great  changes  of 
velocity  the  resistance  does  not  accurately  folbw  the  duplicate 
ratio  of  the  velocity.  Jays  down  two  positions,  which  he  supposes 
may  be  of  some  service,  particularly  in  the  practice  of  artillery, 
till  a  more  complete  and  accurate  theory  of  resistance,  and  the 
dianges  of  its  augmentation,  may  be  discovered.  The  first  of 
these  is,  diat  till  the  velocity  of  the  projectile  surpass  1 100  or 
IIKX)  feet  per  second,  the  resistance  may  be  esteemed  in  the  do- 
plicate  ratio  of  the  velocity.  The  second  is,  that  when  the 
velocity  eiceeds  1100  or  1200  feet  in  a  second,  then  the  abso- 
lute quantity  of  the  neiistance  will  be  nearly  3  times  as  areat  as 
it  should*  be  from  a  comparison  with  the  smaller  velocities. 
We  shall  soon  see,  however,  that  4her^  is  no  ^brupi  change  in 
the  law  of  resistance;  but  that  it  is  slow  and  continual  from  the 
imailest  to  die  gneatest  velocities^ 
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655.  Dr.  Button f  late  of  the  Royal  Military  Academy,  has 
likewise  prosecuted  the  subject  of  the  resistance  of  the  air 
e&perimentally;  and  that  to  a  considerable  extent.  His  expe- 
riments were  made  not  only  with  the  whirling  machine,  invented 
by  Mr.  Robins,  but  with  cannon  balls  of  differeot  weights, 
from  lib.  to  61b. ;  also  with  figures  of  various  shapes,  and  with 
planes  set  at  a  variety  of  angles  of ^  inclination  to  the  path  of 
motion.  From  these  curious  experiments  the  doctor  4ias  aa- 
certaiaed  die  resistance  of  bodies  to  aU  velocities,  from  1  to 
2000  feet  per  second ;  the  bodies  being  different,  and  their  faces 
it  different  angles  of  inclination.  Some  of  his  general  tables 
ind  conclusions  deduced  from  those  experiments  are  as  follow. 

Table  I.  Resistances  of  different  bodies. 


Veloc 

6b»U 

hemif. 

flat 

tide. 

Urge 

henut. 

Coae. 

• 

'^ 

Whole 
gbbe. 

Retif. 
at  the 

per 

flat 
side. 

rofaiid 
•ide. 

vertex. 

base. 

power 
of  the 
▼eloe* 

feeL 

01. 

oz. 

OS. 

oz. 

oz. 

oz. 

oz. 

.F 

3 

•098 

•051 

•030 

•038 

•064 

•050 

•037 

4 

•048 

•096 

•039 

•048 

•109 

•090 

•047 

5 

•072 

•184 

•063 

•071 

•163 

•143 

•068 

6 

•103 

•211 

•093 

•098 

•225 

•205 

-094 

7 

•Ul 

•384 

•133 

•139 

•898 

-378 

•las 

8 

•184 

•368 

•160 

•168 

•383 

•360 

•163 

9 

•333 

•464 

•199 

•811 

•478 

•456 

•205 

10 

•387 

•573 

•242 

•260 

•587 

•565 

•255 

11 

•349 

•698 

•293 

•315 

•713 

•688 

•310 

3*053 

13 

•418 

•S86 

•347 

•376 

•850 

•886 

•370 

8*043 

13 

•493 

•9S8 

•409 

•440 

vooo 

-979 

-485 

8-036 

U 

•573 

M54 

•478 

•513 

M66 

M45 

•505 

2-031 

15 

•661 

r336 

•553 

'589 

1-346 

1«337 

•581 

2*031 

16 

•754 

1*538 

•634 

•673 

1*546 

1-536 

•663 

3-038 

17 

•853 

1-757 

•732 

•762 

1-763 

1-745 

-753 

3*038 

18 

•959 

1-938 

•818 

•858 

3-003 

i-98r, 

•848 

3^044 

19 

1-073 

3-998 

•933 

•959 

3-360 

2-346 

•949 

8-047 

10 

M96 

9>54S 

1033 

•1069 

3-540 

3538 

1-057 

3-061 

Mmui 

propor. 

140 

^8 

119 

136 

391 

385 

134 

3-040 

Not. 

6 

V 

. 

1 

3 

3 

4 

5 

7 

8 

9, 

In  this  triile  are  contained  the  resistances  to  several  forms  of 
bodies,  when  moved  with  several  degrees  of  velocity,  from  3 
feet  per  second  to  20.  The  names  of  the  bodies  are  at  the  tops 
of  the  columnsi  as  also  which  end  went  foremost  through  the 
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air ;  the  different  velocities  are  in  the  first  column,  and  die  re* 
sistances  on  the  same  line,  in  their  several  colamns,  in  iToirda- 
pois  ounces  and  decinoal  parts.  So  on  the  first  line  are  contained 
the  resistances  when  the  bodies  move  with  a  velocity  of  3  feet 
in  a  second,  viz.  in  the  2d  column  for  the  small  hemisphere,  of 
4j-  inches  diameter,  its  resistance  '028  oz.  when  the  flataide  went 
foremost;  in  the  3d  and  4th  columns  die  resistances  to  a  lar^ 
hemisphere,  first  with  the  flat  side,  and  next  the  round  side 
foremost,  the  diameter  of  this,  as  well  as  all  the  foUowing  figures 
being  6\  inchesi  and  therefore  the  area  of  the  great  circle  =32 
sq.  inches,  or  ^  of  a  square  foot;  then  in  the  5th  and  6th  colamns 
are  the  resistances  to  a  cone,  first  its  vertex  and  then  its  base 
foremost,  the  altitude  of  the  cone  being  6^  inches,  the  same  as 
the  diameter  of  iC^  base :  in  the  7th  column  the  resistance  to  the 
end  of  the  cylinder,  and  in  the  8  th  that  against  the  whole  globe 
or  sphere.  All  the  numbers  shew  the  real  weights  which  are 
equal  to  the  resistances;  and  at  the  bottoms  of  the  columns  are 
placed  proportional  numbers,  which  shew  the  mean  proportions 
of  the  resistances  of  all  the  figures  to  one  another  with  any 
velocity.  Lastly,  in  the  9th  column  are  placed  the  exponents 
of  the  power  of  the  velocity  which  the  resistances  in  the  8th 
column  bear  to  each  other,  viz.  which  that  of  the  iO  feet  velocity 
bears  to  each  of  the  following  ones,  the  medium  of  all  of  them 
being  as  the  2*04  power  of  the  velocity ;  that  is,  very  little  above 
the  square  or  second  power  of  the  velocity,  so  far  as  the  veloci- 
ties in  this  table  extend. 

556.  From  this  table  the  following  inferences  are  easily 
deduced. 

I.  That  die  resistance  is  nearly  in  the  same  proportion  as 
the  surfaces;  a  small  increase  only  taking  place  in  the  greater 
surfaces,  and  for  the  greater  velocities.  Thus,  by  comparing 
together  the 'numbers  in  the  2d  and  3d  columns  for  the  bases 
of  the  two  hemispheres,  the  areas  of  which  bases  are  in  the  pro- 
portion of  1 7^  to  32,  or  5  to  9  very  nearly,  it  appears  that  the 
numbers  in  those  two  columns  expressing  the  resistances,  are 
nearly  as  1  to  2,  or  5  to  10,  as  far  as  the  velocity  of  12  feet ;  bat 
after  that  the  resistances  on  the  greater  surface  increase  gradually 
more  and  more  above  that  proportion. 

II.  The  resistance  to  the  same  surface  with  different  veloci- 
ties,  i^,  in  these  slow  motions,  nearly  as  the  square  of  the  velo- 
city ;  but  gradually  increases  more  and  more  above  that  propor- 
tion as  the  velocity  increases.  This  is  manifest  from  all  the 
columns  ;  and  the  index  of  the  power  of  the  velocity  is  set  down 
in  the  9th  column,  for  the  resistances  in  the  8th,  the  medium 
being  2*04  j  by  whicli  it  appears  that  the  resistance  to  the  sam 
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body  is,  in  these  slow  motions,  as  the  2*04  power  of  the  velocity, 
or  nearly  as  the  square  of  it. 

III.  The  round  ends,  and  sharp  ends,  of  solids,  suffer  less 
resistance  than  the  flat  or  plane  ends,  of  the  same  diameter;  but 
the  sharper  end  has  not  always  the  less  resistance.  Thus,  the 
cylinder  and  the  flat  ends  of  the  hemisphere  and  cone  have 
more  resistance  than  the  round  or  sharp  ends  of  the  same;  but 
the  round  side  of  the  hemisphere  has  less  resistance  than  the 
sharper  end  of  the  cone. 

I V.  The  resistance  on  the  base  of  the  hemisphere,  is  to  that 
on  the  round,  or  whole  sphere,  as  2y  to  1,  instead  of  2  to  1,  as 
the  theory  gives  that  relation.  Also  the  experimented  resistance 
on  each  of  these,  is  nearly  '  more  than  the  quantity  assigned  by 
the  theory. 

v.  The  resistance  on  the  base  of  the  cone  is  to  that  on  the 
vertex  nearly  as  2j^  to  ] ;  and  in  the  same  ratio  is  radius  to  the 
sine  of  the  angle  of  inclination  of  the  side  of  the  cone  to  its  path 
or  axis.  So  that,  in  this  instance,  the  resistance  is  directly  as 
,  the  sine  of  the  angle  of  incidence,  the  transverse  section  being 
the  same. 

VJ.  When  the  hinder  parts  of  different  bodies  are  of  difierent 
forms,  the  resistances  are  difierent,  though  the  fore  parts  be 
exactly  alike  and  equal ;  owing  probably  to  the  difierent  pres- 
sures of  the  air  on  the  hinder  parts.  Thus,  the  resistance  to  the 
fore  part  of  the  cylinder  is  less  than  on  the  equal  flat  surface  of 
the  cone,  or  of  the  hemisphere ;  because  the  hinder  part  of  the 
cylinder  is  more  pressed  or  pushed  by  the  following  air  than 
those  of  the  other  two  figures;  also,  for  the  same  reason,  the 
base  of  the  hemisphere  suffers  a  less  resistance  than  that  of  the 
cone,  and  the  round  side  of  the  hemisphere  less  than  the  whole 
sphere. 

VII.  If  dhe  the  diameter  of  any  ball  in  inches,  and  v  the 
velocity  in  feet  with  which  it  moves  in  the  air,  then  will  the 
resistance  it  experiences  in  avoirdupois  pounds  be  denoted  by 
('OOOOOJ 565if-  -00175  v)  d*.  Thus  an  iron  ball  of  2-78  mches 
diameter,  or  Slbs.  weight,  moving  with  a  velocity  of  1800  per 
second,  would  be  resisted  by  a  force  equivalent  to  J761bs.,  or 
more  than  5S  times  its  own  weight. 
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to  a  globe  rf  V96S 


6 

10 

20 

S5 

SO 

40 

50 

100 

800 

300 

400 

500 

600 

700 

800 

900 

1000 

UOO 

1800 

1300 

1400 

1500 

1600 

1700 

1800 

1900 

8000 


0-006 

0-084i| 

0*055 

0*100 

0-157 

0*83 

0-48 

0-67 

8*78 

11 
^S 
46 

78 

107 

151 

805 

871 

350 

448 

546 

661 

785 

916 
1051 
1186 
1819 
1447 
1569 


Ot>SO 
0O44 
ir  79 

0*189 
0*177 

0-314 
0481 
1-964 
7-0 

18^ 

Sl-4 

49 

71 

96 
186 
159 
196 
238 
283 
338 
385 
448 
503 
568 
686 
709 
786 


i-ao 
i-ss 
i*«i 

!«• 

i*ao 
i-ss 

1*36 
1«38 
1*40 
1*M 
1-48 
1*41 

rsj 

1-57 
1-63 
1-70 
1-78 
1-86 
1-90 
1^99 


9-06$ 

8-06S 

9*075 
9rOS» 
9iM 


8*07 
8-09 
8-08 
2-07 
8^04 
8*00 


i 


8*099 
8044 
8*051 
2-059 
8-067 
2-077 

2-oa6 

3*095 

2-102  i 

8-107 

8-111 

8rll3 

2-113 

8-111 

8*108 

8*104 

J8-Q98 
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la  the  firit  eoluino  .of  this  tsble  are  coBteined  die  sevwil 
velocities,  gradually  from  0  up  to  the  great  velocity  of  8000  feet 
per  secondy  with  which  a  ball  or  globe  moved.  In  the  2d 
column  are  the  experimented  resistances  in  avoirdupob  ounces. 
1  n  the  3d  colunm  are  the  correspondent  resistances,  as  computed 
by  the  theory.  In  the  4th  column  are  the  ratios  of  these  two 
resistances,  or  the  quotients  of  the  former  divided  by  the  latter. 
And  in  die  5th  or  last,  the  indexes  of  the  power  of  the  velocitj 
which  is  proportions!  to  the  experimented  resistance;  which 
are  found  by  comparing  the  resistance  of  80  feet  velocity  with 
each  of  the  "  " 
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From  the  2d,  3d,  and  4th  columns  it  appears,  that  at  tfie  be- 
ming  of  the  motion  the  experimented  resistance  is  nearly 
ual  to  that  computed  by  theory;  but  that  as  the  velocity 
:rea<(es,  the  experimented  resistance  gradually  exceeds  the^ 
her  more  and  more,  till  at  the  velocity  of  1300  feet  the  formef 
iconics  just  double  the  latter;  after  which  the  difference  ki«r 
eases  a  little  further,  till  about  the  velocity  of  l600  or  1700, 
tiere  that  excess  is  the  greatest,  and  is  rather  less  than  2^\ 
ter  this,  the  difference  decreases  gradually  as  the  velocity  in- 
eases,  and  at  the  velocity  of  2000  the  former  resistance  again 
(Comes  just  double  the  latter. 

From  the  last  column  it  appears  diat  tear  the  beginmng,  or 
slow  motions,  the  resistances  are  neari^  as  the,  square  of  the 
locities;  but  diat  die  ratio  gradually  mcreases,  with  some 
lall  variation,  till  at  the  veK>city  of  1600  or  1600  feet  it 
icomes  as  the  2^  power  of  die  velocity  nearly,  which  is  its 

Shest  ascent ;  and  after  diat  it  gradually  decreases  again,  aa  the 
ocity  goes  higher.    And  similar  conclusions  haVe  also  been 
irived  from  experiments  vrith  larger  balls  or  globes. 

558.  Tabl  b  III.  Ht$ulance  to  a  plane,  set  at  various  angles 

of  inclination  to  its  path. 


Angle  with 
the  path. 

Experim. 
resistaoces. 

OS. 

Resist,  by  this 
formula. 

Sines  of  the 

angles  to 

n«d]OS  -840. 

o 

0 

•000 

•000 

•000 

5 

•015 

•009 

•073 

10 

-044 

•035 

•146 

15 

'082 

•076 

•217 

20 

'133 

•131 

•287 

25 

•200 

•199 

•355 

SO 

•278 

•278 

•420 

35 

*362 

•363 

•482 

40 

'448 

•450 

•540 

45 

.534 

♦535 

•594 

50 

•619 

•613 

•643 

S5 

•684 

•680 

•688 

60 

•729 

•736 

•727 

65 

•770 

•778 

•761 

70 

•803 

•808 

•789 

75 

•823 

•826 

•811 

SO 

•835 

•836 

•827 

85 

•839 

•839 

•838 

90 

'840 

'840 

•840 
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In  die  3d  column  of  this  table  are  contained  the  nctnalexp^ 
rimented  resistances  in  ouoces  to  a  plaqe  of  S2  square  incbei^ 
or  |.  of  a  square  foot,  moved  through  the  air  with  a  velocity  of 
exactly  I'i  feet  per  second,  when  the  plane  was  set  so  as  to  nuikt^ 
with  the  direction  of  its  path,  the  corresponding  angles  in  the 
first  column. 

And  from  these  Br*  Hutton  deduced  this  fonnnlay  vis. 
*84f  .^''  ^  ^%  which  brings  out  very  nearly  the  same  numbers,  tad 
is  a  general  theorem  for  every  angle,  for  the  same  plane  of  ^of 
a  foot^  and  moved  with  the  same  velocity  of  12  feet  in  a  secood 
of  time;  where  s  is  the  sine,  and  c  the  cosine  of  the  aisles  of  io« 
clination  in  the  first  column. 

If  a  theorem  be  desired  for  any  other  velocity  v,  and  any  other 
plane  whose  area  is  a,  it  will  be  thus:  -jii.  at^"*^*%  or  more 
nearly^  av^'^^  «*'•♦*';  which  exhibits  the  resistance  very 
nearly  to  any  plane  surface  whose  area  is  a,  moved  through  the 
air  with  the  velocity  v^  in  a  direction  making  with  that  plane  ao 
angle^  whose  sine  is  s  and  cosine  c. 

If  the  fluid  be  water,  or  any  other  whose  density  is  different 
from  that  of  air,  the  formula  for  the  resistance  must  be  increased 
in  proportion  to  the  density. 

6y  this  theorem  were  computed  the  numbers  in  the  3d  column, 
which,  it  is  evident,  agree  very  nearly  with  the  experimental 
resistances  in  the  2d  column ;  excepting  in  two  or  three  of  the 
small  numbers  near  the  beginning,  which  are  of  the  least  con- 
sequence. In  all  other  cases,  the  theorem  gives  nearly  the  true 
resistance.  In  the  4th  or  last  column,  are  entert;d  the  sines 
of  the  angles  of  the  first  column,  to  the  radius  *84,  in  order  to 
compare  them  with  the  resistances  in  the  other  columns.  From 
whence  it  appears  that  those  resistances  bear  no  sort  of  analogy 
to  the  sines  of  the  angles,  nor  yet  to  the  squares,  or  any  other 
power  of  the  sines.  In  the  beginning  of  the  columns,  the  sines 
much  exceed  the  resistances  all  the  way  till  the  angle  is  between 
55°  and  60°;  after  which  the  sines  are  less  than  the  resistances 
all  the  way  to  the  end,  or,  till  the  angle  becomes  a  right  angle. 
See  Hution*s  Dictionart/,  art.  Resistance  of  Fluids,  and  his 
8vo.  Tracts,  vol.  iii.  pp.  163—243. 

See  also  a  paper  by  Mr.  Vince  on  this  subject  in  the  Phil. 
Trans,  for  1798,  or  Nicholson's  Journal,  vol.  iii.  p.  506. 


559.  Messrs.  D'Jlembert,  Condorcet,  and  Bossut,  piu-suant 
to  the  directions  of  M.  Turgot,  comptroller-general  of  finances, 
made,  in  the  year  1715,  aseiies  of  experiments,  in  order  to  per- 
fect internal  navigation;  and  the  resistance  of  fluids  was  the 


Chap*  VI.     Experimenis  on  Remimice  ofFluidi.  55^ 

e 

principttl  object  of  their  researches.  Their  experiments,  how- 
ever^ were  coDfioed  to  very  small  velocities^  and  to  direct  re- 
sistances ;  so  that  their  results,  as  might  be  expected,  did  not 
differ  sensibly  from  those  furnished  by  the  ordinary  theory.  Bat, 
ID  1778,  Bossut  and  Condorcet  directed  their  attention  to  oblique 
resistances,  and  undertook  ^'A  new  series  of  experiments, 
**  chiefly  intended  to  discover  the  law  according  to  which  the 
**  reostance  experienced  by  an  angular  prow  diminishes  in  pro- 
''  portion  as  the  angle  of  that  prow  becomes  more  acute;  the 
*^  fluid  being  indefinite,  such  as  the  sea." 

These  experiments  were  made  in  a  great  reservoir  situated  on 
the  north  side  of  the  ancient  Boulevards  of  Paris.  The  vessels 
were  prismatic  (excepting  the  prow,  which  was  an  isoscelear 
wedge),  and  their  motion  was  produced  by  the  descent  of  a 
weight,  which,  by  means  of  a  cord,  and  different  pullies,  caused 
the  vessel  to  advance.  During  the  first  instants  of  the  descent 
of  the  weight,  the  motion  was  accelerated ;  but  the  vessel  soon 
acquired  a  uniform  velocity,  and  the  resistance  of  the  water,  re- 
lative to  that  velocity,  makes  the  equilibrium  with  the  moving 
force  of  the  weight  due  to  gravity,  &c. 

Ilie  following  table  comprises  69  experiments  of  Bossut  on 
simple  angular  prows.  The  first  five  were  made  with  a  boat  in 
form  of  a  rectangular  parallelopiped,  the  length  of  which  was  4 
feet,  breadth  2  feet,  depth  in  the  fluid  9  feet,  and  height  of  the 
partjutting  out  of  the  fluid  about  7  feet. 

The  other  64  experiments  were  made  with  14  vessels  in  form 
of  a  prism,  the  prows  being  isosceles  wedges,having  their  vertices 
forwards:  these  vertical  angles  increased  gradually  from  12^, 
24"*,  36%  &c.  to  180°;  the  length  of  each  vessel  was  4  feet,  breadth 
2  feet,  depth  in  the  water  2  feet,  height  out  of  the  water  about 
7  feet:  all  in  Paiis  measure.  The  titles  of  the  columns  require 
po  explanation. 
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47-44 
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212-5 
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29-27 

P    62-5 
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60-55 
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56-95 
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44-56 
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1    162-5 

47-22 
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1  212-5 

41-26 
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37-12 
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75-09 
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34-85 

1  212-5 

41-03 

/  212-5 
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1    162-5 
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39-58 
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28-25 
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37-57 
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24-17 
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38-05 
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43-75 
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1  212-5 
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/  2IL-5 

27-56 
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34S0 

^  262-5 

24-30 

''     63-0 

6H-32 
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51-15 
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00-84 

J    U2-5 

36-96 

120"  ■■ 

16-2-0 

41-84 

(    162-5 

30-53 

212-5 

36-62 

24"  (     6i-5 

4y-4a 

^  262-5 

32-77 

]    112-5 

3576 

61-5 

65-85 

(  162-5 

30-23 

112-5 

48-75 

12'  C     ^-^ 

49-38 

1118°  < 

162-5 

39-50 

]    112-5 

35-33 

212-5 

34-46 

(  162-5 

30-01 
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31-05 

1 

The  direct  resistance  on  the  end  of  the  vessel  without  an 
isosceles  prow  may  bs  represented  by  any  arbitrary  number,  as 
10000  for  insUnce 


Cha^.  VI.]      Dr.  Youngs  Remarks  an  Resiiiance.         561 

And  if  the  angle  of  the  prow,  or  that  formed  at  the  fore-part 
of  the  vessel  or  summit  of  the  triangular  sectioni  be  x,  the 
reaistanee  will  be  expressed  by  the  formula  10000  cos'j:.  To 
correct  this  expression  by  means  of  the  foregoing  table,  we  may 
observe  that,  when  the  angle  x  undergoes  a  variation  of  12%  each 
of  the  angles  at  the  base  of  the  isosceles  prow  will  vary  6^: 
calling  this  latter  variation  q,  M.  Bossut  deduced  from  the  table 

— y       '  jr  and  q  being  expressed 

in  decimal  parts  of  the  radius  unity.  Tlius  the  whole  resistance 
against  the  prow,  estimated  in  the  opposite  direction  to  that 
of  the  motion  of  the  boat,  is  equal   to  10(XK)  cos^jr+S*153 

^iV**\    And  this  formula  will  be  sufficiently  exact  when 

the  extreme  angle  of  the  prow  is  greater  than  12^ :  but  when 
that  angle  is  less  than  12^  the  theorem  wil  err  in  excess. 

560.  M.  Lacroix  has  inserted  in  the  Bulletin  de  la  Soci6t£ 
Philomadiique,  a  comparative  view  of  the  experiments  of 
Bossut  and  Vince,  on  the  resistance  of  fluids  striking  on  oblique 
surfaces.  He  does  not  appear  to  have  assigned  a  sufficient 
reason  fortfie  difference  of  the  results  of  those  experiments; 
but  the  subject  is  oif  so  much  importance,  as  to  deserve  such  an 
examination  in  its  present  state  as  may  serve  to  assist  in  the 
prosecution  of  farther  expeiiments. 

The  first  approximation,  says  Dr.T.  Young,  to  a  determina* 
tion  of  the  effect  of  the  resistance  to  a  body  of  a  given  section, 
terminated  by  oblique  planes,  is  to  suppose  each  particle  of  the 
fluid  to  impinge  once  on  the  surface,  and  then  to  retire  for  ever : 
on  .this  supposition,  the  resistance  ought  to  vary  as  the  square  of 
the  cosine  of  the  angle  of  incidence. 

Another  part  of  the  resistance  is  occasioned  by  the  adhesion 
of  the  particles  of  the  fluid ;  this  may  be  supposed  to  vary,  as 
the  product  of  the  secant  and  the  sine  of  the  angle  of  incidence; 
that  isi  as  its  tangent 

A  third  part  depends  on  the  form  of  the  posterior  surface  of 
the  body,  and  upon  the  unknown  irregularities  produced  in  the 
motions  of  the  particles  of  the  fluid,  by  the  difference  of  the 
forms  4>f  its  anterior  part.  It  may  be  expected,  that  this  nega- 
tive pressure  will  be  nearly  uniform,  when  the  shape  of  the 
posterior  part  of  the  body  remains  unaltered,  as  in  Bossut's 
experiments;  but  that,  when  a  thin  surface  is  employed,  as  in 
Mr*  Vince's  apparatus,  it  will  be  somewhat  diminished  by  the 
obUquity  of  that  surface,  evep  supposing  the  transverse  pro- 
jection of  the  surface  to  remain  unaltered.  Thb  portion,  how- 
ever, may  naturally  be  expected  to  be  liable  to  great  irregularities; 
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and  it  appears  to  be  somewhat  increased  when  the  thin  sarfoce 
is  inclined  in  a  small  angle  only. 

Mr.  Romme  has  remarked,  that  the  facility  wirti  which  the 
particles  of  the  fluid  can  escape  before  the  moving  body,  is 
proportional  to  the  angular  space  of  the  fluid  which  remains 
open  to  admit  them,  and  that  therefore  the  resistance  must 
vary  in  proportion  to  this  angle.     Without  allowing  die  troth 
of  the  observation  in  its  whole  extent,  we  may  with  proprietj 
inquire  whether  or  no^the   portion  of  the  pressure  doifed 
from  impulse  may  not  in  part  depend  on  some  simple  fimcticMi 
of  the  angle  of  incidence ;  and  whether  the  whole  resistance  to 
an  oblique  surface  may  not  be  considered  as  composed  of  a 
constant  portion,  k  portion  varying  with  the  tangent  of  the 
angle  of  incidence,  and  a  third  portion  proportionate  to  the 
square  'of  the  cosine,  diminished  in  the  ratio  of  a  power,  or 
other  function,  of  the  angle  of  incidence.    Andit  will  appetr 
upon  inquiry,  that  if  we  take  one  fifth  of  the  radius,  increased 
by  one-tweuty-fifth  of  the  tangent,  and  add  to  it  fonr-fifths  of 
the  square  of  the  cosine,  diminished  in  the  ratto'of  the  circom- 
fereitce  of  a  circle  increased  by  the  angle  of  incidence,  to  die 
rim  pie  circumference,  we  may  approach  always  within  about 
one-fiftieth  to  the  number  expressing  the  oblique  reaistance, 
until  the  angle  of  incidence  becomes  greater  than  80^.    Thus, 
the  direct  resistance  being  unity,  and  a  the  angle  of  incidence, 
the  oblique  resistance  will  •2 +  -04  tan  a +288  cos*  a:  (360+a**). 
A  formula,  somewhat  more  accurate  than  this,  deduced  from 
experiment  only,  is  rzz  cos*  a  +  •(XXX)0042 1 7a'*'*:  the  quantity 
added  to  the  square  of  the  cosine  being  a  little  less  than  the 
millionth  of  the  cube  of  the  angle  of  incidence,  expressed  in 
degrees.     The  result  of  these  two  theorems  are  compared  with 
the  experiments  of  Bossut,  and  the  theorem  of  £ytelweiD 
(viz.  cos*  a +  4  versin  a)  in  the  following  table. 


Aoglc. 

Cos*  a. 

TaDo. 

Form.  1. 

FOHD.  8. 

Bossut. 

Eyielw. 

0° 

1  -0000 

•000 

10000 

10000 

roooo 

roooo 

6 

•9890 

•105 

•9824 

•9891 

•9893 

•9910 

12 

•9568 

•212 

•9492 

•9580 

•9578 

'9656 

18 

•9045 

•325 

•9022 

•9086 

•9084 

•9241 

24 

•8346 

•445 

•8438 

•8449 

•8446 

•8690 

SO 

•7500 

•577 

•7769 

•7710 

•7710 

•8036 

36 

-6544 

•726 

•7049 

•6919 

•6925 

•7308 

42 

•5523 

•900 

•6317 

•6135 

•6148 

•6551 

48 

•4478 

J^lll 

•5606 

•5414 

•5433 

•5802 

54 

•3455 

1-376 

•4985 

•4816 

•4800 

•5103 

60 

•2500 

1-732 

•4407 

•4403 

•4404 

•4500 

Chap.  VI.]      Dr,  Founds  Remarkson Resistance.  56$ 


Angle. 

Cos*a 

Tana. 

Form.  1. 

Form.  8. 

Bossut 

£yt€lw. 

66 

•1654 

2S46 

•3924 

•4231 

•4240 

•4026 

72 

•0955 

3078 

•3869 

•4344 

•4142 

•8719 

78 

*0432 

4-705 

•4166 

-4816 

•4063 

•3600 

84 

•0109 

9*514 

•5875 

•5658 

•3999 

•3693 

Mr.  Romnie  found,  by  numerous  experimentSy  that  when 
the  magnitude  of  the  greatest  section  of  a  floating  body,  and  its 
distlmce  from  the  angular  points,  were  constant,  the  form  of  the 
outline  of  any  section  of  the  body,  whether  composed  of  right 
lines  or  of  curves  of  any  kind,  was  either  wholly,  or  very,  nearly, 
indifferent  to  the  magnitude  of  the  resistance:  hence  he  infers, 
that  in  the  construction  of  ships,  the  curve  of  the  sides  ought  to 
be  determined  from  considerations  independent  of  the  resist- 
ance. 

In  experiments  like  those  of  Mr.  Vince,  the  circumstances 
are  materially  different:  but  the  accuracy  of  Mr.  Vince's  ex- 
periments on  water  is,  in  some  measure,  confirmed  by  a  com- 
parison with  those  of  Schober,  which  were  made  in  a  similar 
manner  on  air.  The  results  of  both  these  investigations  are 
here  exhibited  in  a  table,  and  compared  with  a  coarse  approxi- 
mation from  this  formula  r=4*-i~6cos  a,  and  with  the  results  of 
Dr.  Hutton. 

Angle.         Coso.  Form.S*         Schober.  Vince.  Hutton. 


0^ 

1-0000 

1-0000 

1-0000 

1-0000 

1000 

10 

•9848 

•9909 

•9854 

•9787 

1-010 

20 

•9397 

•9638 

•9808 

•9743 

1*068 

30 

-8660 

•9196 

•9200 

•9463 

I'OOS 

40 

•7660 

•8596 

•8308 

•8729 

•963 

£0 

•6428 

•7857 

•7563 

-7869 

•830 

60 

•50(X) 

•7000 

•6738 

•6610 

•662 

70 

-3420 

•6052 

•6359 

-4913 

•453 

80 

-1736 

•5042 

•5833 

•2779 

•304 

(Vide  Journals  of  the  Royal  Institution.)  Dr.  Hutton's 
experiments,  when  reduced  to  surfaces  of  given  transverse  pro- 
jections, indicate  at  first  an  increase  of  resistance  as  the  surface 
becomes  more  oblique:  a  circumstance  analogous  to  what  was 
remarked  by  Bossut  in  reference  to  float-boards,  and  mentioned 
already  at  the  end  of  book  iv.  ch.  4. 

561.  Such  are  the  conclusions  and  rides  which  have  been 
deduced  from  some  of  the  most  judicious  experiments  on  the 
resbtance  of  fluids  to  the  motion  of  bodies  passing  through 
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them.  Considering  the  number  and  importance  of  these  in- 
farences  with  respect  to  the  magnitude  «nd  extent  of  the  expe- 
riments from  which  they  were  drawn,  we  cannot  hut  earnestly 
wish  that  those  who  hare  IdoBure  and  opportunity  to  pursue 
such  enquiries^  would  still  further  extend  and  vary  their  re- 
searches in  this  department  of  e^iperimeptal  philosophy.  Much 
valuable  knowledge  may  be  expected  to  result  from  labours  of 
this  kind :  for  it  is^  probably,  only  by  reiterated  experiments  and 
observations  that  suiBcient  data  can  be  obtained  to  perfect  tlie 
theory  of  two  momentous  branches  of  mechanical  sciencci  viz. 
those  relating  to  the  motion  of  military  projectiles,  and  to  tbe 
manoeuvres  c^  vessels  at  sea. 
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Arohes  and  piers, 199—208 

Archivolt, 199 

Areometer, 401—409 

Artand  nature,  difference  between,173 
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Fly.    SeevoLIL 
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Intradof, 199 


Joints  of  fracture, 199 
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Materials,  strength  of, 167—19^ 
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,  of  vesselsn 493,494 

Overshot-wheels,  •. 467, 8ic. 

P 

Papin,  on  motion  of  air  into  a 

vacuum, 51 1 

Pkradox^  hydrostatic, 387 
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>' due  to  a  height, 244 

Vena  contracta, 440,  437 

Venturi  on  motion  of  fluids,. 462 
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Vessels,  stability  of,  .....* 411 
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— ,  Smeaton  on,  477 — 483 
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ERRATA  IN  VOL  I. 

Pagt  39,  line  9,ybf  c :  c,  rtwi  €f :  c. 

—  36,  line  23,  for  ap.c*,  rtadAr^^. 

^—  33,  line  8,  ybr  (</  x  fft),  read  +  (C  x  so). 

—  94,  line  15,  for  Cr.4.,  read  Cor.4. 

— —  190,  line  84,  Uke  away  the  sign  +  before    *"*'^. 

w 

—  155,  line  16,  for  a  -^g  read  a  4-. 

••         •  ..        • 

—  168,  line  85,yar  —  —  +  — ,  read  ■»   ^  +  — . 

t  y       i 

—- .  168,  Hue  4  of  note,  read  P£quilibre  des 

—  165,  line  S^farf  «  BT,  read  r  «  by. 

— -*  165,  line  1 1,/br  —  oc  B,  read  —  oe  B« 

»  T 

—  187,  line  6  from  bottom, /or  /-i-V  ^^^{—\ 

»*—  S86,  line  5  from  bottom,  for  force,  read  forcei . 
r— —  888,  line  4  firom  bottom,  far  ay  be,  read  may  be. 
— —  879,  line  Iffbr  x  zi  oo,  tmi?  ar=s  oo  • 
— ~-  883,  line  81 ,  for  ai  at  its,  read  at  itti 
— — ^884,  line  86, ^orrv^-f,  readr^\». 
•— i-  316,  line  86,  put  i  for  i  in  the  denominator. 
-— *  513,  line  H,for  iafertigation,  read  In? ettigation. 

——647,  line  3,/or  ^        ',  rttd  *^         j. 
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